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The duration of bidirectional transfer pro-
tocols in 1D topological models usually scales
exponentially with distance. In this work,
we propose transfer protocols in multido-
main SSH chains and Creutz ladders that lose
the exponential dependence, greatly speed-
ing up the process with respect to their
single-domain counterparts, reducing the ac-
cumulation of errors and drastically increas-
ing their performance, even in the presence of
symmetry-breaking disorder. We also inves-
tigate how to harness the localization proper-
ties of the Creutz ladder—with two localized
modes per domain wall—to choose the two
states along the ladder that will be swapped
during the transfer protocol, without disturb-
ing the states located in the intermediate walls
between them. This provides a 1D network
with all-to-all connectivity that can be helpful
for quantum information purposes.

1 Introduction
We are currently experiencing the noisy, intermediate-
scale era of quantum computing (NISQ) [1], where
the first signs of quantum advantage—the ability of
quantum computers to outperform classical ones for
certain tasks—start to appear. The path ahead to-
wards large error-correcting codes and, eventually,
fault-tolerant quantum computation will most likely
require a wide array of tools and techniques to fight
decoherence. One of these techniques can be the use
of symmetry-protected states in topological insula-
tors, which are especially robust against some types
of noise, and are already available in the laboratory.

These topological boundary states naturally decou-
ple from the bulk of the system, and thus form an
invariant subspace of the Hamiltonian around zero en-
ergy, which has support on the boundaries of the ma-
terial. This allows us to define quantum information
protocols in 2D [2–5] and 1D [6–22] which transport a
particle from one region of the boundary to another,
with little to no loss to the bulk, even in noisy regimes.
These particle transfer protocols can then be used in
different ways to implement state transfer protocols
[8, 11, 12], that is, to transport encoded quantum in-
formation. In this paper we are mainly concerned
Juan Zurita: juzurita@ucm.es

with the particle transfer protocols in the topological
systems we study, leaving their specific applications
in quantum information protocols for future works.

We tackle a well-known issue in protocols based
on the Rabi oscillations between exponentially decay-
ing end modes, which is the –also exponential– in-
crease in the time of transfer as a function of system
length. These protocols are bidirectional, in contrast
with other options like topological pumping, and are
induced by the hybridization of the end modes. We
show that a solution for this scaling problem can be
found in multidomain models, in which the protected
states in domain walls along the system can act as
signal amplifiers, exponentially decreasing the trans-
fer time between distant states even with the most
simple control protocols. This solution boils down
to the fact that a process akin to N sequential trans-
fers between domain walls is much faster than a single
transfer between the two ends, i.e., that NeL/N ≪ eL.

Firstly, we propose exponentially accelerated pro-
tocols between the ends of multidomain SSH chains,
where each domain wall can hold one boundary state.
Domain walls in the SSH chain and related models
have been studied since its inception [14, 23–26], and
other transfer protocols using them exist in the liter-
ature [25], but our proposal and scaling results have
not been yet explored, as far as we know. Our proto-
cols thus provide the first bidirectional topologically
protected transfers whose duration does not scale ex-
ponentially with distance.

We also investigate the possibilities of particle con-
trol provided by magnetic interference in the Creutz
ladder (CL) [27], a quasi-1D topological insulator
which was recently realized in three different cold
atom systems [28–30], and can also be implemented
with state-of-the-art technology in superconducting
circuits [31, 32] (in which a CL plaquette has been im-
plemented) and photonic lattices [33]. In a particular
regime, an orthogonal basis of spatially compact en-
ergy eigenstates can be found, something associated
with the complete flattening of both bands in mo-
mentum space. This phenomenon is called Aharonov-
Bohm caging [34–37], and it is caused by the destruc-
tive interference of paths due to the magnetic Peierls
phases. Flat band models are interesting playgrounds
to study the effects of interactions and disorder [38–
46], and, like topological models, also show interesting
properties for quantum information purposes [47, 48].
In a Creutz ladder with multiple topological domains,
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where each domain wall can hold up to two protected
states, we show that it is possible to decouple some of
the boundary states of the system from all the others
at will.

Remarkably, if this is done to a state in a two-state
domain wall, its partner can be used to leapfrog over
it, thus allowing the transfer of a particle through the
wall while leaving the decoupled state undisturbed
and protected inside it. This allows for more com-
plex transfer protocols between the ends and walls of
the model. Even though the CL topological phase
diagram is well-known [49, 50], the properties of its
possible domain walls have not been studied in the
literature, to the best of our knowledge.

In Section 2, we present the multidomain SSH
chain, its protected states and bidirectional transfer
protocols. Then, in Section 3, we explore the expo-
nential acceleration that can be achieved using do-
main walls as signal amplifiers, and the performance
against disorder. Finally, in Section 4 we study the
states in Creutz ladder domain walls and explore their
more complex transfer protocols.

2 Multidomain SSH chain
2.1 Topological domains and walls
In this section, we consider a multidomain SSH chain.
The SSH chain has intracell (v) and intercell (w) hop-
ping amplitudes, and it will be trivial (topological) if
v > w (v < w), with a winding number of ν = 0
(1). Different domains can be established by setting
up contiguous spatial regions with different dimeriza-
tions, as shown in Fig. 1 (a,b).

The Hamiltonian that describes an SSH chain with
N such domains is:

H=−
N∑

k=1

δ1,k mod 2

xf
k∑

x=xi
k

(
vkc

†
x,bcx,a+wc†

x+1,acx,b +h.c.
)

+δ0,k mod 2

xf
k∑

x=xi
k

(
vkc

†
x−1,bcx,a+wc†

x,acx,b+h.c.
) ,

(1)

where xi
k = ⌈((k − 1)(ℓ+ 1)/2⌉ + 1 (resp. xf

k =
⌈k(ℓ+ 1)/2⌉) is the first (resp. last) unit cell that
the k-th domain has support on, with ⌈·⌉ being the
ceiling function, ℓ is the number of inner sites in a
domain, w takes a fixed value and vk are the control
parameters for each domain, and δx,y are Kronecker
deltas. The first term is nonzero for odd domains,
and the second one is nonzero for even ones. Op-
erator c(†)

x,α destroys (creates) a particle in unit cell
x = 1, . . . , ⌈L/2⌉ and sublattice α = a, b. We restrict
our study to the single-particle case. L = N(ℓ+1)+1
is the total length of the chain. We consider even
values of ℓ, given that then, all boundary states are

localized in a single site in the fully dimerized limit.
We also consider w = 1 throughout.

Each of the N − 1 domain walls holds an exponen-
tially localized state |Sk⟩, which, in addition to the
left and right states, make a total of N + 1 protected
boundary states. Each of them is chiral, with sup-
port only in one of the two sublattices (a or b), as
shown in Fig. 1 (a) for a three-domain chain. The
bulk-boundary correspondence explains the left and
domain wall states, the latter due to the fact that
|νk − νk+1| = 1. However, as seen in the figure,
the rightmost domain of the chain can give rise to
a right state even if the domain is trivial. This is
due to its chiral basis: the end of a trivial system
can be made topological by removing a site or vice
versa. This is a well-known even-odd effect that has
been studied since the conception of the SSH model
[10, 11, 22, 23, 51].

The boundary states in the multidomain SSH chain
have the form:

|L⟩ = −ML

ℓ+1∑
x=1

(
−w

v

)−x

|x, a⟩ (2)

|R⟩ = −MR

L∑
x=L−ℓ

(
−w

v

)x−⌈L/2⌉−1
|x,∆N ⟩ (3)

|Sk⟩ = MSk

|x(k)
0 ,∆k⟩ +

x
(k)
0 −1∑

x=x
(k)
0 −ℓ/2

(
−w

v

)x−x
(k)
0 |x,∆k⟩

+
x

(k)
0 +ℓ/2∑

x=x
(k)
0 +1

(
−w

v

)x
(k)
0 −x

|x,∆k⟩

 , (4)

where x
(k)
0 = ⌈[k(ℓ+ 1) + 1]/2⌉ is the unit cell

where the k-th domain wall is, and ∆k = a (b) if k
is even (odd).

Each state is confined to its two adjacent domains
(or one, in the case of end states). The states devi-
ate slightly from the expressions above for very short
domain lengths if v/w ≲ 1, due to finite size ef-
fects (δL =

∥∥∥|L⟩num − |L⟩analyt

∥∥∥ = 0.18 for ℓ = 2
and v = 3w/4), but are fairly accurate otherwise
(δL = 0.06 for ℓ = 4 and v = w/2).

In the fully dimerized limit (v = 0), all boundary
states are completely localized in the isolated sites
at each end or wall, decoupled from the rest of the
system. We will use this limit at the beginning and
end of our protocols, as is done in other works [8], in
order to make the initial state easy to prepare, and
the final state easy to work with (or read).

2.2 Effective Hamiltonian
We can obtain the Hamiltonian block that describes
the evolution of the subspace spanned by the topo-
logical boundary modes, which is decoupled from the
bulk states, in the basis formed by them:
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Figure 1: (a) Two-domain SSH chain, with ℓ = 10 interior
sites per domain (L = 23). The wavefunctions of its three
protected boundary states are depicted for w = 2v = 1.
The right state |R⟩ does not follow the usual bulk-boundary
correspondence because the last unit cell is not complete, but
it is also protected. (b) Four-domain SSH chain with ℓ = 4
(L = 21), and its five boundary states. (c) Effective model
for the boundary states in the chain depicted in (b).

Heff =J1 |S1⟩⟨L|+JN |R⟩⟨SN−1|+
N−1∑
k=2

Jk |Sk⟩⟨Sk−1|+h.c.,

(5)
where J1 = ⟨S1| H |L⟩, Jk = ⟨Sk| H |Sk−1⟩ for k =

2, . . . , N − 1, and JN = ⟨R| H |SN−1⟩.
We will refer to these effective hopping amplitudes

as "overlaps" throughout the paper for convenience,
although the actual overlap of the states (e.g. ⟨L|S1⟩)
is always zero due to their different chiralities. The
fact that the Jk are nonzero cause the boundary
modes to hybridize, which in turn enables the trans-
fer.

Using the analytical form for the states above, we
obtain:

J1 = vMLMS1

(
−w

v

)−ℓ/2−1
(6)

Jk = −vMSk
MSk−1

(
−w

v

)−ℓ/2
, k = 2, . . . , N − 1

(7)

JN = vMRMSN−1

(
−w

v

)−ℓ/2−1
, (8)

where the normalization constants1 can be closely ap-
proximated for ℓ ≳ 3 as:

ML = MR =
√
w2/v2 − 1 (9)

MSk
=

√
w2 − v2

w2 + v2 ∀k. (10)

1In the case where the domains to the left (l) and right (r)
of the wall have different v, the second formula takes the form
MSk

= ([1 − (vl/w)2]−1 + [1 − (vr/w)2]−1 − 1)−1/2.

The effective Hamiltonian (5) was also derived in
[24]. We will refer to it as an effective model, al-
though the only approximation made is the validity
of expressions (2-4).

It takes the form of a 1D chain of length N + 1,
with only nearest-neighbour coupling. In Fig. 1 (c)
we show the effective model corresponding to the four-
domain chain in (b). Thus, the problem of implement-
ing a transfer from |L⟩ to |R⟩ now takes the form of
a transfer from the first site to the last in a chain of
N + 1 sites.

Regarding the validity of this effective model, it will
be accurate as long as the bulk-boundary decoupling
is preserved, that is, in levels of noise and disorder
smaller than half the gap (as we discuss below), and
for smaller time scales than the relaxation time of the
system. The speed of the protocols is an advantage in
this sense, and our protocols are, in principle, orders
of magnitude faster than typically cited relaxation
times in systems like weakly-interacting cold atoms
[52] and semiconducting quantum dots [53].

2.3 Controlled transfer protocol
As mentioned above, the initial (final) state of the
transfer will have the particle localized in the left-
most (rightmost) site of the chain. This is done for
convenience, and to stop the process at the correct
time. The topological states can be adiabatically
transformed into these states by slowly switching v
off. In order for the adiabatic condition to be satisfied,
this preparation time must be larger than the char-
acteristic time scale of the system τ = 2/∆, with ∆
being the energy gap. The time scale τ is the inverse
of the difference between the protected manifold and
the bulk states2. For an SSH chain with w = 2v = 1,
the point with the smaller gap in the protocol, this
time scale is τ ∼ 8. This was checked numerically,
obtaining results compatible with adiabatic prepara-
tion for preparation times of around tprep ≲ 10/w.
We include further details about the adiabatic time
evolution in Appendix A.

In a single-domain SSH chain, a transfer can be
achieved by varying the value of v in the following
way:

vtr(t)=


vtr sin2(Ωt) for 0 ≤ t < tprep

vtr for tprep ≤ t < ttr−tprep

vtr sin2[Ω(t− ttr)] for ttr − tprep ≤ t ≤ ttr,

(11)
where vtr is the pulse amplitude, ttr is the total trans-
fer time, and tprep = π/(2Ω). All times are expressed
in units of ℏ/J , and we take ℏ = 1. We use this type of
pulse, which has been employed in the literature [54],

2The reasons to use this time scale of the system and not
the bonding energy of the end modes are discussed in [8] and
in Appendix A
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because it provides smooth initial and final prepara-
tion stages, and also a period where the control pa-
rameter is constant, thus simplifying its experimental
implementation. More complex protocols acting on
the topological states which may yield shorter trans-
fer times can also be considered, and will be explored
more thoroughly in future works.

When several domains are considered, it is neces-
sary to change the height of the pulse in each domain
D, v(D)

tr , independently, in order to obtain the optimal
transfer time.

The value of v(D)
tr , in turn, controls the effective

hopping amplitude Jk=D of the effective chain, ac-
cording to Eqs. (6-8). It also depends on the value of
v

(D±1)
tr , through the normalization constant of the S

states.
By changing these parameters, it is possible to

freely engineer each pulse. To find the optimal control
parameter values for eachN , we fixed v1 = vN = w/2,
and then searched numerically for the optimal val-
ues of v2 = vN−1, v3 = vN−2, etc., always keeping
the system symmetric under spatial inversion to en-
sure symmetric effects on the left and right states,
something necessary for bidirectional transfers. Typ-
ical ratios for J1/J2 in the midpoint of the protocols
are around 0.83 for the studied cases. The fidelity
threshold required for the final state in all transfer
simulations of the paper is taken to be f0 = 0.995
unless stated otherwise, well above the current esti-
mates of quantum error correction thresholds, which
are around f = 0.990 [55–58].

We simulated left-to-right (LR) transfers nu-
merically using exact diagonalization to solve the
Schrödinger equation for the tight-binding Hamilto-
nian in Eq. (1). We apply the time evolution opera-
tor e−iH(t)∆t to the wavefunction |ψ(t)⟩ to make the
system evolve from time t to t + ∆t. We consider a
time step of ∆t = 0.1 for all simulations, which has
been numerically confirmed to provide the same re-
sult as shorter time steps even in the fastest protocols
studied.

In Fig. 2 we show the results for LR transfers in
chains with domains of length ℓ = 4, for a two-domain
(L = 11) and a four-domain (L = 21) chain. We use
vtr = w/2 = 0.5 in the first one, and v

(1)
tr = 0.5,

v
(2)
tr = 0.56 in the second one. The preparation time

is tprep = 15 for both, and the transfer times are ttr =
45.6 and 55.9, respectively. We consider ℓ = 4 because
the decay length of the end modes for w = 2v is λ =
[log(w/v)]−1 = 3.32, and so their overlap is not too
small. We show the time evolution during the transfer
of the occupation at each site ⟨nj⟩, using the site index
j(x, α) = 2x − δα,a, where x is the unit cell and α is
the internal coordinate.

In Fig. 3, we plot the occupation of each of the
boundary states obtained by exact diagonalization
(solid line) during the same transfer protocols as in
Fig. 2, and compare it to the effective model pre-

Figure 2: (a) Exact diagonalization results for the occupation
number as a function of site index in a left-to-right transfer
protocol in a two-domain chain with ℓ = 4 (L = 11). Its
control pulse is shown below. We use the site index j instead
of x, α. (b) Left-to-right transfer protocol in the four-domain
ladder with ℓ = 4 depicted in Fig. 1 (b). The control pulses
are now different for the outer and central domains. All times
are expressed in units of ℏ/J .

diction (dotted line). The same time scale has been
used for both subplots, showing their similar duration.
By choosing the appropriate pulses, an exponential
speed-up can be obtained in cases with large L when
compared to the single-domain case, as we explore in
Section 3. Furthermore, as demonstrated in [59, 60],
a high fidelity transfer protocol can be obtained for
any length of the effective model, N , by modifying
only J1, J2, JN−1 and JN , assuming perfect precision.
Hence, in principle, our scheme could be extended for
any number of domains.

A complex phase is acquired in general by the trans-
ferred components of the wavefunction. This phase
factor can be obtained using the effective model, and
has the form:

ζ(ℓ, nw) =
{

(−1)(nw+ℓ)/2i for even nw

(−1)(nw+1)/2 for odd nw,
(12)

where nw is the number of domain walls between
the transferred states and ℓ is the domain length.

Other transfer protocols have been proposed in
multidomain SSH chains [7, 10, 12, 14, 22], but, to
the best of our knowledge, they all consider only two
consecutive domains. The protocols considered are
also unidirectional, except in [10]. While preparing
this manuscript, we came across another work [7]
that proposes transfer protocols using SSH-like seg-
ments joined by additional links and suggests a pos-
sible time advantage, although the topological prop-
erties of their model and protocols are not studied.
The multidomain SSH chain has also been studied re-
cently in [24], although not in the context of transfer
protocols.
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Figure 3: (a) Occupation of the topological states during an
LR transfer in a two-domain SSH chain with domain length
ℓ = 4 (L = 11), vtr = 0.5 and tprep = 15, where states L, S
and R are represented in red, yellow and blue, resp. Numer-
ical results for the full SSH chain Hamiltonian are shown in
continuous line, while the analytical prediction by the effec-
tive Hamiltonian is plotted in dotted line. (b) Occupation of
the topological states in an LR transfer in the four-domain
SSH chain depicted in Fig. 1 (b), using the same color code,
with ℓ = 4 (L = 21), v

(1)
tr = 0.5, v

(2)
tr = 0.56 and tprep = 15.

3 Fast long-range transfer
3.1 Topological domain walls as amplifiers
Using the effective model we can derive a result that
has been a known problem in topological bidirectional
transfer protocols since their conception3. If we con-
sider the transfer times for a single-domain SSH chain
as a function of length, we find:

t
(N=1)
tr = πv

2(w2 − v2)

(w
v

)ℓ/2+2
= πv

2(w2 − v2)

(w
v

)L/2+1

(13)
We can see that the duration of the protocol scales

exponentially with the transfer distance L, if we keep
the control parameter v fixed. This is because the ex-
ponential localization of the modes causes their over-
lap –and bonding energy– to shrink exponentially as
the distance between them increases. This causes the
transfer dynamics to be extremely slow in large sys-
tems, which is a general phenomenon in bidirectional
topological protocols.

One possible solution to this problem is studied in
[8]: given that the decay length of the end modes is
λ = [log(w/v)]−1, it can be made arbitrarily large by
choosing values of v arbitrarily closer to w. This, in
turn, increases the effective hopping amplitude and

3To the best of our knowledge, all 1D bidirectional transfer
protocols are driven by the time evolution of several hybridized
modes. Their main advantage, compared to other possibilities
like adiabatic passage [25] or the movement of protected states
[11], is that their bidirectionality allows them to be used to
implement a wider array of quantum operations in an efficient
manner, as explored in [8] for remote quantum gates. Another
issue in some of the unidirectional protocols is the narrowing or
closing of the gap, which can be problematic for large distances,
and also restricts the transfer time.

reduces the transfer time. However, the energy gap is
also drastically reduced, due to the proximity of the
topological phase transition at v = w, making it much
more susceptible to noise and disorder. In a real sys-
tem with finite precision, the control parameter would
have to satisfy v < w − δϵ in order to keep some pro-
tection, where δϵ is the scale of the combined effects
of noise, disorder and experimental error4.

In this paper, we propose an alternative solution:
the use of intermediate domain walls as amplifiers.
To illustrate our approach, let us start by calculating
the transfer time for a two-domain SSH chain:

t
(N=2)
tr = π

√
w2 + v2

√
2(w2 − v2)

(w
v

)ℓ/2+1

= π
√
w2 + v2

√
2(w2 − v2)

(w
v

)(L+1)/4
. (14)

It also scales exponentially with L, but the expo-
nent is now L/4 instead of L/2, due to the pres-
ence of the intermediate S state. However, both re-
sults depend exponentially on ℓ/2. This is because
the effective hopping amplitude between boundary
states, which ultimately determine the transfer time,
depends only on the domain length ℓ, not on L.

This result points to the idea that we can lose the
exponential dependence altogether by fixing ℓ and in-
creasing the number of domains N . As seen in Section
2, this problem is reduced to implementing a transfer
in the effective model chain withN+1 sites, which can
be achieved changing only four of the effective links,
as shown in [59, 60] for trivial 1D chains. It has also
been shown that the transfer time can be made lin-
ear in the size of the effective chain, ttr ∼ (N + 1)/J ,
where J is the effective hopping amplitude [62–64].
This result shows that the optimal transfer time in a
family of chains of fixed ℓ and increasing N will scale
at most linearly with N , and therefore with the total
length L = N(ℓ+ 1) + 1 as well.

Ultimately, our proposal works because eL ≫
NeL/N for large values of L if N is large enough, i.e.,
if sufficient domain walls are considered.

We demonstrate this in Fig. 4, in which we plot
ttr as a function of distance for the single- and two-
domain cases, as well as for a chain of fixed ℓ = 4
and increasing N . We include both numerical results
(points) and analytical estimates (lines) for one and
two domains. We set v(1)

tr = 0.5, tprep = 15, and a
time step of ∆t = 0.1 for all simulations.

The third case can be fitted to a linear function
ttr = t0 + A0L, with t0 = 33.6 and A0 = 1.08. The
first point was not included in the fit, due to the
preparation time being non-negligible there. The op-
timal values for v(k ̸=1)

tr in simulations with N > 2 were

4This can be easily derived from the fact that the gap in the
SSH chain is ∆ = 2|w − v| [61].
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obtained numerically using the effective Hamiltonian,
and are included in Table 1, inside Appendix B.

The concern may arise that the addition of interme-
diate states could also make the protocols more fragile
against noise. However, as we show in the following
section, the topological protection of these protocols
show the expected plateau at perfect fidelity for low
disorder levels when the corresponding chiral symme-
try is preserved, and when it is not, their shortened
times actually make them much more robust than the
single-domain case.

As a side note, we remark that equations (13) and
(14) are only estimates because they assume a con-
stant control parameter v and do not take prepara-
tion time into account. The latter is chosen to be
independent from L, given that the gap does not de-
pend significantly on length [61] and is bounded above
by its L → ∞ value. As can be seen in the figure, the
preparation time soon becomes negligible as transfer
times increase.

Finally, we also want to point out that other au-
thors have considered the notion of topological ampli-
fication in single-domain, non-Hermitian models [65–
70]. The kind of amplification we study is similar in
spirit, although its purpose and topological properties
are different.

3.2 Robustness against disorder
In this Section, we use exact diagonalization to study
the effects of disorder on the LR transfer protocols
defined above. We use their fidelity, f = |⟨R|ψ(ttr)⟩|2,
where |ψ(ttr)⟩ is the state obtained at the end of the
protocol.

We consider the single-domain and the four-domain
case. In order to benchmark their performance, we
also include a simple non-topological protocol in a 1D
chain with hopping amplitude w = 1, driven by tuning
the chemical potential at the end sites of the chain. It
starts at a low value −µ0 in order to create a potential
well at either end, and is then adiabatically increased
up to zero during a time tprep. The two wells are then
re-established adiabatically, by lowering the potential
again. We consider µ0 = 10 and tprep = ttr/2, and
then find the optimal transfer time in the ideal system
that satisfies f > 0.9855.

We consider quenched disorder in the time scale of
the protocols (i.e. constant in time for each realiza-
tion). We note that we do not calibrate the transfer
time for each realization as done in [8], given that this
might not be feasible in a real system. We study two
disorder regimes: off-diagonal disorder, which pre-
serves chiral symmetry, and a case with both diag-
onal and off-diagonal disorder, which breaks it. The
symmetry-preserving disorder is modeled as:

5Greater fidelities can be obtained by increasing µ0, but the
value was kept at 10w in order to keep a consistent energy scale.

−vdis
j = −|v + δJRj | (15)

−wdis
j = −|w + δJRj | (16)

where δJ is the level of off-diagonal disorder, −vdis
j

and −wdis
j are the hopping amplitudes in the disor-

dered model, where the amplitude with site index j
connects sites j and j + 1. Rj are random numbers
in the interval [−0.5, 0.5], sampled uniformly. It is
important to note that the disorder at each link is
independent from all the others, given that each link
has a different j. Fluctuations in the control parame-
ters v do not break topological protection, something
crucial for the robustness of the protocol.

For the case with general disorder (both diagonal
and off-diagonal), we consider:

µj = δµR
(µ)
j (17)

−vdis
j = −|v + δJR

(J)
j | (18)

−wdis
j = −|w + δJR

(J)
j |, (19)

where µj is the chemical potential (i.e. on-site energy)
in site j, δµ and δJ represent the level of diagonal
and off-diagonal disorder respectively, and all different
Rj variables are independent random numbers in the
interval [−0.5, 0.5], and uncorrelated for all different
sites and bonds.

The results can be seen in Fig. 5 for systems of
length 13 (a,c) and 21 (b,d)—or, in the case of the
single-domain SSH chain, which always has an even
number of sites, L = 12 and 20. We show the aver-
age over 1000 realizations As expected, the topolog-
ical protocols show a plateau in their fidelity results
for off-diagonal disorder, which persists up to more
than 0.2w. In the case of general disorder (notice the
different horizontal scale), the poor performance of
the single-domain SSH chain in the L = 20, which is
worse than the trivial case, illustrates the problem of
exponentially long times: many more errors can add
up, losing the advantage in the presence of even small
amounts of symmetry-breaking disorder. In contrast,
the four-domain chain shows an almost perfect perfor-
mance up to more than 0.1w, showing a clear advan-
tage over the single-domain and the trivial one, due
to its much shorter transfer time.

We include a more detailed analysis of the different
factors that we observed can affect the robustness of
the studied protocols in Appendix C.

The phase acquired in the transfer is much more ro-
bust in the topological case than in the trivial one, due
to it being a geometrical phase instead of a dynamical
one. This is an important point when considering the
quantum information applications of these protocols,
including coupling to external qubits [8] and native
implementations of the model in quantum processors
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Figure 4: Transfer time between left and right states in an SSH chain as a function of distance. We consider (a.1) a single
domain of increasing length, in blue, (a.2) two domains of increasing length, in red, and (a.3) an increasing number of domains
of length ℓ = 4, in yellow. (b) Transfer time ttr in the three cases as a function of the total length of the chain L, color coded
as in (a). A logarithmic scale is used for the vertical axis. The first and second yellow points coincide with a blue point and a
red point, respectively. The simulations have a maximum control parameter of vtr = 0.5, a preparation time of tprep = 15, and
a time step of ∆t = 0.1. Analytical results for the transfer times [Eqs. (13,14)] are included in continuous red and blue lines.
A linear fit is plotted for the yellow points. In the inset, the same data is plotted using a linear scale, in order to appreciate
the different trends of the data.

[11]. We elaborate on this point in Section 4.7, and
showcase its usefulness in a minimal case involving
the transfer of two superposed states in Section 4.7.

Figure 5: Fidelity of the SSH chain transfer protocols against
quenched disorder. We compare a transfer protocol in a
trivial chain to the single- and four-domain topological SSH
chain protocols, for a fixed length L. We study the cases
L = 13, 21, except in the single-domain SSH chain, where
the total length has to be even, so we choose L = 12, 20.
We consider off-diagonal disorder (a,b) and diagonal and off-
diagonal disorder at the same time (c,d), see main text. The
effect of topological protection can be seen in (a,b), where
the topological protocols show a plateau for low values of dis-
order. Note the different horizontal scale for (a,b) and (c,d).
In the case with symmetry-breaking disorder, the multido-
main protocol performs much better than the single-domain
one, due to its shorter transfer time. Sigmoid functions fit-
ted to the data are provided as a guide for the eye. Transfer
times for L = 13, 12 are ttr = 332.3, 156.5, 55.9 for the
trivial chain and the single- and four-domain SSH chain, re-
spectively. In the same order, the times for L = 21, 20 are
ttr = 800.5, 2175.4, 55.9.

4 The Creutz ladder: walls with two
states
We now consider another topological insulator: the
imbalanced Creutz ladder (ICL). Its main difference
with the SSH chain is the presence of flat bands in
the balanced limit, and the existence of domain walls
with two protected states, which had not been stud-
ied before in the literature. These two phenomena
can be used to implement more complex transfer pro-
tocols than in the SSH chain, in which the exponential
speed-up is also present.

4.1 Topological phases and domain walls
We consider an imbalanced Creutz ladder Hamilto-
nian:

H = −
L−1∑
j=1

∑
σ=A,B

[
Jξj,σc

†
j+1,σcj,σ + Jc†

j+1,σcj,σ + h.c.
]

+
L∑

j=1

∑
σ=A,B

sσϵjc
†
j,σcj,σ (20)

where j = 1, . . . , L labels the different rungs, σ =
A,B designates the two legs, with A = B and vice
versa, ξj,σ = eisσϕj/2, with sσ = δσ,A − δσ,B , ϕj is the
magnetic flux in the j-th plaquette, J is the horizontal
and diagonal hopping amplitude and 2ϵj is the energy
imbalance between the two legs in the j-th rung [see
Fig. 6 (a)].

In a ladder with ϵj = ϵ and ϕj = ϕ ∀j, the topology
of the system depends on ϕ and ϵ/J , as can be seen
in Fig. 6 (b). The system has two distinct nontrivial
phases when ϵ < 2J , with winding numbers ν = ±1,
depending on the value of ϕ, and a single trivial phase
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(ν = 0) when ϵ > 2J [37, 49, 71]. When in a topolog-
ical phase, topological zero modes appear in the ends
of the ladder.

Furthermore, the wall between domains that belong
to different phases, with winding numbers ν1 and ν2,
will hold |∆ν| zero modes, where ∆ν = ν2 − ν1. Due
to the particular form of the chiral symmetry, these
states will have a positive chirality if ∆ν is negative,
and vice versa. As seen above, a topological-to-trivial
wall will support one zero mode, while the wall sep-
arating phases with ν = ±1 will support two zero
modes with the same chirality.

Figure 6: (a) Imbalanced Creutz ladder in the general case.
The energy imbalance parameters ϵj and the magnetic Peierls
phases ϕj determine the topology, and can be used to define
different domains. All hopping amplitudes have an additional
minus sign. (b) Topological phase diagram of the ICL. It is
divided into two topological phases with winding numbers
ν = ±1, and a trivial phase with ν = 0. The topology of
the crystalline TI regions cannot be described by the stan-
dard Altland-Zirnbauer symmetry classes [72]. Those which
can are marked with “AZ”. The flat-band points are labeled
“FB”. (c) Two-domain Creutz ladder with no imbalance in its
domain wall (ϵ6 = 0), and with an energy imbalance param-
eter of ϵ in all other rungs. This model has four topological
states: the left and right end modes, and two states at the
domain wall. (d) Spatial distribution of the AB-caged topo-
logical states in a two-domain Creutz ladder with ϵ = 0: left,
right and S- and P-type states. All of them are compact
and pinned at zero energy. (e) Spatial distribution of the
topological states in the system in (c), for ϵ = J . A pair
of antibonding and bonding states |±⟩ appear with small,
opposite energies, while the other two states remain at zero
energy.

We consider a Creutz ladder with N topological
domains, each with an alternating winding number of
ν = ±1. We set J = 1. Each domain has ℓ ≥ 2 inner
rungs, and the length of the ladder is L = N(ℓ+1)+1
(the number of sites is 2L). This model is obtained
with the following parameter values:

ϕj =
{
π if 1 ≤ j mod 2(ℓ+ 1) ≤ ℓ+ 1
−π otherwise

(21)

ϵj =
{
ϵ

(D[j])
w if j mod ℓ+ 1 = 1 (domain walls)
ϵ

(D[j])
b otherwise (bulk sites),

(22)
where D[j] = ⌈(j−1)/(ℓ+1)⌉ is the domain number

to which rung j belongs. For this purpose, we label
each wall just like the domain to its left, leaving the
leftmost rung of the ladder as belonging to domain
D[j = 1] = 0. An example with ℓ = 4 and two
domains can be seen in Fig 6 (c).

If we set ϵj = 0 ∀j (balanced case) with the flux
values defined above, the model will have left and
right topological end states, as well as two topo-
logical states, |Sk⟩ and |Pk⟩, in each domain wall
k = 1, . . . , N − 1. Given that the system presents
AB caging [37, 50], all of them will be compact, i.e.
localized in only a few nearby sites. An N -domain
CL defined in this way has 2N compact topological
states pinned at exactly zero energy: (N − 1) S- and
P-type states, and the left and right end modes. All
of them are localized in two sites, except for the P
states, which are localized in four. Their form is:

|L⟩ = |1, A⟩ − i |1, B⟩√
2

(23)

|R⟩ = |L,A⟩ + (−1)N+1i |L,B⟩√
2

(24)

|Sk⟩ = |jk, A⟩ + (−1)k+1i |jk, B⟩√
2

(25)

|Pk⟩ = 1
2[|jk − 1, A⟩ − |jk + 1, A⟩ +

(−1)k+1i(|jk − 1, B⟩ − |jk + 1, B⟩)], (26)

where k = 1, . . . , N − 1, and jk = k(ℓ+ 1) + 1 is the
rung in which the k-th wall is located. We use S and
P as nomenclature in an analogy with the s and p
orbitals in an atom, with which they share symmetry
properties. We show a two-domain Creutz ladder in
Fig. 6 (c), and the four protected states it has when
balanced in (d), using their rung occupation number:

⟨nj⟩ = ⟨nj,A⟩ + ⟨nj,B⟩. (27)

We group left, right and S-type states under the
name of “computational states” for convenience.
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We discuss how to prepare these compact states in
a topologically protected way starting from a particle
in a single site in Appendix D.

If the imbalance is now switched on for all sites ex-
cept those in a domain wall, ϵ(0)

w = ϵ
(N)
w = ϵ

(D)
b = ϵ <

2J ∀D, ϵ(D)
w = 0 ∀D ∈ [1, N − 1]; then, the left, right

and P-type topological states will acquire an expo-
nential profile, overlap with each other and hybridize.
Their analytical expression before hybridization is:

|L⟩ = −iNL

ℓ+1∑
j=1

(
2J
iϵ

)−j

|j⟩ ⊗
(

1
−i

)
(28)

|R⟩ = (−1)N+1iNR

L∑
j=L−ℓ

(
(−1)N 2J

iϵ

)j−L−1
|j⟩ ⊗

(
1

(−1)N+1i

)
(29)

|Pk⟩ = (−1)k+1iNPk

 k(ℓ+1)∑
j=(k−1)(ℓ+1)+2

(
(−1)k 2J

iϵl

)j−k(ℓ+1)−1
|j⟩ ⊗

(
1

(−1)k+1i

)

−
(k+1)(ℓ+1)∑
j=k(ℓ+1)+2

(
(−1)k 2J

iϵr

)k(ℓ+1)−j+1
|j⟩ ⊗

(
1

(−1)k+1i

) , (30)

where NL,R,P are normalization constants, and can
be approximated for ℓ ≳ 3 as:

NL = NR ≈
√

4J2/ϵ2 − 1
2 (31)

NP ≈ 1√
2

(
1

4J2/ϵ2l − 1 + 1
4J2/ϵ2r − 1

)−1/2
, (32)

where 2ϵl,r are the values of the energy imbalance
in the domains to the left and right of the relevant
domain wall. Every state is confined to its adjacent
domains. The form of the two end modes was also
derived in [73, 74] for a runged CL. Note that the P
states become asymmetrical if ϵl ̸= ϵr. The gauge was
chosen to coincide with Eqs. (23-26). We include the
derivation of these states in Appendix E6.

Given that the potential at all domain wall sites
is set to zero, the magnetic interference keeping the
S states localized on two sites is not broken, and
each of these states remains compact and isolated
from the rest of the system. This is illustrated in
Fig. 6 (e) for a two-domain ladder, where bond-
ing and antibonding states appear, with the form
|±⟩ = (|L⟩ − |R⟩)/2 ± iℓ |P⟩ /

√
2, as well as a dark

state at zero energy, |0LR⟩ = (|L⟩ + |R⟩)/
√

2. States
|±⟩, while having the same total occupation at each
rung, have a higher occupation in one of the legs of
the ladder, and their positive and negative energies
can be explained by the imbalance.

6Like in the SSH chain, finite size effects can make the states
deviate slightly from these expressions for small domains close
to the phase transition (δL =

∥∥|L⟩num − |L⟩analyt

∥∥ = 0.16 for
ℓ = 2 and ϵ = 1.5J), but they are highly accurate in general
(δL = 0.016 for ℓ = 4 and ϵ = J).

4.2 Effective Hamiltonian
The effective Hamiltonian for the protected states will
now include N − 1 isolated S states, while all the
others will hybridize as in the SSH chain case, forming
an effective 1D chain with N + 1 sites:

Heff = v1 |P1⟩⟨L| + vN |R⟩⟨PN−1| +

+
N−1∑
k=2

vk |Pk⟩⟨Pk−1| + h.c. (33)

Using expressions (28-30), we obtain the following
expression for the hopping amplitudes:

vk = 2(−1)d+pk−1ϵNkNk−1

[
(−1)k 2iJ

ϵ

]−d−2
, (34)

where Nk,Nk−1 are the normalization constants for
the involved states and d is the distance between the
maxima between the k-th and the (k− 1)-th topolog-
ical states, with |L⟩ being the zeroth state and |R⟩
being the N -th. The distance is d = ℓ − 1 between
two P states, d = ℓ between an end state and a P
state, and d = ℓ + 1 between the two end states in a
single-domain ladder. pk−1 = 0 if the (k− 1)-th state
is a P state, and pk−1 = 1 otherwise.

We can use this effective Hamiltonian to understand
the dynamics of the topological states. If the system is
initialized in state |L⟩, time evolution will eventually
take it to state |R⟩, using each P-type state of the
ladder as a way to leapfrog its domain wall without
affecting its S-type state. Now, the energy imbalance
in each domain can be used as a control parameter
to implement a transfer protocol between the two end
states.
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Figure 7: (a) L-to-R transfer protocol in a two-domain Creutz ladder with ℓ = 4, induced by an energy imbalance of ±ϵtr.
One of the topological states in the domain wall, |S⟩, remains pinned at zero energy due to AB caging, while the other one,
|P⟩, hybridizes with the left and right states to allow the transfer. (b) L-to-S transfer in a two-domain ladder. The initial
state, not shown, is the same as in (a). The second domain has to be taken to the trivial phase using a control parameter of
ϵbar > 2J before inducing the transfer process. (c) L-to-R transfer in a three-domain ladder, starting in state (|L⟩+ |S1⟩)/

√
2.

The final state is (|S1⟩ − |R⟩)/
√

2. As can be seen, the transfer does not affect the intermediate S-type states.

4.3 More complex transfer protocols
An LR transfer can be achieved using the same type
of pulses as in the SSH chain, now tuning the energy
imbalance parameters for each domain D:

ϵ
(D)
tr (t) =

=


ϵ

(D)
tr sin2(Ωt) for 0 ≤ t < tprep

ϵ
(D)
tr for tprep ≤ t < ttr − tprep

ϵ
(D)
tr sin2[Ω(t− ttr)] for ttr − tprep ≤ t ≤ ttr.

(35)

In addition to LR transfers, we are going to consider
other possibilities: left-to-S, S-to-S and S-to-right
transfers. We illustrate some possibilities in Fig. 7. In
subfigure (a), a two-domain LR transfer is illustrated
in the ICL. Notice how the S state is left invariant,
because we do not apply an imbalance in its domain
wall.

This is the motivation to consider other protocols:
if some amplitude had been transferred into that S
state before the LR transfer, it would have survived
that second transfer. This allows us to couple any
two computational states without disturbing the rest,
providing all-to-all connectivity, similar to a chain of
T-junctions [75], but in a homogeneous quasi-1D lat-
tice.

In Fig. 7 (b), we show how to implement a left-
to-S transfer. Firstly, the P state must disappear in
order to not get mixed with the S state, and we need
a way for the transfer to stop at the intended wall.
Both of these problems are solved either by discon-
necting the rest of the ladder or—less drastically—
by adiabatically setting up an energy imbalance of
ϵbar > 2J in the next domain, which will act as a bar-
rier inhibiting the effective hopping amplitude across
its domain, thereby stopping the transfer. The rea-
son is that this makes the domain trivial, turning the
wall into a topological-to-trivial wall, only holding the

S state, which remains unperturbed during this pro-
cess. A large value of the barrier, ϵbar ≳ 20ϵtr, has
been observed to be more effective in this task.

Figure 8: Exact diagonalization simulations of the processes
in Fig. 7, and the control pulses used. (a) Left-to-right trans-
fer in a two-domain ladder. (b) Left-to-center transfer in a
two-domain ladder. Note the different scales for the transfer-
inducing parameter ϵtr and the barrier ϵbar. (c) Left-to-right
transfer in a three-domain ladder, acting on the initial state
(|L⟩ + |S1⟩)/

√
2. The component at |L⟩ gets transferred,

while the component at |S1⟩ remains unperturbed. The con-
trol parameter in the central domain takes a maximum value
of 0.952, see main text. The rung occupation number is rep-
resented as a function of time t for each rung j. Note the
different colormaps used for subfigures (a,b) and subfigure
(c). Preparation times of tprep = t′

prep = 30 are used. All
times are expressed in units of ℏ/J .

Then, the usual control pulse can be used (now in-
cluding the sites in the wall) to transfer the left state
to the S state, which acts now like the right end of a
topological ladder. After the transfer is done, the bar-
rier can be adiabatically switched off. These protocols
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can also reach over several walls, exactly in the same
way as LR transfers, without disturbing any other S
states in their way.

During the transfer, the S takes an exponential pro-
file into the domain to its left (or right, if the barrier
was set up to its left):

|Sk⟩left = NSk

k(ℓ+1)+1∑
j=(k−1)(ℓ+1)+2

(
(−1)k 2J

iϵ

)j−k(ℓ+1)−1
|j⟩⊗

(
1

(−1)k+1i

)
(36)

|Sk⟩right = NSk

(k+1)(ℓ+1)∑
j=k(ℓ+1)+1

(
(−1)k 2J

iϵ

)k(ℓ+1)−j+1
|j⟩⊗

(
1

(−1)k+1i

)
, (37)

where the subindex indicates the side towards which
the state extends and ϵ is the imbalance parameter in
the relevant domain.

Just as in the SSH case, any protocol that spans
over three domains or more, like the one depicted in
Fig. 7 (c), will need control pulses of different height
for each pair of domains related by spatial inversion.

In Fig. 8, we show exact diagonalization results for
the rung occupation as a function of time for each of
the protocols shown in Fig. 7, along with the control
pulses used. Note the different vertical scales for ϵtr
and ϵbar in (b), and the fact that, in (c), the part
of the wavefunction stored in state S1 is invariant
throughout the protocol. A maximum control param-
eter of ϵtr = J = 1 is chosen, halfway to the topo-
logical phase transition at 2J , which makes the decay
length λ = 3.32. For this reason, we choose domains
of length ℓ = 4. The preparation time for ϵtr and for
ϵbar are equal, tprep = t′prep = 30.

Finally, to demonstrate the accuracy of the effective
model, transfers between the left and right end modes
were simulated in two- and four-domain ladders [Fig.
9 (a)] with ℓ = 4, and then compared to the results
predicted by the effective model [Fig. 9 (b)]. The
topological state occupation ⟨nk⟩ is shown in subfig-
ures (c,d) at each time t, with ⟨n0⟩ = | ⟨L|ψ(t)⟩|2,
⟨nk⟩ = | ⟨Pk|ψ(t)⟩ |2 for 1 < k < N − 1, and ⟨nN ⟩ =
| ⟨R|ψ(t)⟩ |2. As can be seen, both results are almost
identical. We use ϵtr = J = 1, tprep = 30.

The phase acquired by a component of the wave-
function in the transfer is now given by:

ζ(ℓ, nw, x, ς)=
{

(−1)nw/2+δx,ς [(−1)δx,ς i]ℓ for evennw

(−1)(nw−1)/2 for oddnw,

(38)
where nw is the number of domain walls between

the transferred states, x = ±1 is the chirality of the
leftmost transferred state (e.g., x = −1 if state |L⟩
is involved), and ς = 1 (−1) indicates the direction of
transfer, from left to right (from right to left). The
two latter quantities are then compared in a Kro-
necker delta δx,ς .

The resulting phase is always a multiple of π/2, and
is remarkably robust against all kinds of disorder. We
expand on this in Appendix C.

Figure 9: (a) Topological states in a four-domain Creutz
ladder. (b) Associated effective model, corresponding to a
1D chain. (c) Occupation of the topological states during
an LR transfer in a two-domain ladder with ℓ = 4 (L =
11), ϵtr = 1 and tprep = 30, where the only P state is
represented in yellow. Numerical results for the full Creutz
ladder Hamiltonian are shown in continuous line, while the
analytical prediction by the effective Hamiltonian is plotted
in dotted lines. This process is also shown in Fig. 8 (a). (d)
Occupation of the topological states in an LR transfer in the
four-domain ladder depicted in (a), with ℓ = 4 (L = 21),
ϵtr = 1 and tprep = 30.

In this work, we choose the energy imbalance as
a control parameter, but analogous protocols can be
implemented introducing a vertical hopping ampli-
tude between the legs instead, with a Hamiltonian
term of the form Hm = −

∑L
j=1

(
mc†

j,Acj,B + h.c.
)
.

In most experimental implementations, this alterna-
tive is more difficult to implement, and its protection
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against disorder is equivalent to the imbalanced case,
but we include a discussion on this version of the mod-
els in Appendix F for completeness, including their
different symmetry classes.

The ICL, especially if implemented with a synthetic
dimension (see Section 4.6), could be used as a basic
element in a more complex 2D or 3D structure, in the
same way as the SSH chain can be used to build higher
order topological insulators [76–78]. This structure
could be used to achieve full connectivity between an
arbitrary number of closely packed nodes.

This high connectivity makes the ICL and possi-
ble derived models a suitable asset for the implemen-
tation of quantum information tasks such as remote
quantum gates between external qubits, braiding or
entanglement generation in photonic lattices or su-
perconducting circuits, which will be the subject of
future work.

4.4 Fast long-range transfer
The LR transfer times for single- and two-domain lad-
ders can be obtained analytically with the effective
Hamiltonian:

t
(N=1)
tr = πϵ

2(4J2 − ϵ2)

(
2J
ϵ

)ℓ+3
= πϵ

2(4J2 − ϵ2)

(
2J
ϵ

)L+1

(39)

t
(N=2)
tr = πϵ

4J2 − ϵ2

(
2J
ϵ

)ℓ+2
= πϵ

4J2 − ϵ2

(
2J
ϵ

)(L+1)/2
.

(40)
The exponential speed-up found in the SSH chain

can also be found in the ICL. We show this in Fig.
10 for single- and two-domain ladders of increasing
length, and for ladders of fixed ℓ = 4 and increasing
N . The details for all protocols are included in Table
1, inside Appendix B.

Given that the effective model is analogous to the
SSH case, the fastest known possible protocols here
would also scale linearly with length [62–64].

4.5 Robustness against disorder
We also use exact diagonalization to study the be-
haviour of ICL protocols against symmetry-preserving
and general disorder. In the former case, we consider
fluctuations which only depend on the longitudinal
coordinate of the ladder j, in order to preserve the
chiral symmetry of the ladder XC (see Appendix F):{

−J (h)
j,σ = −|J + δJRj |eiϕ/2

−J (d)
j,σ = −|J + δJRj |,

(41)

where δJ is the level of off-diagonal disorder, −J (h)
j,σ

and −J (d)
j,σ are the horizontal and diagonal hopping

terms connecting site j, σ to the sites on its right, and
Rj ∈ [−0.5, 0.5] are random numbers.

For the case with general disorder, we consider:

µj,σ = sσϵ+ δµR
(µ)
j,σ (42){

−J (h)
j,σ = −|J + δJR

(h)
j,σ |eiϕ/2

−J (d)
j,σ = −|J + δJR

(d)
j,σ|

, (43)

where δµ and δJ represent the level of diagonal and
off-diagonal disorder respectively, µj,σ is the total on-
site potential on site j, σ, and all different R variables
are independent random numbers for all different sites
and bonds in the interval [−0.5, 0.5].

As we explain in Appendix F, fluctuations in the
control parameters ϵj do not break the chiral symme-
try if they are equal for both sites in each rung.

The existence of more degrees of freedom in the
Creutz ladder than in the SSH chain for a given L
(twice the sites, and four times the number of bonds)
have a negative effect on the performance of the proto-
cols. To illustrate this and provide a baseline to com-
pare the topological ICL with, we have also included
a protocol using potential wells in the trivial Creutz
ladder with no magnetic field. Its fidelity with no dis-
order is f = 0.95. We use the same technique as in
the trivial chain protocol, which we also include. We
use µ0 = 10 for both, and tunnellings of w = J = 1.

We compare them to LR protocols in single- and
four-domain ICLs, using the average over 1000 real-
izations for all protocols, in systems of lengths L =
13, 21. We show the results in Fig. 11. As can be seen
in subfigures (a,b), the topological protocols show a
plateau if the chiral symmetry is preserved. For gen-
eral disorder, (c,d), the four-domain case performs
considerably better than the single-domain one, due
to its speed. Its fidelity is then similar to the trivial
chain case, even though the latter has a much smaller
number of degrees of freedom that can fluctuate. We
elaborate on the different factors that affect the fi-
delity in Appendix C.

4.6 Experimental proposal
As mentioned in the introduction, the imbalanced
Creutz ladder can be implemented using state-of-the-
art technology in ultracold atoms [28–30, 37, 79], su-
perconducting circuits [31, 32] and photonic lattices
[33], in both waveguide and cavity arrays. For our
protocols, it is crucial that the energy imbalances
can be tuned individually, something that can be eas-
ily done in most implementations. Additionally, the
Peierls phases from the synthetic magnetic field must
be able to change sign from one cell to the next in
order to implement a domain wall with a width of a
single rung. This is attainable in the photonic and
circuit QED implementations, given that the Peierls
phases are obtained with an on-site energy driving,
which can be modified to separately choose the phase
of each bond. On the other hand, the ultracold atoms
setup in [30] might be able to engineer a multidomain
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Figure 10: Transfer time between left and right states in an imbalanced Creutz ladder as a function of distance. The three
cases considered are (a.1) a single domain of increasing length, in blue, (a.2) two domains of increasing length, with a single
amplifier between them, in red, and (a.3) an increasing number of domains of length ℓ = 4, in yellow. (b) Transfer time ttr
in the three cases as a function of the total length of the ladder L, color coded as in (a). A logarithmic scale is used for the
vertical axis. The first and second yellow points coincide with a blue point and a red point, respectively. The simulations have
a maximum control parameter of ϵtr = 1, a preparation time of tprep = 30, and a time step of ∆t = 0.1. Analytical results
for the transfer times [Eqs. (39,40)] are included in continuous red and blue lines. A linear fit is plotted for the yellow points.
In the inset, the same data is plotted using a linear vertical scale, in order to appreciate the different trends of the data.

Figure 11: Fidelity of the transfer protocols against quenched
disorder. We compare trivial transfer protocols in a 1D chain
and in a Creutz ladder to the single- and four-domain topo-
logical CL protocols, for a fixed length L. We study the
cases L = 13, 21. We consider both off-diagonal disorder
only depending on j (a,b) and general uncorrelated disor-
der, both diagonal and off-diagonal (c,d), see main text.
The effect of topological protection can be seen in (a,b),
where the topological protocols show a plateau for low val-
ues of disorder. Note the different horizontal scale for (a,b)
and (c,d). In the case with symmetry-breaking disorder, the
multidomain protocol performs much better than the single-
domain one, due to its shorter transfer time. It is compara-
ble with the fidelity of the trivial chain protocol, which has
a much smaller amount of degrees of freedom that can be
affected by disorder. Sigmoid functions fitted to the data
are provided as a guide for the eye. Transfer times for
L = 13 are ttr = 332.3, 3567.7, 9013.8, 63.0 for the trivial
chain, the trivial CL and the single- and four-domain CL,
respectively. In the same order, the times for L = 21 are
ttr = 800.5, 46739.8, 2288679.9, 135.5.

ladder if a more complex pattern of standing waves
is used, where the resulting Peierls phase depends on
position.

However, the tight-binding model implemented
with fermionic atoms in [28], with spin acting as
a synthetic dimension to create the two rungs, is
especially suited to implement multidomain Creutz
ladders. The tight-binding model that the authors
present in said work is related to the usual Creutz
ladder model by the gauge transformation cj,σ →
exp[iπsσ(3/2 − j)/2]cj,σ,with sσ = δσ,A − δσ,B , which
only affects the relative phases between wavefunction
components, but not the relevant physical results.
This can be easily seen by examining the magnetic
flux for each closed loop in both lattices, and realiz-
ing they are identical.

The authors build this model using a staggered Ra-
man coupling with positive and negative terms, which
induces a pseudo-spin-orbit term that creates the di-
agonal links [see Fig. 12 (a)]. Under this gauge trans-
formation, a system where all even (odd) unit cells
have a negative Raman coupling term corresponds to
the ν = 1 (−1) phase of the Creutz ladder. Thus, the
Raman potential can be modified to create different
domains by setting up regions with different alternat-
ing patterns of signs, as shown in Fig. 12 (b). This
is reminiscent of the way topological domains are cre-
ated in the SSH chain. The existence of flat bands
in the Creutz ladder requires the horizontal and di-
agonal bonds to be equal in magnitude. A promising
aspect of this setup is that the use of a synthetic di-
mension will cause noise-induced fluctuations in the
different links of each unit cell to be highly correlated,
which is the kind of disorder which does not break the
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protecting chiral symmetry.
The aforementioned gauge transformation can help

implement multidomain Creutz ladders in other plat-
forms in a simpler way, given that it only uses real
hopping amplitudes, as seen in Fig. 12 (b). In pho-
tonic lattices, for example, a minus sign can be in-
duced with an auxilliary waveguide [80], with no need
for a driving protocol.

Figure 12: (a) Effective model for the cold atoms system
in [28], corresponding to a single-domain CL after a gauge
transformation. (b) Proposed setup for a two-domain CL.
The corresponding Raman potentials are shown in purple.
All hopping amplitudes have an additional minus sign.

4.7 Two-transfer demonstration
Finally, to show an example of a more involved pro-
tocol, we consider the transfer of a superposition of
states from the two leftmost to the two rightmost com-
putational states in a six-domain Creutz ladder with
L = 31:

|+CL
left⟩ = (|L⟩ + |S1⟩)/

√
2 → (44)

→ |ψCL
f ⟩ = |−CL

right⟩ = ζ1 |S5⟩ + ζ2 |R⟩ . (45)

This is achieved with two successive transfer pro-
tocols [see Fig. 13 (b)], and would be impossible
in the SSH chain. The acquired phase factors are
ζ1 = −1, ζ2 = 1. We use tprep = t′prep = 30,
ϵ

(1)
tr = J = 1, ϵ(2)

tr = ϵ
(3)
tr = 0.97, and a total trans-

fer time of Ttr = 391.4 for the whole protocol. The
fidelity of the transferred state for each system at the
final time tf , F = |

〈
ψ

(ideal)
f |ψ(tf )

〉
|2, is F = 0.996

for the pristine system.
As a topologically trivial protocol to compare

against, we use a transmission line consisting of a 1D
chain of sites with a hopping amplitude of J = 1,
of the same length as each of the transfers in the
CL, and with two sites at the left (|1, a/b⟩) and right
(|L, a/b⟩) ends [see Fig. 13 (a)]. The initial state is
|+triv

left ⟩ = (|1, a⟩+|1, b⟩)/
√

2, and two successive trans-
fers are implemented using the same chain, until the
final state, |ψtriv

f ⟩ = |+triv
right⟩ = (|L, a⟩ + |L, b⟩)/

√
2

(plus a certain global phase), is achieved. An initial
chemical potential of −µ0 = −10J is set on the four

end sites, and the optimal transfer time for the full
protocol was found to be Ttr = 2405.6. The maxi-
mum fidelity obtained in the non-disordered case was
F = 0.986.

We now obtain the fidelity average over 1000 real-
izations for both symmetry-preserving disorder, de-
fined in Eq. (41), and general disorder, see Eqs.
(42,43). The results are shown in Fig. 14. Notice
the different disorder scales. The topological proto-
col shows a plateau up to disorders of 0.15J in the
former case, and still outperforms the trivial proto-
col in the latter case for low levels of disorder. The
trivial protocol falls quickly to F = 0.5 in both cases
as disorder is turned on, given that the relative phase
of the final superposition—which is dynamical—is al-
most random even for small disorder values, while
the geometrical phases in the topological protocol are
more reliable (see Appendix C for more details). In
the case of general disorder, the difference is mainly
due to the much shorter times of the CL protocol.

As shown, the geometric nature of the relative
phase between states in topological insulators can be
decisive for protocols involving several transfers. This
is also true for setups where external qubits were cou-
pled to the system, as argued in [8], given that the
acquired phase in the transfer would become relevant
then.

5 Conclusions

In this work, we propose topologically protected
transfer protocols in the multidomain SSH and Creutz
models which exhibit two novel properties. Firstly,
we have obtained an exponential speed-up in our pro-
tocols due to the use of topological domain walls as
quantum amplifiers, when compared to other bidi-
rectional topological transfer protocols. Protocols
of this kind can be useful for the implementation
of symmetry-protected remote quantum gates using
topological communication lines, as explored in [8].
Our proposal could exponentially accelerate these op-
erations, even between distant qubits.

Additionally, the magnetic interference and topo-
logical properties of the multidomain Creutz lad-
der enable all-to-all connectivity between its bound-
aries. This could open the realization of long-range
symmetry-protected quantum gates between more
than two external qubits, which is an interesting topic
for future work.

Some other possible avenues of research are the de-
tailed analysis of experimental implementations, in-
cluding the study of models with long-range hopping
terms and interactions, and the effect of other types
of pulses.
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Figure 13: Transfer of a particle in a superposition of two
states. The amplitude in each of the two states is transferred
separately. (a) Transfer protocol in a trivial chain with L =
26 for a particle superposed between two sites. The transfer
is induced by using wells of chemical potential at both edges.
(b) Transfer protocol in a six-domain, L = 31 Creutz ladder
for the superposition of two computational states. Each of
the computational states is translated 26 rungs to the right.
The first transferred state acquires an additional π phase in
the CL protocol.

Figure 14: Average value of the fidelity of the transferred su-
perposed state over 1000 realizations in the presence of (a)
symmetry-preserving [see Eq. (41)] and (b) general disorder
[Eqs. (42,43)], using a trivial chain (black) and a six-domain
topological CL (red). Note the different horizontal scale be-
tween the figures. We include its standard deviation as error
bars. The CL protocol outperforms the trivial one by a wide
margin in case (a), but it is also better than it at low levels
of disorder in case (b). This is mainly due to the robustness
of the relative phase in the topological protocol when com-
pared to the trivial one, thanks to its shorter transfer time.
In the trivial case, the relative phase is soon lost, making the
fidelity quickly fall to ∼ 0.5.
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A Adiabatic time evolution and trans-
fer time
In this Appendix, we expand on our use of the adia-
batic theorem, as well as perform a step-by-step cal-
culation of the time evolution of the protected states.
All of the considered dynamics are contained within
the invariant subspace around zero energy, S0, which
is decoupled from the rest of the Hilbert space due to
the topological protection. In this Appendix, we label
all protected states in S0 as {|i⟩}M

i=1. The evolution
of any initial state |ψ(0)⟩ ∈ S0 can then be expressed
as:

|ψ(t)⟩ =
M∑

i=1
ψie

−iεit |i⟩ , (46)

where ψi ≡ ⟨i|ψ(0)⟩, M is the number of protected
states and εi are the energies.

This evolution provides the main features of the
time evolution, even when an adiabatic control proto-
col is added.

As shown by the effective Hamiltonian, which is
simply the block of the Hamiltonian restricted to S0,
the states involved in the transfer are isomorphic to a
1D chain, where the exponentially localized state at
each boundary is coupled to those in the two adjacent
boundaries. At the same time, all compact states are
decoupled from the rest (for examples, all S states in
a left-to-right transfer).

For concreteness, let us see some examples in the
Creutz ladder (the SSH case is completely equiva-
lent). In a single-domain ladder with length L, the
left and right states will hybridize to form the eigen-
states |±⟩ = (|L⟩ ± iL−1|R⟩)/

√
2, with energies ±ε.

The phase factor iL−1 arises due to the Peierls phases.
A straightforward calculation shows that, if we con-
sider |L⟩ as the initial state at time t = 0, its time
evolution will be:

|L(t)⟩ = cos(εt)|L⟩ − iL sin(εt)|R⟩. (47)

At time ttr = π/(2ε), |L(ttr)⟩ = −iL|R⟩, and the
particle will have been transferred to the right state,
acquiring a phase that agrees with Eq. (38) (remem-
ber that, for a single domain, L = ℓ + 2). We use

this formula for the transfer time in Eq. (39), which
is obtained by considering a constant control param-
eter, for estimating the total transfer time of the full
adiabatic protocol. If we consider |R⟩ as the initial
state instead, we obtain |R(ttr)⟩ = −i−L|L⟩

For another example, let us consider a two-domain
ladder, with an energy imbalance of ϵ in all rungs
except the central one. This model has a caged S
state but exponentially localized L,R and P states,
which will hybridize into the states shown in Section
4.1, |±⟩ = (|L⟩ − |R⟩)/2 ± iℓ |P⟩ /

√
2, with energies

±E and |0LR⟩ = (|L⟩ + |R⟩)/
√

2, at zero energy. The
time evolution for the initial state |L⟩ is:

|L(t)⟩ = cos2 Et

2 |L⟩ + sin2 Et

2 |R⟩ − iℓ+1
√

2
sin(Et)|P⟩

(48)
At time ttr = π/E, |L(ttr)⟩ = |R⟩. This is the

formula we use to obtain Eq. (40). We can see that
there will be no acquired phase in the gauge we have
chosen, which also agrees with Eq. (38). An initial
state of |R⟩ would evolve to |R(ttr)⟩ = |L⟩.

We now consider the adiabatically-changing sys-
tem, with the pulses detailed in the main text, and
note that there are no level crossings within S0 as
long as the control parameter c (ϵ,m or v) is larger
than zero. In the c → 0 limit, in which we start and
finish the protocol, all states go to ε = 0, but they
are all compact with no overlap between them, and
so do not mix. Thus, we can use the adiabatic the-
orem to predict the time evolution of the system, as
confirmed by our numerical simulations. Each eigen-
state |i⟩ keeps their identity throughout the protocol,
although its energy and wavefunction will change. As
our simulations show, no additional geometric phase
is acquired by the localization and delocalization of
the states.

The dynamics described above for the constant-c
cases hold for any c > 0, and the only difference be-
tween different values of c is the energies εi[c(t)], and
the profile of the states |i[c(t)]⟩. The time evolution
of a given state |ψ(0)⟩ ∈ S0 is now:

|ψ(t)⟩ =
M∑

i=1
ψie

−i
∫

εi[c(t′)]dt′
|i[c(t)]⟩ , (49)

where ψi ≡ ⟨i[c(0)]|ψ(0)⟩.
This explains the similarities between the dynamics

in the driven case and in the constant-c case, only dif-
fering slightly in the transfer time (due to the varying
energies) and in the initial and final wavefunctions,
which are compact (and thus, uncoupled to the rest
of the system).
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B Transfer protocol parameters
As detailed in the main text, the protected bound-
ary states at the ends and walls of the models form
an effective 1D chain. The left-to-right transfer is
reduced to the problem of how to transfer a parti-
cle from the first to the last site in this effective 1D
chain, the optimal version of which seems to scale lin-
early with time, as mentioned above. Other intriguing
possibilities could be explored here, like considering
the—also especially resilient—adiabatic passage pro-
tocol recently proposed in a two-domain SSH chain
[25], or imposing an additional dimerization between
the domain walls, in the spirit of [24], to try and ob-
tain an additional degree of protection.

In the latter case, the time dependence is exponen-
tial in the effective model length (i.e. the number of
domains plus one). These protocols can be faster than
those we analyze for some cases, but in principle they
will be exponentially slower in the L → ∞ limit.

However, in this work we constrain our study to
a simpler version of these protocols, given that it
is bidirectional and provides an exponential speed-
up over the single-domain case: the Rabi-oscillation-
based transfer driven by the modulation of the control
parameters over time.

Among all possible ways to modulate them, we have
chosen to follow the pulse form detailed in Eq. (35)
for the control parameter c (which can be c = v, ϵ or
m, depending on the model) simultaneously in all do-
mains, but allowing for a different value of ctr for each
domain. A straightforward numerical simulation can
easily provide the appropriate values of these control
parameters in order to obtain a fidelity of f > 0.995
in the shortest time possible, that is, in the first max-
imum of the last site occupation. We have considered
a value of c(1)

tr in the first and last domain, and then
a different value c(2)

tr for the second and penultimate,
and so on. This, in turn, creates different effective
hopping amplitudes in the effective Hamiltonian.

We include a detailed list of all protocols with N >
2 that were used in this work, together with all their
parameters, in Table 1.

C Performance against disorder: key
factors and phases
In this Appendix, we elaborate on the results obtained
for the disordered protocols, by discussing the differ-
ent factors that can affect the performance of the pro-
tocols.

There are three main factors which determine the
robustness against disorder of a given protocol:

• The topology of the system. When at least one
protecting symmetry is preserved, the fidelity of
the protocol is better in the topological case, all
else being equal. Additionally, the phase of the

wavefunction components is preserved especially
well, even if the protecting symmetries are bro-
ken. This is relevant in the CL, due to the chiral-
ities being defined by the relative phase between
the two legs, and also for more complex protocols,
where relative phases between different computa-
tional states carry information.

• The number of degrees of freedom. More compli-
cated models like the CL, with a larger amount
of moving parts, can induce more errors in the
protocol for the same level of disorder. However,
the relative increase in errors will be platform-
dependent, given that some parameters of the
Hamiltonian (and their errors) can be correlated
in some experimental realizations but not in oth-
ers.

• The speed of the protocol. Due to the accumula-
tion of errors, protocols that take more time usu-
ally have a lower fidelity than their faster coun-
terparts, all else being equal.

As mentioned in the main text, the value of the ac-
quired phase in the transfer, ζ, is exceptionally robust
in the presence of disorder. This is because it is a ge-
ometric phase, not a dynamical phase, and so small
changes in the transfer time do not affect its value.
We investigate this by representing the circular stan-
dard deviation7 of the acquired phase values over 1000
realizations.

In the case of symmetry-preserving disorder, the
acquired phases are almost completely unperturbed
for disorder strengths of more than 20% of the energy
scale of the model in both the SSH chain and CL
protocols, with only the single-domain CL protocol
showing the effects of disorder near δJ ≃ 0.15. This
protection does not seem to carry over to the general
disorder case, but we see a better performance in the
faster, four-domain SSH and Creutz models than in
a single-domain or trivial protocol, even in the case
where the fidelity in the CL did not outperform the
trivial chain, compare Fig. 15 (d) with Fig. 11 (d).
In general, the stability of the acquired phase seems
to outlast the fidelity plateau as disorder increases.

This behaviour is useful in situations where the pre-
dictability of the phase is desired, like quantum in-
formation implementations in which the topological
model is coupled to external qubits (e.g., if used as
a photonic communication line to implement remote
quantum gates, like in [8]), or more complex trans-
fer protocols where relative phases between boundary
states also have to be preserved.

7The circular standard deviation of a set of data {ζj}M
j=1

can be found as σ(ζ) =

√
2

(
1 −

∣∣∣∑M

j=1 eiζj

∣∣∣). It is needed

to take into account the periodicity of the phases, and it ranges
between 0 and

√
2.

Accepted in Quantum 2023-06-17, click title to verify. Published under CC-BY 4.0. 17



Model Ref. N ℓ L c
(1)
tr c

(2)
tr c

(3)
tr ttr tprep

SSH Fig. 4 3 4 16 0.5 0.543 – 50.6 15
SSH Fig. 4 4 4 21 0.5 0.560 – 55.9 15
SSH Fig. 4 5 4 26 0.5 0.561 0.566 62.2 15
SSH Fig. 4 6 4 31 0.5 0.563 0.576 67.5 15
SSH Fig. 5 4 2 13 0.5 0.560 – 35.0 15
ICL Fig. 10 3 4 16 1 0.952 – 123.5 30
ICL Fig. 10 4 4 21 1 0.969 – 135.7 30
ICL Fig. 10 5 4 26 1 0.973 0.973 148.9 30
ICL Fig. 10 6 4 31 1 0.975 0.979 162.2 30
ICL Fig. 11 4 2 13 1 0.906 – 63.1 30

Table 1: Multidomain transfer protocol parameters. We indicate the model in which they are implemented (SSH = SSH
chain, ICL = imbalanced Creutz ladder), one of the Figs. which reference them, and the values of all parameters. The control
parameter (v in SSH, ϵ in ICL) is represented by c.

Figure 15: Standard deviation of the acquired phases over
1000 realizations of six different protocols, for symmetry-
preserving (a,b) and general (c,d) disorder. The lengths of
the models are L = 13(a,c) and 21 (b,d) (L = 12, 20 for the
single-domain SSH chain). The four topological protocols
show almost perfect results for symmetry-preserving disorder
up to 0.2J . In the case of general disorder, the four-domain
protocols show a clear advantage over the rest, especially for
L = 21, due to their shorter transfer times. Continuous lines
fitted to the points are added as a guide for the eye.

D Topological state preparation in the
Creutz ladder
The left, right and S-type topological states of the
rungless Creutz ladder, which are localized in two
sites, can be prepared starting from a particle con-
fined to a single site, while retaining topological pro-
tection. To do this, the hopping amplitudes of the
given site with its neighbours must start off at zero,
and then be turned on adiabatically until they reach
the value of the rest of the hopping amplitudes, with
the appropriate complex phases (see Fig. 16). The
symmetry protection is retained during this process,
because the state corresponds to a topological state
of a rhomboid CSSH ladder of varying J/J ′ [81]. Al-
though the full system is not equivalent to the CSSH
ladder during the preparation, it is locally equivalent
to it around the computational states. Given the lo-
calized nature of all eigenstates during the protocol
due to AB caging, this local equivalence is enough to
make the computational state completely analogous
to its CSSH ladder counterpart, including the topo-
logical protection, so the preparation protocol will be
symmetry-protected against off-diagonal disorder.

E Derivation of the protected zero
modes
In order to obtain the form of the protected states,
we consider a domain wall between two semi-infinite
domains, with ν = ±1 for the left/right domain. The
energy imbalance at the domain wall is set to zero,
while it is equal to ϵ for all other rungs. We also set the
origin of coordinates at the domain wall. Then, it can
be easily checked that state |S⟩ = [|0, A⟩+i |0, B⟩]/

√
2

is an eigenstate with zero energy.
Let us now consider the following ansatz:

|P⟩ = N
∑

∀j ̸=0
ζje

−α|j| |j,+⟩ , (50)
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Figure 16: Preparation of the computational states |L⟩ (left
of the figure) and |S1⟩ (right) in the Creutz ladder. (a) The
initial state has a particle localized in a single site in leg A.
(b) The hopping amplitudes connected to that site (dashed
lines) must start at a value of zero, and then be adiabatically
switched on, with the proper complex phases. This protocol
is topologically protected by chiral symmetry, given that each
intermediate state corresponds to a topological state in a
CSSH ladder [81], to which the system is locally equivalent.
(c) The final state is the corresponding computational state
in the Creutz ladder. Magnetic interference will cause the
site in leg B to acquire the necessary phase, represented by
color. Red is used for phase 0, green for phase π/2 and
purple for phase −π/2.

where N is a normalization constant, ζj are phase
factors of magnitude one, α is an unknown coefficient,
and |±⟩ = |A⟩ ± i |B⟩ are the chiral states.

We consider an ansatz with positive chirality due
to the sign of the difference between the invariants of
the two domains. We did not include any component
with j = 0, given that state |S⟩ = |0,+⟩ is itself a
different eigenstate. We want to check if ansatz (50)
can satisfy the eigenstate equation, H |P⟩ = ε |P⟩, for
some values of α, ζj and ε.

Due to the chiral symmetry of the Hamiltonian,
{X ,H} = 0, its application on a chiral state like |P⟩
will give as a result a state with the opposite chirality.
This can be seen using partial inner products in the
following way:

⟨+| H |+⟩ = − ⟨+| X †HX |+⟩ = − ⟨+| H |+⟩ = 0.
(51)

Given that |±⟩ are a complete basis of the inter-
nal space, H |+⟩ must be chiral too, with a negative
chirality.

For this reason, the eigenstate equation can only
be satisfied for ε = 0, so all coefficients of state H |P⟩
must vanish. A simple calculation yields:

H |P⟩ = N
∑
j ̸=0

[
−2Jiζj′e−α|j+1| + ζje

−α|j|ϵ
]

|j,−⟩+

−NJi(ζ1 + ζ−1)e−α|0,−⟩ (52)

where j′ = (signj)(|j| + 1).
which implies:

ζ1 + ζ−1 = 0 (53)

e−α = −i ζj

ζj′

ϵ

2J , j ̸= 0. (54)

Given that α ∈ R+ by construction, we get that the
phase factors follow the rules:

ζj = −iζj−1 j < 0
ζj+1 = iζj j > 0
ζ1 = −ζ−1

(55)

We choose the gauge in which ζ−1 = 1, and so ζj =
[−i sign(j)]j+1, which takes the cyclic values ±1,±i.

On the other hand, the exponential coefficient is
α = log(2J/ϵ) and the P state can be written for the
first wall, after the appropriate change of coordinates,
as in Eq. (30). Completely analogous calculations
yield the formulas for the rest of the protected states
of the multidomain Creutz and SSH models.

F Runged vs. imbalanced Creutz lad-
der: symmetries and states
In this Appendix, we discuss the differences and sim-
ilarities between the imbalanced (ϵ ̸= 0,m = 0) and
the runged (m ̸= 0, ϵ = 0) Creutz ladders.

The rungless, balanced regime (m = ϵ = 0) of the
CL belongs to the BDI class as long as ϕ ̸= 0 mod 2π,
with a hidden chiral symmetry that can be expressed
as X (4)

S = diag(12,−12) if we choose a four-site unit
cell [81]. The runged case also belongs to the BDI
class if ϕ = π mod 2π, with different symmetries
than in the previous case. The chiral symmetry is
then XC = iσy. The imbalanced CL belongs to the
AIII class if ϕ = π mod 2π, with the same chiral
symmetry XC . When either of the control param-
eters (m or ϵ) is nonzero and ϕ ̸= 0, π mod 2π, the
system belongs to one of the nontopological symmetry
classes in 1D. Topological edge states are still present
in the model, but they are related only to crystalline
symmetries instead [49]. The phase diagrams for the
imbalanced and runged Creutz ladders are shown in
Fig. 17.

Topological states are protected by these chiral
symmetries, but not for all types of disorder. Diagonal
(on-site) disorder always breaks the symmetries of the
models, while each of the symmetries protects against
different kinds of off-diagonal disorder, as shown in
Table 2. The system is only topologically protected
if the off-diagonal disorder does not depend on the
internal coordinate σ. For this reason, implementa-
tions that use a synthetic dimension for the two legs
will most likely be advantageous over those using two
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real dimensions, given that the inter-cell parameters
will be more correlated in the former case.

Crucially, fluctuations in any of the control param-
eters (m or ϵ) preserve the chiral symmetry XC , and
thus the topological protection.

δJh/d(j, σ) δJ(j) δϕ(j, σ) δc(j) δµ∗

XC

[ϕ = ±π]
✓ ✓

X (4)
S

[m=ϵ=0]
✓ ✓ ✓

Table 2: Types of disorder and the chiral symmetries in the
Creutz ladder that are preserved (✓) or broken by them.
They are defined as XC = σy, X (4)

S = diag(12, −12). The
regime in which the symmetry is present is shown in square
brackets. The dependence of the disorder terms is indicated
in parentheses. δJh/d(j, σ) allows for fluctuations of different
value in each of the four inter-cell links, while δJ(j) means
that we apply the same fluctuation to all four inter-cell hop-
ping terms. δc(j) represents a rung-dependent disorder in
one of the control parameters: the vertical links (c = m)
or the energy imbalance (c = ϵ), δϕ(j, σ) indicates a bond-
dependent fluctuation of the Peierls phases, and δµ∗ stands
for a general non-homogeneous fluctuation in the chemical
potentials. For a detailed account of all symmetries, cf. [81].

The runged multidomain CL with rungless domain
walls has the following topological states:

|L⟩ = −NL

ℓ+1∑
j=1

(
−2J
m

)−j

|j⟩ ⊗
(

1
−i

)
(56)

|R⟩ = −NR

L∑
j=L−ℓ

(
−2J
m

)j−L−1
|j⟩ ⊗

(
1

(−1)N+1i

)
(57)

|Pk⟩ = −NPk

k(ℓ+1)∑
j=(k−1)(ℓ+1)+2

(
−2J
m

)j−k(ℓ+1)−1
|j⟩ ⊗

(
1

(−1)k+1i

)

+ NPk

(k+1)(ℓ+1)∑
j=k(ℓ+1)+2

(
−2J
m

)
|j⟩ ⊗

(
1

(−1)k+1i

)
, (58)

and its effective Hamiltonian has the same form as the imbalanced case, with the following hopping amplitudes:

vk = 2(−1)k+pk−1imNkNk−1

(
−2J
m

)
−d−2, (59)

where d is the distance between the maxima of the involved states, and pk−1 = 0 if the (k − 1)-th state is a
P state, and pk−1 = 1 otherwise.

In a transfer involving an S state that extends to the left or right, this state will take the form:

|Sk⟩left = NSk

k(ℓ+1)+1∑
j=(k−1)(ℓ+1)+2

(
−2J
m

)j−k(ℓ+1)−1
|j⟩ ⊗

(
1

(−1)k+1i

)
(60)

|Sk⟩right = NSk

(k+1)(ℓ+1)∑
j=k(ℓ+1)+1

(
−2J
m

)k(ℓ+1)−j+1
|j⟩ ⊗

(
1

(−1)k+1i

)
. (61)

The acquired phases in a transfer jumping over nw

walls with a domain length of ℓ are different from the
imbalanced case, and can only be 0 or π, making it
easier to compensate if needed for quantum informa-
tion applications:

ζ(ℓ, nw, x, ς) =
{

(−1)ℓ+nw/2+δ−x,ς for even nw

(−1)(nw−1)/2 for odd nw,

(62)
where x = ±1 is the chirality of the leftmost trans-
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Figure 17: Phase diagrams showing the symmetry classes
and winding numbers of the two Creutz ladder variants. (a)
Imbalanced Creutz ladder phase diagram, with m = 0. (b)
Runged Creutz ladder phase diagram, with ϵ = 0. (c) Color
code for the symmetry classes and winding number values
(ν). Topological phases explained by the Altland-Zirnbauer
classification [72] are indicated by a white outline.

ferred state, ς is the direction of transfer (±1 for left-
to-right/right-to-left).

Apart from the phases, the rest of the dynamics
of the model are identical to those in the imbalanced
CL. In particular, all transfer times are the same, de-
scribed by Eqs. (39,40), with m playing the part of ϵ.
This was confirmed both analytically and numerically.
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