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Measurement-induced phase transition
arises from the competition between a de-
terministic quantum evolution and a re-
peated measurement process. We explore
the measurement-induced phase transition
in the no-click limit of a one dimen-
sional Ising chain through the quantum
Fisher information (QFI) in two differ-
ent metrological scenarios. In the first
one, where we use an interferometric ap-
proach, we demonstrate through the scal-
ing behavior of the QFI the transition
of the multi-partite entanglement across
the phases. In the second one, we con-
sider the QFI with respect to the measure-
ment strength. In this case, we show that
the QFI signals the measurement induced
criticality through its non-analytic behav-
ior, in analogy to the fidelity susceptibil-
ity, in standard continuous phase transi-
tions. Our results offer novel insights into
the features of a quantum system under-
going measurement-induced phase transi-
tion, and indicate potential avenues for
further exploration in the field of quantum
physics.

1 Introduction
A many-body quantum system subject to a mea-
surement process may undergo abrupt changes,
similar to quantum phase transitions (QPTs),
as a function of the monitoring rate [1, 2, 3,
4, 5, 5, 6, 7]. Unlike conventional QPT that
are driven by external factors, these criticali-
ties, called measurement-induced phase transi-
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tions (MIPTs), arise from the interplay between
the deterministic unitary evolution and the mea-
surement process. This phenomenon has been
found to have important implications for under-
standing the properties of many-body quantum
systems, such as the onset of quantum entangle-
ment [8, 9, 10, 11, 12, 13, 14] and the emergence
of topological order [15].

In this work we propose to explore the con-
cept of MIPT through the use of QFI. The reason
to characterise this phenomenon through QFI is
two-fold. On the one hand, the QFI is a measure
of the sensitivity of a quantum system to small
changes in a parameter. As such, the QFI has
been widely exploited to signal and characterise
the critical behavior of equilibrium [16, 17, 18,
19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29] as well as
non-equilibrium QPTs [30, 31]. It is thus natural
to ask whether and how the QFI may respond
to critical transitions when the latter are driven
by measuring processes. On the other hand, one
of the characterising features of MIPT is an ob-
servable qualitative change of the system’s en-
tanglement properties, which has been observed
through the scaling behavior of the entanglement
entropy [1, 2, 3, 4, 5, 6]. The QFI is a witness
of multi-partite entanglement [32, 33, 34, 35], as
well known from quantum metrology [36, 37, 38,
39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50]. The
QFI thus provides a complementary characterisa-
tion of the quantum correlations accross MIPT,
beyond that provided by the entanglement en-
tropy. Indeed, on the one hand the QFI reveals
the multi-partite nature of entanglement, on the
other it distinguishes metrologically useful quan-
tum correlations from other forms of entangle-
ments. Moreover, QFI provides a means to char-
acterize the entanglement of systems which are
not necessarily in a pure state, a technical limi-
tation which affects other measures, such as the
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entanglement entropy.
Motivated by the above arguments, we exam-

ine the QFI in two complemetary metrological
scenarios. In both of them we consider as a pro-
totypical example the MIPT of a one-dimensional
Ising chain in a transverse magnetic field and
subject to continuous observations. We partic-
ularly focus our studies on the no-click limit.
In the first scenario, we investigate the QFI as-
sociated to the system’s response to a single-
parameter unitary transformation. This metro-
logical scheme represents the standard scenario
for utilizing the scaling of QFI as a multipar-
tite entanglement witness. In the second sce-
nario, we study the time-dependent behavior of
the QFI after the system undergoes a quench in
the monitoring rate. In this scenario, our analy-
sis uncovers a general exponential scaling of the
QFI, but most importantly, the QFI displays a
non-analytic singularity at the critical value of
the measurement strength. The latter is a be-
havior similar to what often observed in equilib-
rium and non-equilibrium quantum phase tran-
sitions [16, 17, 22, 30, 31]. Our findings pro-
vide new insights into both the behavior of quan-
tum systems subjected to MIPT and the role of
the QFI in characterizing the associated quantum
criticality.

2 Model
We consider a one-dimensional Ising chain with a
transverse magnetic field [51, 52, 53]

H = −
M∑
i=1

[
σxi σ

x
i+1 + hσzi

]
, (1)

where σαi (α = x, y, z) are the usual Pauli oper-
ators on the i-th site. On top of the dynamics
induced by the Hamiltonian H, each spin is sub-
ject to a measuring processes ni = 1+σz

i
2 , with

measuring strength γ. The competition of the
Hamiltonian evolution and the measurement pro-
cess results in a dynamics that can be described
by the following stochastic quantum jump differ-
ential equation [5]

d |ψ⟩ = −iHdt |ψt⟩ − γ

2dt
∑
i

(ni − ⟨ni⟩t) |ψt⟩ +

∑
i

dN i
t

(
ni√
⟨ni⟩t

− 1
)

|ψt⟩ ,

(2)

where dN i
t are M independent Poisson processes

((dN i
t )2 = dN i

t , dN i
t = 0, 1) with ensemble av-

erages dN i
t = γ⟨ni⟩tdt. At each time step, the

outcome {dN i
t}Mi=1 of the measuring process de-

fine one possible realisation of the stochastic evo-
lution, a so called quantum trajectory. In this
paper, we are interested in postselecting only
the trajectory in which no jump occurs (no-click
limit), i.e. such that dN i

t = 0 (i = 1 . . .M) for all
time steps. This postselected trajectory evolves
according to a deterministic dynamics generated
by the following non-Hermitian Hamiltonian

Heff = H − iγ

2
∑
i

ni. (3)

This model features a critical transition for γc =
4
√

1 − h2 [4, 6, 54], which separates the region
(γ < γc) where the entanglement scales loga-
rithmically with the system size, from the region
γ > γc in which the entanglement is constant in
the system size [5, 6].

3 Entanglement properties
The standard tool to detect MIPT is the en-
tanglement entropy. This section aims at show-
casing the efficacy and advantage of QFI as a
tool to reveal such transitions and characterize
the corresponding phases through their entangle-
ment properties. One major advantage of QFI
over entanglement entropy is that it can identify
the presence of multi-partite entanglement in the
state. The idea behind detecting entanglement
through QFI relies on the scaling properties of
the latter with the system size N. Indeed, it is
well known that if the QFI scales as

F/N > m (4)

(with m a divisor of N), then there is at least a
(m + 1)-partite entanglement in the system [32,
33, 34, 35].

We will apply this idea to the (pure) stable
state of the system. To this end, we follow the
procedure outlined in Ref. [5] to derive the dy-
namics of our system. It is worth noting that
the dynamics of the system is quadratic in the
fermionic operators at all times, hence the stable
state is a fermionic Gaussian state, which can be
expressed as

|ψt⟩ = 1√
det (Ut)

exp

1
2
∑
ij

Zijt c
†
ic

†
j

 |0⟩ , (5)
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with Zt = −
(
U †
t

)−1
V †
t , where Ut and Vt are

N ×N matrices appearing in the following block
representation of the 2N × 2N matrix

Ut =
(
Ut V †

t

Vt U †
t

)
. (6)

In turn, Ut is the unitary matrix that transforms
the original fermionic operators c = (c1, . . . , cN )T
into a set of (time-dependent) free fermion modes
χt =

(
χt1, . . . , χ

t
N

)T
(

χt

χt
†

)
= Ut

(
c
c†

)
(7)

such that χti |ψt⟩ = 0 ∀i. Hence |ψt⟩, the state of
the system at time t, is the vacuum of the time
dependent fermion operators χti. Thus, the dy-
namics of the system is entirely encoded in the
operator Ut, which can be derived through its
Heisenberg equation of motion [5]

dUt = (−iHeffdt) Ut. (8)

Meticulous preparation of the metrology scheme
is required to utilize QFI as an entanglement wit-
ness [35]. We select open boundary conditions
and set h = 0 in Eq. (1) as the presence of a
transverse magnetic field does not affect the qual-
itative features of the transition results [5, 6]. The
estimation protocol consists in a unitary transfor-
mation applied to the state of the system at time
t,

|ψt⟩φ = e−iGφ |ψt⟩ (9)

where G is the Hermitian generator of the trans-
formation and φ the parameter to be estimated.
We chose as initial state |ψ⟩ = |00...0⟩1. After
a sufficiently long time, the state converges to a
steady state. This is reflected in the QFI which
stabilizes in the long time limit. We will focus on
the QFI associated to the steady states. One of
the difficulties in using QFI to detect the entan-
glement is that the violation of the bound (4) pro-
vides a sufficient condition for multipartite entan-
glement. This means that the QFI in the above
metrological scheme is not guaranteed to be sen-
sitive to entanglement for an arbitrary value of G.

1This state is chosen because it is a product state and
is not entangled, making it optimal for studying the en-
tanglement evolution of the system. The entanglement
properties of the process are not affected by the initial
state [5].

It is indeed necessary to single out a suitable gen-
erator G which is responsive to the critical change
of the entanglement. Guided by the properties of
the unperturbed Ising chain, a natural choice for
G is an operator proportional to a spin operators
along a suitable direction n̂, i.e. Sn = S⃗ ·n⃗, where
S⃗ = (Sx, Sy, Sz) with Sα =

∑
i σ

α
i and |n̂| = 1.

One can show that the effect of both Sz and Sy
yields trivial results insensitive to entanglement,
which leaves Sx as the only reasonable choice. We
find that Sx as a generator2 yields a metrologi-
cal scheme able to resolve the different phases of
the model, and characterize their entanglement
properties. The QFI associated to Eq. (9), once
we set G = Sx, is [55]

F = 4∆2Sx, (10)

where ∆2Sx is the variance of Sx, which can be
evaluated with standard procedures [52]. It is
worth stressing that, although Eq. (10) is typi-
cally studied in many-body systems near critical-
ity, such as the fluctuation in the average mag-
netization, it acquires in the present context a
completely different meaning, i.e. as a measure
of entanglement. Incidentally, the identification
between the variance ∆Sx and QFI is only valid
for a pure state system. These two quantities
indeed depart from each other in a mixed state
scenario [56].

The scaling of the QFI for the two distinct
phases of the system is shown in Fig. 1. The
QFI scaling for γ < γc displays a super-extensive
dependence, F ∝ Nη with η = 1.5. In con-
trast, for γ > γc, the QFI follows a normal size-
scaling behavior with η = 1. The inset shows
the sharp transition in the scaling law accross
the phase transition. This shows that the scaling
QFI is sensitive to this type of transition, display-
ing a qualitatively different behavior in the two
phases. Moreover, the super-extensive behavior
in the γ < γc reveals the presence of a multipar-
tite entanglement which is not observed in the
γ > γc phase.

This showcases the capability of the QFI to
identify distinct phases across a MIPT, through
the detection of multipartite entanglement.

Although the analysis carried out in this sec-
tion focuses solely on the no-click limit, this phe-

2For clarity, we analyzed other generators, but we re-
port only the results for Sx as it is the most meaningful
among those analyzed.
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Figure 1: The log-log plot presented in this figure shows
the scaling behavior of the QFI with h = 0. The red
line corresponds to the QFI behavior for γ/γc = 0.19,
with an exponent of η = 1.5. In contrast, the green
line shows the scaling behavior for γ/γc = 1.12, with an
exponent of η = 1. The inset of the figure displays how
the exponent η of the scaling law changes as a function
of γ/γc, highlighting a sharp transition at the critical
point. The two colored points correspond to the lines
reported in the main plot.

nomenon is generally stable also when other tra-
jectories are taken into account. Appendix C de-
scribes how to incorporate jumps into the analysis
and assesses the stability of this phenomenon for
trajectories different from the no-click scenario,
by showing that the transition is still present even
when analysing different trajectories.

4 Non-Hermitian quantum quench

This section aims to investigate the QFI of a sys-
tem lying in the ground state of a Hermitian Ising
Hamiltonian which is subject to a sudden "mea-
surement quench". More specifically, the state is
initially prepared in the ground state of the Her-
mitian Hamiltonian (Eq. (1)), and from t = 0
it is subject to a continuous measurement pro-
cess, which results in an overall evolution de-
scribed by Eq. (2). As in the previous section,
we confine ourselves to the post-selected no-click
trajectory, governed by the deterministic non-
Hermitian Hamiltonian evolution Heff . In this
section we use periodic boundary conditions that
allows us to exactly block diagonalize the Hamil-

tonian in k−space [6, 54]

Heff =
∑
k

(
c†
k c−k

)
Mk

(
ck
c†

−k

)
, (11)

where ck are fermion annihilation operators ob-
tained via Jordan-Wigner tranformation and
Fourier transform of the spin operators σ−

i =
(σxi − iσyi )/2 (see Appendix A), and

Mk =
(
αk βk
βk −αk

)
(12)

where αk = −2 cos k − 2h − iγ
2 , βk = 2 sin k.

The spectrum of Eq. (12), ϵk = ±
√
α2
k + β2

k =
±Ek ± iΓk, has both real and imaginary part,
which we denote as Ek = ℜ(ϵk) and Γk = ℑ(ϵk).
The steady state of the system is obtained by
taking for each k the eigenstate with negative
imaginary part of ϵk [54]. In the rest of the text,
we will use the convention that ϵk has a nega-
tive imaginary part. The spectrum has a critical
mode for k = kc ≡ arccos (−h) whose eigenvalue,
ϵkc , is real for γ < γc and imaginary for γ > γc.
Let us consider the state after a time evolution t
under the quenched measurement, which can be
expressed as

|ψt⟩ = N (t) e−iHefft |ψ0⟩ , (13)

where |ψ0⟩ is the ground state of Eq. (1) and
N (t) is a normalization factor. The state |ψt⟩
will depend on the parameters γ contained in
the effective Hamiltonian Heff , and in particu-
lar on the strength of the measurement process
γ. We will explore, through the QFI, the re-
sponse of |ψt⟩ to a small change of γ. Our goal
is to demonstrate that the MIPT manifests itself
as a non-analytical behavior of the QFI, a fea-
ture which is analogue to that observed across a
second order QPT. To compute the QFI for the
state in Eq. (13), we extend the procedures of
Ref. [57] to a non-Hermitian Hamiltonian. By us-
ing the standard definition of QFI for pure states,
F = 4

(
⟨∂λψt| ∂λψt⟩ − |⟨∂λψt| ψt⟩|2

)
. We find

that in a non-Hermitian scenario the QFI can be
expressed in terms of the covariance of the op-
erator Oλ and O†

λ calculated with respect to the
state |ψt⟩ (see Appendix B)

F
4 = ⟨ψt|O†

λOλ |ψt⟩ − |⟨ψt|Oλ |ψt⟩|2, (14)
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where the operator Oλ is defined as

Oλ =
∫ t

0
ds exp (−iHeffs)∂λ (−iHeff) exp (iHeffs).

(15)
For simplicity, we assume periodic boundary con-
ditions, which allows us to derive analytical ex-
pressions in k−space. In our setting, the param-
eter to be estimated is λ = γ. In this case, the
operators Oλ assumes a quadratic dependence on
the fermionic operator ck and c†

k,

Oγ = −
∑
k

(
c†
k c−k

)
Rk

(
ck
c†

−k

)
− Nt

4 , (16)

where Rk is a 2×2 time dependent matrix whose
explicit, closed-form expression is given in Ap-
pendix B. The state at time t can be cast in a
time-dependent BCS-form [6] as

|ψt⟩ =
∏
k

utk + vtkc
†
kc

†
−k√

|utk|2 + |vtk|2
|0⟩ , (17)

where utk and vtk are time-dependent coefficients
which can be expressed as

utk = uk cos ϵkt−i
(
βk
ϵk
vk −αk

ϵk
uk
)

sin ϵkt, (18)

vtk = vk cos ϵkt−i
(
βk
ϵk
uk +αk

ϵk
vk
)

sin ϵkt, (19)

and uk and vk are the standard coefficients of the
ground state |ψ0⟩ of Eq.(1) (see Appendix A).
Using the above arguments, we derive the exact
analytical expression for the QFI, which is ex-
plicitly reported in Appendix B. Fig. 2 displays
the behavior of the QFI as a function of time. It
is observed that, following an initial transient pe-
riod whose duration depends on γ, an exponential
scaling regime emerges, with a scaling behavior
approaching 2γ. The exponential divergence ob-
served is related to the non-Hermitianity of the
model and it arises from the imaginary part of
the spectrum. It is however not directly related
to the critical features of the system.

The effects of MIPT on QFI, such as possi-
ble non-analytic behaviors of QFI across a MIPT,
are somewhat concealed by this exponential time
dependence. To uncover the singular aspects of
QFI, it is important to distinguish between the
exponential time divergences and potential non-
analytic divergences in γ. This distinction be-
comes evident when examining the long-time be-
havior of QFI, where one can decompose it into

Figure 2: The figure presents the time evolution of the
quantum Fisher information (QFI) for a set of param-
eters of the Hamiltonian, h = 0.3 and γ = 0.3. We
observe that an exponential scaling emerges, which de-
pends on γ and kicks in at a time that varies with the
parameter values. The red line is an exponential fitting
of the long-time behavior of the QFI.

eigenmodes k, each primarily influenced by a spe-
cific time-dependent exponential factor 3

Ft→∞ =
∑
k

Fke
4Γkt (20)

where, we recall, Γk’s are the imaginary part
of the eigenvalues ϵk, while Fk’s are time-
independent coefficients, which are expressed in
detail in Appendix B. The Γk functions are con-
tinuous with respect to γ, hence, any divergences
of QFI due to the MIPT are to be found in the Fk
terms. This procedure provides a smooth map-
ping which leaves unaltered the analytic proper-
ties of the QFI. Indeed, one can explicitly relate
any non-analytic divergent behavior of the QFI to
that of an auxiliary function F̄ =

∑
k Fk thanks

to the following chain of inequalities

F̄ < F < e
Γmax

4 tF̄ , (21)

where Γmax is the maximum value of the imag-
inary part of the spectrum, which is a continu-
ous function of γ. This shows that F̄ retains the
same divergent behavior of F , but its study is

3Strictly speaking, there is a minor misuse of notation.
In the case of γ < γc, the critical mode kc has a real
eigenvalue ϵkc , resulting in a time dependence which is
not exponential, but proportional to t2. However, a care-
ful analysis of this case does not impact the bounds in
Eq.(20). This behavior is indeed taken into account ex-
plicitly in our examination of the critical mode’s scaling.
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considerably more amenable to numerical analy-
sis, due to the absence of the exponential factors
e4Γkt. In Fig. 3 we plot the dependence of F̄ on γ,
which clearly displays a peak at the critical value
γ = γc, with a distinctive asymmetric behavior
as the criticality is approached from either above
or below.

We analytically derive the singular part of the
QFI (see Appendix B), which scales as

F ∼ Fkc ∝
{

(γ − γc)−3 γ > γc

(γc − γ)−2 γ < γc,
(22)

where kc = arccos (−h) is a critical mode, i.e. the
mode which is gapless at the MIPT. These fea-
tures are in accordance with the numerical results
shown in Fig. 3 and confirm them as a distinc-
tive signature of the MIPT in the QFI behavior.
The non-analytical behavior of QFI is strictly re-
lated to the closing of the gap at criticality. In
particular, the different scaling laws as the crit-
ical point is approached from above or below γc
can be pin-pointed to the different behavior of the
spectrum at the two sides of the criticality. The
critical point is in fact an exceptional point [54]
of the model. This is associated to a gap of the
model which is real for γ < γc and imaginary for
γ > γc. Heuristically, these qualitatively different
behaviors of the spectrum reflect the distinct fea-
tures of the two phases: (i) γ < γc, the imaginary
part of the spectrum is gapless, and the correla-
tion functions decay as a power law [5, 54]; (ii)
γ > γc, the dynamics is strongly influenced by
measurement processes, leading to a dissipative,
Zeno-like gap in which the correlation functions
are expected to decay exponentially [5, 54]. In
both cases, the divergence of the QFI manages to
capture the closure of the gap, and discriminates
the distinctive features of the two phases through
the asymmetry of the scaling laws.

5 Conclusion
We have studied the impact of the MIPT on the
QFI of a one-dimensional Ising chain subjected to
a transverse magnetic field in the no-click regime.
We have explored two distinct metrological sce-
narios. In the first scenario, where we can relate
the scaling of the QFI to the entanglement prop-
erties of the system, our analysis reveals a change
in the scaling behavior of the QFI across the
transition point. We observe a super-extensive

Figure 3: The main figure shows the variation of the F̄
for different values of γ, where γc represents the crit-
ical value of the measurement rate (h = 0.6). In the
inset, presented on a log-log plot, we depict the scal-
ing behavior of the critical mode as reported in Eq. (22)
(Fkc

∝ 1/|γ − γc|η), in magenta the scaling for γ < γc

and in red for γ > γc.

(sub-extensive) scaling law for values of the mea-
suring rate γ below (above) its critical value
γc = 4

√
1 − h2. This is revealed by the pres-

ence of multi-partite entanglement for γ < γc,
not signalled for γ > γc. This behavior is consis-
tent with the entanglement phase transition ob-
served through the entanglement entropy [4, 5, 6].
The QFI, however, provides a new insight into
the multipartite nature of the entanglement as-
sociated with the two phases, demostrating its
usefulness as a resource for quantum metrology.

In the second one, we considered a sensing pro-
tocol in which the parameter to be estimated is
encoded in the effective Hamiltonian. In this pro-
tocol, we show that the MIPT can be revealed
through the divergent behavior of the QFI with
respect to the measuring rate. This non-trivial
finding parallels the analogous singular behavior
of the classical and quantum Fisher information
across equilibrium phase transitions, when the
parameter estimated is that driving the transi-
tion [22]. Our findings provide new insights into
the behavior of quantum systems subjected to
MIPT, and open up the possibility of extending
this approach to a general class of phase tran-
sitions in non-equilibrium physics, with compe-
tition between closed, open and measurement-
induced dynamics.

During the preparation of this manuscript the
authors became aware of the related work [58],
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which analyses multipartite entanglement across
MIPT.
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A Appendix A
To ensure clarity and self-consistency to the work, in this Appendix we provide a set of information
and details on the non-Hermitian Hamiltonian in Eq. (3) of the main text. Firstly, we employ the
Jordan-Wigner transformation 

σxi =
∏
j<i

(2ni − 1)
(
ci + c†

i

)
σzi = 1 − 2c†

ici

(23)

to rewrite our Hamiltonian in fermionic language. Subsequently, we move to the momentum space
through the Fourier transform cj = eiπ/4

√
N

∑
k e

ikjck. This results in the expression of Eq. (4) of the
main text

H =
∑
k

(
c†
k c−k

)
Mk

(
ck
c†

−k

)
, (24)

where

Mk =
(
αk βk
βk −αk

)
. (25)

In this work, every time we considered the expression of the Hamiltonian in the momentum space, we
worked with periodic boundary conditions on the spin chain and an even number of fermions. This
corresponded to use anti-periodic boundary conditions for the fermionic chain with

k =
{(2n− 1)π

N

∣∣∣∣n = 1, ..., L2

}
, (26)

where only the positive values were used due to the symmetries of the Hamiltonian. We also note that
in Eq. (24), a constant term was neglected as it does not affect the system’s dynamics. The spectrum
of Eq.(25), denoted as ϵk = ±

√
α2
k + β2

k = ±Ek ± iΓk, possesses both real and imaginary parts. The
real and imaginary parts are denoted as Ek = ℜ(ϵk) and Γk = ℑ(ϵk), respectively. It is important to
note that the convention on the sign can be chosen independently for each k in the system’s spectrum.
In this study, we have chosen the convention such that Γk ≤ 0 always. Furthermore, it is worth noting
that there exists a critical value of k, given by kc = arccos (−h), where ϵk is real for γ ≤ γc and
imaginary for γ > γc. This peculiar behavior of non-Hermitian systems is illustrated in Fig.4, where
the behavior of the spectrum is reported for various values of γ.

The time-dependent state can be computed easily due to the initial state’s well-defined parity and
translation invariance. As a result, the dynamics can be decomposed into N/2 independent ones

|ψ⟩ =
∏
k

|ψk⟩ . (27)

If we denote with
∣∣∣ψ̃〉 =

(
utk + vtkc

†
kc

†
−k

)
|0⟩ the unnormalized k state we can easily see that its dynamics

is given by

i
d

dt

(
utk
vtk

)
= Mk

(
utk
vtk

)
, (28)

whose solution is given in Eq. (19) of the main text, with initial condition given by(
uk
vk

)
= 1√

2ϵk (ϵk − zk)

(
ϵk − zk
yk

)
, (29)
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Figure 4: The figure presents the spectrum of the Hamiltonian in Eq. (24) for different values of the measurement
rate γ. The upper panel displays the real part of the spectrum, gapped at ±kc for γ/γc < 1, while it becomes
gapless for γ/γc ≥ 1. On the other hand, the lower panel shows the behavior of the imaginary part, which attains
its maximum value Γk = 0 at ±kc for γ ≤ γc, whereas it remains non-zero for γ > γc.

where zk = 2 (h+ cos (k)) and yk = 2 sin (k).

B Appendix B

This Appendix presents the derivation of the QFI expression for the non-Hermitian quantum quench.
As mentioned in the main text, the state at time t can be expressed as a function of the initial state
|ψ0⟩, using the general form

|ψ (t)⟩ = N (t) e−iHefft |ψ0⟩ . (30)

To obtain the QFI, it is necessary to compute the derivative of the state with respect to a parameter
of interest, which can be expressed as

|∂λψ⟩ =
(
∂λN (t) e−iHefft +N (t) ∂λe−iHefft

)
|ψ0⟩ . (31)

It is important to note that the derivative of the exponential term in the last term of Eq. (31) should
be carefully considered, as ∂λH and H do not commute. The Sneddon’s formula [59] allows us to
express Eq. (31) as

|∂λψ⟩ =
(
∂λN(t)
N(t) +

∫ t

0
ds exp (−iHeffs)∂λ (−iHeff) exp (iHeffs)

)
|ψ⟩

=
(
∂λN(t)
N(t) +Oλ

)
|ψ⟩ ,

(32)

and applying the general definition of the QFI for pure states, we can easily obtain

F

4 = ⟨∂λψ| ∂λψ⟩ − |⟨∂λψ| ψ⟩|2 (33)

= ⟨ψ|
[(

∂λN
N

)∗
+O†

λ

] [
∂λN
N +Oλ

]
|ψ⟩ −

[
∂λN
N + ⟨ψ|Oλ |ψ⟩

] [(
∂λN
N

)∗
+ ⟨ψ|O†

λ |ψ⟩
]

= ⟨ψ|O†
λOλ |ψ⟩ − ⟨ψ|Oλ |ψ⟩ ⟨ψ|O†

λ |ψ⟩ .
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The closed expression for the operator Oγ reported in the main text can be obtained by explicitly
computing the derivative of the Hamiltonian with respect to γ, which yields the following result

Oγ = −
∫ t

0
ds e−iHeffs

∑
k

(
c†
k c−k

)(1 0
0 −1

)(
ckc

†
−k

)
eiHeffs − Nt

4 . (34)

After evaluating the equation of motion for the operator ck, we can rewrite Eq. (34) as

Oγ =
∑
k

(
c†
k c−k

) [∫ t

0
ds e−iMks

(
1 0
0 −1

)
eiMks

](
ck
c†

−k

)
− Nt

4 . (35)

At this point, following a series of tedious but straightforward algebraic manipulations, we arrive at
the conclusion that

Oγ = −
∑
k

(
c†
k c−k

)
Rk

(
ck
c†

−k

)
− Nt

4 , (36)

where

Rk =
(
Ak Bk
Ck −Ak

)
=

=

 tα2
k

ϵ2
k

+ sin(2ϵkt)
2ϵ3

k
β2
k

αkβkt
ϵ2

k
+ 2βk sin2(ϵkt)ϵki−αkβk sin(2ϵkt)

2ϵ3
k

αkβkt
ϵ2

k
− 2βk sin2(ϵkt)ϵki+αkβk sin(2ϵkt)

2ϵ3
k

− tα2
k

ϵ2
k

− sin(2ϵkt)
2ϵ3

k
β2
k

 (37)

Using the expression of Eq. (17) of the main text, we can evaluate the expectation value of Eq.(33),
resulting in the following expression

F

4 = ⟨ψ|O†
λOλ |ψ⟩ − ⟨ψ|Oλ |ψ⟩ ⟨ψ|O†

λ |ψ⟩ =

=
∑
k

[[
|utk|2

(
|Ak|2 + |Ck|2

)
− 2ℜ

(
ut∗k v

t
k (−AkB∗

k + CkA
∗
k)
)

+ |vtk|2
(
|Ak|2 + |Bk|2

)]
|utk|2 + |vtk|2

+

−
∣∣∣∣∣
(
−|utk|2Ak − Cku

t∗
k v

t
k −Bku

t
kv
t∗
k +Ak|vtk|2

)
|utk|2 + |vtk|2

∣∣∣∣∣
2
 .

(38)

When examining the long-time behavior of the QFI, it becomes evident that we can factorize the
exponential scaling. This can be seen from

Ak = iβ2
k

4ϵ3k
e2iϵkt = Ãke

2iϵkt,

Bk = i
−βkϵk − αkβk

4ϵ3k
e2iϵkt = B̃ke

2iϵkt,

Ck = i
βkϵk + αkβk

4ϵ3k
e2iϵkt = B̃ke

2iϵkt.

(39)

These scaling laws are valid for all values of k and γ, except for kc when γ < γc. To compute the
long time behavior of the QFI, we can evaluate the expectation value by using the ground state of the
effective Hamiltonian [54]. We denote with ũk, ṽk its coefficients. Then it follows that the long time
behavior of the quantum Fisher information is

F =
∑
k


(
|ũk|2

(
|Ãk|2 + |C̃k|2

)
− 2ℜ

(
ũkṽ

∗
k

(
Ã∗
kC̃k − ÃkB̃

∗
k

))
+ |ṽk|2

(
|Ãk|2 + |B̃k|2

))
e4Γkt

(|ũk|2 + |ṽk|2) +

−

∣∣∣(−Ãk|ũk|2 − C̃kũ
∗
kṽk − B̃kũkṽ

∗
k + Ãk|ṽ|2

)∣∣∣2 e4Γkt

((|ũk|2 + |ṽk|2))2

 =

=
∑
k

Fke
4Γkt.

(40)
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The critical mode’s expression of the QFI can be determined analytically by evaluating Eq.(40) for
kc = arccos(−h). When γ > γc, the QFI can be computed using the expressions provided in Eq.(39).
In contrast, when γ < γc, the linear term in t becomes the leading term in the long time approximation
of Eq. (37). This phenomenon is responsible for the difference in the scaling laws of Eq. (22) of the
main text.

C Appendix C
In this appendix, we verify whether our approach is able to discriminate the presence of a measurement-
induced phase transition beyond the no-click limit. To this end, we consider the evolution along a
generic trajectory, i.e. a trajectory where clicks can occur. The idea, is to simulate a random collection
of quantum jump trajectories, to evaluate the quantum Fisher information associated to each of them,
and average their values. Due to its non-linearity, the QFI averaged over each trajectory is generally
different from the QFI of the averaged trajectory. This non-linearity is a necessary feature, which
is indeed required for any witness of a measurement induced phase transition. As it is standard, to
simulate a single trajectory we divide the evolution in time steps of length δt. In each step, we evaluate
pi(t) = γδt⟨ψ|ni |ψ⟩t, which, for sufficiently small δt, can be interpret as the probability of observing
a click during this time step on a random site i. Then, a Bernoulli random variable with success
probability pi(t) is generated, whose outcome tells whether the jump has occurred. If this is the case,
the state after the jump is updated to |ψ⟩t+δt = ni|ψ⟩t√

⟨ni⟩t

. If no jump occurs the state is evolved according

to the non-Hermitian Hamiltonian |ψ⟩t+δt = (1l − iHeffδt) |ψ⟩t. This procedure is repeated for each
step until the full evolution of a single trajectory is completed. Importantly, after each step the state
remains Gaussian, whether or not it experiences a jump. One can therefore encode all the relevant
information in the state’s correlation matrix.

In Fig. 5, we present the scaling exponent η of the quantum Fisher information, Fq ∝ Nη. To obtain
this, we generated an ensable of 2000 trajectories for each γ and for each different chain size N . Then,
the QFI is averaged over all trajectories and the scaling law of the averaged QFI is determined in a
way similar to the no-click scenario. The plot in Fig. 5 shows that abrupt changes in the scaling of
the Fisher information are still present at a critical value γc, which value appears to be the same as
that observed in the no-click scenario. Through this preliminary study, we show that the phenomenon
of the measurement-induced phase transition remains present when jumps are allowed. However, due
to the computationally more demanding scenario, we were able to demonstrate the scaling up to 20
spins.

As mentioned in the main text, the authors have recently become aware of related work [58], where
the authors investigate scenarios involving clicks in the dynamics. A substantial agreement is observed
with the result observed in [58].
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Figure 5: The figure illustrates how the exponent η of the scaling law for the quantum Fisher information (F ∝ Nη)
changes as a function of γ/γc.
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