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The role of entanglement in determining the
non-classicality of a given interaction has gained
significant traction over the last few years. In
particular, as the basis for new experimental
proposals to test the quantum nature of the
gravitational field. Here we show that the rate
of gravity mediated entanglement between two
otherwise isolated optomechanical systems can
be significantly increased by modulating the
optomechanical coupling. This is most pro-
nounced for low mass, high frequency systems
— convenient for reaching the quantum regime
— and can lead to improvements of several or-
ders of magnitude, as well as a broadening of
the measurement window. Nevertheless, sig-
nificant obstacles still remain. In particular,
we find that modulations increase decoherence
effects at the same rate as the entanglement
improvements. This adds to the growing evi-
dence that the constraint on noise (acting on
the position d.o.f) depends only on the parti-
cle mass, separation, and temperature of the
environment and cannot be improved by novel
quantum control. Finally, we highlight the close
connection between the observation of quan-
tum correlations and the limits of measurement
precision derived via the Cramér-Rao Bound.
An immediate consequence is that probing su-
perpositions of the gravitational field places
similar demands on detector sensitivity as en-
tanglement verification.

1 Introduction

One of the central features in most attempts at com-
bining gravity and quantum theory is the assumption
that the gravitational field should be quantised. How-
ever, in contrast to the other known forces, there has
been no experimental evidence to motivate this ap-
proach. Instead the reliance is based largely on a com-
bination of aesthetic appeal along with a variety of
well known inconsistency arguments for coupling clas-
sical and quantum fields [1, 2, 3]. As such, the ques-
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tion of experimental verification, and indeed whether
this is in principle even possible, is of significant im-
portance.

In recent years one common approach is to focus
on identifying ways that phenomenological features,
such as a minimal length or modified dispersion rela-
tion, may be accessible in the low energy regime. Sur-
prisingly, this has led to a number of proposals for so-
called table-top experiments, in particular within the
framework of atomic, molecular and optical (AMO)
physics [4, 5, 6, 7, 8, 9], (see also [10] for a recent
review). In these approaches, one attempts to effec-
tively reach the quantum gravity regime through the
use of composite systems, provided that large mass
quantum states can be produced.

An alternative strategy is to bypass theory specific
predictions and instead tackle the question of nonclas-
sicality directly. Recently it has been argued that wit-
nessing the build up of quantum correlations through
only a gravitational interaction is sufficient to rule out
a purely classical description of gravity [11, 12, 13].
This observation rests on the fact that Local Op-
erations and Classical Communication (LOCC) can-
not increase entanglement between two systems [14].
From this perspective, entanglement verification can
be viewed as a higher level test of the underlying the-
ory.

One can expect that the detection of quantum fea-
tures should depend heavily on the sensitivity of the
test system to gravity. This requires not only that
the field is measurable, but that the precision should
be high enough to detect quantum fluctuations of
the source. It is well known that by employing res-
onant driving, measurement sensitivity can be sig-
nificantly improved. A promising setup is then pro-
vided by two disconnected optomechanical systems
placed in close proximity. Here, radiation pressure in-
duces oscillations in the mechanical elements, which
if sufficiently isolated will only be coupled through
their gravitational interaction. Individually, such sys-
tems serve as promising candidates for gravity sensors
[15, 16, 17, 18], and the fundamental limits on their
precision in the nonlinear regime have previously been
explored [19, 20]. An important observation is that
a much greater sensitivity can be achieved if, in ad-
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dition, the optomechanical coupling is modulated at
resonance with both the mechanical and driving fre-
quency [21].

This motivates an extension to an optomechanical
experiment first suggested by two of us to entangle
the motion of two movable mirrors through their mu-
tual gravitational field [13]. We show that if grav-
ity can be modeled by a quantised Newtonian inter-
action then modulations of the optomechanical cou-
pling close to the mechanical resonance can signifi-
cantly enhance the rate of entanglement generation.
Such modulations have been experimentally demon-
strated, for example, in nanomechanical setups [22]
or in levitated optomechanical systems by employing
hybrid-Paul traps [23, 24, 25]. In particular, we find
that entanglement can grow asymptotically with the
cube of the interaction time, and proportional to the
variance of the photon number operator of the initial
cavity state (corresponding to roughly the position
variance of the mirrors).

In fact, the link between measurement precision and
the generation of quantum correlations can be made
more concrete and we will show that the integration
time needed for an optomechanical sensor to achieve
a measurement precision to better than the quantum
variance of the corresponding operator (in our case the
mirror position or cavity photon number) is closely
related to the entanglement time. From this perspec-
tive, the development of (decoherence free) quantum
systems as sensors is as important as creating large
nonclassical states. In particular, this implies that
proposals to test the superposition principle for grav-
itational fields [7, 8] are operationally just as difficult
as entanglement verification. It also emphasises that
one does not always need to resort to strict gravita-
tional cat states in order to test for nonclassical fea-
tures of gravity.

In this paper we analyse the feasibility of perform-
ing such an experiment in a regime where entangle-
ment would be expected. We start by introducing
a model Hamiltonian which describes the low energy
gravitational interaction of two optomechanical sys-
tems in the nonlinear regime (sections 2 and 3). Solv-
ing the dynamics for arbitrary time dependent param-
eters leads to a coupling between the cavity fields pro-
portional only to the respective photon number oper-
ators. This allows for a simple estimate of the entan-
glement rate, provided measurements can made when
the combined field-field state is approximately pure
(section 4).

We then quantify the effects of extraneous couplings
through the use of a suitable entanglement witness
(section 5). This reveals a trade off between the
width of the viable measurement window and the ini-
tial cooling (previously noted for the interference vis-
ibility [26]), but also exposes additional demands on
frequency matching of the two mechanical elements.
For high photon numbers, these constraints can be

significant, though we show that at least for the first,
the temperature dependence can be reduced by using
purely oscillatory modulations.

On the other hand, decoherence requirements are
severe and cannot be mitigated through local control
of the dynamics. We recover known noise conditions
on the mechanical relaxation rate in the limit of per-
fect measurement sensitivity [27, 28], as well as the
more stringent bounds needed to keep the witness
within some fraction of its optimal value. In both
cases these depend only on the mass, equilibrium sep-
aration and the temperature of the environment and
suggest improvements of many orders of magnitude
are needed before such an experiment can be per-
formed.

Further experimental limitations due to Casimir ef-
fects, stray charges and restrictions on the mechanical
motion are then discussed in sections 6 and 7. Finally,
we contrast our results with those obtained through a
semi-classical analysis and highlight the connections
to quantum metrology in sections 8 and 9.

2 Low-energy gravitational interaction

For lab based experiments, where the typical energy
scale is small, a common approach is to start by quan-
tising the classical Newtonian potential [29, 27, 13, 30],
Ve = —%, where G is the gravitational constant
and m; are the masses of two particles separated by
distance r. Intuitively this can be done by introduc-
ing the quantised particle positions Z; and Z, as small
perturbations around an equilibrium distance d, such
that r — # = d + &y — ;. However a similar result
can also be obtained from the gravitational interac-
tion of two scalar fields in perturbative quantum grav-
ity when restricted to the two-particle sector (in the
non-relativistic limit)’ [29]. In both cases this leads
to a Hamiltonian term,

~ Gm1m2

Ho=-——+—"1+2 . 1
G A+ 2y — 4 (1)

Provided the expected displacements are small, we
can expand to second order in &y — &y,

. - N A \2
ﬁG%_Gm(;m2 (1_1’2 171+(9U2 ) ) (2)

The last term in particular leads to a quantised gravi-
tational interaction H;,,, = 2&2731"12561;%2, and enables

!The derivation becomes non-trivial if the composite nature
of the interacting systems has to be taken into account. For
example, a field theoretical treatment of a gravitationally self-
interacting BEC in a double-well potential has been presented
in [30]. Here, we simply assume that the strong interaction of
each mechanical element’s components (atoms, free electron gas
etc.) lead to the gravitational coupling being effectively via
their center-center-of-mass degrees of freedom in the form of
HG .
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the generation of entanglement between the two parti-
cles. In general this interaction will not commute with
the local dynamics, which in turn leads to non-trivial
evolution on the relevant timescale for entanglement
generation. The simplest example is given by two free
particles with ﬁo,i = ]5? /2m;, where the additional
second order terms in (2) give rise to local Hamiltoni-
ans for (shifted) inverted harmonic oscillators,

£ Pl pz o
H= L2 52 — I
2m, + 2, VL1 — 1)

(3)

V& + 2y Ry By + yd (s

where v = Gmymsy/d°.

Here the behaviour of entanglement generation can
be markedly different if the sign of the potential is
reversed [31, 32], and in particular tends to be lower
(or indeed can return to zero) when the particles are
trapped in harmonic potentials. In practice, however,
it can be beneficial to maintain localisation through
the introduction of an additional potential (which can
be either time dependent [11] or independent [13]).
One can then attempt to offset the reduced entangle-
ment rate by transferring the correlations to a set of
ancilla states in such a way that they increase after
every cycle. The advantage of this approach is that en-
tanglement can often be more easily verified between
the ancilla degrees of freedom, either because they are
chosen to have a reduced dimension or because they
are easier to access in an experiment. This type of
setup forms the basis for the majority of proposals to
test gravitationally generated entanglement.

3  Model

A practical realisation of the above can be provided by
optomechanical systems, in which the entanglement
is transferred to optical degrees of freedom via a dis-
persive coupling of the form g(¢t)N# (where N is the
photon number operator). We will now show that
for two coupled cavities, the gravity mediated photon-
photon coupling takes on a surprisingly simple form:
Upo(t) = ePOMiN2 - The reduced complexity of the
interaction simplifies the analysis of the entanglement
rate, and motivates an optimal choice for the initial
cavity state. In practice however, this is not easily
achieved. Instead we argue that by tailoring the time
dependence of the optomechanical coupling g(t), one
can significantly improve the performance of less op-
timal (but easier to produce) cavity states.

We begin by assuming two optomechanical cavities
coupled only through the gravitational interaction of
their respective mechanical elements. This can be re-
alised, for example, in a Whispering Mode Gallery
system where the mechanical elements are made up of
fuse-silica microspheres. An alternate setup is shown
in Fig 1, using Fabry-Pérot cavities, but in principle
the analysis can be readily applied to a range of sys-
tems. In general, the precise form of the interaction

Figure 1. Two Fabry-Pérot cavities brought in close prox-
imity. The moving elements interact via their gravitational
fields. To second order this leads to an &2, coupling and
allows the generation entanglement between the mechanical
modes. This is exchanged back and forth with the cavity
fields, which themselves become entangled around multiples
of the mechanical period 1/w,,.

will depend on the geometry of the masses, m; and
ms, however for simplicity we assume these to be by
point sources (2). If each cavity contains only a sin-
gle mode, then the total Hamiltonian describing this
system is given by,

2

~ . ~ p_]

H = '_E lth_’ij + Tm] —+
", (4)

+ 3 (=1 (g, (ON; + 8;(8)); + 2yi s,

Jj=1

where N J ]

respective cavity fields (with frequency wy ;), (I)JQ =
,Q,M- — % are the mechanical frequencies shifted by
the inverted harmonic potential coming from (2), and
S;(t) are arbitrary linear displacements. The latter
contain the first order gravitational contribution in
(2), but could also include effects from additional ex-
ternal potentials. Note that the relative minus sign
between cavities accounts for the opposite alignment.

The time evolution corresponding to (4) can most
easily be solved by first decoupling the mechanical
degrees of freedom. This can be achieved via the sym-

plectic transformations [31],

are the number operators for the

W,

where ¢ = cos(a) and s = sin(a), provided that the
parameters a and b satisfy,
4y ma

tan 2a = b=,/— (6)
Ty (&F - @) my

It is convenient to rewrite the transformed mechanieal
degrees of freedom in terms of the mode operators, b

and bl, via &, = xo (b + bi) (and snnllarly for py),

where xO,-i— = ’/m,

1 1642
wi== (ol +as+ +@-o)|.

2m2w

2 mimy
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We note for later, that when w,,; = w2 = wy,

the frequencies simplify to wi = wfn and w? =

1 ’Y(ml""mzz)

wfn(l —4r,) where v, = 3 . So far the param-

My MW,

eter dependence in each cavity is arbitrary, however
we now impose the restriction g;(t) = g(t)g;. This
allows us to define time independent combinations of
the number operators associated to each plus/minus
mode. The Hamiltonian (4) can then be written as

E[ = Z?:l MO,]NJ + ﬁ+ + E[7 Where’

- 7;“ kN, + D1, () (B +5,). ¥

(for index pu = 4+, —), with the transformed number
operators,

N A _ S A
N, = ‘/§(Q1CN1 - 925N2)7

. . R (9)
N_ = _\/ﬁ(bsglNl + Cg2N2)7

and ky(t) = zo49(t)/(V2hwy). Similarly, the (po-
tentially) time dependent displacement terms are de-
fined by D; | (t) = fi;i (cS) — 58;) and Dy _(t) =

—zz—’:(bsSl +¢S5). In general these terms do not con-

tribute to the entanglement, though they can play a
role in determining the allowable parameter regime
(see section 7).

We now observe that,

[Hu(t)aHu'(t/)] =0= [NjaHp,L (10)
for j = 1,2; p, i’ = +,—; p # 1, and so the the
evolution operator corresponding to (4) can be split
into,

O(t) = e~ Coaiteos iy ()i (1), (11)

where each U, ,,(t) corresponds to the individual evolu-
tion of the Hamiltonians (8). A general ansatz can be
found by considering the closed Lie-Algebra generated
by the terms in (8) [33],

0, = e—iwutBLBMeieuei(AMNﬁBHNi)D“(CH_i_KNMN#),

(12)
where Du () = exp(aI;L - a*lA)u) is the displacement
operator acting on the transformed mechanical modes,
and the time dependence of the coefficients have been
suppressed for notational convenience. Transforming
back to the physical cavity field modes, we find the
total evolution operator takes the form,

U(t) _ eié‘efi(wo,lNl+w0,2]§72)tefiw+l;1l;+tefiw,BLB,t
. . N 62 G2
% el(A1N1+A2N2)eZ(BlN1 +BzN2)€ZDN1N2

x DOy + Ky N{D_[C+ Ky N,
(13)

where,
0=0,+0_,

Ay = V25 (Asc— A_bs),
_ S
Ay = —V23, (A+5 + AJJ) )
By =231 (" By +b’s°B_), (14)

2
_ S
B, = 275 (83 + b23+> ,

D = 4csgq gy (bB_ - 11)B+> .

When (8) are time-independent, then the solution
(12) is well known [34, 35, 19, 20]. More recently, the
extension to arbitrary time dependence has be been
obtained in [33]. Here the solutions have the follow-
ing integral representation (note the additional + no-
tation should not be confused with the transformed
modes, ;1 = +, —, appearing above),

0, = _FBM&FE%_v
A“ - _(FNM + FBu,+FNHBM17 + FBM»*FNHBMFF)’
By=—(Fg2+Fy 5 Frp, )
C.=Fs —iFy
KNLL - FI\A/HBH’, o ZFNMBM,+ ’
(15)
where (see [33] for details),
, [t
! / . !
FNM =— QwM/O dt'Dy ,(t") sin(w,,t")

t/
X/o dt"k,, (t") cos(w,t")

t
- Qwi/o dt'k,, (') sin(w,,t)

’

¢
X/o dt"D; ,(t") cos(w,t"),

t
FNZ =— Qwi/ dt'k,, (t) sin(w,t'),
0 (16)

’

¢
X/o dt"k,, (t") cos(w,t"),

t
FBM L= wu/ dt'DLu(t') cos(w#f')7
’ 0
t
Fp =-uw, /O dt'D; ,(t') sin(w,t),
t
/ / /
Fyp  =—wu dt'k,(t") cos(w,t),
nZ e+ 0
t
Py, == [ a0k, () sin,t),

For our purposes, the most the relevant terms are

contained in the field-field interaction Uj»(t) =

eiD(t)NlN?7 as well as the coefficients K , which de-
m

termine the coupling of the fields to the mechanics.
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The latter leads to a drop in purity of the combined
optical state which in turn reduces the observable en-
tanglement. While these terms in general will remain
finite at all times ¢ > 0, for certain choices at least
one pu-mode can be made to decouple. For example,
in the case of a single time-independent optomechani-
cal system, a well known feature is that the field and
mechanics disentangle at multiples of the mechanical
period, t = 27/w,,. In our model, this corresponds
to,

efiwut)

Kg =—k,(1- , (17)

however, a non-zero gravitational interaction means,
wy # w_, and so both cavity fields cannot simultane-
ously decouple”.

In principle this means that the entanglement gen-
erated between the fields will always have some de-
pendence on the initial states of the mechanical ele-
ments. We will asses the effect of this contribution in
section 5, however a simple estimate of the entangle-
ment rate can be made by temporarily ignoring the
field-mechanics interaction. The evolution operator
(13) then has a reduced part,

eiD(t)N1N2
(18)

acting only on the physical cavity field modes. For

interactions of this form, we can show that the linear

entropy, S;, =1 —tr[p%], for an initially separable pure
state is given by,

Ured = ﬁ1ﬁ2ﬁ12> where ﬁlQ(t) =

Sp =2D(t)*(AN;)*(AN,)? + ... (19)

(see appendix A for details and the full expression).

A characteristic timescale, 7,, can then be esti-
mated by considering the lowest order contributions
to the linear entropy. Ignoring the numerical factor
in (19), we will take this as the solution to,

1

D e A~ A - 20
| (T)IO<AN1AN2 (20)

Thus, the entanglement rate, at least when S is
small, is enhanced by states with large initial vari-
ances. For fixed photon numbers, N, = (Nj>, the
optimal choice is a superposition of Fock states, how-
ever generating these for large N, is difficult in op-
tomechanical systems. A much higher photon num-
ber variance can be achieved by using coherent states,
where (AN]-)2 = N, (assuming equal photon num-
bers in each cavity). In this case, we observe that
the general form (20) approximately holds for S; ap-
proaching one, where the proportionality factor must
be determined numerically. A conservative choice is
to pick the point of maximum rate of change with D,
which corresponds to |D(7,)| ~ ﬁ, see figure 2.

gExcept at times when some multiple of the ratio of frequen-
cies is itself an integer.

0.8

1 0.8
0.6 [ L 06
N ; n 0.4
0.2
i 04 0.0
C’é 0 1 2 3 4
0.2 DN,

ool ﬂ\/\/\\/\\
0 2 4 6 8 10
DN,

p

Figure 2: The gradient of the linear entropy (divided by the
photon number), plotted as a function of DN, for N, = 10
(blue), N,, = 20 (orange) and N, = 40 (green). For S}, < 1,
all three curves are almost identical (see inset plot). The

. _ 1 . .
brown dashed line corresponds to D = NI Oscillations

for large DN,, (visible for the blue curve) are a consequence
of periodicities in the linear entropy, which begin to appear
around the point it reaches its maximum. All plots we made
using (114).

4 Estimation of Entanglement Time:
Constant vs. Modulated Coupling

For (19) to be valid, one needs to evaluate D(t) at a
time when both the K ,(t) coefficients are sufficiently
small. If the bare mechanical frequencies differ signifi-
cantly, this may not be possible (we address this issue
in section 5.2.2), and in practice the choice will largely
depend on whether one mode is easier to cool. For
reasonably symmetric cavities, a sensible approach is
to measure at a multiple of the average of the mode
decoupling times. In the example above, this corre-
sponds to t, = qw(i + i), where ¢q € Z". However,
in general we will adopt the label ¢, to correspond to
the gth (chronologically occurring) optimal measure-
ment time for a given strategy.

4.1 Time Independent Systems

In the case of time-independent optomechanical sys-
tems, it is straightforward to calculate the relevant
coefficient in (12) necessary for estimating the entan-
glement rate. This is given by [34, 35],

B, = kz(wut —sinw,t). (21)
In the ideal scenario, the mechanical frequencies
should be equal, w,, ; = w,,, as this maximises the
viable measurement window. We then note from (7),
that the difference in mode decoupling periods is ap-
proximately At = 47, /w,,. Therefore, provided the
number of mechanical periods ¢ < 1/7,, then D(t)
will vary slowly between the respective decoupling
times. Inserting the above into (14), we find to lowest
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Recurring functions/derived quantities

Symbol First appearance Meaning

D Eq.(13) controls non-separability of cavity states

Ky Eq.(13) controls non-separability of states of cavity and mechanics

W

lq above section (4.1)  gth (chronologically occurring) optimal measurement time
T, Eq.(20) entanglement time

Ky, Eq.(30) decoherence rates
ot above Eq.(46) size of measurement window

Wy Eq.(27) entanglement witness

Yg below Eq.(7) gravitational coupling parameter

Table 1: Table of the most important recurring functions and derived quantities.

order in g,
6G\/mimgk kot 2 2
Dt,) = Vel 2Ty 2T
Wy, d w_ Wy

(22)
where k; = % are the original coupling constants
for each cavity. From (20) we can then estimate that,
for coherent states, the characteristic entangling time
is given by,

3
w,,d

- 6\/§Gk1k2, /mlmng ’

In general, achieving coherence for large masses on
this timescale is a significant challenge and so the most
natural approach is to choose m; = my = m for the
largest viable m. Realistic parameter values are given
in Table 2, then assuming k; = ky = kg, suggests an
entanglement timescale on the order of 7, ~ 10%s.
Thus we see that even with high numbers of pho-
tons, the entanglement time is still long in comparison
to typical noise timescales. A key result of the present
work is that 7, can be further decreased by modulat-
ing the parameters of the system. In particular, we
will now show that driving the optomechanical cou-
pling at, or close to, resonance with the frequency w,,
can lead to cubic time dependence for D(t) in the long
time limit. This leads to a significant speedup in the
generation of correlations between the optical modes.

(23)

Te

4.2 Entanglement Enhancement Through Mod-
ulated Optomechanical Coupling

We now assume that the light matter couplings are
modulated according to g;(t) = go + €cos(Qt + ¢1).
When resonant with one of the mode frequencies, this
continually drives the (expected) oscillation ampli-
tude, and position variance, of that mode [21]. As a
result, entanglement generation is increased through
the field-field channel. However, unlike in the con-
stant coupling scenario, the mechanical state will vary
after each oscillation and so no times ¢ > 0 exist when
the field and mechanics factorise, i.e K,(t > 0) # 0.
The solution is to instead modulate the coupling
at specific fractional frequencies of the form Q,, , =

(1 -1/n)w,, where n € Z. It was shown in [21] that
for times t,,, = 2nqm/w, the cavity and mechanical
states do indeed disentangle. Evaluating the F' N2 and
Fy.B, .
phase choice, ¢; = m/2, and for times t, _ <t, <t, ,
the D coefficient is given by,

integrals in (16) we find that for an optimal

D(t,) ~ 4ngm, <3k§ +e&l (12(;52_”1_)21) )> , (24)

to first order in v, = Gm/w?nd3, where ky =
2090/ (hw,,) and € = x¢é/(hw,,). Note to this order,
the choice between (2, 1 is unimportant here.

While D(t,) grows linearly in ¢, the term cor-
responding to modulated optomechanical coupling
grows cubically in n. This suggests the most effective
strategy is to measure at the first optimal measure-
ment time (¢ = 1). It is then clear that for w,,t; > 1,
the second term will dominate (provided e is not much
smaller than k), that is, when multiple mechani-
cal periods are needed to entangle the systems. For
optomechanical cavities w,, is typically larger than
21 x 10 radsil, and so if entanglement can be reached
within ¢ ~ 10_257 one would choose to work with un-
modulated systems. The reality however, is that even
for optimistic parameter choices, k:g’yng < 1, and
SO w,,t; needs to be large. This leads to our main
result: in the long time limit, |D(¢;)] = #Gch?n’ygt?,
and so the entanglement time for cavities initialised
in coherent states is given by,

-~ (Md> ' (25)

2
Nyw,,,Gme

By way of comparison, using the parameters in Ta-
ble 2 and setting € = ky, modulation decreases the
entanglement time significantly to 7, &~ 2s, which cor-
responds to an improvement by 6 orders of magni-
tude. In general, the modulated entanglement rate is
enhanced by a factor of %(e/kS)Q/B(WNp79)72/3 com-
pared to the constant coupling case. This means it
is particularly advantageous in precisely the experi-
mental regimes which are most realistic: weak gravi-
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Example parameters

Parameter Symbol Value
Separation d 2 x 10 'm
Oscillator density 0 2 gcmf“o’
Oscillator masses m 10ng
Oscillator radius R ~ 11 pm
Mechanical frequency Wy, 21 x 10° rad s~
Photon number N, 10”
Optomechanical mode coupling ko 1
Environmental temperature T 1mK

Table 2: Hypothetical experimental parameters: g and w,, are similar to those achieved in [15], where a low-noise optomechanical
system based with a silica mass in the mg range was implemented. R is calculated assuming spherical mechanical elements.

For these values v, =~ 2 x 107'8.

tational interaction, small light-matter coupling and
low photon numbers.

In practice, the restriction to fractional frequencies
does not significantly decrease the direct field-field
coupling over the resonant case. Similar calculations
for, e.g. =0, = w,y,, lead to,

3
D(t,) ~ <6k3 ~ 7€ (4kg cos ¢y + €cos 2¢1)

2
€ I 233
+ 2>’ngmtq — E’Yge Wmtq . (26)

where we have taken ¢, = 2¢m/w,,. For w,t, > 1,
the last term in equation (26) dominates and so com-
pared to (24) at a given target time (choosing the
driving frequency as Q,,_, ;) we see that the modu-
lus differs by only a factor 7r2/3 ~ 3. On the other
hand, the larger Ky (2¢7 /w,y,) values resulting from
the resonant coupling impose stricter cooling require-
ments for the mechanical modes.

5 Entanglement Verification and Noise

The results of the previous sections correspond to the
best case entanglement rate between the two cavity
fields. In reality, a combination of external deco-
herence along with other intra-system couplings will
mean that the final field-field state will not be pure.
In general, quantification (and measurement) of en-
tanglement in mixed states is typically challenging,
though there are notable exceptions — as an example,
in Appendix D we analyse the logarithmic negativity
for initial cavity states of the form |¢) = %(|O>+|N>),
recovering the qualitative features outlined in the fol-
lowing sections. Instead it is often more practical to
resort to so-called entanglement witnesses, W, which
verify with certainty the presence of entanglement if
W = Ter < 0, but can make no statement other-
wise [36].

From a technical perspective, this means one must
be careful when using such operators to infer an en-
tanglement rate. In particular, TrWp(ty) < TrWp(t)
does not guarantee that entanglement has increased
in time. On the other hand, achieving W(t) < 0 to
begin with may impose a minimum constraint on the
allowable noise in the system, and this can have a
meaningful time dependent operational interpretation.
We will quantify this in the sections below.

In practice, however, one will also need a sufficiently
high signal-to-noise ratio” in the measurement of W
on the state for entanglement to be observable. The
particular threshold needed (i.e. W < —thresh.) will
depend heavily on the experimental apparatus used.
As such, identifying this cut-off a priori is difficult,
but we can maximise the chances of verification by
performing the measurement when the witness func-
tion reaches its minimum value below zero.

In the following section we identify a witness that
not only detects entanglement in our system, but also
recovers approximately the same timescale (25) in the
limit that all field-mechanics interactions vanish (at
the chosen measurement time). More generally, this
scaling is preserved as long as the noise constraints
(which we will derive explicitly) are satisfied to within
roughly an order of magnitude. This holds both in
the case of extraneous intra-system couplings and for
thermal decoherence.

5.1 Entanglement Witness

In order to identify an appropriate entanglement wit-
ness it is useful to anticipate the ideal joint state of the
field modes. Intuitively, when the gravitational cou-
pling strength is large, then the mirrors effectively be-
come rigidly connected and so the system is analogous

IHere we are referring to noise on the measurement of the
optical state after leaving the system (e.g. from the detector),
and not on decoherence effecting the state during the build up
of entanglement. The latter will be addressed below.
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to a single cavity containing two modes [13}4. For cer-
tain parameter choices, it is known that these modes
can become entangled, forming the two-mode cat
state, [1)q, = (140) [an), g}y +(1-1) [—an), |- as)y
[35]. However, many of the simplest continuous vari-
able entanglement criteria fail to witness entangle-
ment in these types of states. One of the first exam-
ples that does was provided by Shchuckin and Vogel
[37], and can be represented by the following determi-
nant,
1 (ab) (ayad)
Wi(t) = | (ap)  (abas)  (ajalas) |.  (27)
(aiag) (aia£a2> (a{alagaﬁ

This can be measured, in principle, using homodyne
correlation measurements [38].

In Appendix C we provide explicit evaluations of
the time dependent terms appearing in (27) assuming
an initial state of the form p(0) = |a; )Xy | ® | X | @
,()';héapt,h7 where |a) is a coherent state and pLh are ther-
mal states of the mechanical modes. For simplicity, we
will continue to work almost exclusively in the sym-
metric cavity approximation (though the extension to
arbitrary parameters will turn out to be straightfor-

ward). Under these conditions cos(a) = sin(a) = %

and b = 1. The minus and plus mode (see Eq.(5))
then reduce to the simpler stretch and center of mass
mode, respectively,

2, = -0 _ 5 (cos(a) = gin(a) =

2>
|

i2+£1_A( (a) = sin(a) =
=" =2, | cos(a) =sin(a) =

(28)
along with the associated number operators NS =
—(Nl + NQ) and N, = N, — N,. Similarly, D, . =0,
which implies 8, = A, = C. = 0, and so adopting the
same labelling convention, equations (14) simplify to,

0=0,,

A =—A, = A,

y ) (29)
B;=B,+ B, =B,

D =2(B, — B,).

In general, the resulting expectation values are func-
tions of the absolute values, |a;| and |ay| of the coher-
ent state parameters for the two cavity modes, and not
the relative phase. In the symmetric cavity scenario
a natural choice is to set these equal, a; = ay = a,
with |oz\2 = N,. Even then, the full witness expres-
sion is still difficult to treat analytically, however, nu-
merical results suggest that the restriction to B = 0
at the measurement time provides a somewhat opti-
mal regime. While this term has no effect on the
entanglement, similar terms are known to influence

#Note that this corresponds wg — 0.

the sensitivity of optomechanical sensors under cer-
tain POVMs (e.g. homodyne measurements, [21]).
For ¢ = 0, it is usually sufficient to consider only in-
teger values of kjy, but more care must be taken in
the modulated scenario. In these cases, the witness is
given by the simpler expression (163),

Wl (t) = NI? (1 — 674K’c74Np(1*COS D)

N 2e—mc—ns—2Np(1—cos D) (30)
% (1 _ g 2Kem2N,(1—cos D) o D) )7

which holds both when r, describes the effects of
the traced out thermal mechanical modes and, as
we will see later, decoherence from an environment.
It is therefore convenient to write k, = KLh + ﬁﬁec,
where in the present section we will focus on the
first term, given by /-@Lh = |K1\7u 2(7‘1H + 1/2), where

n, = 1/(e™+/*¥T _ 1) is the occupation number for
temperature T, (see (146)).

In general, the optimal measurement time will lie
somewhere between what would be the individual
mode decouplings. For equal temperatures, this turns
out to be just the mean, ¢, = gnm(1/w.+1/w;), where
to preserve symmetry we will from now on choose the
modulation frequency as €, = 1(1 - 1)(w, +w,). To

. th
lowest order in 7,, and for large n, both x,’(t,) are
equal to (151),

1
h 2 2 2 2\ /=
M@QQE(W%)@%+nE)m+um.@n
Neglecting the decoherence contribution, we can then
set #,, = K in the witness (30), which further simplifies
to

Wi (t,) = 4N§’ef4y (€2y sinh?(y) — 22> ) (32)

where y = 2sz2 + k(t,) and z = sin(D(t,)/2).

We can now apply the requirement that W, (t,) < 0
to give an upper bound on the thermal noise term.
This leads to,

M%)<%hu1i2@—2Nﬁ? (33)

If an experiment is sensitive to small amounts of en-
tanglement, such that very early measurements are
viable (D(t,) < 1/N,) then we can expand the right
hand side to first order in z,

(1) < ¢l ~ 1D(t,)] (34)
This gives the highest acceptable noise for which en-
tanglement can be verified. We find a similar con-
dition for the logarithmic negativity when the initial
cavity fields are in superpositions of Fock states (see
(175)), suggesting the behaviour of the witness is rea-
sonably faithful for small amounts of entanglement.
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In particular, for k = 0, entanglement can be immedi-
ately detected for any non-zero D(t,).

On its own, however, this is not especially useful,
at least in the case of purely thermal noise. This is
because ﬁth(tq) and D(t,) have different time depen-
dencies, and indeed the former tends to grow faster
than the field-field coupling. As a result, (34) only
provides an upper bound on when entanglement can
be detected. To see this explicitly, it is convenient
to separately consider the constant and modulated-
dominant regimes. For later, we will also find it useful
to regard & in general as a function of z ~ D(t,)/2,
then using (31) and (24) we have

R S A
L+ (it s hins
(35)
to lowest order in ,. Applying the inequality (34),
and inverting for ¢, we find that in both cases (up to
a small numerical difference), ¢, < 12/(w,,7,(27+1)).
Thus, thermal noise limits how long an experiment
can be performed. In fact, a finite measurement time
is a generic feature of our chosen witness — even for
k = 0, the next order expansion of (33) leads to

| Dinax (tg)| ~ 2]z S ﬁ, despite the fact that the

maximum entanglement has not yet been reached (see
figure 2).

A more useful indicator for the ideal measurement
time is to instead look for the point of maximum wit-
ness violation. This can seen in figure 3, where W, (t,)

.. N, . -
reaches a minimum of —— in the limit ™ 0. We
can then use this as a reference point to determine the
maximum thermal noise for which the witness only

drops to some fraction of this value.

5.2 Optimal Measurement Time

To proceed, it will be convenient to take kK = x(2),
then the minimum of (32) is achieved for z;, satisfy-

ing,
2Zmin

ANy Zmin + K

422 + Pmn =1 4 (36)

/‘Zmin
If  varies slowly with respect to z (i.e. £'(2) < 4N,2)
we can ignore the noise gradient term in the denomi-

nator. Substituting for y,,;, we then have,

1
4sz[2nin =1In (1 + N 4Z§1in> — 26(Zmin). (37)
p

Now, for realistic values of 7y, zp,;, must be small on
accessible timescales. This suggests N, > 1 (which
we will assume from now on), and so expanding the
logarithm to first order, we have after a simple rear-

5
rangement”,

~
~

— 4N, kK
Sy

Thus, in the x — 0 limit, the witness will take its
minimal value when D(t,) ~ 1/v2N,. Substituting
into (32), we have,

D(tq) =~ 2Zmin

Wl,min(tq) ‘n—)O ~—

as claimed.

At high temperatures, the slowly varying condition
is typically not satisfied, and so the derivative term in
(37) must be included. Following from (35), we can
write £ = I‘thz and £ = I‘z4/3, for the constant
and modulated optomechanical coupling regimes sep-
arately. The minimum conditions in the first case are
easily found by noting that (36) is equivalent to (37)
with the substitutions N, — N, +I("/2 and & — 0.
We then find,

1

Pl o, v ) .

which implies the measurement time should satisfy,

1
t, ~ ,
! 6V2kG v wm (N, + 15 /2)

(41)

(where we have again used N, > 1). Thus, just
as with D, the optimal timescale shifts earlier at
higher temperatures. This is, of course, not an advan-
tage because the added noise leads to an increase in
the minimum value of the witness (see figure 3). At
the first optimal measurement time, this is given by,

Wi min(t1) & ——F . (42)

In effect, it prevents the experiment from running long
enough to build up a highly entangled state. We
can characterise an acceptable level of noise by de-
manding that the magnitude of the witness decreases
by no more than some factor, a, of the idealised
(k™ = 0) value. This amounts to solving Wi min =

AW minls—0, for which we find it <2 (ﬁ - 1) N,.

Therefore, to keep the witness below, for example, half
its absolute minimum (for a given set of experimen-
tal parameters), the mechanical modes must both be
cooled to,

Firax.co < 362 (\/5 _ 1) N, —1/2.  (43)

% Alternatively (37) can be formally solved in terms of the
Lambert-W function. An asymptotic expansion in the large NV,
limit recovers the same result without explicitly assuming small
z.
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As N, will typically be very large, this should not pose
a significant obstacle.

For modulated optomechanical couplings, the anal-
ysis proceeds along similar lines though it is conve-
nient to first make a suitable expansion of (36) (see
appendix C for details). In this case we find (to first
order in 1/N,,),

1

Zmin(t1) = 1703/2, and
(0= 57 (1=
1 (44)
2\/§7r2 ?
tl ~ 3 3 vV 1-— v,
Npwim € g

-1 2
% ;:1_/23 ( Wzg ) . It is immediately clear that

for all but very large n, the minimal witness time is
very close to that for kK = 0. Indeed, substituting into
(32), and choosing a = 1/2, eventually leads to the
bound,

where v =

2
_ € \* 13 1
Amax < 0.66 (W’Yg) N, 5" (45)
Thus, for realistic experimental parameters (where
vy < 1) modulated couplings significantly improve
tolerance to thermal noise. Indeed, for the values in
table 2 and € = kg, n < 4 X 1013, which corresponds
to a mode temperature of T' < 2 x 10°K.

5.2.1 Thermal Dependence of the Measurement Win-
dow

The constraints above are valid when the measure-
ments are localised to within a very short window
around t, (which we can expect is less than the de-
coupling time difference, 0t ~ 2v,t,). It is impor-
tant, however, to know the extent of the usable mea-
surement window, both because such processes are
not instantaneous and because reducing the signal
to noise ratio will rely on obtaining long integration
times. The easiest way to estimate this is via the con-
dition (33), along with expressions for D(t, + dt) and
K (t, £ 0t).

This approach will only be viable provided B(t; £
0t) =~ 0, otherwise the full witness expression must be
used. In general, however, the window will be small
on the timescale of the mean mechanical period 7,,, =
m(l/w. + 1/w,). Expanding in terms of 6t = (7,,, and
assuming 7,<(¢ < 1, it can be shown that,

Blty +Cr) = Blty) + 5K, (46)

(where additional € terms only enter at order 73(2).
Similarly we can find,

Kty + () m 6T (t,) + 2kom (R + 1/2)¢, (47)
and,

D(t, + () & D(t,) — dgkge(nm)>y,C . (48)

The first of these expressions tells us that even at zero
temperature, B will be much smaller than Kjth, and so
we can reasonably expect (30) to hold. We also note
that for £ the variation in ¢ does not depend on v,
and so thermal noise grows much faster than the cou-
pling D. This means the measurement window will
be much smaller than 7,,, (as D(t,) ~ O[y,]), and we
therefore take D to be effectively constant over this
timescale. Moreover, when n < np,,,, we can also
ignore the first term in (47) and so around the decou-
pling time, k™ is independent of D. This immediately
allows us to determine both the conditions and size of
the maximum measurement window: from (33), the
maximum £™ for which the witness is exactly zero
occurs around ¢, satisfying,

1 1 2
D(tq) = 28111_1 (—4 + 1 1 + N) B (49)
p

where for small D, we take the positive solution, and
S0,

1

D(t,) ~ —
()™ 237 (50)
with a corresponding mg’ax(tq + (Tp) & ga—- Sub-
stituting in (47) when n < f,,, we find that the

. . . . 6
maximal size of the measurement window is”,

Ot ~ L . (51)

2wmk;0,/Np(ﬁ+ %)

At zero temperature, this equates to around +36ns
for the system outlined in table 2, which is approach-
ing the bandwidth limits of state of the art detectors.
We note that in this case the window size is dominated
by the constant component of the optomechanical cou-
pling. If one can instead engineer k; = 0, € > 0, then
the next nonzero contribution to x'" is 4th order in ¢,

(tg+CTm) = Riy. _ (tg) +2E 7" (A+1/2)¢", (52)

Kjth
Ly =o0

and so the maximum §t is instead given by,
1

S et

t
leg=0

By comparison, the zero temperature window is in-
creased to +3.4us, while making no change to the
measurement time.

More generally, we can estimate the measurement
window at an arbitrary decoupling time by evaluating
(33) using (47) and D(t,). In the physically relevant
regime, it is enough to expand (33) to second order in
D(t,). We then have,

51 \/D(tgx;—_ N,Dity)) (54
Kiwm (7 +1/2)

®Thus within the window, B(t) < D(t) ~ 1/N,, and so
from (149) we are justified in setting B(¢) = 0 in the analysis
above.
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where again we have taken N, > 1. At the witness
minimum, we typically have D(t,) ~ 1/v2N,, and
so the window at this time is still around 91% of its
maximum value. Surprisingly, the estimates (51) and
(54) appear to work well even at temperatures where
the analysis breaks down, see figure 3.

5.2.2  Frequency mismatch

The results of the previous sections are reasonably
tolerant to most sources of asymmetry. However, the
most obvious exception is when there are mismatches
in the mechanical frequencies. This is because the
separation between mode periods grows and so it be-
comes much harder to find a time when both /ifth are
small.

As the analysis in this case is significantly more
complicated, we estimate the dependence only in the
unmodulated scenario. Using the general frequencies
w, (7), we insert the B, coefficients from (21) into
(14) and expand D(t) to lowest order in the (sum of

the) relative frequency shifts in @, i.e. >, m_?] -
i%m,j

Assuming w,, 1 > Wy, 2 (wWlog), we find after some
work,

4Gk1k2, LR UD) (55)

Dit) ~ R
wm,lwm,Q
(.«)2 (.«)2
=22 80 (W, 1) — S sin(wy, ot)
m,1 ’ m,2 ’
X | t+ 5 5 )
Wm,1 — wm,Z
_ %o,j909; . o ..
where k; = ﬁjj, with g(t) = gy, are the original

coupling constants for each cavity. In deriving the
o .1 \3/2 _
above it is useful to adopt k, = (%) / ki/(v241)

and k_ = (22)*ky/(v27,).

We now assume a small frequency mismatch,
W1 = (1 +&f)wy, 2, where £ is a positive constant.
Around a measurement time ¢, = 7q(1/w, + 1/w_),
we have,

Dty + () = Dlt) (1~ &) (1 - 2?) . (56)

where D(t,) is as given in (22) (for w,, » = w,,). Pro-
vided {; < 1, we again see that D(t) varies slowly
around t,. A similar analysis can be performed for

nLh terms, making use of (17). For &; much larger
than the relative frequency shifts, we find

th _ k‘%ﬁz _ 1
Ky (ty +(Tm) = 5 <n+ + 2)
x (q%€7 + 4qC€s +4¢7),

th _ k‘gﬂ'Q _ 1
K- (tg 4 CT) = 5 n,—|—§

x (g€ — 4qCes +4¢7),

(57)

where again we are considering only the 1, < fiyax

limit so that szh(tq) can be neglected in comparison
to D(t,). Note that the expressions above do not
depend on the gravitational field, which could have
already anticipated from (47). Thus 7,,, can effectively
be taken as the mean of the bare mechanical periods,
which makes the calculation significantly easier. For

the sake of simplicity, we assume k; = kg, n,, = n and

~ & then in the long time limit (large K gt
¢~¢&s g ge q), Ky

is dominated by the {; term. Using the analysis of
the previous section, we immediately find,

& S ! . (58)

2mqkoy/ Ny(n + %)

Thus we see the trade-off between controlling thermal
noise and the matching of mechanical frequencies —
even for perfectly localised measurement times, a non-
zero Aw,, can severely limit the upper bound on 7.
Note, the difficulties highlighted in the previous two
sections are not inherent to optomechanical systems
alone. Recall that the noise term x™(t) is directly
proportional to |K N, (t)]?, which itself is related to

the total displacement in phase space (as can be seen
from (13)). Thus the measurement window acts as
a proxy for the level of control needed to return the
mechanical degrees of freedom to close to their initial
state.

5.3 Thermal Decoherence

The relative insensitivity to the initial mechanical
state arises because K g (1) can still be very close to
zero even at the center of mass mode decoupling time
(or vice-versa). A more significant experimental chal-
lenge comes from external (open-system) noise pro-
cesses, which in general cannot be avoided by choice
of the measurement time. These can be broadly split
into those acting directly on either the optical or me-
chanical degrees of freedom’. Optical losses, for ex-
ample, can be expected to reduce the visibility of
the signal [40], while mechanical decoherence will pre-
vent the initial build up of entanglement between the
masses.

The latter in particular is well known for limit-
ing the generation of macroscopic (spatial) superpo-
sitions. In a typical analysis, one modifies the usual
von Neumann evolution equation by the inclusion of
additional superoperators describing the effects of the
environment (along with a corresponding renormali-
sation of the system Hamiltonian). If the tempera-
ture of the environment is assumed to be high (with
an ohmic spectral density) then it is usually suffi-
cient to consider only the decoherence term, L[p] =
—%[5@, [, p(t)]]. In this limit the coefficient is time

7Though for strong optomechanical couplings, there can be
an interplay between these [39].
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Figure 3: The (rescaled) witness as a function of discrete ¢, times for constant optomechanical coupling (n = 1), at both

7 =0 (a) and the predicted 7., given by (43) (b). Here we choose the more optimistic parameters, w,,
'3 Between any two t,'s, the witness can only verify entanglement

m = 2.4 x 10" kg, with N,, = 10°, leading to 7, = 5 x 10

= 27 x 10*°Hz and

within a small measurement window [t — t,| < 0t (see insets). Numerical results agrees well with the theoretical value (54),
even beyond its apparent regime of validity. However, at high temperatures, the ¢, with maximal measurement window no
longer follows (50). Note, there exists a maximum verification time (see (70)), after which the witness is effectively always

positive, even though entanglement may still be expected.

independent, and given explicitly by T = 2mkgTvpr
where g is the relaxation rate and T is the temper-
ature of the environment [41]. The extension to mul-
tiple mechanical modes is straightforward as long as
the intra-system couplings are weak. In this case a
good approximation to the dynamics can be found by
adding additional L[p] terms for each system degree
of freedom [42]. Neglecting optical noise, our optome-
chanical model can then be described by the following
equation,

WO L1 )]+ Lalo] + Lo, (59)
where Hren is the renormalised system Hamiltonian
(which for simplicity we will set equal to H, as this
typically amounts to a shift in the mechanical frequen-
cies), and v = w,,/Q is the relaxation rate for an
optomechanical cavity with quality factor Q.

In order to evaluate the witness (27), we only need
to solve for the reduced total optical state. For the
single cavity (time-independent) setting, a convenient
approach has been presented in [43] where the ana-
logue of the master equation (59) is first projected
out in terms of the operator pp(t) = (p, q|p(t)|m,n),
where |m,n) were Fock states of two arms of an inter-
ferometer. This can be solved exactly when making
use of the partial trace over the mechanical modes,
leading directly to the reduced field-field density ma-
trix pzc)aqvm n( ) = TrM[pD(t)]

The extension to two cavities is largely straightfor-
ward once we move to the decoupled mode picture,
in particular where we note that for identical cavi-
ties, Ly[p] + La[p] = L.[p] + L4[p]. For completeness
we provide full details in appendix B, where an ex-
plicit solution is given by (134). This can be com-

pared directly to the noiseless cavity reduced state
(170), where we find that the modifications can be
completely described by formally replacing the initial

thermal occupation numbers, n,,, at time ¢, by
dec
K (ﬂ
n,(t) =n,(0)+ £ 60
0 =70+ (60)

where

HieC( 8T 2#/ §R —iw,, (s— t < (S—t)]2d8.

(61)
As these terms always appear multiplied by an addi-
tional \K - factor (such that the thermal decay co-

efficient £, — /<; by Hdec) any potential divergence in
the second term is of no concern. Hence, while K g (1)
n

can in principle be zero, niec (t) is not in general. We
also stress that 72,,() should not be interpreted as the
current temperatures of the mechanical modes, but
rather only as an effective model for the decoherence
induced loss of purity of the cavity state (which occurs
even for perfect decoupling).

At zeroth order in 7, and for n < 7, we find that
for identical cavities, x4 (t,) = x"(t,) > ™ (t,),
where

on?(1+ (2n — 1)2)>

W m 2(2n —1)°
Tmzm

7"=D(t,),
R wm g

(62)
Thus, from (34) one immediately sees that entangle-
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ment can only be witnessed when,

hGm
kgT < —, 63
YRR B ~ of (63)

which is independent of both the local dynamics and
N,. A similar behaviour is found for initial cavity
states of the form [)) = % (|0) + |N)), where [0(N))
are Fock states. In this case entanglement can be cal-
culated directly using the logarithmic negativity (see
Appendix D), which shows this result is not unique to
our chosen witness. In fact an identical expression has
also been found in the linearised regime for Gaussian
initial states [28] (in the constant coupling scenario),
where it was conjectured that the bound is a generic
consequence of the master equation (59). Thus the
‘size’ of the superposition created does not matter as
both the entanglement and decoherence rates are en-
hanced in the same way. Note, we have not considered
any decoherence on the optical modes. That is, “shift-
ing” the entanglement to an apparently protected de-
gree of freedom does not help, as the mechanism used
to transfer the correlations also provides a channel for
the decoherence to act.

In practice, however, other noise timescales will
mean it is still highly desirable to reduce the entangle-
ment /verification time. Thus a large photon number,
or more generally photon number variance, is advan-
tageous. On the other hand, the cavities themselves,
along with their relative positioning, limits the ex-
tent to which the mechanical elements can be driven.
These restriction will be discussed in section 7.

The analysis for the optimal witness time is straight-
forward, and we leave the details for Appendix C.1.
Writing #%°(2(t,)) = Taec2(t,), where from (62)

T _ 2Tw3,m
dec — B2

q

, the minimum is found to occur at,

1 3
~ (12T, ), Ty <1

\/in< 2ﬁd> !
(64)

Similarly, the condition for the corresponding witness
value to be at least a times the theoretical minimum
(k = 0) is given by,

Fdecgg@—\/&c—l—i—...). (65)

mVg

Dmin (tq)

Choosing a = 1/2 then requires T'y,. < 0.219, and
so YrkgT < 0.11th/d3. As before, increasing the
noise shifts the minimum earlier in time until above
4ec = 1 when no entanglement can be verified.

For the cavities listed in Table 2 satisfying the
bound (63) requires a quality factor Q ~ 10**. This
is some 15 orders of magnitude higher than what has
currently been achieved (see for example [15]), and
poses a severe obstacle to witnessing gravitational en-
tanglement.

5.3.1 Measurement Window

Given the close connection between szec(tq) and

D(t,), one may also suspect that 9% varies slowly
around the measurement time ¢,. Indeed, we find

KOty + () = £9C(t,) (66)
8T$37M 4(n — 1)2((]71')3714’}/;62
2 (2n —1)%w,, 7

where the dependence on the constant (i.e. k) com-
ponent enters at order 73( 2. This means the measure-
ment window is dominated by the initial temperature
of the state, even if n is very small. We can then
substitute

K(ty + (Tm) = Daee D(ty) + 2k3m> (0 +1/2)¢%, (67)

into (33), where the second term arises from thermal
contribution (47), and we have assumed /{th(tq) is
small (i.e. 7 < TMyay). Expanding to second order
leads to,

ot ~ \/D(tq)(]' — NPD(tq) _ 21_‘dec), (68)

kowz, (A +1/2)

which generalises (54).

6 The Casimir effect and Stray Charges

In order to maximise the gravitational interaction, the
mean separation between mechanical elements should
be kept as small as possible. This gives the best
chance of satisfying (63). On the other hand, at small
distance scales the Casimir force [44] becomes signif-
icant and can readily dominate over gravity. A di-
rect comparison can be made via the dimensionless
coupling parameter v¢ = 29,F./ mw?,, which should
be small compared to v,. In general, the Casimir
interaction will depend strongly on both the geome-
try and material properties of the mechanical compo-
nents. However when the masses are assumed to be
spheres, a straightforward estimate can be made in
the zero temperature regime, provided the separation
is much larger than the radii, d > R. Using equation
(21) of [45], one finds that,

~ 161heR°

Yo = (69)

wmw?ndg'
The requirement that v, < 7 immediately implies

m > % (%)Smp’ where mp = 1/hC/G ~ 2.176 x

10_8kg is the Planck mass. This suggests that the
masses in general should be (relatively) large, oth-
erwise the separation must increase to compensate.
Indeed, for the parameters in Table 2, this leads to
Yo ~ 1 x 1077 and Vg ~ 2 X 10™*®, and so Casimir
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mediated entanglement would dominate over gravita-
tional effects. On the other hand, a large mass will
also be harder to cool which can lead to shortening of
the available measurement window, c.f. (68).

To get around this problem, we can adopt an ap-
proach frequently used in small distance tests of grav-
ity. This involves introducing a suitable shielding ma-
terial, for example gold [46], between a driven source
and detector. If the material is rigid enough, then
the only oscillating signal is that from the gravita-
tional interaction, which can be identified over the
stronger (constant) Casimir/electrostatic background.
A similar screening effect has been proposed for entan-
glement generation [13, 47], where the transmission
of quantum correlations are effectively suppressed be-
cause any induced motion in the shield, including its
position variance, will be small. In this sense, we
can consider the shield as restricting non-gravitational
forces to only a classical channel.

It is worth pointing out that the witness (27) it-
self also provides some limited protection against false
positives. We note that our previous results can be
immediately generalised to v, — 7o, Where v, =
3 d,F; /mw?, now accounts for all &, couplings
in the system. For example, electrostatic interactions
can be included via the Coulomb force, Fy,, leading

directly to the parameter vo = ﬁ, where ¢,
0 m

and gy are charges on the mechanical oscillators, and
€p is the vacuum permittivity. Thus, in the absence of
significant shielding, we can write v, = 74 +7c +7¢-
Now as D(t,) X 701, if one of the additional interac-
tion parameters is comparable to vy,, then D(t,) will
double, leading to a higher than expected entangle-
ment rate. However, as can be seen from figure 3,
beyond a certain time the witness is positive. We can
estimate this from (33) along with the relevant x(t,).
For example, in the case of constant optomechanical
coupling (35) (and neglecting thermal decoherence),
a second order expansion in z leads to the condition,

1

—_— (70)
142N, +T§

2(t,) S £

This tells us that above |D(t,)| ~ 1/(N, +T"/2) the
witness is positive, and so from (40), if ... is larger
than expected by ~ /2 an experiment aiming to mea-
sure at the optimal time will fail to detect entangle-
ment, even if it is present. For the parameters in table
2 this would already happen for only 0.006 stray elec-
trons on each mass (ignoring the Casimir interaction).
Of course, as z(t) = sin (D(t)/2), there are further pe-
riodic solutions, for example when D(t,) is shifted to
].N7(tq) = 27 + D(t,). However, in this case 7;,, would
need to be larger by a factor ~ N,,. It then also be-
comes much harder to satisfy x < z (from (33)), as
/@th(tq) grows quadratically in 7,,.. Thus, in principle,
it should be possible to engineer an experiment such
that if entanglement is witnessed, we can be reason-

ably confident it did not emerge from an undesired
interaction.

7 Limitations due to the mechanical
motion

In equation (4), we started from a Hamiltonian de-
scription of the light-matter coupling based on a per-
turbative treatment of the motion of the mechanics
[48, 49, 50]. This means our results can only be
seen as reliable if the motion of the mechanical el-
ements is small. For example, in Fabry—Pérot cavi-
ties the displacement of the end mirror must be much
smaller than the cavity length, while in levitated sys-
tems the relevant lengthscale is set by the wavelength
of the light modes [51]. Similarly, the gravitational
interaction between the mirrors was described by a
second order expansion of the Newtonian potential,
which requires their displacements to be much smaller
than their mean separation. In principle, higher or-
der treatments can be possible (see, for example [52]),
however the dynamics will always be limited by the
physical dimensions of the experiment.

As the gravitational interaction is weak, by far the
strongest effects on the mechanics comes from the
radiation pressure of the cavity fields. This shifts
not only the equilibrium position, but also increases
the oscillation amplitudes of the mechanical elements.
The average radiation pressure force, however, can
be cancelled using an appropriately tailored external
potential (which enters through the C, coefficients,
(16)). Thus the mean position can be set to zero (see
(177)), and all that remains are the quantum fluctu-
ations of the mechanical motion. The corresponding
variances for the center of mass mode and the stretch
mode are (see appendix E)

2 —iwt 2 & N
+ 4y Rle™ Ky | (A(N2_N1)) )

c

(A,)" = (Ag,,)? (71)
) . N2
+dad Rl Ky P (A0 + 8)
where

B, (1) = o (4B, +e78,)  (72)
is the co-rotated position operator of the mode k£ and
for a thermal state (AQE%)Q = (21, + l)x(z))u.

Imposing the condition AZ,, Az, < d (and simi-
larly for the cavity length L) implies a limit on the
thermal occupation and the photon number variance.
The former has to be minimized in any case to de-
tect entanglement generation, however it is generally
advantageous to maximise the latter and so its restric-
tion needs to be accounted for when choosing system
parameters.
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For the modulated optomechanical coupling at fre-

quency €, = (1 —1/n)(w, + w;)/2, (¢1 = 7/2), we
find at zeroth order in v,,

(Ko(2n — 1)(1 — cos(ewu)) + en(n — 1) sin(w,t) — en® sin((1 - l/n)wmt))2 _ kot

Rle 'Ky (1) ~

: 2(2n — 1)

This implies the conditions ﬂxo(QkOJren)A]\Ang <
d, or formulated as a constraint on the photon number
standard deviations: AN, < d/(v/2x0(2ky + en)).
For the values in Table 2, we find AJ\AILQ < 3 x10°
Since for coherent states, AN? = (N), this condition
is fulfilled.

8 Comparison to Semi-Classical Analy-
sis

For ancilla based entanglement tests, an alternative
approach for analysing the entanglement rate is to
work in a semi-classical approximation. This has the
advantage that the full, coupled, dynamics need not
be solved (in fact, an explicit Hamiltonian is not even
required). In the case of optomechanical systems, this
turns out to be remarkably accurate when only second
order perturbations are included.

We start by constructing a model for two massive
particles, where each exists in superpositions of ap-
proximately classical trajectories z ,,(t) and x5 ,(1).
These paths are labelled by sets of orthonormal quan-
tum states, |u,) and |v,), respectively, encoded on
two additional (external or internal) degrees of free-
dom. We can write the total state of each system
as,

90) =, |uy) |81,(t)), and
|1/)2> = Z by, |Un> ‘(I)Q,n(t» ) (74)

where |®; ,,) are the mechanical states corresponding
to the trajectories ; ,(t) = (;)|e, , 1))- The gravi-
tational interaction between the two particles can be
modelled by assuming the potential energy difference
between each localised superposition gives rise to an
accumulating phase,

am? [t dt’
onm(t) = =5 [;@mavmmwr (73)

and so after some time, the total state of the combined
system is,

W(t» = Zanb7nei¢nm |un> |U7n> ‘(I)l,n(t» |(I)2,m(t)> .

n,m

(76)

= 2
(73)

Note that entanglement only enters at the second
order expansion (and above) of (75). We now make
the assumption that after a period ¢, the mechanical
and label states disentangle, such that the reduced
state of the total ancilla system is pure,

w}red (tq)> = Z a’nbmei(ﬁ"”"
n,m

Uup) |V} - (77)

For low dimensional systems, the entanglement can
be calculated directly from the above. However, the
phases ¢,,,,, can also be viewed as the eigenvalues of a
suitable operator with eigenstates |u,,) |v,,). The for-
mer is dependent on the difference between classical
trajectories, which suggests a natural construction is
to first define two local operators,

Or =3y [un)u,|, and Oy =D v, [v,)u,|

(78)

If the paths can be written as functions of the label

eigenvalues u,,, and v,,, then the desired operator can

be found from Axz(t, O, 0,), where Ax(t,u,,v,,) =

Ty (t) — 21 ,(t). Thus the time evolution of label
states (at the decoupling time) is of the form,

N m2 t A A - ’

U= UlﬁgezGT fo Az (t,0,,0,) 1dt . (79)

By expanding Ax(t,él,OQ)_l to lowest order such

that the time evolution operator can be expressed as

U= ﬁlﬁZUIZ = (71[}26_@0102’ (80)

we can make direct use of (19) and the results of Ap-
pendix A.

Example 1: Interferometry. One of the simplest
examples has been presented in [11], where each par-
ticle is instantaneously driven into a cat-state super-
position with separation ¢, and then returned to its
original state after time . We can define label states
luy) = |vy) = |£35), then the interaction operator is
given by,

_i26m2 5, Ot
Upp(t) =e  na® 1727 (81)
where O; and O, are constructed from (78). For a
two level system, the linear entropy is a function of

only AO;AO, = % and so from (109) the condition
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for maximal entanglement is [11],
Gm? /1\2

ha () 1= (82)
A characteristic time scale for more general initial
states (at least to reach small levels of entanglement)
can easily be found from the analogue of (20) or, to
higher order (98).

Ezample 2: Optomechanical systems. In this case
the difference between classical trajectories is given by
Az(t, uy,v,y,) = d + 2zt u,,v,,), which for ther-
mal mechanical states can be readily found from (see
Appendix E),

J)S(t, Uy Um) = 29:0,5 (%[e_iWStOs} - %[e_iWStKN ]

X <<N1>\un> + <N2>|vm)) ) &83)

As this depends on the photon number of the ancilla
(cavity) state, we set O N;. A second order expan-
sion of Az(t,0;,05) " then leads to the time evolu-
tion operator,

U= 0,0, % x, sf Rle™ s Ky (¢))%dt' Ny N,

= 1 L E 5
(84)

where we can identify,

16Gm>

D(t) = ——a2,
() hdg 0,

t 7

/ Rle—™ K, (¢))2de’. (85)
0 s
For both modulated and unmodulated optomechani-
cal couplings we find that D(t,) evaluates to (22) and
(24) to first order in y,. The entanglement rate esti-
mates of section 4 then follow immediately. Note how-
ever, that at higher order in v,, deviations between
the fully quantum and semi-classical treatments begin
to appear.

9 Quantum Metrology

We can gain further intuition for the observed initial
state dependence by making use of techniques from
quantum metrology. In this framework, we consider
the two cavities as a sensor-source pair. Then a pre-
requisite for any experiment is that its sensitivity to
gravity is high enough to resolve quantum features in
the source. In our case, fluctuations of the photon
number.

Formalising this perspective is complicated by the
fact that there is no parameter corresponding to the
superposition size in the evolution operator (13), even
within the semiclassical model discussed in section 8.
This prevents a direct application of the usual meth-
ods from metrology. One solution is to first charac-
terise the measurement precision for the case that
[%source(0)) is an eigenstate of one of the quantum de-
grees of freedom, i.e. Ny, eo. Then we can effectively
replace the operator by its eigenvalue, Ay, in U and

treat this as a parameter for estimation. The quan-
tum Fisher information (QFI) of the evolved state
then sets the ultimate lower limit on the variance of
an unbiased estimator Ay via the Cramér-Rao bound,

1

(86)
where A is the number of measurements. We then ar-
gue that resolving quantum fluctuations in the source
photon number is only possible when ANsource >
Ady.

The QFI is most easily evaluated when the cavity
field states are pure. While this will strictly never be
true, it is comparable to the approximations used in
section 4 where we assumed KNu (ty) = 0. In this case

it takes the simple form,
QFL = (A, A ) = (WA, a1 (87)

where |1y ) = U 4(0)) is the field state of the de-
tector at ¢,, and [y} ) is its derivative with respect
to the parameter Ay. Denoting ]\72 = Ndetector and
N; — Ay in (13), a straightforward calculation leads
to,

QFI(tq) = 4D(tq)2(ANdetector)27 (88)

(neglecting K X, contributions). This is a di-

rect consequence of the approximation, ﬁlg(tq) =
(AJIUQeiD(tq)NlN? It then follows from (86), and the
condition AN, uree = ANy, that,

1

D(t,)| > ~ ~ . 89
| ( q)| B 2ANsourccANdctcctor ( )

Thus we see that metrology predicts a timescale that
is broadly in line with that needed for entanglement
generation (20). This should come as no surprise as
the semiclassical model above tells us that entangle-
ment is only possible when (at least some of) the
phases ¢, are different. On the other hand, to dis-
tinguish between them, we should be able to resolve
differences in the corresponding trajectories, which in
turn depend on fluctuations of the photon number.

To make this link more apparent, we can instead
derive bounds explicitly for the mirror position. The
result turns out to be essentially the same whether
we use expectation values or eigenvalues to identify a
suitable estimator. Note, while our focus has been on
entanglement generation, we could equally interpret
the sensitivity requirements as those needed to test
whether gravity respects the superposition principleg.
The latter can be traced back to proposals by Feyn-
man [53], but has also received renewed attention in
recent years [7, 8, 30].

To begin, we consider measuring the classical po-
sition Zyuree Of & particle (of mass m) using a single

8in fact we can ignore the quantum back-action entirely
from the analysis.
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optomechanical system. In the rotating frame, the de-
tector Hamiltonian takes the form (8), (1 — detector)
where by analogy with (3), the displacement due to
the gravitational interaction is given by

g

2xO,detector

Ddetector (t) (d - 2xsource)' (90)

It has been shown in [21] and [54] that the QFT of
the local (pure) field state, with respect to the param-
eter x is given by

QFT = 4W121 (ANdetector)27 (91)
where
W, =0, Fy, —2Fg. 5 0. Fs . (92)

(for notational convenience we abbreviate source and
detector labels to 1 and 2 respectively). The F-
coefficients can be determined by substituting (90)
into formally identical equations to (16). Note, in our
case the position (as an estimation parameter) has a
time dependence, ¢, which is independent of the actual
measurement time, ¢,. Indeed, if Ty,yce(t) = (21(1)),
then for a thermal state (see appendix 177)

msourcc(ﬂ = 21.071(%[6—10«’,"1501] + §R[e_iwmt[(](]l])<]<71>a

(93)
which can also be zero. Thus, it is convenient to
adopt the new parameter N; = (N 1) and write W, =
(ONy/0x1)Wy, . The calculation can be simplified fur-
ther if we ignore any displacement of the source due
to the detector (i.e. setting D;(¢)) = 0), which means
C1(t) = 0. Then evaluating Wy, when both source
and detector systems are identical, we find to first or-
der in g,

2(2n — 1)
~ D(t,), (94)

2 2
1+(2n—-1
Wi, (t,) = dmngy, <3k§ + e (1+(@n—1) )>

which is not a function of the time ¢. Thus the Cramér-
Rao bound for an unbiased estimate of g cq(t) using
measurements at decoupling time t, = 27ng/w,, is
given by,

4a2R[e i K ]2
(A'fsource (t))2 Z . 2[ ANSOMCS( 2)] : (95)
4D (tq)(ANdetector)

We now argue that superpositions of the gravita-
tional field can only be resolved when the detector
precision, (95), is smaller than the variance of the po-
sition operator Zyources

A

(A‘%source(t))2 = 41’8%[672@7”]{ V (t)}z(AJ\fsource)2

+ (A (1)),
(96)

where,

A~

Ly (t) = i‘source(o) Co8 wmt + 7ﬁsource (O) sin wmt'

mwm

(97)
If we are interested in the entanglement between cav-
ity fields, then the important correlations are those
arising between the respective number operators. We
can therefore ignore the second term above, and the
condition AZgquree(t) > AZgource(t) immediately re-
covers (89).

10 Conclusions

The application of the LOCC framework to tests of
quantum gravity has gained significant traction over
the last few years. In particular, because direct access
to the state of the gravitational field — for example, by
probing the existence of gravitons — is almost certainly
unachievable. Instead, it is hoped that correlations
arising from the collective interactions of macroscopic-
scale quantised masses may provide indirect evidence
for the nature of gravity.

Such tests are exceptionally difficult, requiring
highly non-classical states or very long integration
times. This poses a challenge for traditional optome-
chanical implementations, where generating large cat-
states requires superpositions of very different photon
numbers. Instead one must typically resort to a com-
bination of low mechanical frequencies and high cou-
pling strengths.

In contrast we have shown that the entanglement
rate can be significantly increased if the optomechan-
ical coupling can instead be modulated close to reso-
nance . For ky = e, this advantage scales as roughly

2
2 3 3
ﬁ (G“;;L”ﬂde) ° _ie. the benefit is greatest precisely

in the most accessible parameter regime. This can be
traced back to the position response of the differential
mode, which to a good approximation governs the co-
efficient D(t) which controls the non-separability of
the cavity states (see first appearance in Eq.(13)),
and not the initial cavity state. The latter can of
course be leveraged for further improvements. For ex-
ample, (20) can also be readily applied to squeezed
coherent states [55], where for squeezing amplitude r
and coherent state parameter «, the photon number
and its variance are given by N, = la|? €*" + sinh®(r)
and (ANj)2 = |a?e + %sinh2(2r)7 respectively (for
appropriately chosen phases) [21]. For squeezing of
around 10 dB [56], corresponding to r ~ 1.73, the
requirement on D(7,) would be decreased by an addi-
tional factor of 30.

In the absence of noise, modulations would there-
fore suggest that entanglement timescales compara-

In principle, it is also possible to use modulations of the
mechanical frequency or the interaction strength to enhance the
growth of entanglement. We leave this to future work.
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ble to proposals based on mechanical cat-states, (e.g.
[11]) may be realistic. However, even with these
improvements, significant obstacles remain. First,
the measurement window for witnessing entanglement
is extremely sensitive to the initial temperature of
the mechanical modes. Similar behaviour is well
known for the single photon interference visibility
width in a Michelson style optomechanical interfer-
ometer [26, 57], which scales roughly as /1/n. In
our case, the additional photon number dependence
in (51) is particularly problematic if entanglement is
to be achieved on short timescales. To some extent,
this can be alleviated through purely oscillatory cou-
plings (i.e. kg = 0), which reduces the dependence to
~ 1/(Npﬁ)1/4. However, in practice this still means
that the system must be cooled far below the limits set
by (45), even for state of the art detector bandwidths.

Secondly, in a two cavity system, the relative dy-
namics must be matched to extremely high precision.
This guarantees that both mirrors simultaneously dis-
entangle from the optical modes (at least approx-
imately), maximising the measurable entanglement.
Provided both cavities are initialised at the same time,
the main determiner is whether the mechanical fre-
quencies are equal, see section 5.2.2. Even for instan-
taneous measurements, the agreement should still be

better than one part in 27kgyy/ N, (7 + 3), which is a

significant challenge.

The most serious issue, however, comes from en-
vironmental decoherence. For both modulated and
unmodulated couplings, we find that the relaxation
rate must be bounded by v < QkZT C{';’g”. This agrees
with results previously reported in other scenarios, for
example in two free oscillators [27], linearised optome-
chanics [28] and levitated nano systems [58], which
supports the expectation that this is inherently a prop-
erty of the noise model (59). That is, the constraint
is independent of both the local dynamics and initial
conditions — it cannot be improved upon with novel
quantum control. To put this in context, even using
the highest density materials (2.2 x 10*kg/m®) and
milliKelvin temperatures, the relaxation time needs
to be longer than 71;1 =Q/wy, ~ 10's. The require-
ment on the ) factor can be reduced with low fre-
quency mirrors, however cooling then becomes more
demanding.

There are two caveats here. In practice, equa-
tion (59) is likely to be too simplistic a description,
and there is evidence that, at least in some optome-
chanical systems, the environment turns out to be
non-Markovian [59]. This is likely to have a further
negative impact entanglement generation [60]. On
the other hand, there are also suggestions that the
steady state limit of the full quantum Brownian mo-
tion model is more protected against loss of coher-
ence [61]. Whether this holds in the non-linear regime
and for sufficiently short timescales — particularly in
macroscopic systems where the discounted terms will

typically be much smaller than those in (59) — remains
to be seen. Alternatively, one may also look to weaker
quantum correlations. However, in this case the moti-
vation is less clear, as one no longer has the guarantee
of monotonicity under LOCC (e.g. Discord [62]).
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A Linear Entropy for restricted interaction

In order to estimate an upper limit to the entanglement rate, we will find it convenient to work with the
linear entropy, S;, = 1 — tr[pﬂ7 where p; = tryp is the reduced state of a bipartite system (in our case, the
joint cavity state for the two field modes). A characteristic entanglement timescale can then be defined as the
time, 7., for Sy to reach some fixed value, typically chosen based on the achievable signal to noise ratio of
the measurement. Here we will show that for pure separable states, pg = p; ® po, the linear entropy after the

. N A A iD 3 A . .
evolution U = U, Usye" 0102 4g given by,

SL= T e

k=1 s=0

= (—1)Fp* & <2k:
S
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r=0

where Oj (Uj) are arbitrary Hermitian operators (unitaries) acting on the local systems, and the expectation
values are taken with respect to the initial states p; and p,.
The first step is to write p; = |1, )}(¢);], then the purity of the reduced state of subsystem one is given by,

trlpT) =Y (W1, ol U |w, ) (wy | T [y, )1, (99)

where {|w,)} is any complete basis of H,. We now expand ) = ) in terms of the eigenstates, |u,),

a, |u
p PI1TP
of the operator O; (note the spectra can be continuous). For the form of U above, the terms on the right hand

side can be written as,

<ws‘ U |1/)17’(/}2> = Za’pﬁl <ws| UQeiD0102 Wz) |up> ) (100)
P
and so the purity is given by,
2
wr[pf] = Y 1D lapl* (W U lw,) (w, | Uslthy)| (101)
TS p

where we have defined [1,) = ¢ Pun©2 |thy) € H,. The factors appearing after the summation are now all
c-numbers, and so by expanding the square, we can remove the sums over r and s to leave,

wr[oi] = D lap|*lag|* {5y [10g)I. (102)

P.a
Now, writing |¢5) = >, by, [v,,) in terms of the eigenstates of 0., we have,

(pltbg) 2 = S [y 2[by [2e P ) (tn =t0)

. (103)
= Z 0| *[b1 | c0s (D (v, — v,) (u, — 11g))

where simplification in the last line arises because imaginary parts of the exponential must cancel in order for
the right hand side to be real. Inserting into (102), the linear entropy can be expressed as,

SL =1- Z |ap|2|a‘q|2|bm|2|bn|2 Cos (D(”m - vn)(up - uq)) . (104)

p.q,m,n

We now note that expectation values of powers of the operator Ol are given by,

(O7)y, =Y lag| uy, (105)

and similarly for 02. Thus, expanding the cosine appearing in (104) as the power series cos(xz) = 1+
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k 2k
Y ket % requires evaluating terms of the form,

2 2 j
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p,q
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p,q s=
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Similar terms can also be found for the eigenvalues v;,

_1\k 2k 2k . . 2k R X
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and so finally we have (98),

Ideally, the measurement scheme should be sensitive to small amounts of entanglement, then it is sufficient
to consider only the lowest order expansion in D,

S~ 2D*(A0;)*(A0,)>. (107)

In this case, the time needed to generate verifiable entanglement can be found by solving the equation
c
.D T, ~ ———, 108
D6~ 55136, (108)
where the constant, ¢, depends on the limits imposed by detector noise (we address the separate question on
noise in the quantum state in section 5). Thus, for a fixed sensitivity, the entanglement rate is enhanced by
engineering initial states with large variances for the coupling operators. For some states, the scaling in (108)
effectively extends to all values of the linear entropy. Setting O; = N;, then one can readily confirm that for

Fock state superpositions of the form [), = %OO)J + |N);), the linear entropy in (98) is given exactly by,
Sy =%+(1—cos DN?)"’_ Therefore (20) is satisfied with ¢ = icos_l(l —457), for 0 < S;, < 1, and in particular
the maximum entanglement scales as D = /N>, For fixed photon numbers, N, = (NJ> = N/2, these states
maximise the variance and can be considered optimal. This should come as no surprise — under the evolution
(13) they lead to a superposition of two different displaced motions for the mechanical elements (i.e. oscillating
cat states). The enhancements with N/2 from each cavity (equal to the standard deviations ANj) are then
roughly proportional to the maximum separation of the superposition (see also Example 1. in section 8).

Note in this case, one can also readily calculate the entanglement through the von Neumann entropy of one of
the reduced states, S = —Trp; Inp; = — Zj AjIn\;, where \; are the eigenvalues of p;. Under the assumptions
above, it is straightforward to show,

pr=Un | D aar Y [b[*e ™ )y || O (110)

r,l n

For a two level system, p; corresponds to a 2 X 2 matrix, and so the eigenvalues are given by the well known
formula,

1
Ay = 3 (trp1 + \/[trp;]* — 4 det pl) , (111)
where from (110),
trpl = 17
22 4 4 21, |2 (112)
det py = |aq[*ag|” (1 — [[b1|" + [ba|" + 2|b1[7|bo|” cos D(uy — ug)(vy — va)| ) -

As the entropy is maximised (but not necessarily maximal) when the separation between eigenvalues is largest,
we again have the condition cos D(u; — ug)(vy — vy) = 7.

\ore generally, for normalised states |¢;) = a; |m) + aq [n) and |¢5) = by |p) + by |¢) the linear entropy is given by,

202 2 |2
Sy, = 4]ay| lag|"|b1]|ba| " (1 — cos D(m — n)(p — q)). (109)
So while the reduced state may not always be maximally mixed, the condition for the linear entropy to be maximised is still
D(m —n)(p—q) = w. This also shows that not all couplings lead to a maximally entangled state, for which S;, =1 — m = %
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In optomechanical systems, however, generating Fock state superpositions with large N is extremely difficult
and a much higher photon number variance can be achieved by using coherent states. In this case, (20) does
not extend all the way up to the point of maximum entanglement. This is already clear from the next term in
(107), which can be expanded to arbitrary order using the identity (| N"|a) = B,,(N,), where B, () is a Bell
polynomial. While this form can be valid for large N,, (small D), its accuracy typically grows slowly for increasing

)
(and similarly for [¢)5) = |5)). Then setting X = D(p — q), with n = 0 in the identity (147) (see below) leads to,

2
Sp. An alternative expansion can be found starting from the purity (102) with [¢;) = e~ 310l Z;":O o

2] = o2lol® Z \0‘| p|0l| ! 2181 [cos D(p—q)~ o (113)

p,q=0

which can alternatively be recast in the slightly more computationally convenient form,

2r
SL —1_ —2|8)° 2262\04 [cos D(r—2k)— ]k' ‘ﬁ| ) (114)

=0 k=0 (r—k)!

As long as N, is not too large, this allows a reasonably accurate evaluation of the linear entropy up to Sy ~ 1.
We find that for most values, this turns out to be approximately a function of DN,, only (assuming (AN ]-)2 =N,
is identical in each cavity). In practise, this means that we can still use (20) to estimate the entanglement time.
A conservative choice for the measurable entanglement threshold is to assume Sy, = O(1), where now the pro-
portionality constant needs to be determined numerically. For concreteness we choose the point corresponding
to the maximum rate of increase the linear entropy, which is found to be at approximately |D(7.)| = ﬁ7

see figure 2. Beyond 7., entanglement gains become less significant, with the linear entropy changing only very
slowly above DN, ~ 4.

B Noise

The evolution equation (59) used in section 5.3 is the limiting case of the standard quantum Brownian motion
master equation applied to two interacting systems. It can be derived from first principles by introducing a
position-position coupling between the system variables and an infinite bath of harmonic oscillators [63, 64].
For a single system, this is given in operator form by [41],

PO L1, pl0)] - ”f;if” . 00,0}~ 012, 15, (1)) — h(0) 2,00, (115)

where {-,-} is the usual anticommutator and H,., corresponds to the renormalised system Hamiltonian (for
example, a frequency shift for a free harmonic oscillator), while the yg(t), f(¢) and h(t) terms describe damping
and anomalous and normal diffusion, respectively. In general these coefficients are difficult to calculate explicitly,
but exact forms are known in special cases. The most well studied is the high temperature limit, which is
valid when kgT is the highest energy scale in the system. This nevertheless still gives good results for low
temperatures, particularly in the macroscopic limit relevant here [41].

If the system-bath couplings are distributed according to an ohmic spectral density, with suitable cut-off, the
normal diffusive term is much larger than f(¢) and quickly settles to a constant value h(t) = % One

then notes that in the macroscopic limit the second term in (115) can be ignored, leading to

PO — B pt0)] ~ 228 3 (1), (116)

This equation is Markovian, and could in principle have also been derived within the Lindblad framework. For
two weakly interacting systems, each with their own bath, we can expect that the indirect coupling of one
system to the other’s environment will be very small. In the proposal considered here, this should hold for any
realistic experiment, where 7, < 1, and so it is reasonable to suppose a master equation of the form (59),

dp(t) 1 .~ T, .. .. Ty . ..

dt Zh[Hrem p(t)] - h721[$17 [1‘1, p(t)]] - hig[x% [$27p(t)]]’ (117)
where T; = 2m;kgT;vg ; is the normal diffusion coefficient associated to each cavity, and for convenience we
take ﬁren = H. Thisis justified as the mechanical frequency shifts in the expected regimes will typically be very
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small and therefore not greatly effect the entanglement dynamics. The extension from (116) to (117) has been
validated both from first principles derivations, and numerically, for simple systems, such coupled harmonic
oscillations [42], and shows good agreement in the small coupling limit. Furthermore, in the case of equal
temperature baths, (117) leads to essentially identical results to the strong coupling description, if positivity
is enforced via the secular approximation. It should be noted that the same may not be true for the optical
modes, where in particular we aim to work in the strong optomechanical coupling regime. In the present work,
however, we will not address combined optical and mechanical noise.

For our purposes, it is sufficient to solve (117) for the reduced cavity state alone. Here we make use of a
straightforward generalisation of the approach in [43]. For completeness, we repeat the relevant steps below.
First, we transform to the the c.o.m. and stretch modes so that H is diagonalised. When the cavities are
identical, i.e. T; =T, then (117) can be rewritten as,

0 _ 1 3l e, (O] = 24 12, (O], (115)

p(t)] — 12 B

where Y = 2mkgTvyr. We then define the density matrix,

pp(t) = (p,ql p(t) Im,n), (119)

where |m,n) = |m), |n), are field states of the two optical cavities. Thus the components of the reduced cavity
state are given simply by,

Pprgan.n(t) = Trarlpp (£)]- (120)
Using the projection (119), we can re-write (118) as
dpp(t i o~ i PO T
Cll)t( ) _ _ﬁHPﬂpD(t) + ﬁpD(t)H " ?[xc, [Ze, pp(D)]] — ?[xs, (25, pp ()], (121)

where we have used that H is diagonal in the photon number basis and we defined H™" = <m7n\ff|m,n> as
the effective Hamiltonians acting on the normal mode subspace,

H™" = hwg(m +n) + hwcblb, + hw,blb, — A" (£) (b + b) = AL™ (1)L +b,), (122)

with,
/\;r:n,n(t) = hwckc(t)(m - n)7

AL () = Py (= (8)(m 4 ) + Dy ,o(8)) - (123)

The next step is to move to the interaction picture by defining ph(t) = UP%(¢)pp (£)U™" (t), where the

U™"(t) are defined through,

ih%f]m’”(t) =H™"U™"(t), (124)

and since H is photon number conserving, U™ " (t) = (m,n|U(t)|m,n). Thus we have,

I
dpj;f” = —%U”’q*(t)[:ﬁm [Ze, pp (OO (1) — %Up’“(t)[:es, (2, pp (O™ (1), (125)

We now multiply from the left and right by U”?(u) and U™"' (u), respectively and take the partial trace over
the mirror modes,

Ty {W(u) deb(t) ﬁm*”*w)} = =Ty {0 = s s (0100~ )}
T ~ R
=T {0 = wlenlepp@0™ -0}
= T {6 00 070 = 00— (1)}
— oy {[8 6, 0770 = 0P 0~ (1)}

where we have used the cyclic property of the trace in the second line. The double commutators can be evaluated
using

(200 [, U™ (TP ()] = [#5(8) + 3(0) = 22, (0)F, (1] " ()T (1), (127)
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where,
Z.(t) = U (1)2,0(t), (128)
and
U(t) = 0" (0™ (1)
_ o ilwot=A)(prg—m—n) iB(p’+q’—m®—n®) iD(pg—mn) (129)
x D[~ 'Ky (¢ = p+m—n)D,[~e " Ky (p+q-m—mn),

The first set of phase factors do not contribute to ftu(t), and so we find,

‘%c(t) = ‘%c(o) - zxo,c%[e_MCtKNc](q -Pp +m— n),

xs(t) :(ES(O) —2(E07S§R[6 ) KNS](Q+p_m_n)v
and so the double commutators become,
(B [0, O (0P ()] = 403, Rle ™ K, Pl — p+m — n)T™" (007 (), .
[, [, O™ () UP T ()] = daf Rle™ ™ K g 12 (g +p—m—n)2T™" (1) UP7(t) .
Substituting into (126) we find,
d N N N N
Z Ty {Up’q(u)pID(t)Um’"T(u)} — D(t,u)Tryy {Up’q(u)pID(t)Um’”T(u)} , (132)
where,
47 ;
I(t,u) = ?azac%[eﬂ%(t—")l(ﬁc (t—u)*(g—p+m—n)’
133)
47 —iw,, (t—u (
o Rle K (- wP gt p - m =),
This can be solved by a simple integration, and so (setting u = t) we find,
cav _ (! I'(s,u)ds A rm,n
ittmn(®) = e~ S Ty L) 0™ (1)) -

— tI‘ s,u)ds 2 S
= I {59000, 0)0™ (1)} © (9.4l e (0) . m)

where ph(0) = pp(0) = (p,q| p(0) |m,n). This leads to an effective heating of the mechanical modes and a
thermal contribution to reduced cavity state which no longer vanishes at the respective decoupling times of the
optical and mechanical states. To see this explicitly we note from Appendix D that under unitary evolution,
the components of the (reduced) cavity state when the mechanics is initially in a thermal state are given by,
P (1) = e AP B ) Do I, ) 4t

135
o o 3 (Ex, Pact D ta-m=—n)*~(C, Ky ~CIKy )pta—m=n)) (135)

for arbitrary initial cavity states |1(0)) =Y a,, |m), [¢2(0)) = >_ b, |m). This implies we can formally replace
the thermal occupation n,, by a time dependent term,

B B Hzec (t)
n,(t) =n,(0) + 5 (136)
1Ky, |
w
where,
dec _ ! 8T 2 —iw, (s—t) 2
Ky (t) = ?"I;O,ﬂ%[e KNH (s —t)]"ds. (137)
0
For the modulation frequency Q, = (1 —1/n)(w, + w,) and ¢, = 7/2, miec (t,) can be evaluated to zeroth order
in 7, as,
dec 47 qn n2(1 + (2n — 1)2)
) = S Ry
, (138)
T:EO m
2 : D(tq)7
R wm g
for p=c¢,s.
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C Evaluation of Determinant-based Entanglement Witnesses for Continuous Vari-
able States

In section 5.1 it was noted that the idealised limiting state of the final (entangled) optical fields will be of
the form (1 +4) |aq, as) + (1 — 4) |—ay, —ap). While many of the simplest continuous variable criteria fail to
identify entanglement in states of this form, Shchukin and Vogel [37] introduced an infinite series of inequalities
for which the violation of any is sufficient to witness entanglement. These can be conveniently written as the
determinant of a matrix of moments of the state, where negativity implies the violation of one set of inequalities.
The simplest which is suitable for our purposes is given by,

1 (ad) (ayab)
Wi(t) = | (az) (abas) (aralas) |. (139)
<a102> (a{agaﬁ (aia1a£a2>
For convenience we move to the Heisenberg picture, O(t) = U'OU, where in the symmetric cavity limit the
evolution operator is given explicitly by (13) and (29),

) . . o atp I PRS- S N S
U(t) _ ez(—wot-l-A)(Nl + Nz)e—zwcbcbcte—zwsbsbstezeezB(Nl +N2)61DN1N2 « (140)
X D[-Kyg (Ny = Ny D[Cy — Ky (Ny + Ny)],

c s

with wy = wy, /1 — 47, and w. = w,,. Using the relation,

D(C = K(Ny + (=1)FK)) = D(C)D(= K Np) D((—1) K Ny )t 3 (OKT-CT Rt (GO gy

&2

Together with Df,(XN,)a;D,(XN;) = D, (X)a;, and e~V aeXV" = XCN#D g we find,

J iz J?
a,(t) =e'™B ei(DN2+QBN1)&1 ,
ay(t) = eiqSUBAQei(DNl—&-QBNQ)& 7
(aya})(t) = Bypahe PPN =Nl (142)
(ala;)(t) = ala;,
(a1838,)(t) = ay (t)alay = e"Pala, (t)a
Where ¢y = —wgt + A + B and,
By = ¢ MR TN D (- (1) Ky )DL(~ Ky, ).
B} = MO RN D (—(—1)2K g )D,(~2K g ),

R o (143)
By = BBl = D (+2Ky ),

CSK;»,S -C; Ky

BAlBAQ = e+( DS(_QKNS)

are operators acting on the mechanical modes. Here we consider two scenarios: 1) The mechanical modes
initially in a coherent state j3,, and 2) The mechanical modes initially in a thermal state py, ,. For each case
the expectation value of the displacement operator is given by,

2 * *
(D(X))y = e #IXI XA =X70
2

144
(D, (X)), =e 3XI e RIXIHSIXIDA, _ —IXF(t3) (144)

Pth

So we have,

)

)8 = (145)
)
)
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where Bu = _(Kﬁuﬂ: — K;,“ﬁu) and,

_ —3(IKy P+ H+IKy P(.+1)) +3(C.K; —CIKg )
(By),, = HTx. : P HOK, ~CL K
(B2) o 21K (et 3) 4Ky P(1,4+3)) H(OKy ~CIKy)
Pin , ) (146)
< ) *Q\KNJ (fic+3)
12/ py, = )
oKy (At 3) H(O Ky —CIKy )
(B1Bs),,, = Mal e M N,

The final ingredient are the expectation values with respect to the cavity states, which we take to be coherent
with parameters o; and a4 for the two cavities, respectively. Using

. & X
(€*Nar), =aje ! (1), (147)
we have,
. 2 2iB 2 iD
(a1 (1)) = a0 (B eIl (17677) el (1)
. 2 2iB 2 D
(5(0)) = ape® (By)e™ 2l (=) ml P (=),
2 —i(D—2B) 2 i(D—2B)
(@185)(8)) = aya (Byge 1o (1) el (127 (148)
(ala;)(®) = |y .
(@13502)(8)) = ol PeiPei®o (By)etl (1) mleal* (1)

<(a1@1@£&2)(t)> = |a1| |042‘ :

These expressions are generally too complicated to gain much insight. However, by considering the form of

the determinant (139) we observe that the phase ¢y ultimately vanishes together with the imaginary exponential

terms in (145) and (146). Similarly, only the modulus of a; and «y is important and so from symmetry of the

set-up this implies that the optimal choice of initial cavity states is oy = oy = o and |a|* = N,,. With these
restrictions, the determinant witness (139) can be written as,

Wi (t,) = Ns (1 B 674nzh74Np(lfcos (D—2B)) 26752“7,{;“72Np(27coschoszB)

th th (149)
—3ke — —2N. (3 cos D—cos 2B—cos (D—2B)) COSD)

+2e

. *(n, +1/2).

We note, however, that the B terms should not in principle contribute to the entanglement, even though they
have a non-trivial effect on the witness. An analogous situation arises in the estimation of the gravitational field
by a single optomechanical cavity, where it is known that the quantum Fisher information (QFT) is independent
of the corresponding B coefficient at the decoupling time, however certain POVMs only saturate the QFI when
this is an integer multiple of 27 [21]. This is occurs when using homodyne measurements, for example, and
typically require ko € Z. Interestingly, we find from a numerical analysis, that the optimal values of B(t,) for
the witness are integer multiples of 7. Considering a measurement time ¢, = gnm/(1/w. + 1/w,), with the
optomechanical coupling modulated at frequency 2, = 1(1 —1/n)(w, +w,), we find from B = B, + B, that,

th
where K, = |Kx
| N,

B(t,) = 2qnm(1 + 3v,) (k'g + 2(2:_1)62> . (150)

Thus in the large n limit, we also see that approximately integer values of k; and € are favourable””. Adopting
these B(t,) values leads to immediately to the witness in the main text (30). The prefactor (generically N;’ )
should not be attributed to the entanglement scaling estimated in section 4.2. Instead this term acts like a
signal gain, which should be offset against a proper noise analysis of measurements of the moments used in

(139).
When the initial mode temperatures are equal, we find that ﬁth(tq) = nth(t ) to first order in vy,
(27rn'yg)2 (kz(Q)(Qn 1)+ (n—1)°n? 2)

~ (n, +1/2)

2(2n — 1)° (151)
1

~ i(ﬂn’yg)z (4]4:(2) + TL262) (n, +1/2),

1On the other hand, heterodyne measurements achieve the same scaling as the QFI (up to a factor of 2) independent of this
constraint, and so we may hypothesize that a heterodyne-based witness could be more convenient from an experimental perspective.
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where in the second line we have assumed n large. Thus,
Wi(t,) = 4N]‘:’e_4y (62y sinh?(y) — 22) , (152)

where y = 2sz2 + K (ty) and z = sin(D(t,)/2). Taking the derivative with respect to z, the minimum will
satisfy (36),

22
2 2 min
Azpin Fe¥min =1+ N ilzth’| (153)
p~min Zmin
For "fth/|zmm ~ 0, a formal solution for z,;, can be written as,
th

V142N, — 2w (bt ) -

2o . = s
min 2 2Np ( )

where W (z) is the Lambert-W function defined as the solution to W(z)e" ®) = z. For large x, we can
approximate W (zx) asymptotically as,

W(z) = In (WZJ ~In (&) : (155)

th
then to first order in 1/N,,, the term W(G%HVPHH N,)=1+N,- ﬁ[l —4(N, — k™, and so

Zmin

\/1 — 4(N, — 1)&"" \/1 — 4N, k™"
~ 5 ~ 5 (156)

V2N, V2N,

which agrees with the simple analysis provided in the main text.
When I€/|zmin is significant, it is convenient to first write s explicitly as a function of z. For e = 0, Iith(z) ~

Ii2?, with T9 = %} (see (35)), which immediately leads to (40) under the substitutions N, — N, + Ty /2
0

and k™ — 0. However, for modulated coupling, where g =12 3, finding a formal solution to the minimum
condition is difficult, and so we instead resort to an expansion of (153) under the assumption z,;,, szr2nin <1,
and N, > 1 (which are all consistent with the expected experimental regimes). In order to preserve the correct
behaviour as ™ — 0, it is convenient to first multiply (153) by (3/ 2)(4Np Zmin + /Ql|zmm) /Zmin, before expanding
the resulting expression to second order in z,,;,. A slight rearrangement leads to,

A(6N; +T%)w® + 20N, Tw’® + 4T%w — 3 = 0, (157)

2
where I' = %(ﬁ + %) (@) ., and we have made the substitution z.,;, — w*/%. The solution for w up to first

order in 1/N,, is given by,

= — h = = —
w 2N§/3, where v QN;/?’ 13 N;/?’

1—v 50 5ﬁ+%(7rq’yg)§. (158)

€

Transforming back to z,;, leads to (44) in the main text. This corresponds to an optimal entanglement time
of,

3 2
Npwie g

t = ( 2v2r )3 Vi—o. (159)

We now expand the exponential terms in W, (t;) in powers of 1/N,,, ignoring overall terms proportional to any
inverse powers of N, (which is consistent with our final bound on I'). This leads to,

3 Np 1 2/3 4 1/3 2 35F3
) ~-——+=-N'""T—-=-N'"T —_—. 160
Wl(zmm) ) 4 + 2 D 9 p + 162 ( )

In the limit N, > 1 the first term can be neglected, and so we again recover the asymptotic noiseless witness
minimum of —N,,/4. The solution for I" such that (160) is half the optimal value is then approximately,

I <0.33N,/2. (161)
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C.1 Decoherence

The comparatively slower scaling of the temperature bound is a direct result of measuring close to (or at) the
cavity-mechanics decoupling time. This highlights the advantage of the fractional frequencies introduced in [21].
On the other hand mechanical noise depends on integrating over the full motion and therefore always contains
a term independent of v,. In Appendix B we saw that thermal decoherence effects can be formally included by
rewriting expectation values of the mechanical mode operators as (see equation (136)),

dec dec

o (Ex POt HK g P4 5)+a+r0%) +3(C.K5 ~CIKy)

<Bj>pth, = )
(B2) = 21K s POADHEy PRt D4rr0") +(CKG ~ClKy)
7/ Pth . ) o (162)
(Bi2)p,, = e Hn e a) o
(B,B,), =e 2Kx, (Rt 3) =200 (O Ky ~CIKy)
Ptn s
where nfbec(t) is defined in equation (137). We find,
Wl (tl) _ N;g (1 o ef4ncf4Np(lfcos D) 267ncfn572Np(lfcos D) + 26*3’%*’45*4]\@;(1*005 D) oS D) 7 (163)
where k, = &0, + #l,". To zeroth order in v,, Ko-(t,) ~ Ke(t,) > ki"(t,) and so from (138) we can set
2
Ku(ty) = k(2(ty)) = Taecz(ty), with T'gee = ;3%”" . In this case the analysis proceeds in a similar fashion to the
mYg

above. Substituting for x(z), we find the analogue of (157) as,
2(12N§ + Féec + 12Np(1 + Fiec))zfnin + 3Fdec(6Np + 1—‘dec)zmin + 3(Fdec - 1) =0. (164)
Expanding to first orders in 1/N,, followed by Iy, the solution is given by,

1 3
PATRp——  — . 165
2\/§Np< 2v2 ¢ ) (165)

while to second order in I'y.., the corresponding value of the witness is,

N, 5
Wl (zmin) = _Tp (1 - 2\/§chc + 2F(21cc) . (166)

Now, solving min W; = min anleec:O gives,

| g (2—V5a—1), (167)

so for a = 1/2, Tqee < 0.219, which is typically accurate to within a little over 1% of the (numerical) exact
bound. In contrast, the absolute bound for this decoherence model (i.e. when infinitesimal negative values of
W, can be measured) is given by Iy, < 1. We then have,

hGm

YrkeT S { 2’

0.11 h§3m7 Achieve half the minimum possible value of the witness.

Verify any entanglement
y any g (168)

D Logarithmic negativity for optical Fock state superpositions

In the case of finite dimensional bipartite systems, a convenient entanglement measure for mixed states is given
by the logarithmic logarithmic negativity,

LN(p) =log |lp"|]1, (169)

where pT2 is the partial transposition of p with respect to subsystem one and ||p||; = Try/ pr denotes the
trace norm [65]. Here we compare the entanglement behaviour when the cavity fields are prepared in equally
weighted superpositions of Fock states, | o) = %(|0> + |N)). It is useful to first give the general expression

for the time dependent reduced joint cavity state p.,, = Trg .[p] when the mechanical modes are initially in
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the thermal states p, 4 ® p. 4. Writing the light fields (which we assume to be pure) in the number basis,
[¥), = > a,, |m) and |¢), = > b, |n), the reduced density matrix after the evolution (13) can be found using

(144) and the composition of displacement operators ﬁ(oz)f)(ﬁ) = e%(aﬁ*_a*mf)(a + B). This is given by,

Peas () =D Mg [m)pl [n)al, (170)
m,n,p,q
where,
Mm =a b b*e—z’(wot—A)(7n+n—p—q)eiB(m2+n2—p2—q2)eiD(mn—pq) —*|KN | (fie+%) (n—m+p— ’1)
png q (171)

o o 3 (IEx, PAA D) mtn—p—0)*~(C. Ky ~CIKg )(mtn—p—0))
i
and 7, = 1/ (ehw“/ kT _ 1) is the average thermal occupation of the transformed mechanical modes. Note that
as entanglement is invariant under local operations, we can equivalently consider the state p.q,(¢) defined by
the coefficients,
~ iD(mn—pq) —%1Kg |*(Ae+3)(n—m+p—q)® —L|Kg [*(A,+3)(m+n—p—q)

Mg = amabybic’ (mn—pq) , =3 |Kx |"(Ret3)(n—m+p—a)” —3|Ky I"(7s+3)(m+n—p—aq) ’ (172)
where the local actions on the optical states in (13) have been ignored. Further simplifications can also be made
if we restrict our attention to short times around the optimal measurement time, ¢, — At <t <t, + At. This
is consistent with our expectation of a small measurement window, and for n. = ng, = n, an optimal strategy is
to choose the modulation frequency Q,, = (1 — 1/n)(w, + wy)/2, with t, = gnm(1/w, + 1/w,). The difference
between | K ®)|* and | K N (t)|? is then proportional to 744t and so to lowest order in ,, we can assume that

M * oiD(mn—pq) ,—r((m— p)*+(n—a)*) (173)

mpngq Namapb b ’

where & = k%" lKN| (n+1).

For initial states described by a,, = b,, = (0% + 62)/v/2, we can map the partial transpose of the cavity
state,

ﬁz}:v (t) = Z Mmpqn |m><p| |n><Ql , (174)
m,n,p,q€{0,N}

to its 4 x 4 matrix representation (ﬁfgv(t))(mm(m) = Mmpqn, where the indices run over (j,k) =

(0,0), (N,0), (0, N), (N, N). The trace norm is then found from the sum of the eigenvalues of (5.2, (t))" (522, (1)),
leading to,

0 . sinh(kN?) > sin (D—NZ))

log [e_'{Nz (cosh(/-;NQ) + sin (DTNz>>} - else ’ (175)

LN (pean(t)) =

This expression shows that the logarithmic negativity is non-vanishing only in regions where sinh(xN 2) <

2
sin % . These define the available measurement windows in which entanglement can be detected by mea-

surements on the optical fields. In particular, for small arguments of the sinh and sin functions, the condition
takes the form xk < D/2 which coincides with equation (34). A repeat of the analysis leading to (51) is straight-

forward, though in this case k. ~ sinh~*(1)/N? and so from (47),

5 2sinh ™" (1) (176)

T~ . 176
wkaN\/ﬁ + 1/2

Note that as one can expect the optimal measurement time now scales as t, ~ 1/N 2 (see Appendix A), for both

coherent states and Fock state superpositions the measurement window is inversely proportional to the square

root of ¢, i.e. its behaviour is relatively insensitive to the initial state.

. . . o th dec .
The above analysis can be repeated to include decoherence via the substitution x, — k, = &, + K#ec in
de dec

(172). Just as with the thermal contributions, for small times around ¢, the difference between £5° and x* is

proportlonal to ,, thus (173) is again fulﬁlled in this regime, which 1mmed1ately recovers equation (175) with

1
:‘{_Ii _'_Ii(ec

Figure 4 shows plots of the logarithmic negativity close to ¢; for the analytic result above. These agree with
numerical evaluations to within a relative error of less than 10~ everywhere up to regions close to the boundary
of the measurement windows (where the numerical errors becomes significant). For the case of decoherence, we
find that the measurement window closes as I'g.. approaches 1.

Accepted in (Yuantum 2023-10-15, click title to verify. Published under CC-BY 4.0. 30



() (b)

0.14f — lgee =0 0.14F — =1
0.12F = 1 0.12F _ 4
r(lm: 0.2 n =10
0.10 E o.10f
Tgec = 0.4 _
e 7i = 102
= 0.08f 1 =, 0.08F
~ — Diec =06 ~ .
— =10
0.06f E 0.06f n ]
— T =08
0.04F R 0.04F
0.02f /\ — Taee=1 | 0.02f
0.00E T T T T ; E 0.00k I T L L L
-0.010 -0.005 0.000 0.005 0.010 -0.010 -0.005 0.000 0.005 0.010
(t—=t1)/Tm (t —t1)/Tm

Figure 4: The logarithmic negativity of initial cat states [t 5) = \%(\O) + |10)) for optomechanical couplings modulated at
the fractional frequency Q, = (1 — 1/n)(w, + w;)/2, n = 1000 (and phase ¢; = 7/2) as a function of the time-difference
to the measurement time ¢; = nm(1/w,. + 1/w,), in units of 7,,, = 27 /w,,. Here we choose the more optimistic parameters,
Wy, = 27 X 10°Hz and m = 2.4 x 1078kg, leading to v, = 5 x 107", Plot a) shows LN for different values of the thermal
occupation of the mechanical system 7 and plot b) shows LN for different decoherence rates quantified by the parameter Iy,
for n. = 10.

E Displacement and Variance of the Mechanical Modes

The time dependent position operators for the c.o.m. and stretched modes can be calculated as in Appendix B.
We find,

fc(t) = jwc (t) + 2x0,c§R[eiintKN ](Nl - NQ)a
—iwgt ) —iwgt 7 X (177)
Ba() = 2, (6) + 20,4 (Rl C] = Rle™ ™ K g J(W) + Ny))

where,
&, (t) =z, (ew“ti)L + eﬂw“ti)“)

1
=,(0) cosw,t + ——p,(0)sinw,t .
I w e, e "

The stretched mode gives information of the separation of the two mechanical elements via 4 —#; = /2%, = 0.
For thermal states, we have that the separation expectation value is simply,

d+ (62) = d + 2V2z (%[e*“stcs] — Rle™ K g J((Ny) + <N2>)) : (179)

Similarly, the variance in the mode operators is given by,

o2 L2 2 —iw,t 2 G a2
(Ad)* = (Ad, )* + ad Rl Ky 7 (A0 = )
| , (180)
(A2,)* = (Ady,)” +dad Rle " Ky [P (AW + M)
Now, for a thermal state, (Afc%)2 = (2n, + 1)x§,#, thus the variance in separation is,
, . N2
(A(d+68)) = 2a , |1+ 20, + AR[e 'K g ]° (A(N1 + Nz)) } . (181)
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