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Recent advances have led towards first pro-
totypes of quantum networks in which entan-
glement is distributed by sources producing bi-
partite entangled states. This raises the ques-
tion of which states can be generated in quan-
tum networks based on bipartite sources us-
ing local operations and classical communica-
tion. In this work, we study state transforma-
tions under finite rounds of local operations
and classical communication (LOCC) in net-
works based on maximally entangled two-qubit
states. We first derive the symmetries for ar-
bitrary network structures, as these determine
which transformations are possible. Then, we
show that contrary to tree graphs, for which it
has already been shown that any state within
the same entanglement class can be reached,
there exist states which can be reached prob-
abilistically but not deterministically if the
network contains a cycle. Furthermore, we
provide a systematic way to determine states
which are not reachable in networks consist-
ing of a cycle. Moreover, we provide a com-
plete characterization of the states which can
be reached in a cycle network with a protocol
where each party measures only once, and each
step of the protocol results in a deterministic
transformation. Finally, we present an exam-
ple which cannot be reached with such a simple
protocol, and constitutes, up to our knowledge,
the first example of a LOCC transformation
among fully entangled states requiring three
rounds of classical communication.

1 Introduction

In the last decades, a lot of effort has been de-
voted to realizing the first prototypes of a quan-
tum network [1, 2], based on various physical plat-
forms [3, 4, 5]. Quantum networks offer the possi-
bility for quantum information processing tasks such
as long-distance quantum communication [6], or dis-
tributed quantum computing |7, 8]. Moreover, they
are also interesting from a theoretical point of view

since they require novel tools to study the correlations
that can arise from such networks, which is in itself
a challenging problem, and to evaluate their perfor-
mance [9] (and Refs. therein). Nevertheless, a lot of
progress has recently been made concerning the char-
acterization of correlations [10] (and Refs. therein)
and entanglement [11, 12, 13, 14, 15, 16].

In quantum networks, entanglement is distributed
by multiple sources, rather than a single source. Sub-
sequently, the entanglement created in the network
can be manipulated, e.g., by means of entanglement
swapping [17], and can thus be spread over the en-
tire network [18]. Entanglement swapping is an in-
stance of a much larger and important class of lo-
cal operations assisted by classical communication
(LOCC). The general question consists of identifying
which state transformations are possible via LOCC
and which are the most useful states under such a
restriction. In the bipartite case, this question is
answered by the Nielsen majorization criterion [19].
In case the transformation is not required to be de-
terministically, one arrives at the so-called stochas-
tic LOCC (SLOCC) operations. For instance, in the
case of three qubits, it is known that there exist
only six classes of states that are equivalent under
SLOCC |20]. For four parties, the number of SLOCC
classes is already infinite [21].

Despite the fact that the class of LOCC operations
is of fundamental importance for many quantum in-
formation tasks it is notoriously difficult to charac-
terize (see, e.g., [22, 23, 24, 25, 26]). Despite many
difficulties, significant progress has been made, e.g.,
in the case where only finitely many rounds of clas-
sical communication (finite-round LOCC) are consid-
ered 27, 28, 29, 30, 31, 32, 33, 34].

In this work, we study the transformation of en-
tanglement in quantum networks under LOCC. We
emphasize that in case the parties have access to
many copies of maximally entangled states they can
use teleportation in order to realize an arbitrary en-
tangled state. This might, however, involve a po-
tentially large number of rounds of communication.
The fact that quantum memories cannot provide long
storage times motivates us to consider the more re-
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Figure 1: Schematic illustration of the procedure that allows
to identify the symmetries of the triangle network. the first
and the second picture are identical up to rearrangement
of the parties and nodes. In order to transform the second
picture into the third one we used that Y @ 1|®7) = 1®
YT|®T). This, together with the fact that all symmetries of
the |®T) state are of the form Y ®@ Y7, proves that Eq. (7)
holds.

alistic scenario where sources distribute single copies
of bipartite maximally entangled states according to
some predefined network structure and then perform
an LOCC transformation involving only a finite num-
ber of rounds.

In Ref. [35], it has already been shown that if the
graph is a tree graph, then any state within this
SLOCC class can be realized. As we will show, for
any network that contains a cycle, i.e., that is not a
tree graph, this no longer holds true. We will deter-
mine pure states which can/cannot be reached within
such a scenario. First, we will show that surprisingly,
in such a network, all local symmetries are of a very
specific form. This allows us to provide a system-
atic approach to rule out a large class of states which
can never be realized within networks consisting of a
cycle. Moreover, we identify all states which can be
obtained in such networks under the restriction that
each party performs at most one non-trivial measure-
ment. Finally, we show that there exist states which
cannot be reached with a protocol where each party
measures only once, and which require three rounds
of communication.

2 Preliminaries

Any quantum network can be represented by a graph
G consisting of nodes 1,...,n which are connected
by edges e € E. Each edge e corresponds to a two-
qubit state |¢). that is shared between the two nodes
it connects, i.e., e = {e§,e§} € E, where j labels the
source, and 7, k label the nodes that are connected by
the source j. We will use the convention that lower
indices refer to parties. Whenever additional indices
are required, such as summation or source indices,
the party index will be superscripted. Moreover, we
will, whenever it is convenient, denote the identity
matrix and the Pauli matrices o, 0,,0, by o4, with
1=0,1,2,3. We will assume that, initially, each edge
corresponds to a maximally entangled state |®T), =
%(|00> +]11)). Thus, the initial state of the network

can be written as

nws) = Q) [97).. (1)

eEl

The number of qubits that each node holds is deter-
mined by the number of connected edges, that is, its
degree in the graph G.

In the following, we will restrict to transformations
among pure states [up to local unitary (LU) transfor-
mations| that preserve the ranks of the local reduced
density matrices. In this case, it is not possible to
reach any state outside of the SLOCC class [20]

h@...@hy []127)e (2)
ecE

via a finite-round LOCC protocol, where h; is an in-
vertible operator acting on all the particles node i
has received from the sources. As LOCC and LOCCy
transformations have a rather complicated structure,
it is sometimes useful to consider larger classes of
transformations for which the possible transforma-
tions are easier to characterize. For instance, LOCC
operations are strictly contained in the set of separable
operations (SEP). A completely positive trance pre-
serving (cptp) map A is called separable if all its Kraus
operators are separable, i.e., A(g) = >, KlngiT, with
K;=K}!® - -®K!. It is well-known that LOCCy C
SEP [25] (and Refs. therein), and thus, if a transfor-
mation is not possible via SEP, it is also not possible
via LOCC.

For LOCCy transformations among fully entangled
pure states, which we also consider here, it is known
that they are contained in the set of separable opera-
tions for which all Kraus operators are invertible, so-
called SEP; transformations [36]. We will use the fol-
lowing SEP; condition [37, 38| for the described sce-
nario, which is a necessary condition on finite-round
LOCC transformations to exist:

> piSIHS; =1, (3)

where {p;} is a probability distribution, and r € R.
Moreover, in this context and in the following,

H=®;H; = ®jh}h]j (4)

is determined by the final state in Eq. (2), and S;
are local symmetries of the initial state in Eq. (1).
The local symmetries are all S = @50, with SU) ¢
GL(d;) and d; being the local dimension of party j,
for which

S1tini) = [Pini)- (5)
The set of all local symmetries we will denote by
S(|%ini)). Intuitively, the condition in Eq. (3) guar-
antees that there exist Kraus operators that define
the correct cptp map in SEP; that can achieve the
transformation from the initial state |tiy;) to the fi-
nal state h|vin;) [37, 38]. Hence, it is the symmetries
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of the initial state which allow the transformation to
be deterministic.

In [39], the symmetries and SLOCC transfor-
mations of translationally invariant matrix product
states (which include certain network structures) have
been characterized. In the following, we character-
ize the symmetries of arbitrary networks of bipar-
tite sources that distribute maximally entangled two-
qubit states.

3 Symmetries of Quantum Networks

For simplicity, we will only provide the explicit proof
for the symmetries of the triangle network, as shown
in Fig. 1. However, the proof can be straightforwardly
generalized to arbitrary network structures.

In order to derive the symmetries, we will use the
property of |®1) that Y @ 1|®0+) = 1Y T|®T). With
this we have that

S @ 8@ @ 3G T) 1 .|0F) 2.8
171 22

)edel
A P

s & s ® (5(2) ® 162){(3(3)) 2% ]leg} |pT)®3,

(6)

where T2 denotes the partial transpose on €3 (see also
Fig. 1 for a graphical illustration). Using that the well
known symmetries of |®T) are Y ® YT this implies
that

(5@ 2 1)[(5®) % 0 15) = (S T @ 13 (7)

Remarkably, this condition can only be satisfied if S(2)

and (S(?’))Teg7 and thus, also S, factorize. More
precisely, one can show that

XapZpc =Yac ® 1p, (8)

with system B being two-dimensional and X, Z in-
vertible operators, implies that X and Z factorize
with respect to the splitting A| B and B|C respectively
(see Lemma 4 in Appendix A). Note that, therefore,
So and S3 factorize for any symmetry of the triangle.
The triangle is invariant under cyclic permutation of
the parties, and therefore, via an analogous argumen-
tation, one can show that also S; has to factorize for
any symmetry. Moreover, we emphasize that the same
argument can straightforwardly be extended to any
network structure.

To see this, observe that by construction, any qubit
is maximally entangled to exactly one other qubit,
which is held by a different party. Moreover, all qubits
that belong to one party are all entangled to differ-
ent parties. Thus, if one considers any party-local
symmetry on one party, one can repeatedly use that
Y ® 1|*) = 1® YT|®T) to make this symmetry
overlap with another symmetry on exactly one qubit.
Then one employs Eq. (8) to see that the operators

SH-EHEE

Figure 2: Schematic illustration of the procedure that allows
to identify the symmetries for the example of the double-
triangle network. In order to transform one picture into the
other Y ® 1/®7) = 1® Y7|®T) is used, as well as that
Eq. (8) implies that the operators factorize. From the last
picture it follows that all symmetries factorize.

factorize (see Fig. 2 for a simple example). Repeating
this procedure for all qubits on any party, one sees
that all symmetries have to be local symmetries. Fi-
nally, if the graph G that describes the connectivity of
the network contains leaves, i.e., nodes that only have
a single neighbour, one arrives in a situation where
Eq. (8) becomes trivial, i.e., XpZpc = Yo ® 1. In
this case, one can directly observe that Zg¢ factorizes
by multiplying with X gl from the left.

With this, we have that there can only exist sym-
metries acting locally on eé» and eé? for any e; =
{ei,er} € E. Using that the local symmetries of [®7)
are X ® X~ T we obtain that the set of symmetries is
given by ®.cp(Xe ® X;7)e. Note that here X, can
be different for any edge e. This results in the follow-
ing observation.

Observation 1. For any network structure the local
symmetries of [].cp |®T)e are given by @ cp(Xe ®
xX; 1.

Hence, only symmetries acting locally on single
qubits can contribute and enable transformations.

4  States which cannot be prepared via
finite round LOCC transformations in
networks

Within a tree graph network, any state in the cor-
responding SLOCC class is reachable [35]. Here, we
will show that if a network contains a cycle, this is
no longer true. For convenience, we will consider
here and in the following as initial state @ . [¥7)e,
which is local unitary (LU) equivalent to @, |27 )e,
and therefore has the symmetries &), p(Xe ® Xe)e
with det(X.) = 1. We make the following observa-
tion.

Observation 2. An example for a class of states
which cannot be reached via finite round LOCC from
the initial network state containing a cycle is given by
(®i€cyclehi ®j€cycle ]l) ®e€E |\Il_>e with H; = (1/4 +
Q;0;R0,)Rgeyele 1 acting non-trivially only on the two

qubits which are part of the cycle and HieCycle o; > 0.
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Proof. Consider the projection of Eq. (3), with H; be-
ing of this form, on |¥~), for all edges except one edge
that is part of the cycle, i.e., on ®E\é€cycle [T ).
One obtains that in order for the transformation to
be possible it has to hold that

> pi X @ X)X @ X;) =, (9)

3

with J = ]1/4N+Hj66ycle a;0,®0, and N the number
of parties within the cycle. From the projection of
this equation on |¥~) one obtains that r = 1/4" —
Hjécycle Q.

Considering then the trace leads to an equation of
the following form

1
> pigw {lladl + leal + bl + 1) — 4}

+{llaif + leif? = (bil? + i)

+4} [T =0 (10

j€Ecycle

where a;d; — bic; = 1 for any i. As [|a;|® + |e;|* +
|b1|2 + |di|2]2 > 4 for a;d; — b;c; = 1 and [|ai|2 + |Ci‘2 —
(1b:]24|d;]?)]?+4 > 0 this equation can not be fulfilled
iij»Ecycleaj > 0. O

We note that, as the proof relies on Eq. (3), the
class of states defined above is also not reachable
by SEP; transformations. Before characterizing all
states which can be reached with simple LOCC pro-
tocols in cycle networks, we present a systematic way
to decide whether or not a state is reachable for many
cases.

5 Systematic way to determine finite
round LOCC transformations which are
not possible in a cycle network

In the following, we will restrict to networks which
correspond to a cycle of size N (which we will call
cycle networks). Moreover, we will use the following
necessary and sufficient condition for a transforma-
tion to be possible if party k& performs a generalized
measurement, communicates the outcome to the other
parties, and these apply LUs. Note that this corre-
sponds to a single round within a LOCC protocol.
Such a transformation is solely possible among pure
states if the following conditions are satisfied. Firstly,
the initial state is of the form

h1®...®gk®hk+1...h1\[|\:[/> (]_]_)
and the final state is (up to LUs)

M ®...@h,®hyr .. hy|0). (12)

Secondly, there must exist local symmetries S; =
X SZ-(]) € S(|¥)) and probabilities {p;} such that

(S H, S o Hj (13)

for parties j =1,...,k—1,k+1,... N, and for party
k
S pi(S) HSY = rGy = rgfgr,  (19)

for some r € R [29, 30, 40]. The transformation is
non-trivial, i.e., the initial and the final state are not
LU equivalent, if

(S GRS ot Hy, (15)

for all symmetries for which Eq. (13) holds true.

Note that for any finite round LOCC protocol
transforming a pure state into some other pure state,
the final round is exactly of the form described above,
i.e., it has to transform deterministically one pure
state into another within a single round. Hence, for
any state which is reachable via a finite-round LOCC
protocol, there have to exist symmetries for which Eq.
(13) holds true for N — 1 parties and for at least one
symmetry S; for which Eq. (13) holds

(5PN HLS™ o Hy, (16)

for the remaining party (in order for an operator
Gj o Hy to possibly exist) [40]. In order to decide
whether a given H fulfills this requirement one can
first determine the local operators X; ® Y; which ful-
fill Eq. (13) locally for a given Hj, i.e.,

(X e Y) Hy(X;0Y,) < . (17)

Then one considers for these local operators
X 2k Xj ®Y; and determines whether there exists
a symmetry such that @;_, S = Q11 (X @Y5).
In case this is possible, one can consider all the sym-
metries S; for which this is true and check whether
Eq. (16) holds.

In the following, we present a systematic way to
evaluate for a given H; which operators fulfill Eq. (17)
locally. In order to do so, we use ideas which have also
been used in Ref. [33] to determine the symmetries of
four-qubit states. Eq. (17) holds true if and only if

(X; ®Y;) H;(X; @Y;)) o H; (18)
with H; = (M ® M) H;(M ® M) and X; ® Y; =
M~'X;M ® M_IYJ;M for any M, M invertible. We
then choose M ® M such that H; is Bell diagonal
denoted by H jB . Note that it has been shown [41] that

this is always possible. We will call in the following
H ]B the local standard form of H; and we obtain

(P o VPV AP(RP @ VP) x AP, (19)

Transforming then H ]B and X jB ® )7jB into the magic
basis, i.e., H]mb = UTﬁjBU and O; = UTX]B ®
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YPU where U = |®F) (00| — i|®~) (01] + |[¥~) (10| —
i) (11|, we obtain that H" is a diagonal matrix
with real non-zero entries (as H; is a positive definite
matrix) and O, is a special orthogonal matrix. With
this we have that

A; = OlH™O; oc H™. (20)
This implies that
ATA; = (O)T(H]")TH™O; = (H"™)THJ'™. (21)

Note that as this is a similarity transformation the
set of eigenvalues has to stay invariant. As the
eigenvalues of (H}”b)THjmb have to be real and pos-
itive this implies that there is no proportionality
factor. Alternatively, Eq. (21) can be written as
[(H)TH™,0;] = 0 and it is straightforward to
solve this equation. From the resulting matrices O;
one obtains potential candidates for X jB ® fij =
UO,;UT. We then insert them into Eq. (19) and eval-
uate the ones that indeed leave H ]B invariant up to
a factor. Note that if one knows the local operators
X ]B ® YjB which fulfill Eq. (19) for the local standard
forms one can directly calculate the ones which fulfill
Eq. (17) for a given H; via the relations

Hi=M'e@M "“WH} (M 'eM™") (22)

and
XY =MXM'oMYPM™".  (23)

The explicit symmetries for all local standard forms
can be found in Appendix B. Using the method pre-
sented in [41] one can identify the matrices M and
M which relate Hj to its local standard form and
with this it is easy to determine the matrices X and
Y which fulfill Eq. (17). Determining from the so
obtained operators whether there exists a way of con-
catenating them to form a symmetry on N — 1 party
allows to straightforwardly employ the necessary con-
ditions in Egs. (13) and (16) to identify states that
cannot be reached via finite round LOCC protocols in
cycle networks. In the following, we will use Eqgs. (13)
and (14) also to determine the class of states which
can be reached with a LOCC protocol where each
party measures solely once.

6 A simple class of finite round LOCC
protocols in cycle networks

In case the necessary conditions in the previous sec-
tion are fulfilled, a transformation may be possible. In
particular, these conditions provide a complete char-
acterization of states which can be realized with pro-
tocols where each party measures once in a cycle net-
work. In order for a state to be reachable from the
network of maximally entangled states with a proto-
col where each party measures only once, the condi-
tions in Egs. (13) and (14) have to be fulfilled for

some choice of k and G, = A'A ® BB for some
A,B € SL(2). If they do not hold true, the state
cannot be reached via such a protocol, as can be seen
as follows. For a successful transformation, the ini-
tial state in the final round has to be of the form
®i¢k h; ® gr|¥) where k is the party measuring in
the final round. It is easy to see that for the consid-
ered class of protocols, g has to be of the form A® B,
as party k did not perform any measurement yet and
the only way how one may obtain a non-trivial g
is via the symmetries. However, if the conditions are
not fulfilled the transformation in the final round can-
not be deterministic. In case they hold true, one can
devise a protocol implementing the transformation.
This results in the following observation.

Observation 3. A state h|U) can be reached from the
initial network via LOCC, where each party measures
only once, and each step of the protocol is determin-
istic, if and only if the conditions in Fqs. (13),(14)
and (15) are fulfilled for some choice of k and Gy, =
AYA® B'B for some A, B € SL(2).

If the conditions in Observation 3 hold, the follow-
ing protocol allows us to reach the state h|¥) deter-
ministically. First, note that we consider in the fol-
lowing the SLOCC operator H for which

tr; (H;) =21 (24)

€y

holds for j € {3,...,N — 1} and
tro2(B, HyB') = 21. (25)

Here we use that STHS with S € S(¥) defines the
same state as H (see also [31]). Hence, there is some
ambiguity in the choice of H and we will make use of
this to ensure the desired property. Note that for any
state in a cycle network, it is possible to transform a
given H in such a form (if we choose to normalize the
operator accordingly). We further denote here with-
out loss of generality £ = 1 and enumerate the par-

ties and edges consecutively, i.e., e; = (eé, ;H) € FE.
First, party N applies the generalized measurement
(/4 [(A o)y @ (o)ey Th (26)
with tr(A=THy A1) = 4 for normalization. Depend-
ing on the measurement outcome, party 1 and party
N — 1 apply o; and oy respectively on the qubit
that is connected to party N. Then, beginning with
party N —1 and proceeding in decreasing order, party
j€{3,..., N} applies the generalized measurement
{1/2h(1,5 @ (o))} (27)
and for outcome i party j—1 applies o; on e?j before
it measures in the subsequent round. Finally, party 2
applies the measurement

{1/2h2(13 @ (B™07)e2)} (28)
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and for outcome i party 1 implements o;. With
this, the initial state in the final round is given by
A® B ®N, h;|¥). In the last round party 1 applies
the generalized measurement {h; Si(l)} which is a valid
POVM due to Eq. (14). For outcome 4, all other par-
ties apply the unitary VZ—(J) such that V;(J)hj = hjSZ(j).
These unitaries exist due to Eq. (13). This protocol
allows to reach the state h|¥) deterministically.

Unfortunately, however, this provides no complete
characterization of finite round LOCC transforma-
tions in cycle networks, as the following example il-
lustrates.

7 Example of a transformation that re-
quires one party to measure more than
once

Analogous to the case of unitary symmetries, it may
be that probabilistic steps are required [29, 30]. More-
over, even if one restricts to protocols for which each
LOCC round corresponds to a deterministic transfor-
mation among pure states (and therefore Eqgs. (13)
and (14) have to hold true for each round), it is not
straightforward to find these protocols as parties may
be required to measure more than once. In the sim-
plest case of transformation between bipartite states
with pure initial state, it is known that one round of
communication is always sufficient [42, 19]. For more
parties, more rounds may be required. The minimum
number of rounds is also called the round complezity,
and it it is known that exist tasks, including state dis-
crimination and entanglement distillation, that show
a separation between LOCC protocols with different
round complexity [25].

In case of transformations among generic four-qubit
states [31], it can be easily seen that certain transfor-
mations require a round complexity of two. More-
over, the following transformation provides, up to our
knowledge, the first example of a pure state LOCC
transformation among fully entangled states that re-
quires a round complexity of three. For this trans-
formation, which requires one party to measure more
than once, we consider the triangle network and the
SLOCC operators

Hi=1+ Y a0, @0 (29)

1=,y
for j € {1,2} and
Hs=Ul @U{(M+co.®0.) U1 @U;  (30)

with agj) # 0, ag(tj) #* :I:ag(,j), c# 0 and U = e
with o, # 0, mm/4 and m being an integer. In partic-
ular, we will show that for all symmetries for which
Eq. (13) is fulfilled for two parties, Eq. (14) with
gr = 1 (ie., party k has not performed a measure-
ment yet) does not hold true for the remaining party

k. Thus, this state cannot be reached from the initial
network state via a protocol where each party mea-
sures solely once. If party 3 is allowed to measure
twice, the state can be reached, and we will provide
an explicit protocol achieving this transformation.
We will make use of the necessary conditions in Egs.
(13) and (14) and the systematic approach explained
in Section 5 that allows to identify the local operators
which fulfill Eq. (13). Note that for party 1 and 2 H,
is already Bell diagonal and corresponds to the non-
degenerate case, which implies that for party 1 and 2
the symmetries that can potentially be used locally in
the last round are o; ® 0;, and for party 3 they are

U @ UIH{[Z(¢1) @ Z($2)](0, ® 02)*}01 @ Uy (31)

with k& € {0,1} and Z(¢) = diag(e’®,e™*®) as the
local standard form has two double degenerate eigen-
values (see Appendix B).

The only operators ®;4,X; ® Y; on two parties
which have a non-zero intersection with a symme-
try restricted to two parties are (a) 0?4 on party
1 and 2 (with corresponding symmetries 0?6) or
(b) Ui Z(¢)Uy @ 1%° and ¢®* on party 3 and one
of the other parties (with corresponding symmetries
U Z($)Uy @ 19* @ U] Z(¢)U; and 0©9).

Let us first consider case (a) in which the party
measuring in the last round is party 3. It is straight-
forward to see that the final state is not reachable in
a protocol where this party has not performed any
measurement before, and therefore g3 = A ® B. This
is due to the fact that

> pioi @ 0iHso; @ 0 k Gs = ATA@ B'B (32)

for any probability distribution p; (see Observation 3).
Analogously, we have that for case (b)

> piUfZ(—¢)) U1 @ UH;UT Z(¢3)Uy @1 ¢ ATA® BT B

(33)
for j € {1,2} and therefore also in this case, it is not
possible to reach the final state if each party measures
only once. Note here that the symmetry o®¢ does
not need to be taken into account as ¢©% commutes
with H and hence is equivalent to the identity in our
analysis.

However, it can be reached via the following proto-
col. First party 3 measures
1 - 1 -
{ﬁhsaﬁhi’)(ﬂ@‘%)}v (34)
with hy = VI+ éo, ® 0, and ¢ = 1/4tr(Hso, ® 03)
which corresponds to a valid POVM. In case of the
second outcome party 2 applies o, on the qubit which
is entangled with the second qubit of party 3. With
this they reach deterministically the state (1 ® 1®
h3)(®.cp |®1)e). Then party 1 and 2 measure

{ j(]l@O’z)}, (35)

1 1
—hj,—h
V2 V2
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where for the second outcome, o, is acting on the
qubit that is connected to the third party and in
case this outcome is obtained, party 3 applies o,
on the qubit which originated from the same source.
By doing so, they obtain deterministically the state
(h1 ® ha @ h3)(Q.cp |PT)e). Finally, party 3 imple-
ments the measurement

(sl o), (36)
with ¢ = 0, z. This is a valid POVM and party j = 1,2
apply for outcome 7 the unitary V;; with the prop-
erty that Vi ;jh; = h;(0; ® 0;) (which have to exist as
[Hj,(0; ® 0;)] = 0). This transformation determinis-
tically reaches the desired state.

8 Conclusion and Outlook

In this work, we have studied finite-round LOCC
transformation in networks. We first provided the
symmetries for arbitrary network structures, if the
sources distribute two-qubit states. Which finite-
round LOCC transformations can be implemented is
determined by the symmetries [37, 38, 36, 40], and
we use this to show that (in contrast to tree net-
works [35]) for networks containing a cycle there exist
states which are not reachable. For cycle networks,
we provide a systematic way to determine classes of
states that cannot be reached via finite-round LOCC
transformations. Moreover, we characterize all states
which can be reached with protocols where each party
measures once, and each step of the protocol is deter-
ministic. Finally, we provide an example of a state
which is not reachable with simple protocols where
each party measures solely once, showing that in gen-
eral more involved protocols have to be considered.

In this work we have only considered qubit sources.
One may generalize our approach to derive the sym-
metries to higher-dimensional systems, and use this
to characterize finite-round LOCC transformations in
networks distributing qudit states. Furthermore, the
scenario we consider, namely a network distributing
single copies of bipartite states accompanied with
finite-round LOCC transformations, is highly relevant
for quantum communication tasks and of practical
relevance. Hence, it would be desirable to further
study the resource theory of network entanglement
and identify operationally meaningful entanglement
measures.
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A Proof of Lemma 4

In the following, we provide a proof for the fact that the local symmetry operators S and Ss in Eq. (7) in the
main text have to factorize.

Lemma 4. The relation XapZpc =Yac ® 1p with system B being two-dimensional, and X, Z invertible can
only hold true if Xap = Xa® Xp and Zpe = Zp @ Zo for some choice of invertible operators XA,XB, Zp
and Zc, i.e., the operators factorize.

Proof. We will show that X spZpc = Yac ® 1g, with system B being two-dimensional, and X, Z invertible
implies that X4p = X4 ® Xp and Zpc = Zg @ Zc. As we have explained in the main text (see also Fig. 1
in the main text), this implies that in any network the local symmetries have to factorize with respect to the
different particles the parties receive from the sources.

So let us consider the equation

XaZpe = Yac ® 1p. (Al)
Note that this equation holds true if and only if
XupZpc =Yac ® 15, (A2)

with Q = Mg 1QMB for Q = X, Z. Note further that @ factorizes with respect to the splitting B versus rest
if and only 1f Q does. We will decompose the operators X and Z in an operator basis {A\i ® 0}, where o; is
acting on system B and correspond to the Pauli operators, i.e.,

Xap = Zfﬂij)\z‘ ® 0 (A3)
]
and
ZBCZZZkl0k®)\z=ZVVl®)\l~ (A4)
k.l 1
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Moreover, we will choose M such that Wy = ), zxooy is in Jordan decomposition. Here we chose without loss
of generality to bring the matrix Wy acting on B for the component Ay into Jordan form, however, in case this
component does vanish we relabel the basis for C such that some non-zero component is referred to as A\g. The
matrix Wy can then either be diagonal or have a Jordan block of size 2. We will first discuss the diagonal case.
Then in order for Eq. (A2) to hold true we have that for all 4 and j € 1,2,3

tr[(XABZBC’)()\i Ro; & )\0)] = tl“[(XAB{]lA ® WO})()\i X Uj)] =0.
This is equivalent to

Ti1200 + 1252230 = 0,
Tio200 — 1231230 = 0,
233200 + Ti0230 = 0. (A5)

These equations can also be written as

7@ =0, (A6)
with & = (200, 203)7, T = (z41,i2:2)T, 0% = (242, —izi1)T and 73 = (243,i20)7. From Eq. (A6) for j = 1 and
j = 2 we have that 7 = ¢;#? with ¢; being some proportionality factor, which can be straightforwardly be
shown to be +i. With this we have that x;5 = +iz;;. In case x;; # 0 it therefore follows that zgg = +293. This
implies that x;o = tiz;; for all 7, i.e. it is the same sign for all 4, and also x;3 = Fx;¢ for all . It should be
noted that these constraints lead to a matrix W; which has a kernel. The corresponding eigenvector is (1,0)”
for x40 = ix;; or (0,1)T for w;5 = —iz;1. As any W; has the same kernel this solution is only possible if 7 is
not invertible (which contradicts our assumption). Hence, it has to hold that z;5 = x;; = 0. From Eq. (A6) for
j = 3 it follows that all vectors @7 have to be parallel (or the zero vector), which corresponds to the case that
X factorizes. It can be straightforwardly seen that in this case also Z has to factorize.

It remains to consider the case that Wy is a Jordan block of size 2, i.e. 230 = 0 and 299 = iz19 = /2. Then
Eq. (Al) is fulfilled only if for all 4

xi1200 + (Ti0 + xi3) 210 = 0,
Tiozoo + 4(Ti0 + 243)210 = 0,
xi3200 + 1(1xi1 — T42)210 = 0. (A7)

Let us first consider the case that zgo = 0. Then for all ¢ it has to hold that z;o = iw;; and @0 = —z;3. As before
this would imply in contradiction to our assumption that Z is not invertible. Considering the case zgo # 0 it
can be easily seen that z;o = ix;; and ;3 = 0. We can then write the first condition in Eq. (A7) as

0 = x31200 + 1Ti0210 = 75 - S,

with 7 = (241, xio)f and § = (2qo, izlp)T. Hence, for all ¢ the vectors 7; have to be parallel (or the zero vector).
This implies that X and hence also Z has to factorize, which completes the proof that in order for Eq. (A1) to
hold X and Z have to factorize. O]

B Symmetries for the local standard form

The local standard form is chosen such that Hjmb is diagonal with real positive entries. Which symmetries

are possible will depend on the degeneracy. Note that one can always permute the diagonal entries of H ]mb to
bring it in a form mentioned below, e.g., one can permute |¥*) (¥F| and [¥~) (¥~ | (leaving at the same time
|®*) (®F| invariant) by conjugation with v/io, ® \/—io,. Via the procedure outlined in the main text one can
determine the symmetries of H JB . We obtain the following results:

(i) No degeneracy, i.e., H?b = diag(a,b,c,d): The local operators which leave HjB invariant are o; ® o; (see
also [33]).

(ii) A double-degenerate and two different eigenvalues, i.e., Hj’.”b = diag(a,a,b,c): The operators [Z(¢) ®
Z(§)|(0z ® 0,)* with Z(¢) = diag(e’®,e*®) and k € {0,1} are the only local ones which leave HP
invariant.
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(iii) Two double-degenerate eigenvalues, i.e., Hjmb = diag(a,a,b,b): The symmetries of HJB are [Z(d1) ©
Z(¢2))(05 ® 0,)* with k € {0,1}.

(iv) Triple degenerate eigenvalues, i.e., H]mb = diag(a,a,a,b): The local symmetries of HJB are given by
Z(¢1)X(OZ)Z(¢2) (024 Z(¢1>X(_Q)Z(¢2) with X(Oé) _ eiaoz.

(v) Four degenerate eigenvalues, i.e., H]mb = 1: All local unitaries leave H jB invariant.
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