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We perform a detailed analysis of the possi-
ble violation of various Bell-type inequalities
for systems of vector boson-antiboson pairs.
Considering the general case of an overall
scalar state of the bipartite system, we iden-
tify two distinct classes of such states, and
determine the joint probabilities of spin mea-
surement outcomes for each them. We calcu-
late the expectation values of the CHSH, Mer-
min and CGLMP inequalities and find that
while the generalised CHSH inequality is not
expected to be violated for any of the scalar
states, in the case of the Mermin and CGLMP
inequalities the situation is different — these
inequalities can be violated in certain scalar
states while they cannot be violated in others.
Moreover, the degree of violation depends on
the relative speed of the two particles.

1 Introduction

Quantum mechanics predicts that the results of mea-
surements exhibit correlations that differ radically
from those of classical physics. Einstein, Podolsky
and Rosen were sufficiently disturbed by the apparent
lack of realism in quantum measurements, in particu-
lar those corresponding to non-commuting operators,
that they doubted the completeness of the theory [1].
In response, Bell [2] considered the predictions of the-
ories that are both local (such the physical influences
cannot travel faster than the speed of light), and real-
istic (having physical properties that are independent
of observation). He showed that, under certain as-
sumptions, one could perform experimental tests that
could distinguish between the predictions of quantum
theory and those of such local realistic theories. His
method was based on the observation that quantum
mechanical predictions for particular correlated ex-
pectation values disobey a mathematical inequality —
a so-called ‘Bell Inequality’ — that local realistic the-
ories must satisfy.

Subsequent experimental tests of Bell-like inequal-
ities have been performed a variety of physics sys-
tems using e.g. photons [3, 4], ions [5], super-
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conducting systems [6] and solid-state systems [7].
More recent examples include so-called ‘loop-hole-
free’ tests [8, 9, 10], in which special attention was
paid to issues of causality, efficiency and freedom of
choice of experimental settings. Bell tests have also
been performed experimentally on pairs photons with
orbital angular momentum [11], where any measure-
ment of each of the two subsystems results in one of
three possible outcomes.

Violation of Bell inequalities by quantum-
mechanical probabilities is usually discussed within
the framework of non-relativistic quantum mechan-
ics. However, the description of EPR experiments
with relativistic particles should be performed in a
relativistic setting. Quantum entanglement and Bell
inequalities in such a setting have been considered
in the literature starting from Czachor’s paper [12].
Since then a large number of papers on the subject
have been published, see, e.g., [13, 14, 15, 16, 17,
18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30
and references therein. It is worth taking note that
the description of EPR experiments in a relativistic
framework is hindered by theoretical and interpre-
tational difficulties. One of the most important
problems is related to the appropriate definition
of a relativistic spin operator which is rooted in
the non-existence of the Lorentz-covariant position
operator in relativistic quantum mechanics [31]. We
discuss these issues in more detail in Sec. 3.

In Ref. [21], the EPR correlations in the spins of a
pair of identical relativistic spin-1 bosons were con-
sidered and the expectation values of various corre-
lators calculated analytically. More recently a pro-
posal was made [32] for testing Bell inequalities using
a pair of spin-1 W+ and W~ bosons resulting from
the decay of a spin-0 Higgs boson’. Several distinc-
tive features of these recently-proposed measurements
make them particularly interesting both in terms of
their experimental setup and the interpretation of the
results. Firstly, the extremely short (sub-fm) sub-
nuclear length scales of the bipartite systems under
test are many orders of magnitude shorter than any

IFurther analysis of the prospects for Bell violation measure-
ments in bipartite systems of weak vector bosons at high-energy
colliders have been described subsequently in refs [33, 34, 35,

Accepted in {Yuantum 2023-07-20, click title to verify. Published under CC-BY 4.0. 1


https://quantum-journal.org/?s=Bell-type%20inequalities%20for%20systems%20of%20relativistic%20vector%20bosons&reason=title-click
https://orcid.org/0000-0002-6973-2301
https://orcid.org/0000-0002-5379-4487
mailto:Pawel.Caban@uni.lodz.pl (corresponding author)

existing measurements, making this a novel and unex-
plored regime. Secondly at least one W must be off-
mass-shell if produced in a Higgs boson decay, since
the mass of the Higgs boson is less than the sum of
the W+ and W~ bosons. This opens the possibility
of performing Bell-inequality tests using rather virtual
particles, again a regime in which we are not aware
of existing tests. Finally, the use of “self-measuring”
quantum spin states — which exploit the chiral na-
ture of the weak force to measure the bosons’ spins
from the emitted direction of their daughter leptons
— challenges the assumption of the experimentalist’s
freedom-of-choice that is typically made in Bell tests.
These features provide motivation for increasing our
understanding Bell-inequality violation in systems of
vector bosons, however we do not rely on them in
what follows.

2 Scalar states of two vector bosons

We are interested in states containing two relativis-
tic vector bosons, which we label a corresponding to
the particle, and b corresponding to its antiparticle.
We consider here states that have sharp momentum,
and label the four momentum of the particle £ and
that of the antiparticle p. The simplifying assump-
tion of states with sharp momentum allows the study
of the relativistic effects without the additional com-
plications associated with finite-width effects.

The method of constructing the corresponding
single-particle (and single-anti-particle) states is pre-
sented for completeness in Appendices B and C, which
themselves further develop the formalism described
in Ref. [21]. The result is that a covariant boson-
antiboson state corresponding to this situation takes
the following form

b (k)es ()| k, N; (p, »54W%@QW@@@3

1

where the meanings of the amplitudes e(k) and the

creation operators a', b are as described in Appendix
B.

Here we consider a general scalar state in the fol-

lowing form

lo(k,p)) = guv (k. p)eX(k)e

where

o (P)|(k,A); (o)), (2)

v (k) = N + iy (kb + puk), c€R.(3)

We note that transversality condition (60) for ampli-
tudes e(k) reduces the second term in the bracket in
(3) to the p,k, only. Choosing the above parametriza-
tion we exclude from our considerations the state
pukvel (ke (p)|(k, A); (p,0)). However, this state is
separable.

The scalar state defined in Eq. (2) is normalized as
follows

(a(k,p)la(k, p)) = 4k"p"(6°(0))*A(k,p),  (4)

with

m? (kp) 2
Ak,p) =2+ [cm (1+ )} NG
Eq. (2) defines a whole variety of scalar states, two of
which are distinguished.
The first one, | (k,p)), corresponds to the choice
Cyp = 0:

(k. p)) = nuves (k)eg (p)|(k, A); (p,0)). ()

It is the simplest and the most natural scalar state. In
[21] we considered the Einstein—Podolsky-Rosen type
experiment with two bosons in the state |[¢(k,p)).
The normalization factor A(k,p) of the state | (k, p))
has the simple form

A¥ (k,p) =2+ 2 (7)

The second interesting scalar state, |((k, p)), corre-
sponds to the choice ce = —1:

60, 2)) = (1w — gk )b (R)els (B (R, N): (0, ).

(8)
The state |£(k,p)) has the property that in the mass-
less limit it converges to a scalar two-photon state.
This question was discussed in detail in [37]. Notice
also that the normalization factor A(k,p) of the state
|€(k,p)) also takes the simple form

3 Spin operator for a relativistic parti-
cle

When we want to calculate explicitly correlation func-
tions, we need to introduce the spin operator for rela-
tivistic massive particles. The choice of such an oper-
ator is not a trivial problem. We know that in the car-
rier space of a unitary representation of the Poincaré
group there exists a well-defined square of the spin
operator

2 WHEW,
S =s(s+1)[=-— o (10)
where s denotes spin of a particle and
Jin = Lamip, (11)

is the Pauli-Lubanski four-vector, P, is the four-
momentum operator, JAW denote the generators of the
Lorentz group such that U(A) = exp(iw"’.J,,), and
we assume €122 = 1. On the other hand, spin can be
defined as a difference between total angular momen-
tum and the orbital angular momentum L=QxP:

/\ /\

=J-QxP. (12)
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Total angular momentum J is well defined as the
generator of the rotations, Ji = aijkjjk, and the
momentum operator P is also well defined (compare
Eq. (53)), but there does not exist a generally ac-
cepted position operator Q[&l] Different choices of
the position operator Q lead to different spin opera-
tors. The most popular position operator was intro-
duced by Newton and Wigner[3§]

PxW

1 o 1
mPO(m + P0)

QNW:—iﬁ ﬁ

where K denotes the boost generators, K! = J%. The
Newton-Wigner position operator possesses many de-
sirable properties: it is a vector with commuting,
self-adjoint components and it is defined for arbitrary
spin. Unfortunately, QNW does not transform in a
manifestly covariant way under Lorentz boosts.

The spin operator related to the Newton-Wigner
position operator is equal to

g:i(vv_wo
m

AL). (14)
PO+ m

This operator has several desirable features. Com-
ponents of this operator satisfy the standard su(2)
Lie algebra commutation relations. Moreover, the
square of the operator (14) in a unitary irreducible
representation of the Poincaré group is equal to (10).
What more, the operator (14) is the only axial vector
which is a linear function of the Pauli-Lubanski four-
vector components[39]. Finally, as was shown in [40],
the operator S has an elegant transformation formula
S/ = R(AJAD)S under Lorentz group action, where
R(A, P) is the corresponding Wigner rotation while P
is the four-momentum operator. That is why in our
opinion the spin operator (14) is the most appropri-
ate one and we chose it for our calculations (compare
[41]).

The influence of the Newton-Wigner localization of
a particle inside a detector during spin measurement
on relativistic quantum correlations, but in a case of
a fermion pair, was considered in [26]. In Appendix D
we have shortly recalled these results adapting them
to a system of vector bosons. We concluded there
that for real, massive particles there is no problem
with localization of a particle inside the detector in
situation in which it is directly detected. The extent
to which such arguments might also be relevant to
measurements of gauge boson spin via the kinematics
of their chiral decays, as was used e.g. in [32], is a
more involved question, and lies beyond the scope of
the present paper.

We note that other spin operators have been also
used in the description of relativistic EPR experi-
ments, the most popular one is the operator used by
Czachor[12]. This operator is related with the so-
called center of mass position operator which has non-
commuting components. For more exhaustive discus-
sion of the problem of choice of the proper relativistic

spin operator see, e.g., [42, 19, 20, 41, 43, 44, 45, 46,
47, 48].

The spin operator S (14) acts on one-particle states
according to

S‘k,0> :S)\a|ka)‘>7 (15)

where S* are standard spin-1 matrices (compare, e.g.,
[49]):

010 0 -1 0
st=Lf1 0 1], s?=+L[1 0o -1,
o 1o 2l 1 o

(16)
10 0
=100 o0]. (17)
00 —1

An operator which acts like a spin on particles whose
momenta belong to some definite region €2 in momen-
tum space and gives 0 otherwise has the form

5" = /Q 4% 1 (1)Salk), (18)

where a(k) = (a41(k), ao(k:),a_l(k))T. A similar op-
erator but acting on antiparticles has the form

S;:/ L.y (1)Sb(k). (19)
Q
We have

Sol(k, Na: (9,0)5) = xa(k)Sxal(k, X)ai (p, o))
(20)
and

S0l (b, Nai (0:0)s) = X0 ()Saro| (ks N (90" )o),
(21)
where xqo denotes the characteristic function of the
set 2 xq(k) =1for k € Q and xq(k) =0 for k & Q.
The spectral decomposition of the operator w - Sg can
be written as

w-8g=1-T%E +(—1)- T4 +0-TI&0,, (22)

where the projectors act in the following way:

IIE5 (kN ai (p, o)) =

Lxak) (@ $)3s % @+ S)xa ) 10k X)as (P, 0)o),
(23)

H?)(L)u (k7 )‘)a; (p7 0)b> =
xa () (63 = @+ 8301 ) (B X)ai (o)) (24)

b
Analogous formulas can easily be found for w - Sg,.
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4 Probabilities

Now, let two distant observers, Alice and Bob, be
at rest with respect to a given inertial frame and
share a pair of bosons in the scalar state |a(k,p))
(Eq. (2)). The probability that Alice obtains o and
Bob A (A0 € {—1,0,1}), when measuring spin pro-
jections on the directions a and b, respectively, are
given by the formula

kvp)“ﬁlzaﬂ%b'a(kap»
(a(k,p)la(k,p))

p,, = L (25)

Here we assume that Alice (Bob) can register only
particles (antiparticles) whose momenta belong to the
region A (B) in the momentum space and that they
use the spin operator given in Eq. (14). Projectors in
the above formula are defined in Eqgs. (23,24). Fur-
ther, assuming that Alice can measure only bosons
with four-momentum £ and Bob those with four-
momentum p we find

Pes = gy Mk 2)g(k )M (. D)g(h. )"
- N(kv a)g(kap)N(pv b)g(k,p)T}, (26&)

P = T T (k). p)M (9. Do)
+ N(k,a)g(k,p)N(p,b)g(k,p)"}, (26D)

1
P =
T LAk k)

{1+4a(0+1) (14205257 (142022,

1

Pos = A D) Te{T(k,a)g(k,p)M (p,b)g(k,p)"},
(26¢)

Peo = sy THM (b 2)a(k. DT (0. B)g(k.) "),
(26d)

Poo = @ Te{T(k, 2)g(k, p)T(p, b)g(k, p)" },
(26e)
where

9(k,p) = (9 (k,p)] (27)

and where we have introduced the following notation
M(q,w) = [M(g,w)"] = e} (q)(w - S)3,er (), (28)

N(g,w) = [N(q,w)™] = e (g)(w - 8)rse(q), (29)

T(q,w) = [T(q,0)"] = 5(g) (0n0 — (- )2,) €% (0).
(30)
With the help of the above formulas one can find
P, for arbitrary k and p. However, the resulting
formulas are complicated. Thus, here we restrict our-
selves to the situation when Alice and Bob’s frame
coincides with the center of mass frame of the boson
pair (p = k™ = (k°, —k)). Let us introduce the nota-
tion

r=X, n=J (31)

Using this notation we have in the center of mass
frame

Ak, k7) = 2 4 HeletDlet DL (39

and

2x+1

)[1—(an)®—(bn)?]+ [(a~b)+2z(1+2c ztl)(an) (b'n)] ’

- 2[(a ‘b) +2x(1+ 202“;111) [(a-b) —(a-n)(b- n)ﬂ }, (33a)

1
Pipg=—
7 1Ak, k)

{1+42(0+1) (1420557 (142028,

2x+1

) [1—(an)®—(bn)?]+ [(a~b)+2z(1+2c ztl)(an) (b'n)] ’

+ 2[(:&1 b) +22(1 4 225 ) [(a - b) — (a-n)(b - n)]} } (33b)

Pos — W{l+4x(x+l)(l+202;ﬁ)(l+20
1 .
Pig= W{l+4x(x+1)(1+2021+1)(1+20

Py = ——
0 Ak, k

1 z+1 2
= [(a-b) +22(1 + 2c42 ) (a-n)(b- n)} .

21 (a-n)? [(a.b)+2x(1+2c;;++11)(a.n)(b.n)]2},

(33¢)

£20) - [(a-b) + 201420855 om0 )]

(33d)

(33e)
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The correlation function defined as

Cla kb k™) = >

A,0=—-1,0,1

AoPrg = 2(Pi+ — Piy)
(34)
is equal to
Cla, kb, k™) = — 25 (2 b)
+20(1+2e£5,) (@ b) — (a-m)(b-m)) | (35)

Let us now consider the nonrelativistic and ultrarela-
tivistic limits of the above probabilities.

4.0.1 Nonrelativistic limit

In the nonrelativistic limit (z — 0) we obtain

Piy(z—0)=3%[1—(a b)) (36a)
Pir(z—0)=%[1+ (a-b))?, (36b)

Poy(z — 0) = Pyo(z — 0) = 2[1 — (a-b)?], (36¢)
Pyo(z — 0) = £(a-b)> (36d)

These probabilities are the same as those calculated in
the framework of nonrelativistic quantum mechanics
in the singlet spin-1 state

[Wiier) = 5 (101 = 1) = 10)0) +[ = 1)[1)). (37)

4.0.2 Ultrarelativistic limit

In the ultrarelativistic limit (z — oo) we have to dis-

tinguish two separate cases: ¢ = —1, corresponding
to the state |€), and ¢ # —1 which contains the state
|¥).

In the case ¢ # —1 we get

C

Piifl(x — 00) = i$71(m — 00)
=1[1-(a-n)’][1-(b-n)?], (38a)

BT (# = 00) = L(a-n)?[1—(b-n)?], (38h)
P @ — 00) = 2(b-n)?[1 - (a-mn)?],  (38¢c)
Pz — o0) = (a-m)%(b-n)?. (38d)

The correlation function in this case vanishes
C* Ha, k;b, k™, x — o0) = 0. (39)

The case ¢ # —1 includes the state |[¢(k,k™)). The
probabilities in the ultrarelativistic limit in this state
were given in Eq. (60) in Ref. [21] and they coincide
with the above formulas.

The case ¢ = —1 corresponds to the state |£(k, k™))
and for this state we obtain

P§,(z = 00) = H{[(a-b) — (a-m)(b - m)]?
+[(a-m)— (b-m)]*}, (40a)

PS . (z — o0) = t{[(a-b) — (a-n)(b-n)]’

+[(a-m)+ (b-m)]*},  (40D)

Pofi(ac —o00)=1{1-(a-n)?
—[(a-b) = (a-n)(b-m)]*}, (40c)

PfFO(x —o00)=1{1—(b-n)?
~[(ab) = (@-m)(b-m)]*}, (40d)
P& (x — 00) = L[(a-b) — (a-m)(b-m)]®,  (40e)

while the correlation function is equal to
C*(a,k;b, k™, x — o0) = —(a-n)(b - n). (41)

It is interesting to observe that the state |£(k, k™))
is distinguished by the property that for this state
only the correlation function does not vanish in the
ultrarelativistic limit.

In the following we concentrate on the most inter-
esting (and natural) states |¢)) and |€).

4.0.3 Probabilities in the state |¢(k, k™))

We have calculated these probabilities in our previous
paper [21], they are given by Eq. (58) from [21]. For
convenience we recall them here
+4z(a-n)(b-n) —4z(z + 1)[(a-n)* + (b n)?]
+ [(a-b) +2z(a-n)(b- n)]2}, (42a)

PY- = s {22 + 17 + 220 + 1)(a- b)
—4z(a-n)(b-n) — 4z(z +1)[(a-n)*> + (b-n)?]

+ [(a-b) +2z(a - n)(b- n)]2}, (42b)
P(;bx = m{l—klla:(x—kl)(a-n)2

— [(a-b)+2z(a-n)(b-n)]”}, (42¢)
PYy = srmrnr {1 + 4a(z + 1)(b - n)”

— [(a-b)+2z(a-n)(b-m)]*}, (42d)
By = gtz (@) + 20 m)(b-m)]*.  (420)

The correlation function for the state |y (k, k™)) was
given in Eq. (59) in [21] and reads
C¥(a, k;b, k™) = ez [(22 + 1)(a-b)
—2z(a-n)(b-n)]. (43)
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4.0.4 Probabilities in the state |£(k, k7))

In this case we insert into Eq. (33) the following val-
ues:
ce=—1, Ak ET) =24 grippe (44)

The resulting probabilities have the following form

P, = m{ [(2:17+1)(a~b)f2x(a~n)(b~n)]2
+ (22 4+ 1) —dz(z+ 1)[1— (a-n)*> — (b-n)?]
—2(2z+1)[(a-b) +2z(a-n)(b-n)|}, (45a)

P;E = m{ [(2x+1)(a-b)—2x(a~n)(b~n)]2
+(2z+1)* —4a(z+1)[1 — (a-n)*> — (b-n)?
+2(2z +1)[(a-b) +2z(a-n)(b-n)]}, (45b)

Piy = sparimprr il + 4@+ 1)[1 - (a-n)’]
—[2e+ D(a-b) =20 mb-w]}, - (450)

Py = spmmrpe {1 +4e(z + 1)[1 = (b-n)?]
_ [(2x+ 1)(a-b) —2z(a-n)(b .n)]2}’ (45d)

[(2z+1)(a-b) —2:v(a-n)(b-n)]2.
(45e)

S 1
Poo—m

The correlation function (35) in the state |{(k, k™))
reads

2(2c41)

CS(a, kb, k) = =555,

[(a-b)+2z(a-n)(b-n)].
(46)

5 Bell-type inequalities

Now we are in a position to discuss the violation
of Bell-type inequalities in a system of two vector
bosons. We restrict our considerations to the situ-
ation when Alice and Bob are in the center—of-mass
frame of a boson pair. We consider here three inequal-
ities: the Clauser-Horne-Shimony-Holt (CHSH) in-
equality [50], the Mermin inequality [51] and the
Collins—Gisin-Linden-Massar—Popescu (CGLMP) in-
equality [52].

CHSH inequality. The generalized CHSH inequal-
ity can be written in the form

[C(a,b) — Ca,d)| +|C(c,b) + Clc,d)[ <2, (47)

where C'(a,b) is the correlation function of spin pro-
jections on the directions a and b. The CHSH in-
equality is optimal for detecting quantum nonlocality
in a system of two qubits. However, in a system of

0.8 \
0.6 N

04 o Tl
........
..........
......
-

0.2

Figure 1: Comparison of the violation of the Mermin in-
equality in the state |{(k, k™)) (blue, dashed line) and in the
state [¢(k,k™)) (green, dotted line). The configuration of
particles momenta and measurements directions is the follow-
ing: n=(0,0,1), w = (oS ¢y Sin Oy, sin ¢, sin Oy, cos b.,),
w € {a,b,c} and 0, = 1.593, ¢, = 3.236, 6, = 1.564,
by = 1.150, 0. = 1.514, ¢, = 5.322.

two spin 1 particles in a singlet state in nonrelativistic
quantum mechanics the CHSH inequality cannot be
violated. In our paper [21] we have considered the vi-
olation of the CHSH inequality in the state |9 (k, k™)),
we have shown that this inequality is not violated
in |¢(k,k™)). Our further numerical simulations also
show that the CHSH inequality cannot be violated in
the state |{(k, k™)), either.

Mermin inequality. The Mermin inequality for
spin 1 particles reads

C(a,b) + C(b,c) + C(c,a) < L. (48)

As it was shown in [51] this inequality should be satis-
fied in any local, realistic theory. This inequality can-
not be violated in nonrelativistic quantum mechanics.
However, as we have shown in [21], relativistic vector
bosons in the state |¢(k, k™)) can violate the Mermin
inequality. We find that bosons in the state |{(k, k™))
also can violate the Mermin inequality. In Figs. 1,2 we
have compared the violation of the Mermin inequal-
ity in the states |¢(k, k™)) and |£(k, k™)) in different
configurations.

CGLMP inequality. The CGLMP inequality is
an optimal inequality for detecting quantum nonlo-
cality in a system of two qudits. For two qubits it
reduces to the CHSH inequality. We consider here
spin one bosons therefore we present the CGLMP in-
equality for two qutrits. We assume that Alice can
perform two possible measurements A; or As, and
Bob can perform measurements By or By;. Each of
these measurements can have three outcomes: 0,1,2.
Denoting by P(A; = Bj + k) the probability that
the outcomes A; and B; differ by k& modulo 3, i.e.,
P(A; = Bj+k) = Y=o P(A; = I, B; = I+k mod 3),
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Figure 2: Comparison of the violation of the Mermin in-
equality in the state |£(k, k™)) (blue, dashed line) and in the
state |(k, k™)) (green, dotted line). The configuration of
particles momenta and measurements directions is the follow-
ing: n=(0,0,1), w = (c0S ¢y Sin O, Sin ¢y, 8in Gy, cos Oy, ),
w € {a,b,c} and 6, = 1.891, ¢, = 3.820, 6, = 2.589,
¢» = 0.653, 0. = 0.220, ¢. = 0.716.

and defining

I3 = [P(A1 = By) + P(By = Ay + 1)
+ P(As = By) + P(By = Al)}
— [P(Ay = B; — 1) + P(B; = Ay)
+P(Ay =By — 1)+ P(Bo = Ay — 1)], (49)
the CGLMP inequality can be written in the form
I3 < 2. (50)
Identifying spin projection values —1,0,1 with out-
comes 0,1,2 in the following way

—140, 01, 162 (51)

and measurements Aq, Bi, As, By with spin projec-
tions on a, b, c, d, respectively, the Z3 takes the form

I3 = C(a,b) + C(c,d) + C(a,d) — C(c, b)

+ Py—(a,b) + P _(c,d) + P_(a,d) = Pr_(c,b)
+ Poo(a, b) + Poo(e,d) + FPoo(a,d) — Poo(c, b)

— [Po=(a,b) + Py_(c,d) + P_o(a,d) — Py_(c,b)

+ P+0(a, b) + P+0(C,d) + P0+(a, d) — P+O(C,b):| .
(52)

The probabilities and correlation functions in Eq. (52)
are given in Egs. (33) and (35). We have found
that bosons can violate the CGLMP inequality ei-
ther in the state |¢(k, k™)) or in the state |(k, k™)).
In Figs. 3, 4, 5 we have compared the violation of
the CGLMP inequality for the states |¢)(k, k™)) and
|€(k, k™)) in different configurations. In all these fig-
ures the point x = 0 corresponds to the nonrelativistic
case.

6 Conclusions

The recent paper [32] suggested that it might be pos-
sible to experimentally test the violation of Bell in-
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Figure 3: Comparison of the violation of the CGLMP in-
equality in the state |{(k, k™)) (blue, dashed line) and in the
state |[¢(k, k™)) (green, dotted line). The configuration of
particles momenta and measurements directions is the follow-
ing: n=(0,0,1), w = (cos ¢y Sin Oy, sin ¢, sin O, cos Oy, ),
w € {a,b,c,d} and 0, = 2.667, ¢, = 4.109, 6, = 0.924,
¢p = 0.974, 6. = 2.699, ¢, = 1.005, 04 =0, ¢q = 0.
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Figure 4: Comparison of the violation of the CGLMP in-
equality in the state |£(k, k™)) (blue, dashed line) and in the
state |1(k, k™)) (green, dotted line). The configuration of
particles momenta and measurements directions is the follow-
ing: n=(0,0,1), w = (cos ¢ Sin O, sin ¢, sin O, cos Oy, ),
w € {a,b,c,d} and 6, = 3.141, ¢o = 0, 6, = 0, ¢, = 0,
0. = 0.836, ¢ = 5.044, 64 = 2.754, ¢pq = 1.897.
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Figure 5: Comparison of the violation of the CGLMP in-
equality in the state |{(k, k™)) (blue, dashed line) and in the
state [¢(k, k™)) (green, dotted line). The configuration of
particles momenta and measurements directions is the follow-
ing: n=(0,0,1), w = (coS ¢y Sin Oy, Sin ¢, sin O, cos Oy, ),
w € {a,b,c,d} and 0, = 2.532, ¢, = 3.141, 6, = 1.213,
dp =0, 0. =2.378, ¢. = 1.363, 0a = 0, g = 0.
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equalities with a pair of WTW ™ bosons. Motivated
by this paper and by our previous theoretical works
[21, 37] we have discussed the violation of the Mermin
and CGLMP inequalities in a system of two relativis-
tic vector bosons in a scalar state. We have derived
formulas for probabilities in the EPR-type experiment
in the general scalar state (2), assuming that Alice
and Bob measure spin projections on given directions.
These probabilities depend on spin projection direc-
tion and bosons momenta. We have considered in
detail the situation when Alice and Bob are at rest in
the center of mass frame of the boson pair. In this
case we have explicitly calculated probabilities in two
states of particular interest: the simplest nonsepara-
ble state |¢) (6) and the state which in the massless
limit converges to the scalar two-photon state |£) (8).
We have shown that both the Mermin and CGLMP
inequalities can be violated in both states [¢) and |€)
and that the degree of violation depends on bosons
momenta.

Large violations of the CGLMP inequality are pre-
dicted even for boson pairs at rest. For small boosts
of the vector bosons, both the Mermin, and more par-
ticularly the CGLMP inequalities show sufficiently
large violations that they might well be measurable
in practical experiments. For the CGLMP inequality,
our analytical results, here calculated in the narrow-
width approximation, and with observers at rest in
the centre-of-mass-frame of the boson pair, support
the conclusion found using numerical results in sim-
ulations of H — WW™* decays in Ref. [32] under dif-
ferent assumptions.

Potential applications of these results extend be-
yond the case of Higgs boson decays. Other example
applications might include relativistic hadronic, nu-
clear, atomic or molecular systems.
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A Massive representations of the

Poincaré group for s =1

For self-consistency we recall here basic facts related
to massive spin 1 representations of the Poincaré
group. For more details see, e.g, [53]. Let H be the
carrier space of the irreducible massive representation
of the Poincaré group for s = 1. H is spanned by the
four-momentum operator eigenvectors |k, o)

Phlk, o) = k" |k, o), (53)

k? = m?2, m is the mass of the particle, and o its spin
component along z axis, ¢ = —1,0,1. We use the
following Lorentz-covariant normalization

(k,olk',0") = 2k963 (k — K') 5o (54)

The vectors |k,o) can be generated from the stan-
dard vector |k, o), where k = m(1,0,0,0) is the four-
momentum of the particle in its rest frame. We have
\k,0) = U(Ly)|k,0), where Lorentz boost Ly, is de-
fined by relations k = Lk, L; =1L

By means of Wigner procedure we get

U(A)|k70> = D/\U(R(Avk))|Ak7)‘>v (55)

where the Wigner rotation R(A,k) is defined as
R(A,k) = Ly} ALy, and for s = 1 the representation
D(R) is unitary equivalent to R by

D(R) =VRVI, VIV =I, (56)

and the explicit form of the matrix V is the following:

0
V2. (57)
0

B Boson field

In order to describe two types of vector bosons, parti-
cle and antiparticle (e.g. W and W ™), we consider
the free field operator ¢*(z) with the following mo-
mentum expansion:

#(a) = (2m) ) [ g e kol ()

+e et k)b, (k)], (58)

where wy, = Vk? + m? and m is a mass of a particle
(and antiparticle). af (k), a,(k) and b! (k), b, (k) are
creation and annihilation operators of a particle and
antiparticle, respectively. al (k) (bl (k)) creates par-
ticle (antiparticle) with four-momentum k and spin
component along x axis equal to o. They fulfill the
standard canonical commutation relations

[ag (k) al, (K')] = [bs (k), bl (k)] = 2k°0(k — K )8,0/
(59)
and all the other commutators vanish. The Klein-
Gordon equation and Lorentz transversality condition
imply
k> =m? kyet(k)=0. (60)

The one-particle and one-antiparticle states

p.o)y = bl (p)[0),  (61)

where |0) is a Lorentz-invariant vacuum, (0|0) =
1, should transform like a basis states of a carrier
space of the irreducible, massive representation of the
Poincaré group for s = 1 considered in Appendix

|k’ )‘>a = a’i(k)m%

Accepted in {Yuantum 2023-07-20, click title to verify. Published under CC-BY 4.0. 8



A. This condition allows us to determine the explicit
form of amplitudes e# (k). The derivation is the same
as in [21], therefore we give here only the results:

kT

m
kok”
m(m—+k©)

e(k) = [es ()] = (H ) v (@)

where V is given in Eq. (57). Moreover, one can show
that e (k) fulfills the following relations:

e* (k) = e(k)VVT, (
et (k)eh (k) = —n* + B2, (64
(
(

e (k)eur(k) = =dox,
eh(k)epa(k) = =(VVT)or.

C Boson states transforming covari-
antly under Lorentz transformations

In [21] it was shown that with the help of amplitudes
ek (k) one can construct states transforming in the
explicitly covariant manner under Lorentz transfor-
mations. In our case covariant particle/anti-particle
states have the form

|(:U’7k)>a/b = eﬁ;<k)‘k70’>a/ba (67)

and under Lorentz transformations transform accord-
ing to

UM (1)) asp = (A5, AR)) ot (68)

Two-particle state describing boson with four-
momentum k and spin projection A and antiboson
with four-momentum p and spin projection ¢ has the
form

al (k)bl(p)|0), (69)

and consequently a boson—antiboson covariant state
reads

|(ky N)a; (p,0)p) =

eh(k)ey (p)| (ks N a; (9, 0)b)- (70)

D Localization inside detectors

Eigenvectors of the Newton—Wigner operator have the
following form|[26]

1 dgp —ip-x
|X>0>(2W)3/2/2po\/21306 PXp, o), (71)

where p® = 1/p2? + m2. The problem of localization of
a particle inside a detector during spin measurement
in the context of relativistic quantum correlations of a
fermion pair was also discussed in [26]. Here we briefly
present that paper’s conclusions, adapting them to a
system of vector bosons. The central element in such

a discussion is the projector on a region D in the
coordinate space

i, /D xS xo)(xol (72)

o=-1,0,1

d3p d3p/
= Ap(p — ! o){p, o],
J] o e 2 o)l
R3 xR3
(73)
where |x, o) is defined in (71) and
r o 1 / 3.,—i(p'—p)x

AD(p p) - (271_)3 Dd Xxe (74)

1 .(p'—p)x
=— | Bxemex . (75)
(27rﬁ)3/D

To facilitate further discussion, in the second line we
have explicitly expressed Ap in the standard units,
c is the velocity of light and A\ = g—fr = % is the
particle Compton wavelength divided by 27. To eval-
uate quantitatively the influence of localization let us
choose D as the cube located in the center of the co-
ordinate frame with edges of the length [ parallel to
coordinate axis. In this case Acype can be calculated

and we obtain

3 /
A\3 11 . Py —Dpj 1
/ _ J
Bewelp' =) = (5) TT [Zgzeine (M7 35) )
j=
(76)
Using the formula
LT B
TILHOIO —sinc (tz) = d(x) (77)

we observe that for I — 00: Acupe(p’—p) — 62(p'—p)
and consequently

[p — gs = I. (78)

Therefore, there is no problem with localization of a
quantum particle provided that its Compton wave-
length is sufficiently small in comparison with a de-
tecting element size [, i.e., when the condition A\ < [
holds.

For muons and electrons at rest the correspond-
ing Compton wavelengths take the following approx-
imate values: A\, = 1.87 x 1071 m and )\, = 3.86 x
10713 m. Consequently, assuming a realistic size of
particle detector pixels I = 107% m, the scaling fac-
tors 7 = 1/(2)\) take the values 7, = 0.27 x 10° and
7. = 0.13 x 107, respectively. Moreover, for relativis-
tic particles we should use m = ymyest, where 7 is
the particle Lorentz factor, so A = v '\ and in
effect the Compton wavelength decreases so the scal-
ing factor increases. Thus, for real, massive particles
Acube(p’ — p) is very close to 63(p’ — p) and, indeed,
there is no problem with localization of a particle in-
side the detector in situation in which it is directly
detected.
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