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Teleportation allows Alice to send a
pre-prepared quantum state to Bob using
only pre-shared entanglement and classi-
cal communication. Here we show that
it is possible to teleport a state which
is also post-selected. Post-selection of a
state Φ means that after Alice has finished
her experiment she performs a measure-
ment and only keeps runs of the experi-
ment where the measurement outcome is
Φ. We also demonstrate pre and post-
selected port-based teleportation, and use
it as a quantum memory for such states.
Finally we use these protocols to perform
instantaneous non-local quantum compu-
tation on pre and post-selected systems,
and significantly reduce the entanglement
required to instantaneously measure an ar-
bitrary non-local variable of spatially sep-
arated pre and post-selected systems.

1 Introduction

Learn to see things backwards, inside out,
and upside down

The Tao of Leadership
John Heider

Teleportation is one of the most surprising and
fundamental protocols of quantum mechanics. In
classical mechanics Alice can send a state to Bob
without having any prior knowledge of it by mea-
suring it as accurately as desired, sending the
measurement results in a classical message to
Bob, and having Bob recreate the state. However
in quantum mechanics the uncertainty relation
limits the accuracy to which one can simultane-
ously measure all components of the state. Thus
it appears as if the only way to transfer the state
from Alice to Bob is by transferring a particle ex-
plicitly carrying the state, e.g. by a fibre optic
cable which sends polarized photons from Alice

to Bob, and which maintains coherence between
different polarizations for each photon. To great
surprise it was shown by Bennett et al. [1] that
a state can be faithfully transferred from Alice to
Bob without transferring any quantum particles,
by using pre-shared entanglement, local measure-
ments, classical communication and local unitary
operations. This has been experimentally per-
formed many times starting with [2, 3] (see [4] for
a review). Teleportation is now used as a funda-
mental building block for many tasks in quantum
information and computation.

Usually when we talk about states in quan-
tum mechanics we are thinking of states which
are prepared in advance, i.e. pre-selected. How-
ever Aharonov et al. [5, 6] showed that quan-
tum mechanics also allows a post-selection of the
state, which behaves quite differently to any post-
selection in classical mechanics. Post-selection
means that we run an experiment on a system
which ends with some sort of measurement, and
only look at runs of the experiment where the
measurement gives a particular outcome. This
post-selection is quite natural, e.g. we send pho-
tons through some optical circuit and only keep
results where one of the final detectors receives a
photon, we may select one polarization more than
another through Polarization Dependent Loss [7].
However it gives us information about the system
at intermediate times which is impossible with
pre-selection alone. For example if we pre-select
a particle with a well defined position and post-
select it with a well defined momentum we will
be able to predict the outcome of a position or
momentum measurement of the particle at inter-
mediate times with arbitrary accuracy, i.e. bet-
ter than the uncertainly principle allows for pre-
selected states. This is quite different to deter-
ministic classical mechanics, where all the infor-
mation about a system can be pre-selected, and
a post-selection is equivalent to a pre-selection.

Having post-selected on a particular state, we
can then evolve this final state backwards in time,
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and use it to retrodict the outcomes of measure-
ments at earlier times. We don’t have to do this:
we can make the same predictions using the usual
pre-selected states, evolving the system forwards
in time and conditioning on the final measure-
ment. However we find this time reversed method
of thinking useful, and believe it allows us to more
easily find interesting physics.

Post-Selection is a key part of the single photon
source used for many quantum optic experiments
[8], internally creating a pair of photons via spon-
taneous parametric down-conversion, then post-
selecting on one photon from the pair being de-
tected, leaving the other as a single photon. Com-
bined with weak measurements [9], post-selected
states led to a method for improving the preci-
sion of certain measuring devices [10] which was
used in the first observation of the spin Hall ef-
fect of light [11], and to measure the linear travel
of a piezoelectric actuator down to the diameter
of a Uranium nucleus [12]. Process matrices are
equivalent to certain quantum systems between
definite pre and post-selected states [13]. Post-
selected states are also used for the intuition be-
hind several curious paradoxical effects, e.g. the
quantum pigeonhole principle [14] and the quan-
tum cheshire cat [15].

In this paper we describe teleportation of a
post-selected state. It was previously known [16]
that this could be accomplished for a 2 dimen-
sional system with probability 1/4. However like
the original teleportation, we shall show that this
can be done with certainty. We then extend this
to pre and post-selected states. This is a fun-
damental protocol, which can then be used as
a building block for more complex tasks. We
also extend port-based teleportation to pre and
post-selected states, show how this can be used
as a quantum memory for such states, and discuss
instantaneous measurements and computation of
pre and post-selected states.

Note that if teleportation was a unitary opera-
tion, we could reverse the unitary to teleport the
post-selected state backwards in time. However
since teleportation involves measurements and
classical communication which cannot be sent
backwards in time we cannot simply time-reverse
the usual teleportation.

Also note that a paper with a related title,
"Quantum mechanics of time travel through post-
selected teleportation" [17], creates a loop in time

by post-selecting on one particular outcome of the
regular (pre-selected) teleportation protocol, so
that the current (pre-selected) state of a particle
was sent into its past. Here we teleport a post-
selected state to a different location.

Port-Based Teleportation, introduced by
Ishizaka and Hiroshima [18, 19], is one of the
most useful and surprising variants of telepor-
tation. In normal teleportation Bob initially
receives Alice’s state scrambled by a unitary
σi, and has to wait for Alice’s classical message
i before he can unscramble it. This means
that he cannot use Alice’s state in any further
experiments (measurements, computations, etc)
without waiting for that message (except for
the rare cases where his experiment commutes
with σi). Port-Based teleportation instead uses
n entangled pairs (ports) between Alice and
Bob, and teleports Alice’s state unscrambled
into Bob’s ith port, where i is known to Alice.
Bob can run his further experiments without
waiting for Alice so long as he does it n times:
once on each port. Then when he receives Alice’s
message he can classically select which set of
experimental results to keep.

Port-Based Teleportation has proved useful for
a variety of tasks, for example it was used to
make a universal programmable quantum pro-
cessor [18], for instantaneous non-local quantum
computation, instantaneous non-local measure-
ments and new attacks on position-based cryp-
tography [20], for proving any communication
complexity problem with a large quantum ad-
vantage gives rise to a Bell Inequality [21], and
for limitations on quantum channel discrimina-
tion [22]. It can be done either deterministically
as described above, where the state is always tele-
ported but with some error, or probabilistically
where the state is either teleported perfectly or
the teleportation fails with an error message. [19].
The choice of shared entangled state used for the
teleportation and the measurement have been op-
timized in [23, 24, 25, 26, 27]. A multiport varia-
tion allowing teleportation of many states simul-
taneously into different ports was introduced in
[28, 29, 30].

We show how to port-based teleport a pre and
post-selected state. This can be done either de-
terministically or probabilistically. We show how
to use this as a quantum memory for the state.
We then show how to perform instantaneous non-
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local computation of pre and post-selected sys-
tems. Instantaneous means that we perform the
quantum parts of the experiments simultaneously
at spatially separated locations, and then use
classical communication to select the final results.

Finally, we demonstrate one use of this to sig-
nificantly reduce the amount of entanglement re-
quired to show that any verification measurement
of spatially separated pre and post-selected sys-
tems may be performed instantaneously. A veri-
fication measurement is one which gives the same
results as a normal measurement, only it may
leave the system in any output state, potentially
destroying it completely. Whether an arbitrary
non-local variable of pre-selected spatially sep-
arated systems is measurable has been debated
since Landau and Peierls [31] in 1931, and is
important in demonstrating in a direct fashion
that an entangled state is a good description of a
spatially separated system in a given relativistic
frame at a given time.

After significant progress in [32, 33, 34, 35,
36, 37, 38, 39, 40], Vaidman [41] showed that
any non-local verification measurement can be
performed instantaneously on an arbitrary pre-
selected state. The procedure used enormous
amounts of entanglement, which was significantly
reduced in [42, 20, 43]. It was extended to pre and
post-selected systems in [16], which we improve
upon here.

2 Pre and Post-Selected Teleportation

Time

Bell Measurement

Ψ⟩
A Ba Φ+⟩

Classical 
Measurement


 Result i

Ψ⟩

Bob applies
unitary σi

to system B

Alice Bob

B

Figure 1: Teleportation of a pre-selected state |Ψ⟩ from
A to B. Vertical arrows indicate the flow of the state.

First we review how to teleport a pre-selected
state, shown diagrammatically in Fig 1.

For simplicity we start with a qubit which has
been pre-prepared in an unknown pure state, say

|Ψ⟩A = α |0⟩A + β |1⟩A , (1)

where α and β are complex and |α|2 + |β|2 = 1.
Alice and Bob also pre-share a maximally entan-
gled state∣∣∣Φ+

〉
aB

= 1√
2

(|0⟩a |0⟩B + |1⟩a |1⟩B). (2)

The joint state |Ψ⟩A

∣∣Φ+〉
aB can be written as

1
2{ 1√

2
(|0⟩A |0⟩a + |1⟩A |1⟩a)(α |0⟩B + β |1⟩B)

+ 1√
2

(|0⟩A |0⟩a − |1⟩A |1⟩a)(α |0⟩B − β |1⟩B)

+ 1√
2

(|0⟩A |1⟩a + |1⟩A |0⟩a)(α |1⟩B + β |0⟩B)

+ 1√
2

(|0⟩A |1⟩a − |1⟩A |0⟩a)(α |1⟩B − β |0⟩B)}

(3)

which can also be written as
1
2

∑
i

σa
i

∣∣∣Φ+
〉

Aa
σB

i |Ψ⟩B (4)

where i ∈ {0, 1, 2, 3}, and σi is a unitary opera-
tion which flips |0⟩ and |1⟩ if i ∈ {2, 3} and ap-
plies a phase of -1 to |1⟩ if i ∈ {1, 3}. Note that
(σi)2 = 1.

To teleport Alice measures the joint system Aa
in the Bell Basis σa

i

∣∣Φ+〉
Aa and sends the mea-

surement outcome i to Bob via 2 bits of classi-
cal communication. Bob then applies σi to his
system B to recreate Alice’s original state |Ψ⟩ in
system B. He can then perform whatever exper-
iment on the state he desires, and will get the
same outcomes as if he started with |Ψ⟩B.

A procedure to teleport a post-selected state
⟨Φ| should work as follows. Alice starts with
a post-selected state. What that means is that
she starts with a system in the totally uncer-
tain pre-selected density matrix 1/d where d is
the dimension of the system. Next she does the
teleportation. Finally she does the post-selection
by performing a measurement which with some
probability has outcome Φ, and Alice and Bob
only keep the experimental results for runs with
that outcome. Bob will also have a system which
starts in the pre-prepared density matrix 1/d. He
wants to be able to run experiments on his sys-
tem and know that so long as the post-selection
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succeeds, his system will behave with the same
post-selection as if he had applied it directly him-
self. Further, the probability of the post-selection
succeeding is the same as if he applied it himself.
This is what we mean by the teleportation suc-
ceeding with certainty. To do this may at first
appear impossible, since if Bob performs the Bell
measurement from the usual teleportation on a
joint system bB he has no opportunity to apply
σi on B to correct for any outcome other than∣∣Φ+〉

. Our main result is a protocol to teleport
with certainty, as shown in Fig 2.

Time

Bell Measurement

⟨Φ

A

B

bΦ+⟩

Classical 
Measurement


 Result i

⟨Φ

Alice applies
unitary σi

to system A

Alice Bob

A

B

Figure 2: Teleportation of a post-selected state ⟨Φ| from
A to B. The classical communication goes from Bob to
Alice, the opposite of the usual pre-selected teleporta-
tion.

Similar to the usual teleportation of pre-
selected states, Alice and Bob pre-share the max-
imally entangled state

∣∣Φ+〉
Ab. Bob has another

system B which will end up in the post-selected
state. This time Bob performs the Bell Measure-
ment, which he does on on the joint system bB
after he’s finished his experiments on B. He then
sends the classical measurement result to Alice,
who performs the correction σi on her system A.
Finally Alice applies the post-selection. This pro-
cedure guarantees that B was in the post-selected
state ⟨Φ| prior to the Bell Measurement.

In the usual teleportation one can think of
the movement of the state as starting with Al-
ice, going forward in time in system A until the
Bell Measurement, then going backward in time
(scrambled by σi) in system a until getting to the
entangled state, then going forward in time in B
until σi is applied after which the state is success-
fully teleported. In the teleportation of a post-
selected state one can think of the state starting

with Alice, going backwards in time in system A
with σi applied, then backwards further until the
entangled state, then forwards in time in system
b until the Bell Measurement which undoes σi,
and finally backwards in time in system B as the
successfully teleported state.

The teleportation actions in the two proce-
dures are the same if we swap the roles of Alice
and Bob, and hence the equations of the post-
selected teleportation work in the same way as
the pre-selected teleportation. One way to check
this mathematically starts by noting that the Bell
Measurement with outcome i is a projection onto
the state bB

〈
Φ+∣∣ σb

i which occurs with probability
1
4 . Working backwards in time, the post-selected
teleportation does:

A⟨Φ| → A⟨Φ| σA
i

→ A⟨Φ| σA
i

bB

〈
Φ+

∣∣∣ σb
i

→ A⟨Φ|
bB

〈
Φ+

∣∣∣ σA
i σb

i

∣∣∣Φ+
〉

Ab

= A⟨Φ|
bB

〈
Φ+

∣∣∣ ∣∣∣Φ+
〉

Ab

= 1
2 B⟨Φ|

(5)

as desired. In the second line the Bell measure-
ment acts as the preparation of a post-selected
state.

This procedure is optimal in its usage of entan-
glement and classical communication, as proved
in Appendix A. The extension to higher dimen-
sions is straightforward and follows the method
in [1]. Entanglement swapping and teleportation
of mixed states work as usual.

Teleporting a pre and post-selected state from
A to B is essentially a matter of combining
the previous two protocols, as shown in Fig 3.
The only minor change is that here we used
Swap(A, ã) to move the entangled state

∣∣Φ+〉
ãb

into Ab for the post-selected teleportation.
This teleportation works for entangled pre and

post-selected states, e.g. α ⟨Φ1| |Ψ1⟩+β ⟨Φ2| |Ψ2⟩
[6], and for mixed pre and post-selected states
[44]. It straightforwardly generalizes to higher
dimensions.

3 Port-Based Teleportation
Here we show how to port-based teleport a post-
selected state, and then a pre and post-selected
state. We then use this as a quantum memory
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Time

Bell Measurement

Ψ⟩
A Ba Φ+⟩

Result i

Ψ⟩

unitary σi

Alice Bob

Φ+⟩ b

⟨Φ

unitary σj

⟨Φ

Bell Measurement

Result j

ã

Swap(A, ã)

A

B

B

Figure 3: Teleportation of a pre and post-selected state
⟨Φ| |Ψ⟩ from A to B

for such states. We start by reviewing port-based
teleportation of a pre-selected state, as shown in
Fig 4.

Time POVMi

Ψ⟩
A Bi

Ψ⟩

Alice Bob

A ai

ai

a1

an

Φ+⟩
Φ+⟩

Φ+⟩an

a1

Bn

B1

Bi

Figure 4: Port-based teleportation of a pre-selected state
|Ψ⟩ from A to Bi. Outcome i of the POVM moves |Ψ⟩
into ai and hence Bi.

Alice and Bob pre-share n entangled states∣∣Φ+〉
aiBi

, with i = 1..n. Alice performs a POVM
on the joint system Aa1..an. The outcome i tells
her that |Ψ⟩A has been teleported into |Ψ⟩Bi

.
There are two main variations of the port-based
teleportation. In the deterministic version, the
teleported state is unmodified, except for some
noise which can be made arbitrarily small with
sufficiently large n. In the probabilistic version,
the teleportation either succeeds perfectly or with
an arbitrarily small probability Alice’s POVM

gives a failure outcome, 0. Unlike usual telepor-
tation there are several POVMs and initial en-
tangled states which could be used, and the most
efficient procedures do not use the maximally en-
tangled state. However schematically the proce-
dure is always the same. In all cases Bob can per-
form his further experiments, n times in parallel,
without waiting for Alice to perform the quantum
part of the teleportation. After the quantum part
is finished Alice can send i as a classical message
to Bob to tell him which of his results to keep.
This will take some time as it’s limited by the
speed of light.

In the post-selected teleportation described in
section 2, Bob performs his experiments at the
start, but Alice cannot apply the post selec-
tion without waiting for Bob’s classical message.
Post-selected port-based teleportation (Fig 5) in-
stead allows Alice to post-select without waiting
for Bob.

Time
⟨Φ

A

Bi

bΦ+⟩ ⟨Φ

Alice Bob

A
B1

Bn

b

POVMi

Bi

Figure 5: Port-based teleportation of a post-selected
state ⟨Φ| from A to Bi.

Suppose the system A will be post-selected into
A⟨Φ|. Alice and Bob have a pre-shared entan-
gled state

∣∣Φ+〉
Ab. Bob has systems Bi where

i = 1..n (the n ports), and in each of them runs
his experiment. He then applies the usual port-
based teleportation POVM on the joint system
bB1B2..Bn. POVM outcome i tells him that the
post-selected state was teleported into system Bi

(up to the usual port-based error in the determin-
istic version, and perfectly unless we get the fail-
ure outcome 0 in the probabilistic version), and so
his experiment was run with that post-selection.
Unlike most teleportation protocols, it seems as
though Bob does not need any classical commu-
nication from Alice. However he does need one
message: that the post selection succeeded. Fi-
nally, note that the POVM is a method for trans-
forming a pre-selected state into a post-selected
state in channel i without any scrambling, which
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Time

Ψ⟩

A2

Alice Bob

A2

Φ+⟩
Φ+⟩

Φ+⟩

⟨Φ

A Φ+⟩

A

Swap(A, A2)

A

A1

A1

Φ+⟩

aiãi

a1ã1

an
ãn

Φ+⟩
ai

ãi

a1
ã1

Φ+⟩an
ãn

Bij

⟨Φ
b1

b̃1
bi
b̃i

bn
b̃n

bib̃i

bn
b̃n

b1b̃1

Ψ⟩

bij

bi1

Bi1

bin

Bin

Φ+⟩
bij Bij

Φ+⟩
binBin

Φ+⟩
bi1Bi1

POVMi
j(i)POVMi

Figure 6: Port-based teleportation of a pre and post-selected state ⟨Φ| |Ψ⟩ from A to port Bij . Alice’s POVM has
outcome i. Bob performs n POVMs: for compactness we only draw the ith, POV M i with outcome j(i). Each
port-based channel transmits the state in two systems together, e.g. A1 and A2, so has dimension d2 where d is the
dimension of the original system A.

we shall use as a primitive in later protocols.
Next we do port-based teleportation on a pre

and post-selected state A⟨Φ| |Ψ⟩A, as shown in
Fig 6. We cannot simply do pre-selected telepor-
tation followed by post-selected teleportation, as
the pre and post-selections could end up in dif-
ferent ports. We thus need to somehow move the
pre and post-selected states together. For this we
will use pre-selected port-based teleportation on a
d2 dimensional system, where d is the dimension
of the Hilbert space of A. In stages:

1. Alice converts her pre and post-selected
state A⟨Φ| |Ψ⟩A into a pre-selected state
|Φ∗⟩A1

|Ψ⟩A2
by swapping |Ψ⟩A into |Ψ⟩A2

and then preparing
∣∣Φ+〉

AA1
. Here “∗”

means complex conjugation in the |0⟩ / |1⟩
basis.

2. Alice pre-selected port-based teleports the
joint system |Φ∗⟩A1

|Ψ⟩A2
to Bob, and it ar-

rives in port i (the outcome of her POVM)
as |Φ∗⟩bi

|Ψ⟩b̃i
.

3. For each i Bob performs the port-based
POV M i, with outcome j(i), to convert this
into the post-selected state Bi,j

⟨Φ| bi,j
⟨Ψ∗| in

port (i, j).

4. Bob transforms each (i, j) into the original
pre and post-selected state Bi,j

⟨Φ| |Ψ⟩Bi,j
by

pre-preparing the state
∣∣Φ+〉

Bi,jbi,j
, and leav-

ing system bi,j otherwise untouched.

5. Alice sends i to Bob using classical commu-
nication, and Bob picks out the results from
port (i, j).

Thus we have teleported a pre and post-
selected state from A into port Bi,j with i known
to Alice and j(i) known to Bob. Neither Alice
nor Bob have to wait for one another before com-
pleting the quantum part of their experiments, in-
cluding the post-selection. As before, these meth-
ods work for entangled and mixed pre and post-
selected states. As the protocols are built upon
the usual port-based teleportation POVM and
pre-shared entangled state, we can use whichever
port-based variant we like, deterministic or prob-
abilistic, or multi-port.

One use of this protocol is as a quantum mem-
ory for (pre and) post-selected states. We may
be given a state, and wish to store it for later use
with a quantum channel which we can use multi-
ple times. This is in a sense a time-reversed appli-
cation corresponding to the storage of a quantum
channel for usage later on a pre-selected quan-
tum state, for which the optimal protocol is de-
scribed in [45]. We can store the pre and post-
selected state by following Alice’s steps in the
port-based teleportation protocol just described
in Fig 6. Later on, when we have the channel
ready to use, we perform Bob’s steps of the tele-
portation protocol, applying the channel in every
single port Bi,j . Finally we read out the results
from port (i, j). Depending upon whether we use
deterministic or probabilistic port-based telepor-
tation, this will have the same noise or probabil-
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Time

Ψ⟩

A2

Alice Bob

⟨Φ
A

Swap(A, A2)

A

A1

ai1ai2

⟨Φ

bi1

Ψ⟩

Υ⟩

⟨Ω

Bell Measurement

Φ+⟩

Φ+⟩
Φ+⟩

A3

A4

ai3ai4

σk

Result k

Φ+⟩⊗4

bi2 bi3 bi4

Υ⟩

⟨Ω

Φ+⟩⊗2

Bij
1
Bij

2

bij
1bij

2
B

B B1

POVMi
POVMi

j(i)

b

Swap(b, B)

Figure 7: Instantaneous Computation/Measurement on a pre and post-selected state ⟨Φ| |Ψ⟩ for Alice and ⟨Ω| |Υ⟩
for Bob. Alice and Bob move their initial states into port Bij on Bob’s side, with i known to Alice and j(i) to Bob.
Bob can perform any computation or measurement on the joint system, doing it n2 times (once on each port). We
have omitted the other ports and POVMs from the picture for compactness.

ity of failure as our teleportation protocol, which
can be made as small as desired by increasing the
number of ports. We do not claim this proto-
col is optimal, and leave such an investigation for
future work.

4 Instantaneous Non-Local Computa-
tion and Measurement

We show in Fig 7 how to perform an arbitrary
instantaneous quantum computation or measure-
ment on two spatially separated pre and post-
selected systems, generalizing the result for pre-
selected systems in [20]. “Instantaneous" means
that we perform the quantum parts of the ex-
periments simultaneously at spatially separated
locations, and then use classical communication
to select the final results. Whilst the quantum
part is instantaneous, the classical communica-
tion takes time. The protocol can be extended to
any number of parties.

Suppose Alice and Bob wish to perform a joint
computation on systems A and B which are in
a pre and post-selected state A⟨Φ| |Ψ⟩A for Al-
ice and B⟨Ω| |Υ⟩B for Bob. They could try to
use a port-based teleportation from Bob’s sys-
tem B to Alice’s ancilla system ai to move the
whole state together on Alice’s side to allow her to
perform the computation. However this puts the
state into the system Aai where i is known only
to Bob, and Alice cannot make an arbitrary bi-
partite measurement simultaneously on Aa0, Aa1
etc as they will disturb each another on A. In-

stead they could try (non-port based) teleporting
Bob’s state to Alice (without initially doing any
unscrambling as that requires waiting for classical
communication), and then port-based teleport-
ing the joint state back to Bob. However both
⟨Φ| and |Ψ⟩ are scrambled, and Bob only knows
how to unscramble |Ψ⟩. Instead they skip the
step causing the scrambling of |Ψ⟩, which gives
the successful protocol shown in Fig 7. Alice and
Bob

1. Start by bringing Alice and Bob’s systems
together on Alice’s side as a 4 system
pre-selection |Φ∗⟩A1

|Ψ⟩A2
σA3

k |Υ⟩A3
|Ω∗⟩A4

,
where |Υ⟩ is scrambled by σk known to Bob.

2. Alice port-based teleports this joint state to
Bob as a single d4 dimensional system into
port i, |Φ∗⟩bi

1
|Ψ⟩bi

2
σ

bi
3

k |Υ⟩bi
3

|Ω∗⟩bi
4
, where i is

known to Alice.

3. Bob applies σk on bi
3 for each i to unscramble

|Υ⟩bi
3
.

4. For each i Bob performs the port-based
POV M i, with outcome j(i), to con-
vert this into the post-selected state

Bij
1

⟨Φ|
bij

1
⟨Ψ∗|

bij
2

⟨Υ∗|
Bij

2
⟨Ω| in port (i, j).

5. Bob transforms each (i, j) into the
original pre and post-selected state

Bi,j
1

⟨Φ| |Ψ⟩
Bi,j

1 Bi,j
2

⟨Ω| |Υ⟩
Bi,j

2
by pre-preparing

the state
∣∣Φ+〉

Bi,j
1 bi,j

1

∣∣Φ+〉
Bi,j

2 bi,j
2

and leaving

systems bi,j
1 and bi,j

2 otherwise untouched.
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Bob can perform whatever computation or
measurement, von Neumann or POVM, he wants
on the joint pre and post-selected system Bij

1 Bij
2 ,

repeating it for all ports (i, j). If he wishes he
can use pre and post-selected port-based telepor-
tation to send all the systems Bij

1 back to Alice,
using the multi-port variation [28, 29, 30] for effi-
ciency. At the end Alice knows i and Bob knows
j(i), so they can pick the right results via classi-
cal communication. That completes the protocol,
which again works on arbitrary initial entangled
states, pure or mixed.

This port-based protocol is exponentially more
efficient in terms of entanglement than the pre-
viously known instantaneous measurement pro-
tocol for pre and post-selected states [16]. This
exponential gap was shown in [20] for the pre-
selected case. The ebits of entanglement used to
instantaneously measure a system of m qubits for
Alice (i.e. dimension d = 2m) and m for Bob,
whilst making the probability of failure less than
ϵ, scales with m as shown in table 1. Our pro-
tocol is more efficient still for POVMs as it uses
the same entanglement as a von Neumann mea-
surement, whereas the previous protocol requires
writing the POVM as a von Neumann measure-
ment using an ancilla, then teleporting the an-
cilla and system to be measured together back
and forth as one higher dimensional system.

Protocol
Type Original Port-Based
Pre 4m2ln(1/ϵ)4m24m−6m (2m/ϵ)24m

Pre&Post 8m2ln(1/ϵ)8m28m−14m (4m/ϵ)28m

Table 1: Approximate entanglement (ebits) used to per-
form an instantaneous measurement on m qubits for Al-
ice and m for Bob with ϵ probability of success. The
port-based numbers are an upper bound. The port-
based scheme is exponentially better in m.

To calculate that upper bound of the entan-
glement usage for the port-based instantaneous
measurement for pre-selected systems, we start
from the optimal probability of success of port-
based teleportation, given by theorem 4 in [24],
as p = 1 − (d2 − 1)/(n + d2 − 1), where n is the
number of ports. The measurement protocol first
teleports m qubits from Bob to Alice, using m
ebits. Then it port-based teleports all 2m qubits
back from Alice to Bob as a single d = 22m di-
mensional system in n ports, using at most 2mn

ebits (the optimal port-based teleportation uses
a non-maximally entangled state whose entangle-
ment will be upper bounded by this). Setting
p = 1 − ϵ, ϵ small so we can ignore the entan-
glement usage of the original teleportation, and
ignoring terms which are small compared to 24m,
we have an upper bound on the entanglement us-
age of (2m/ϵ)24m. The entanglement usage of
measuring m pre and post-selected qubits is sim-
ilar, with m replaced by 2m, as each pre and
post-selected qubit is mapped into 2 pre-selected
qubits before being port-based teleported.

To calculate the entanglement usage of the
original (Vaidman) protocol to measure m pre-
selected qubits for Alice and m for Bob, we fol-
low section 1.3 of [20]. The probability of success
in each round of the protocol is 2−4m (except for
the first round, which is 2−2m). Then the number
of rounds, r, needed to make the probability of
failure equal to a given ϵ is roughly ln(1/ϵ)24m,
where ln is the natural logarithm. The entan-
glement usage of round r (after the first couple
of rounds) is roughly 4m24m(r−2)+2m. Putting
these together gives the result in table 1. The en-
tanglement usage of the original protocol for pre
and post-selected qubits [16] was calculated along
similar lines.

5 Conclusion
We have shown how to teleport pre and post-
selected states with certainty. We have also
shown how to teleport them port-based. We then
showed how to perform instantaneous non-local
quantum computation on a pre and post-selected
state. This allows us to store a post-selected state
in a quantum memory for later usage, and to per-
form the quantum part of any non-local verifi-
cation measurement instantaneously using expo-
nentially less entanglement than the previous pro-
tocol. We believe that these protocols will prove
useful for other quantum information processing
tasks.
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Note Added After completing this work we be-
came aware of an earlier paper by Vaidman [46]
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which described post-selected teleportation, sim-
ilar to our section 2. Our paper goes further,
extending the results to post-selected port-based
teleportation, and using it as a quantum memory
for post-selected states, instantaneous computa-
tion, and instantaneous measurement.
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A Optimality of Resources

Here we prove that the post-selected telepor-
tation described in Fig 2 is optimal in terms
of entanglement and classical communication re-
source.

First to prove that a maximally entangled pair∣∣Φ+〉
AB is necessary, we show how to use the post-

selected teleportation to create a maximally en-
tangled pair

∣∣Φ+〉
AB between Alice and Bob. As

entanglement cannot be created by local opera-
tions and classical communication, it must have
been there initially. Suppose we start with an en-
tangled pair on Alice’s side

∣∣Φ+〉
Aa1

, another on
Bob’s side

∣∣Φ+〉
bB and teleport system a2 of the

post-selected state a1a2

〈
Φ+∣∣ to system b. This

gives us

a1b

〈
Φ+

∣∣∣ ∣∣∣Φ+
〉

Aa1

∣∣∣Φ+
〉

bB
=

∣∣∣Φ+
〉

AB
(6)

i.e. the same entanglement as we used in the
teleportation. The post-selection may not always
succeed, so we apply it by performing the Bell
Measurement with outcome j on a1a2, and tele-
porting whichever Bell state is the outcome of the
measurement. Alice can then apply a local rota-
tion σj to turn this into

∣∣Φ+〉
AB, completing the

proof.
To prove the teleportation is optimal in using

two bits of classical communication from Alice to
Bob, we shall show Bob can communicate two
bits to Bob using Super Dense Coding [47]. We
start with an an entangled pair on Alice’s side∣∣Φ+〉

a1a2
, and an entangled pair between Alice

and Bob
∣∣Φ+〉

AB. Bob can encode his message
i by applying σB

i to system B. They teleport
Alice’s system a3 in the post-selection a2a3

〈
Φ+∣∣

to system B. After the teleportation Alice will
have

a2B

〈
Φ+

∣∣∣ ∣∣∣Φ+
〉

a1a2
σB

i

∣∣∣Φ+
〉

AB
= σa1

i

∣∣∣Φ+
〉

Aa1
.

(7)

She can perform a Bell measurement on Aa1 to
read the message. The post-selection may not al-
ways succeed, so we perform it by applying the
Bell measurement on a2a3. Getting different out-
comes of the Bell measurement on a2a3 simply
permutes the outcomes of the Bell measurement
on Aa1 in a deterministic way, so Alice will al-
ways be able to read the message and receive 2
bits from Bob.

Accepted in Quantum 2024-02-28, click title to verify. Published under CC-BY 4.0. 11

https://dx.doi.org/10.1088/1751-8113/40/12/S23
https://dx.doi.org/10.1088/1751-8113/40/12/S23
https://dx.doi.org/10.1103/PhysRevLett.69.2881

	Introduction
	Pre and Post-Selected Teleportation
	Port-Based Teleportation
	Instantaneous Non-Local Computation and Measurement
	Conclusion
	Acknowledgements
	References
	Optimality of Resources

