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Quantum loop models are well studied
objects in the context of lattice gauge the-
ories and topological quantum computing.
They usually carry long range entangle-
ment that is captured by the topological
entanglement entropy. I consider general-
ization of the toric code model to bicolor
loop models and show that the long range
entanglement can be reflected in three dif-
ferent ways: a topologically invariant con-
stant, a sub-leading logarithmic correction
to the area law, or a modified bond dimen-
sion for the area-law term. The Hamiltoni-
ans are not exactly solvable for the whole
spectra, but admit a tower of area-law
exact excited states corresponding to the
frustration free superposition of loop con-
figurations with arbitrary pairs of local-
ized vertex defects. The continuity of color
along loops imposes kinetic constraints on
the model and results in Hilbert space
fragmentation, unless plaquette operators
involving two neighboring faces are intro-
duced to the Hamiltonian.

1 Introduction

Entanglement is a phenomenon unique to quan-
tum systems as the wave-functions are usually su-
perposition of multiple classical states and can be
quantified with the entanglement entropy. In the
ground state of a quantum many-body systems,
the scaling behavior of entanglement entropy is
governed by interaction in the systems and often
provides more revealing characterization than the
equal time correlation function and the spectral
gap. For a gapped system with local Hamilto-
nian, due to the finite correlation length, entan-
glement entropy saturates at a finite depth from
the boundary of the bipartition and scales lin-

Zhao Zhang: zhaoz®@uio.no

early with the size of the perimeter. This is re-
ferred to as the area law of entanglement entropy
and has been proven in one dimension by Hast-
ings 1], and in two dimensions for frustration-free
spin systems [2]. However, for a gapless system
at quantum critical point, the correlation length
diverges and the area law can be violated with an
extra logarithmic factor. This has been shown for
critical points described by a (1 + 1)-dimensional
conformal field theory (CFT) [3, 4], and gapless
free fermionic systems with a Fermi sea in arbi-
trary dimension [5]. Unlike gapped Hamiltoni-
ans, which dictate the ground state to obey the
area law, gapless systems can have entanglement
entropy that scales anywhere between satisfying
area law and extensively.

Beyond logarithmic violation of the area law
of entanglement entropy has been known to arise
in two scenarios. The first occurs when degrees
of freedom symmetric about the boundary of a
bipartition form maximally entangled Bell pairs,
due to strong disorder or inhomogeneity of the
coupling strength [6, 7, 8|, which can also be in-
terpreted with a holographic dual Anti-de Sitter
spacetime metric |9, 10]. The second is to con-
struct frustration-free parent Hamiltonians with
projection operators enforcing superposition of
locally different configurations satisfying a cer-
tain local geometric constraints, usually with a
combinatorics background. In one dimension,
examples include the colored Motzkin [11, 12]
and Fredkin chains [13, 14, 15, 16], the entan-
glement entropy of which has the scaling of the
corresponding limit shapes of random Young di-
agrams. The extensive scaling of entanglement
entropy in this case also have a holographic na-
ture in terms of the tensor network description
of the ground state [17]. In two dimensions, sim-
ilar quantum models are constructed from clas-
sical vertex and dimer or tiling configurations
with ring-exchange Glauber dynamics [18, 19],
where entanglement entropy scales according to

Accepted in (Yuantum 2024-02-22, click title to verify. Published under CC-BY 4.0. 1


https://quantum-journal.org/?s=Bicolor%20loop%20models%20and%20their%20long%20range%20entanglement&reason=title-click
https://orcid.org/0000-0002-9425-732X
mailto:zhaoz@uio.no

the limit shape of random surfaces defined by the
height function of the U(1) Coulomb gas phase.
In fact, with inhomogeneous g¢-deformations of
the Hamiltonian, the ground state entanglement
can be tuned to any intermediate power law scal-
ing. It is important to note that such area law
violations can only happen with the local Hilbert
space enlarged by an extra color degree of free-
dom.

Although sub-area law scaling is trivial for one-
dimensional systems, it does lead to interesting
physics in two and higher dimensions. In fact,
topological entanglement entropy (TEE) |20, 21]
can be viewed as sub-area law correction due to
the long range entanglement in models with topo-
logical order such as the toric code [22]. More re-
cently, 2D models with subsystem symmetry have
been shown to have spurious topological entangle-
ment entropy lower bounded by the logarithm of
the total quantum dimension [23, 24, 25, 26, 27].
As states belonging to the same topological phase
with different spurious TEE are connected by
constant depth quantum circuit, the spurious
TEE cannot scale with the systems size. For a
generic area law obeying system, the dependence
of entanglement entropy in two dimension on the
length of the cut L can be given as

S =aL—BlogL —v+o(L7). (1)

In addition to topologically ordered systems,
where v # 0, universal logarithmic sub-leading
contributions have been observed in the class
of (2 + 1)-dimensional critical points described
by conformal field theory (CFT) [28, 29|, which
includes examples such as the quantum dimer
model [30, 31] and quantum 8-vertex model [32].
These logarithmic terms are proportional to the
Euler-characteristic of the region of the subsys-
tem, or alternatively attributed the corners or
curvature of the boundary between subsystems.
They can also be computed from the holographic
principle using AdS/CFT correspondence [33],
and has been numerically verified for certain lat-
tice models [34]. In Ref. [35], Balasubramanian,
Lake and Choi argued a bicolor loop model in its
large deformation parameter regime has anoma-
lous TEE that can scale linearly with the perime-
ter. Motivated by these recent developments, in
this manuscript, I study upper bounds on the en-
tanglement entropy of various colored loop mod-
els to understand better different kinds of sub-

area law scaling due to the long range entangle-
ment in the color degree of freedom.

Loop models have been extensively studied in
the context of classical statistical mechanics, es-
pecially those with critical points described by
CF'Ts, including both completely packed and di-
lute loop ones [36]. Entanglement entropy of the
frustration-free fully packed loop model has also
been recently studied showing a sub-leading loga-
rithmic contribution [37]. Since Kitaev’s seminal
work that brought the attention to their relevance
in topological quantum computing, loop gas and
string-net modals have been heavily investigated
in the topological order community, including the
Zy, toric code, Kitaev’s quantum double [22],
double semion and Levin-Wen model [38], and
the color code model [39, 40]. However, in none
of the existing generalizations to toric code with
larger local degrees of freedom, is color a con-
served observable along a loop. Partially moti-
vated by the proposal in Ref. [35], I consider var-
ious bicolor loop models, both intersecting and
non-intersecting, keeping the continuity of colors
of the loops in the ground state.

Enlarged Hilbert space can usually reveal a
deeper reason why things work for a special
case with binary degrees of freedom, or lead to
much richer physical behaviors that are not ex-
pected from a naive generalization. For instance,
in one-dimensional spin chains, such generaliza-
tion can result in integrable excited states in the
non-integrable subspace of a partially integrable
model that involves scattering between quasipar-
ticles in different colors [41]. Another recent ex-
ample is the generalization of maximally entan-
gled rainbow chain to higher dimensional space
with local Hilbert space and Hamiltonians highly
similar to the ones used in this manuscript [8].
The model to be discussed in Sec. 2 share the
same S3 symmetry as these two models in that
the empty uncovered edges are treated on the
same footing as those covered in the two colors.
In addition, similar to the rainbow chain gener-
alization, each term of the Hamiltonian repro-
duces the original toric code Hamiltonian when
restricted to the subspace involving two of the
three components, and acts trivially on the third
one. Thus, they are both distinct from models
with Z3 parafermion or three copies of Majorana
fermions.

Unlike bicolor dimer models, which has been
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studied both with update moves of Markov chain
Monte Carlo [42], and in the context of quan-
tum dimer [43], to the best of my knowledge,
the corresponding quantum colored loop model
or Glauber dynamics for classical colored loop
models has so far been absent. ! Our proposal
is therefore the first realization of such a Hamil-
tonian, constructed in a natural way along the
lines of a Stabilizer Hamiltonian. It turns out
that due to the intrinsic constraint to maintain
the continuity of color in a loop, the model is ki-
netically constrained. This necessarily leads to
drastic differences from the toric code such as
Hilbert space fragmentation unless operators act-
ing on more than one plaquettes are added to the
Hamiltonian.

The rest of the manuscript is organized as fol-
lows. In Sec. 2, I introduce the Hamiltonian for
the intersecting bicolor loop model on the square
lattice, and discuss its ground state degeneracy
and exact excited states. An upper bound on
its bipartite entanglement entropy is evaluated
in Sec. 3 to show the topological entanglement
entropy in agreement with the quantum dimen-
sion. Sec. 4 switches gear to define the analogous
Hamiltonian for non-intersecting bicolor loops,
but on the hexagonal lattice. Upper bound on
its entanglement entropy is computed in Sec. 5.
In Sec. 6, I calculate the upper bounds on entan-
glement entropy for the Balasubramanian—Lake—
Choi model and show it has a non-topological log-
arithmic sub-leading contribution with the same
universal coefficient as the fully packed loop
model with one color. Finally, I give a conclu-
sion and discuss the open problems in Sec. 7.

2 The intersecting loop model

I start with constructing a quantum Hamiltonian
for a bicolor intersecting loop model, based on
a natural generalization of the toric code with a
three component local degrees of freedom. Like
the toric code, the Hamiltonian is frustration free,
with solvable ground states being uniform su-

'The Balasubramanian-Lake-Choi model [35] may be
considered as a first step towards this, but it requires next
nearest neighboring interaction involving 12 edges on a
square lattice, and since loops in different colors do not
intersect, the two colors interact in a way as if the Hamil-
tonian consists of two copies of unicolor loop Hamiltoni-
ans.

perposition of all intersecting loop configurations
with all the edges along a loop in the same color.
Unlike the toric code, the topological sectors with
different non-contractible loops do not form an
irreducible representation of the Wilson loop al-
gebra, as will be shown in Appendix B. Further-
more, it is not clear whether the Hamiltonian is
gapped or not, as the plaquette and vertex terms
do not commute with each other. Nevertheless
some pattern of the spectrum can be deduced
from the commutativity between vertex and pla-
quette operators.

2.1 Hamiltonian

The model is defined on a L x L square lattice
on a torus” with local Hilbert space of C? living
on the edges. Thus, the system consists of 2L2
qutrits. The three components correspond to the
bond being uncovered, and covered in red or blue
color. Define the on-site operators

010 1 0 0
xOW =110 0], zZW= |0 -1 o],
000 0 0 0
00 1 10 0
xX@ =100 0|, z®= [0 0 o],
1 0 0 00 —1
000 00 0
xX® =100 1], z®8= |01 o],
010 00 —1

(2)
which are 3-component generalizations to the
Pauli X, and Z operators with eigenvalues 0, 1.
The Hamiltonian consists of two parts, one as a
sum of local operators defined around a vertex v

ho = =32 AY + A, (3)

a=1
where
a) (a) —
A® = II z¥, fora=1,2,3, (4)
jE+w

and the operator AU checks whether all four edges
around vertex v are uncovered or covered in the
same color, and returns eigenvalue 1 if so, but

“In the following L is assumed to be even. When L is
actually odd, the ground state degeneracy will be different.
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Table 1: Vertex configurations corresponding to three
different eigenvalues of h,, up to rotations and reflec-
tions.

0 otherwise. The A operators energetically pe-
nalizes discontinuities of colored loops at a ver-
tex, so that only closed loops of a fixed color ap-
pear in the ground state, although they can inter-
sect. However, the three vertex configurations in
the first row of the left column in Table. 1 have
a lower energy of —2 than the otherwise lowest
eigenvalue —1 of the rest two rows, hence the ad-
dition of the A, operators which compensates for
the difference.

The other part of the Hamiltonian is defined
as a sum of local off-diagonal operators around a
face f

3
hf:_ZB}“)—Nf, (5)
a=1
with

B = T[ x\, fora=1,2,3 (6)
jed;

and the operator N ¢ counts the number of dif-
ferent configurations around face f and returns
eigenvalues 1,2 or 3 accordingly. The explicit
form of N ¢ is not particularly illuminating, but
it can be easily written down in the diagonal ba-
sis of the color indices. The B operators favor
superposition of locally different loops by intro-
ducing the off-diagonal terms that relates them
in pairs of two or three, as shown in Fig. 1. How-
ever, faces involving edges in three different colors
(Fig. 1(c)) are annihilated by the B operators,
and those involving a single color or uncovered
(Fig. 1(b)) have a different eigenvalue than those
involving two (Fig. 1(a)). Therefore the N + oper-
ator needs to be included to make the plaquette
Hamiltonian frustration free.

Figure 1: Face configurations (up to rotations and reflec-
tions) that appear in the eigenstates of h; with minimal
eigenvalue, as superpositions of (a) symmetrized pairs;
(b) symmetrized triplets; and (c) singlets.

The eigenstates of the Hamiltonian
H=> hy+Y hy (7)
v f

are superpositions of bicolor closed loop configu-
rations related by sequential flipping of local pla-
quette configurations, and have degenerate en-
ergy —4L?, as h, has lowest eigenvalue —1 and
the lowest eigenvalue of hy is —3.

2.2 Ground state degeneracy

As in the toric code model, an immediate con-
sequence of the torus topology is that non-
contractible loops in both direction of the lattice
separate the ground state subspace into discon-
nected topological sectors, as the off-diagonal By
operators are not able to relate loop configura-
tions differing by non-contractible loops. They
are, however, able to deform non-contractible
loops, and create or annihilate them in pairs when
they are adjacent. The possibility of swapping
non-contractible loops around each other is not
so obvious given the absence of kinetic terms in-
volving face configurations in Fig. 1(c). However,
it can be done by the sequence of moves depicted
in Fig. 2. This gives a 4-fold degeneracy in either
direction, characterized by the color of the non-
contractible loops that appear an odd number of
times, which must have an even number of either
0 or 2 in total

{10);[r), [b) , [rb) },

where in |r), and |b), the empty non-contractible
loop also appears an odd number of times. Tak-
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ing both directions of the torus into account, this
gives a ground state degeneracy of 42 = 16.

Figure 2: The sequence moves applying B operators that
swaps two neighboring non-contractible loops.

Clearly, there is a catch with this argument.
That is the possibility of such sequences of moves
depends on the configuration outside the neigh-
borhood. In fact, there is an obvious example of
alternating non-contractible loops occupying all
columns, as shown in Fig. 3(a), where non of the
B](ca) operators can act non-trivially. Hence it is
an isolated state in the Hilbert space, forming a
degenerate ground state as an unentangled prod-
uct state. In addition, the local configurations in
Fig. 3(b) are also frozen, in that the B}(C?’) opera-
tors do not help untangle the red and blue loops
when they are pierced through by an empty loop.

(a) (b)

Figure 3: The frozen local configurations without the
addition of C<¢ ¢/~ operators in the Hamiltonian.

Fortunately, both types of fragmentation dis-
appear with the addition of off-diagonal operators
acting on two neighboring faces

@
C<f7f’> - H
JEGUINGAL)

X;a), fora=1,2,3.

(8)

As we will show in Appendix A, the Hamiltonian
Hintzzhv+zhf+ Z herp>  (9)
v f <f.f'>

is frustration free and has a unique ground state
within each topological sector, if

3
- C(<a},f’> — Negfrs, (10)

a=1

hepprs =

and N< 7,f> is a diagonal operator that returns
the number of different states around the 6 edges

in (fUf)\(fNf’) for the same consideration as in
hy. The ground state energy of Hamiltonian (9)
is —10L2, as there are two types of double pla-
quette operators, acting on two horizontally or
vertically adjacent plaquettes, and each of them
has a lowest eigenvalue of —3. The ground state is
16-fold degenerate, and an example in the |0,r,)
sector can be expressed as

]Gs@ﬂy> -

viaw 0 >+ﬁ§:::>
Jeh)e)

(11)

where the normalization constant N , —is the
number of intersecting loop configurations with a
net non-contractible red loop in the y direction.

2.3 Exact excited states

Despite the commutation relations

v, f, (12)

following the stabilizer code in the respective sub-
space of a = 1,2,3, it is not surprising that
the plaquette operators do not commute among
themselves

B, B # 0, (13)

for a # b. However, what is not so obvious is that
AW, B =0,

(a) (b) (14)
[Av 7C<f7f’>] =0,

for a # b as well. This is because the plaque-
tte operators either annihilate a state regardless
of acting before or after the vertex operators, or
simply swaps the states of two of the legs around
a vertex, leaving the eigenvalue of the A(® oper-
ators unchanged. Separating the vertex and pla-
quette parts of the Hamiltonian (9) as

HU :Zh’va

(15)
Hp =Y hp+ > hepps,
f <f,f">
the above can be summarized as
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Spectrum of Hy

212

...... Spectrum of H,

Figure 4: Structure of the spectrum of Hj,;: for each
eigenstate of the chaotic spectrum of Hy, there is a
tower of excited state (marked by the same color) corre-
sponding to the excited states of H,, with pairs of vertex
defects.

Unlike the toric code, Hy is not exactly solvable
except for its lowest energy eigenstate.

The Hamiltonian (9) can be viewed as a spe-
cial case of Shiraishi and Mori’s embedding con-
struction of Eigenstate Thermalization Hypothe-
sis (ETH) violating Hamiltonians [44]. But there
is more structure to the spectrum. As shown
in Fig. 4, the spectrum of Hj,, decomposes into
copies of the spectrum of H;. Each copy is shifted
by an integer energy according to the eigenvalues
of H,. Notice that as there are vertex defects
of different energy in Table 1, although defects
are created in pairs, the pair does not have to be
of the same type, which explains the odd integer
valued energies in the spectrum.

It is important to point out that although tow-
ers of excited states equal distant in energy ex-
ist for all eigenstates of Hy, only the one gener-
ated by introducing vertex defects to the ground
state obeys the area law of entanglement entropy,
while the other towers will generically have ex-
tensive entanglement entropy. Such a structure
in spectrum is ubiquitous in two dimensional ki-
netically constrained models, including the quan-
tum dimer models and quantum fully-packed loop
model [37]. In these models, there are usually
diagonal vertex operators enforcing local con-
straints in the ground state, so that the ground
state is a superposition of all classical configura-
tions satisfying these constraints. Violating those

constraints by introducing vertex defects there-
fore results in a tower of area-law obeying excited
states equal distant in energy.

3 Topological entanglement entropy

Although analytically computing the number of
intersecting bulk loop configurations is hard for a
given boundary condition, it is illuminating to
evaluate an upper bound on the bipartite en-
tanglement entropy from the maximal number
of allowed boundary configurations between two
subsystems, under the constraint of closed loops.
The Schmidt decomposition for a division into
subsystems A and B along a cut of length 2 can
be written as

GS)y = Y

oe{pr, b}

VPs |GSa(0)) @ |GSs(0))

(17)
where o denotes the string of configurations along
the cut of length 2! and ¢ denotes the empty state
of an edge. The precise location of the cut is
picked close to the edge it is parallel to, so that
those it intersect are considered part of subsystem

A.

=~
o]

Figure 5: Configurations on the cut between subsystem
A and B where colored edges don't have to come in
pairs along the cut as loops can intersect in the ground
state superposition.

The Schmidt coefficients p,’s are only nonzero
when the configuration o satisfy the constraint
that the number of red and blue edges crossing
are both even, which is the necessary and suffi-
cient condition for it be possible to form closed
loops. Moreover, the maximal entanglement al-
lowed in this case happens when all the non-
vanishing Schmidt coefficients equal to the in-
verse of the total number of allowed configura-
tions at the interface IN;. This number can be
evaluated from the average of the trinomial ex-
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pansions

21
21 o
(Lt se+s0)"= > ( : . .)sis{,
iGZo \i J 20—i— 3
(18)
for all 4 choices of s;,sp, = 41, which gives the

sum of trinomial coefficient with all three factors
appearing in even powers

3 21 343
i,j=0 mod 2 g 2—i—g 4
(19)

Taking p, = N% for all allowed configurations, we
have the upper on entanglement entropy

N =

Si=—) pologp, = 2llog3 —logd +¢, (20)

where € vanishes in the limit | — oo. Like-
wise, the upper bound on entanglement entropy
in the other topological sectors can be computed
to reveal the same constant piece. The topolog-
ical term agrees with the quantum dimension of
D = 4 for an Abelian topological order with 16-
fold ground state degeneracy.

4 The non-intersecting loop model

A Dbicolor loop model can be defined on the hexag-
onal lattice to prevent the loops from intersecting
each other. The vertex operator can be written
as

2
hy=—Y A+ A (21)
a=1

where the A’Q(,a) operators are now defined as
product of the Z(® operators on the 3 edges
attached to vertex v instead of 4, and likewise
A; checks if all three legs of v are in the same
color. The new vertex operator has the eigenval-
ues listed in Table 2 for different vertex configu-
rations.

The plaquette operators are defined as prod-
ucts of the six X(@ operators around hexagonal
faces ,

Wy=-3" B4+ 0, (22)

a=1

where the diagonal U ](co) operator assigns an en-
ergy 1 to faces with all 6 edges uncovered, and 0
otherwise. The non-vanishing off-diagonal entries
are shown in Fig. 6.

I rc
RIS
YL

Table 2: Vertex configurations corresponding to 4 dif-
ferent eigenvalues of h/, up to rotations and reflections.

v

O ¢ O O
RCIEGIDLCINE S

N P

SRR IPEE
- O

Figure 6: Non-vanishing off-diagonal entries of the h’f
operators, up to rotations and reflections.

4.1 Ground state degeneracy

Unlike the intersecting bicolor loop model, the
Hamiltonian connects all self-avoiding loop con-
figurations in a certain topological sector, and
the only degeneracy comes from non-contractible
loops. However, the topological degeneracy now
is extensive, since non-contractible cycles in dif-
ferent color cannot pass through each other.
The admissible non-contractible loop combina-
tions are

{102,0y),

|®z> ® {‘l"y> ) |by> ) |1“by> ’ |I‘b1“by> ’ }a

{lrz) ,[ba) , [rba) , [rbrba) , ... } @ [dy) ,

{Itz,t2) , |ba, ba) , [y, by) , [rbrby, rbrby) , ...} },

(23)

where the last line corresponds to non-
contractible loop configurations like those de-
picted in Fig. 7.

The uniqueness of the ground state in each
topological sector is trivial to prove in the non-
intersecting case. First, starting from loops not
enclosing smaller ones, all contractible loops can
be shrunk to one hexagonal face by the isotopy
moves in the upper panel of Fig. 6, and subse-
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Figure 7: Non-contractible loops in both directions in
the non-intersecting bicolor loop model, where periodic
boundary condition and torus geometry are indicated by
the arrow and double-arrows.

quently removed by the move in the lower right
panel. Once there is only non-contractible loops
left, topologically invariant configurations can be
brought to each other with isotopy moves.

5 Reduced bond dimension

Following the same strategy as in Sec. 3, I com-
pute an upper bound on the bipartite entangle-
ment in the non-intersecting bicolor loop model
to show that the coefficient of the area law scal-
ing is smaller than the bond dimension. Since
the loops that intersect with the boundary be-
tween two subsystems are non-intersecting, the
edge configuration along the boundary not only
have to have even number for each color in total,
but it also cannot have an odd number of edges
in the same color sandwiched between edges of
the other color. Such configurations can be enu-
merated with the help of a transfer matrix of the
stochastic process among the five possible states
{|#) ,]r),|b),|rb),|br)}, where the states encodes
the history with the leftover edges in each color
yet to be paired up with. The transfer matrix in
this basis is given as

(24)

N~

Il
O O~ = o=
_ o O = =
O = = O =
S = = O O
—_ o O = O

which has eigenvalues {v/3 4+ 1,2,1,0,1 — v/3}.
The total number of allowed configuration for a
boundary of length 2[ is thus N, = (v/3 4+ 1)% +
22l 4+ 1+ (1 —+/3)%). The upper bound on entan-
glement entropy given by an equal distribution of
Schmidt coefficients among these possible bound-

ary configurations is thus

Sh =21 log(l + \/§> +e. (25)

6 Logarithmic subleading correction

So far, I have constructed two examples of colored
loop models, and obtained upper bounds on the
respective entanglement entropy of their ground
states. The intersecting bicolor loop model has
a topological entanglement entropy in agreement
with the topological ground state degeneracy.
The non-intersecting bicolor loop model, how-
ever, does not have such a topological term in the
entanglement entropy, but the bond dimension of
the area law term is smaller than the dimension
of the local Hilbert space. In this section, I ob-
tain a third type of upper bound on entanglement
entropy with a sub-leading logarithmic correction
to the area law, from a different non-intersecting
bicolor loop model introduced in Ref. [35]. The
anomalous scaling can be attributed to the emer-
gent height function due to the absence of in-
tersection and well-defined interior and exterior
of loops marked by the perpendicular arrows at-
tached to edges, which can be captured by a
scalar field theory, and has been studied in the
context of entanglement entropy of 2D conformal
critical points [28] and free fields [29, 29|. I start
by reviewing the similar upper bound on the (uni-
color) fully-packed loop model [37].

6.1 The fully-packed loop model

The upper bound on entanglement entropy was
obtained for the fully packed loop model in
Ref. [37]. Due to the boundary condition in
that model, the total number of boundary con-
figuration along the cut of length 2! is given as
Npp1, = (2ll), which in the large [ limit can be
approximated by the Sterling formula as

22l
Vvl
Consequently, an upper bound on the entangle-
ment entropy is

Nypy, & (26)

1 1
Srpr, = 2llog2 — 3 log(21) — 3 log g, (27)

assuming equal distribution of Schmidt coeffi-
cients among the space of boundary configura-
tions.
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6.2 The Balasubramanian—Lake—Choi model

The Balasubramanian-Lake-Choi model [35] is
also a model of non-intersecting bicolor loops,
which was argued heuristically in their paper to
give rise to an anomalous topological entangle-
ment entropy, by which the authors mean that
the topological entanglement entropy computed
from the Kitaev-Preskill or Levin-Wen scheme is
sensitive to deformations of the boundary. Their
model differs from the model introduced in Sec. 4
in two ways. Firstly, the constraint of no inter-
section in their model is enforced by involving
next nearest neighbor interactions, in the sense
that the off-diagonal terms of the Hamiltonian
acting on one face of the lattice is conditioned by
the state the other eight legs on its four vertices,
whereas the model in Sec. 4 avoided that with the
intrinsic property of hexagonal lattice. Secondly,
and more importantly, their model does not allow
surgery moves, but only isotopy and creation/an-
nihilation. This can be most explicitly seen from
the fact that their colored edges have perpendicu-
lar arrows attached to them which always points
towards inside the loop. This results in a differ-
ent enumeration of the number of configurations
along the cut and a qualitatively different scal-
ing behavior of entanglement, which has an up-
per bound with a sub-area-law logarithmic cor-
rection.

R ARRAL

Figure 8: Mapping from the loop configuration along a
cut between subsystems to a random walk returning to
origin.

The enumeration of such boundary configu-
rations can be mapped to the one-dimensional
combinatorial problem of random walks with two
types of up and down moves, and returns to ori-
gin after 2/ steps. Picking a particular starting
point on the boundary, and counting clockwise,
an empty edge is mapped to a flat move, and
the two colors of loops depending on the perpen-
dicular arrow attached to the edge differentiat-
ing inside and outside of the loop are mapped to
up and down moves respectively for both colors.
This map is bijective, as can be seen from Fig. 8.
To get a more illuminating result, I enumerate
such random walk configurations with s number
of coloring of loops, which is given by

!
21
NpLc = E " 2
BLC (n n 2l —2n>5 (28)

n=0

Its asymptotic behavior can be extracted with
saddle point approximation.” In the large [ limit,
the summand maximizes at n ~ ol, with ¢ =

4s—24/s

4s—1
Using the Sterling formula, the summand can
be approximated as

21 n
(al—i—x ol+x 2(1—U)l—2a;>8

N 1 ! —2
Tor(ol+2)\ (1 fa)lfa:(l o)X
l 2(ol+x) l 2[(1—0)l—x]
(l+0_1x) (l—(l—a)—lx) ’

(29)

where I have used that

o 25—+/s _
o B Gi—o). (0)

The last line of (29) can be approximated as

exp{—2(al + ) log(l + ;)} X GXP{_2((1 — o)l —x) log<1 - (1_xa)l>}

2

2

%exp{Q(al + x)(% - 2:2l2>} X eXP{Q((l — o)l —x) ( T ja)l 20 _xg)zl2>} (31)

~expl 5 _ T
TP T4 (1—o)l |’

IIncidentally, this expression is the hypergeometric

function gFl(% —1,-1,1,8).
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Since the summand is suppressed by a Gaussian
distribution around a point away from the bound-
ary of the summation, we can approximate it with

N ~
BLC Am\/sl" o
n°oml

~
~

Assuming a uniform distribution of Schmidt coef-
ficients, an upper bound of entanglement entropy
can be obtained as

1
SBLC =2l log(2\/§ + 1) - 5 10g(2l)
1

~ 5 log 2\21 - (33)
which has the anomalous logarithmic correction
that is mot topological in nature, in the sense
that the TEE computed in the Kitaev-Preskill
or Levin-Wen scheme is not invariant to deforma-
tions of the boundaries. The coefficient of the log-
arithmic correction is the same as in (27), which
can be attributed to the emergent height function
due to the loops serving as contour lines as in a
topographic map. It should be remarked that the
calculation in this section differs from the argu-
ment in Ref. [35] in that while the authors there
focused on the highly deformed regime of their
parameter space, in which nested loops are fa-
vored in the ground state superposition, the cal-
culation here is done for the un-deformed point in
the parameter space, for which the upper bound
is supposedly tightest. It is expected, however,
that regardless of the deformation parameter, the
actual entanglement entropy does not follow any
scaling law for the subleading contributions in
this model.

7 Discussions

In this work, I constructed Hamiltonians for
two bicolor loop models, one intersecting on the
square lattice, and the other non-intersecting
on the honeycomb lattice. Their degenerate
ground states form different topological sec-
tors, and topological entanglement entropy only
appears for the intersecting model, while the

L (2v5 g /0; dexp {_(<2¢5+1>x>2}

an integral from —oo to oo and omit the x’s in
the prefactors of (29)
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ground state entanglement entropy of the non-
intersecting model is upper bounded by an area
law scaling with a smaller bond dimension than
the local degrees of freedom. I further obtained
an upper bound on the entanglement entropy
of the Balasubramanian—Lake—Choi bicolor loop
model, where a height function along the biparti-
tion boundary emerges from the intrinsic obstruc-
tion of cutting and gluing loops. The subleading
logarithmic contribution to the entanglement en-
tropy is shown to have the same coefficient as
the fully packed loop model, the height function
of which in the scaling limit is known to be de-
scribed by a Gaussian free field theory. Yet, I
argue that the appearance of logarithmic sublead-
ing term is different from the corner contribution
of geometric curvature of the manifold in (2+1)D
CFT, which was known before [28, 29].

Enlarging the local Hilbert space with the color
degree of freedom poses new questions to the well
understood loop gas model of toric code. First,
unlike the toric code our Hamiltonian consists
of non-commuting plaquette operators and are
therefore not exactly solvable for the whole spec-
trum. Although the vertex operators do commute
with the plaquette part of the Hamiltonian, the
spectrum of the latter is not understood except
for its frustration free ground state. In particu-
lar, it is not clear whether there will be a spectral
gap between the ground state and the lowest en-
ergy excited state in the thermodynamic limit.
Given that the bicolor loop models bear enough
resemblance to be viewed as a higher-dimensional
cousin of the pair-flip model [45], one may try
to apply the techniques employed there to ob-
tain upper and lower bounds on the spectral gap.
One can also try to compute the loop correlation
function either numerically or analytically, which
is expected to decay algebraically, as opposed to
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the exponential decal of spin-spin correlations.

Second, without the introduction of plaquette
operators acting on two neighboring faces, the
kinetic constraints imposed by the continuity of
color in loops would result in Hilbert space frag-
mentation. In Appendix A, it is proven that dou-
ble plaquette operators alone suffices for ergodic-
ity of bicolor intersecting loops. It would be in-
teresting to explore how that changes when more
colors are involved, in particular whether opera-
tors with finite support could guarantee ergodic-
ity and if so, how the support need to grow with
the number of colors. Another direction to pur-
sue further is to find either topological or some
other type of invariants that characterize the re-
sulting Krylov subspaces without involving oper-
ators acting on multiple plaquettes. The situa-
tion here is similar to Brunnian links, as the in-
tersection between any two types of loop is trivial
in the absence of the third type, but non-trivial
when all three are involved. Yet another po-
tentially relevant topological object is the three
loop braiding in three dimension [46]. As for the
non-intersecting loop model, although the ground
state manifold only consists of different topologi-
cal sectors, the number of degeneracy that grows
with system size might also lead to interesting
topological field theory description.

Third, the tower of exact excited states cor-
responding to the uniform superposition of loop
configurations with the same vertex defect might
lead to the persistent oscillation of certain initial
states in time evolution. To determine whether
this is indeed the case, one need to study whether
the tower of eigenstates are related to some spec-
trum generating algebra [47] and examine if the
operators involved are pseudo-local in the sense
defined by Ref. [48] and [49].

Fourth, it would be interesting to pursue inter-
actions at the atomic level that might allow the
colored loop Hamiltonian to emerge. One poten-
tial path was discussed in Ref. [50], from the du-
ality between the quad-flip model and generalized
PXP models. Alternatively, one might be able to
follow the Kitaev’s paradigm to obtain a qutrit
toric code as an effective Hamiltonian of certain
phases of a generalized honeycomb model [51].

Finally, I emphasize that the upper bounds on
entanglement entropy for the ground states of
various models, although believed tight, can dif-
fer from the actual entanglement entropy. Exact

enumeration of bulk configurations corresponding
to the same boundary configuration either ana-
lytically or numerically might reveal more detail
about the universality of the sub-leading contri-
bution and the nature of the logarithmic correc-
tion.
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A Ergodicity and frustration freeness

In this appendix, I first prove that the Hamilto-
nian (9) is frustration free, showing the existence
of solvable ground states. Then I establish the
ergodicity of the off-diagonal single and double
plaquette operators within each topological sec-
tor, concluding that the ground state is unique
within each sector, giving a 16-fold topological
degeneracy.

A.1 Frustration freeness

It is clear that there is no competition between
the vertex operators and the plaquette or double
plaquette operators, as one can always find the
correct superposition within the subspace satis-
fying the vertex constraints. To further show
that the off-diagonal operators are frustration
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free, one only need to show that two configu-
rations connected to each other by different se-
quences of moves are required to have the same
relative weight in the superposition regardless of
the path of counting weights. This kind of non-
trivial cycles only appears for double plaquette
moves that can be decomposed into two single
plaquette moves. However, since the preferred
ground state is the uniform superposition of loop
configurations, for both plaquette or double pla-
quette operator, this is never a problem. As one
deforms the Hamiltonian to favor weighted su-
perposition of loop configurations, or superposi-
tion of alternating signs as in the double semion
model [38], this becomes a non-trivial problem
and could be an interesting question for future
work.

A.2 Ergodicity

1]
L

() (f)

Figure 9: Procedure to bring a generic bicolor loop con-
figuration (a), to two choices of connectivity between
the intersecting red loops staying next to the boundary
blue loop inside (b) and (c). Combined with similar op-
erations outside the blue loop, the red loops can either
be directly removed using C. ¢, ;/~ operators from (d),
or move completely inside the enclosing blue loop from
(e), which can subsequently removed as in (f).

The general strategy if the ergodicity proof is to
refer to the ergodicity of the toric code Hamilto-
nian whenever restricted to the subspace involv-

ing only two of the three states which removes the
intersection of loops in the same color, and only
resort to the Uy p~ operators when necessary
to remove intersection between loops in different
colors.

Starting from any generic bicolor loop config-
uration, first view the blue loops as never inter-
secting, meaning crossing will be interpreted as
two loops touching at their corners. These blue
loops partition the whole lattice into separate re-
gions, within each of which there are only uncov-
ered and red edges, as inside the blue boundary
of Fig. 9(a). Notice that this applies just as well
to regions sandwiched between two nesting blue
loops. Within each of these regions, the ergodic-
ity of the toric code Hamiltonian implies that the
repetitive action of the Agcl) operators can bring
all the red strings intersecting the blue boundary
to stay next to the boundary between intersec-
tions, and remove all the closed red strings, re-
sulting in either of the two outcomes depicted in
Fig. 9(b) and 9(c). In combination with similar
operations on the other side of the blue boundary,
the red loops become either a set of disconnected
closed loops as in Fig. 9(d) or a single closed loop
winding around the blue boundary as in Fig. 9(e).
In the former case, each red loop can be shrunk
two faces smaller at a time by the double pla-
quette operator, before eventually annihilated al-
together. In the latter case, the double plaque-
tte operators bring the red loop completely in-
side the blue boundary and can be shrunk and
removed with single plaquette operator A;l). Ei-
ther way, every red loop in the lattice disappears
as a result. In the final step, the ergodicity of the
A§2) operators are called to remove the blue loops.
Since every loop configuration is connected to the
empty configuration by the procedure above, we
conclude that there is a unique ground state in
the topological sector without non-contractible
loops. The proof for the sectors involving non-
contractible loops are completely analogous.

A.3  Comparison with Reidemeister moves

In the ergodicity proof, we have used three types
of “equivalence moves”, as shown in Fig. 10, to
relate classical configurations that appear in the
same topological sector. The first two types of
moves are similar to the Reidemeister moves of
ambient isotopy, even though the latter distin-
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Figure 10: The three types of moves used in the proof of
ergodicity. Type | and Il are implemented by the single
plaquette operator A(®)’s, while type Il is due to the
double plaquette operator C(®)'s

guish knots from unknots where loops braid in-
stead of intersecting with each other.

B Wilson loop operator algebra

W@ (a
Cy C,

<

Figure 11: Definition of the Wilson loop operators, each
operator in the figure comes in two different independent
colors.

Define the Wilson loop operators around non-
contractible cycles C,, and on the dual lattice
Cpy as

(34)
for a = 1,2,3. They commute with each other
except

(WD, WM} =0, and {Wi, W} =0,

(35)

fora=1,2,3, and

YT EY T,y
{(Wa3 Wiy} =Wy,
VL5, Wiy = =W,
Wi, Wil == wid, (36)
V2. W2} = — W,
{(Wes, Wyt =Wy,
(0}, W) =)
172 3\ 3
(W) Wiy =W

Furthermore, they do not commute with the
Hamiltonian due to the non-commutativity be-
tween operators with different superscripts act-
ing on different subspaces of the local Hilbert
space. Hence, acting the Wilson loop opera-
tors would necessarily bring the state out of the
ground state manifold and the 16-fold degenerate
ground states do not form an irreducible repre-
sentation of the Wilson loop operator algebra.
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