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We present a family of electron-based coupled-wire models of bosonic orb-
ifold topological phases, referred to as twist liquids, in two spatial dimensions.
All local fermion degrees of freedom are gapped and removed from the topolog-
ical order by many-body interactions. Bosonic chiral spin liquids and anyonic
superconductors are constructed on an array of interacting wires, each sup-
ports emergent massless Majorana fermions that are non-local (fractional) and
constitute the SO(N) Kac-Moody Wess-Zumino-Witten algebra at level 1. We
focus on the dihedral Dk symmetry of SO(2n)1, and its promotion to a gauge
symmetry by manipulating the locality of fermion pairs. Gauging the symme-
try (sub)group generates the C/G twist liquids, where G = Z2 for C = U(1)l,
SU(n)1, and G = Z2, Zk, Dk for C = SO(2n)1. We construct exactly solvable
models for all of these topological states. We prove the presence of a bulk exci-
tation energy gap and demonstrate the appearance of edge orbifold conformal
field theories corresponding to the twist liquid topological orders. We analyze
the statistical properties of the anyon excitations, including the non-Abelian
metaplectic anyons and a new class of quasiparticles referred to as Ising-fluxons.
We show an eight-fold periodic gauging pattern in SO(2n)1/G by identifying
the non-chiral components of the twist liquids with discrete gauge theories.
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1 Introduction
Topological phases in two spatial dimensions are long-range entangled states of quantum
matter that support fractional quasiparticle excitations, known as anyons (a review of these
ideas can be found in ref. [1, 2, 3, 4]). The topological order of a topological phase is the
characterization of the fusion, exchange, and braiding properties of its anyonic excitations.
When symmetry is present, these phases are further distinguished by their symmetry-
protected or symmetry-enriched topological (SPT/SET) orders. [5, 6, 7, 8, 9, 10, 11, 12,
13, 14, 15] Symmetries in topological phases can be analyzed theoretically by studying the
statistical properties of fluxes, referred to as twist defects [16, 17, 18, 19, 20, 21, 22, 23, 24,
25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38]. These topological point defects “rotate”
the local winding low-energy degrees of freedom according to the symmetry actions. For
example, a twist defect associated to an anyonic symmetry [31] (or outer automorphism)
permutes the anyon type of an orbiting quasiparticle excitation. Such defects must exhibit
non-Abelian statistical behaviors even when the underlying topological order is Abelian,
and may be useful in the construction of a topological quantum computer [39, 40, 41, 42,
43, 44, 45, 46, 47, 48].

Twist liquids [32] are topological phases where (1) the symmetries are “elevate” into
local gauge symmetries, and (2) the gauge fluxes are themselves deconfined quantum ex-
citations. The promotion of a (parent) SPT/SET phase to a (descendant) twist liquid
phase is known as gauging. [32, 37] The fundamental examples are discrete gauge theo-
ries [49, 50, 51, 43] D[ω](G) in 2+1D. These are twist liquids promoted from a short-range
entangled (non-fractional) SPT phase equipped with the symmetry group G. The cohomo-
logical classification [52, 53] [ω] of the parent SPT phase determines the Dijkgraaf-Witten
deformation [54, 55, 56, 57, 50] of the discrete gauge theory that dictates the anyon braiding
statistics [58] after gauging. Despite their structural simplicity (excitations have integral
quantum dimensions and their braid groups have finite image [59]), the exact evaluation
of link invariants in some gauge groups, such as the alternating group G = Am for m ≥ 5,
are in the #P-complete computational complexity class [60]. Anyons are capable of uni-
versal quantum computing when the finite gauge group G is non-solvable [61] (e.g. S3) or
non-nilpotent [62] (e.g. A5) if the gate-set involves measurements [39, 42, 63].

In general, a twist liquid C/G is the resulting phase when a symmetry group G of a long-
range entangled (fractional) SET phase C is gauged. In this paper, we focus on a family of
chiral twist liquids. In a chiral topological phase, the 1+1D conformal field theory [64, 65,
66] (CFT) that describes the gapless edge excitations is identified with the unitary modular
tensor category [67, 68, 69, 70, 71, 16, 72, 73, 74, 75] (UMTC) that describes the 2+1D
gapped topological order by the bulk-edge correspondence [76, 77, 78, 79, 16]. In a chiral
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twist liquid, symmetry gauging acts as an orbifolding procedure [80, 81, 82, 83, 84] on the
edge CFT so that the bulk-edge correspondence is preserved [85]. The deconfined gauge
fluxes in the bulk associate to twist fields that change the boundary conditions on the
edge. Examples include orbifold fractional quantum Hall states [18, 86, 87, 88, 89, 90, 91]
and quantum spin liquids [58, 13]. In this paper, with the interest on the topological and
modular properties, we do not distinguish between the twist liquid bulk UMTC and its
edge orbifold CFT, and we will refer to both as C/G.

While non-chiral twist liquids can be constructed microscopically from exactly-solvable
string-net models [32, 37, 92] and this provides a proof of principle that the orbifold topo-
logical order can be supported by a gapped local Hamiltonian, the method is not designed
to analyze chiral electronic twist liquid phases. Moreover, the fundamental relationship
between symmetry gauging and the change of locality is obscure. On one hand, the gauge
charges in a twist liquid are non-local and fractional because they carry non-trivial mu-
tual braiding statistics with the gauge fluxes. On the other hand, they are derived from
field operators in the parent globally-symmetric SET phase that are local integral com-
binations of electrons and “condense” in the anyon condensation [93, 94, 95, 96] picture.
In other words, gauging is the reversal of gauge charge condensation. In this paper, we
seek a microscopic model description based on electrons that explicitly demonstrates such
reconfiguration of gauge charge locality. At the same time, we explore models that display
the bulk-edge correspondence between chiral twist liquid bulk topological order and edge
orbifold CFT.

The coupled-wire construction [97, 98] provides a strategy to obtain exactly-solvable
model Hamiltonians for these purposes. The theoretical technique was inspired by sliding
Lutthinger liquids [99, 100, 101, 102, 103] and was first implemented by Kane, Mukhopad-
hyay, and Lubensky [97] to describe the Abelian Laughlin [104] and Haldane-Halperin
hierarchy [105, 106] fractional quantum Hall states. The method was later generalized to
other (Abelian or non-Abelian, integer or fractional) quantum Hall states [98, 107, 108, 109,
110, 111, 112, 90, 113, 114, 115, 116, 117, 91, 118], anyon models [119, 120, 121, 122], spin
liquids [123, 124, 125, 126], (fractional) topological insulators [127, 128, 129, 130, 131, 132,
133] and superconductors [134, 135, 136, 137, 138, 139, 140], fracton models [141, 142] and
higher-dimensional fractional phases [143, 144, 145, 146, 147], as well as the exploration of
dualities [148, 149] and quantum entanglement [150, 151, 152]. The coupled-wire construc-
tion is a highly anisotropic microscopic description where the low-energy electronic degrees
of freedom are confined on a 2D array of one-dimensional wires. Local many-body intra-
and inter-wire electron backscattering interactions are responsible for the finite excitation
energy gap in the bulk but leave behind gapless modes on the edge.

A universal procedure of constructing a coupled-wire model for a general UMTC has
not been established, and it is out of the scope of this paper to construct electronic models
for general twist liquids. Among orbifold phases C/G, there is a sub-collection where the
parent G-symmetric SET phase C corresponds to an edge CFT described by an affine Kac-
Moody [153, 154] (KM) Wess-Zumino-Witten [155, 156, 157] (WZW) current Lie algebra.
These WZW phases are of significant interest in the coupled-wire construction because
(1) some of the many-body electron interactions can be introduced as backscattering of
the local KM currents (such as the Gross-Neveu interactions [158, 159, 160, 161]), and
(2) some non-local KM current operators can be associated with the gauge charges in
the twist liquid. In particular, when C is an affine simply-laced KM WZW Lie algebra
at level 1 (i.e. the Ar = SU(r + 1), Dr = SO(2r) series and the exceptional E6, E7,
E8), it has an Abelian topological order. N -dimensional real (complex) point groups are
discrete finite subgroups G in SO(N) (SU(N)), and they correspond to the orbifold phases
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SO(N)k/G (SU(N)k/G), where k is the level of the WZW algebra. 3-dimensional point
group orbifold CFTs SU(2)1/G are known [82, 83]. In this paper, we focus on gauging a
dihedral symmetry group Dk in SO(2n)1. In doing so, the construction also encompasses
the anyon relabeling Z2 conjugation symmetry in U(1)l and SU(n)1.

We summarize the main results of this paper below. We discuss the implications and
possible future directions in section 5.

1.1 Summary of results
In this paper, we investigate various aspects and consequences of gauging a non-Abelian
dihedral symmetry group Dk of topological phases of matter in the orthogonal family. The
results we achieved are threefold.

First, we present two different ways of constructing a one-dimensional quantum wire
of gapless bosons with an effective SO(N) symmetry in low energy. We begin with a one-
dimensional quantum wire of interacting spinful electrons. By taking advantage of either
an umklapp scattering term or a superconducting pairing term, we lift all charge modes
and local fermion excitations above a finite energy gap. The residual low-energy degrees
of freedom below the energy gap are gapless bosons, which can be effectively described
by the SO(N)1 WZW CFT. These boson wires serve as the basic building blocks for
the subsequent coupled wire constructions of the globally symmetric “parent” topological
order phases (C) and their gauged and locally symmetric “descendant” counterparts (twist
liquid / orbifold phases C/G) in the orthogonal and unitary family. They include (1)
C = SO(2n)1 and its G = Z2, Zk, or the non-Abelian Dk = Z2 n Zk twist liquid phases,
(2) C = U(1)l, SU(n)1, or U(1)l × SU(n)1 (conformally embedded as WZW subalgebras
of SO(2n)1) and their G = Z2 twist liquid phases. The degree, rank, and level are related
by k = n and l = 4n (or k = n/2 and l = n) when n is odd (resp. even). The level l of
U(1)l corresponds to the radius R =

√
l/2 of the compactified free boson CFT at central

charge c = 1. The coupled-wire constructions based on the umklapp (pairing) approach
lead to a topologically ordered spin liquid (superconductor).

Decoupled
SO(n)1

SO(n)1 Uy+1/2

Uy

C/Z2

y + 1

y − 1

y − 2

y
Uy+1/2

Uy

C
y + 1

y − 1

y − 2

y

SO(2n)1

(a) (b)

Figure 1: Coupled-wire models for (a) C = U(1)l or SU(n)1 Abelian topological states, and (b)
C/Z2 = U(1)l/Z2 or SU(n)1/Z2 twist liquid topological states from bosonic SO(N)1 wires. Intra-
/inter-wire interactions Uy, Uy+1/2 introduce a finite bulk excitation energy gap and leave behind
chiral gapless boundaries described by CFTs that correspond to the bulk topological orders. Yellow
boxes represent splitting of channels by (a) the conformal embedding SO(2n)1 = U(1)l×SU(n)1, and
(b) the coset decomposition SO(n)2

1 = SO(n)2 × [SO(n)2
1/SO(n)2].

Since any intra- and inter-wire coupling term in a coupled-wire Hamiltonian has to
be made out of integral combinations of local electrons, it is crucial to keep track of the
locality of field operators and their physical origin. This is our second key result. Starting
from our wires of bosons, upon re-fermionization, each wire carries N pairs of counter-
propagating Majorana fermions. Different from the local electronic Majorana fermions
based on the Bogoliubov–de Gennes (BdG) formalism in a conventional Bardeen–Cooper–
Schrieffer (BCS) superconductor, our Majorana fermions here are emergent and fractional.
Only even fermion products are integral combinations of local electrons. More importantly,
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we explicitly connect symmetry gauging and the modification of the locality of field oper-
ators. For a general twist liquid phase C/G, local fields in C/G are exclusively G-invariant
local fields in C. Taking C = SO(2n)1 as an example, for its Majorana fermions ψi=1,··· ,2n,
the Z2 symmetry sends ψi=1,··· ,n

A ≡ ψi → ψiA and ψi=1,··· ,n
B ≡ ψi+n → −ψiB. At the same

time, the Zk symmetry adds a phase to the Dirac fermion di ∼ ψiA + iψiB → ei2π/kdi.
While ψiAψ

i
B are integral in SO(2n)1, they become fractional in SO(2n)1/Z2 because they

are not invariant under the internal Z2 symmetry. Similarly, the Dirac pairs didj are not
local fields in SO(2n)1/Zk because their phases are rotated by the internal Zk symmetry.
Moving on to the non-Abelian Dk symmetry, we find that the

SU(n)1
Z2

= SO(n)2 and
U(1)l
Z2

= SO(n)1 × SO(n)1
SO(n)2

(1)

topological orders are based on local fields of SO(2n)1 that are invariant under the Dk

symmetry. Inside these topological phases, we highlight the existence of metaplectic anyons
in the form of Z2 fluxes, when n is odd, together with a microscopic electronic Hamiltonian
from the coupled-wire construction. (See figure 1 for a diagrammatic outline of the coupled-
wire models and figure 2 for a summary of the gauging relations between different twist
liquids constructed in this paper.) Moreover, we discover a novel type of anyon with
quantum dimension

√
2n in

SO(2n)1
Dk

= U(1)l × SU(n)1
Z2

(2)

when n is odd. It is a composite quasiparticle that combines twist fields from both the
SO(n)2 and U(1)l/Z2 theories. We dubbed it an “Ising-fluxon”.

SO(2n)1
Z2

= [SO(n)1]
2 U(1)l × SU(n)1 =

SO(2n)1
Zk

[SO(n)1]
2

SO(n)2
× SO(n)2 =

U(1)l
Z2

× SU(n)1
Z2

SO(2n)1

coset
decomposition

/Z2

/Zk

/Z2
/Z2

/Z2

U(1)l × SU(n)1
Z2

=
SO(2n)1

Dk

Z2 charge pair
condensation

Figure 2: Gauging flowchart of SO(2n)1 and twist liquid orbifold phases constructed in this paper.

Third, we provide a systematic characterization of the G-twist liquids (G = Z2, Zk,
or Dk) at the level of unitary modular tensor categories (UMTC). Loosely speaking [32],
anyons in C/G are super-selection combinations of anyons in C attached with deconfined
G-gauge fluxes and gauge charges. If G contains only inner automorphisms that do not
permute anyon types, such as the case when C = SO(2n)1 and (i) G = Zk for all n, and
(ii) G = Z2, or Dk for even n, we demonstrate the UMTC equivalence

SO(2n)1/G = SO(2n)1 �D[ω](Ĝ). (3)

Here, the quantum symmetry group Ĝ is a subgroup of an extension of G by the Abelian
fusion group A of anyons in C. In general, the group extension can be projective [162, 17,
37] (i.e. non-symmorphic [32]) and is classified by the group cohomology [163] H2(G,A).
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D[ω](Ĝ) denotes the discrete Ĝ gauge theory [49, 50, 51, 43] deformed by the Dijkgraaf-
Witten invariant [54, 55, 56, 57, 50] [ω] in H3(Ĝ, U(1)). The invariant [ω] specifies the
quantum basis transformations (i.e. associations) between flux combinations with different
orders, ĝ1(ĝ2ĝ3) ∼= (ĝ1ĝ2)ĝ3, and in turn, dictates the spin-exchange statistics of gauge
fluxes. The tensor product � is relative to a set of bosonic pairs of anyons from both sides
that are in fact local and are “condensed” in the anyon condensation picture [93, 94, 95, 96].
(The decoupled product × is a special case when there is no anyon pair other than the
vacuum is “condensed”.) Projective quantum symmetry groups Ĝ relevant to this paper
include (i) Ẑ2 = Z4, D̂k = Q4k when n = 2k ≡ 2 modulo 4, and (ii) Ẑk = Z2k, D̂k = D2k
when n = 2k ≡ 0 modulo 4. In particular, the dicyclic group Q4k is the double cover of
the dihedral group Dk that contains the perpendicular axes of k-fold and 2-fold rotations
in a half-integral spin representation.

On the other hand, the Z2 symmetry is an outer automorphism for U(1)l and SU(n)1.
The twofold symmetry non-trivially transposes anyon classes by conjugation. Gauging
these symmetries then takes us beyond conventional discrete gauge theories. This, in
general, enables non-Abelian quasiparticles with non-integral quantum dimensions, such
as the Z2 twist fields in the two prototypical Z2 twist liquid phases in (1). For SO(2n)1 with
odd rank n = k, the Z2, and subsequently, theDk symmetries contain outer automorphisms
(also known as anyon relabeling symmetries [31, 36]). Upon gauging, we show

SO(2n)1/G = SO(2n)1 � Zn(G), (4)

where Zn(G) is a non-chiral quantum double [164, 69, 92] carrying a G-gauge symmetry.
Zn(Z2) has a non-chiral Ising topological order and is the twist liquid phase from gauging
the twofold electric-magnetic symmetry of the Z2 discrete gauge theory. [88, 32, 85] Zn(Dk)
is the twist liquid phase of gauging a mixed Z2 symmetry of the Zk discrete gauge theory.
It supports the Ising-fluxon excitations and is referred to as the Ising-fluxon topological
phase in this article. Combining both even and odd n cases in (3) and (4), we observe an
eight-fold periodic pattern of the topological orders of the twist liquids SO(2n)1/G.

The paper is organized as the following. In section 2, we present the superconductor
and spin liquid constructions of 1+1D gapless boson wires from interacting spinful elec-
trons. The SO(N)1 WZW symmetry, locality and internal Z2 symmetry of field operators
within a single wire are also discussed. In section 3, we proceed to describe the coupled-
wire constructions for 2+1D topological phases of the orthogonal and unitary families.
The SO(N)1 models are presented in section 3.1 while the U(1)l and SU(n)1 models are
presented in section 3.2. The global Dk symmetry of the “parent” SO(2n)1 phase is de-
scribed in section 3.3. Its Z2 and Zk twist liquid “descendants” SO(2n)1/Z2 = SO(n)2

1 and
SO(2n)1/Zk = U(1)l×SU(n)1 are introduced in section 3.3.1 and 3.3.2 respectively. In sec-
tion 4, we develop the dihedral twist liquid phase SO(2n)1/Dk = [U(1)l × SU(n)1] /Z2. Its
construction relies on the simpler SU(n)1/Z2 = SO(n)2 and U(1)l/Z2 = SO(n)2

1/SO(n)2
orbifold phases, which are presented in section 4.1 and 4.2. For each case, the relation
between locality and internal symmetries of field operators is carefully examined at the
beginning. Then, we explicitly present the exactly solvable intra- and inter-wire interac-
tion terms from local electrons. The interactions introduce a finite 2D bulk excitation
energy gap but leave behind gapless edge CFT that corresponds to the bulk topological
order. The novel eight-fold periodic topological order of SO(2n)1/Dk is fully narrated in
section 4.3.

While the new and essential content is presented in the main sections, we include
comprehensive revisions on the relevant background in four appendices. The WZW KM
algebras and their primary field modular contents of SO(N)1, SO(n)2 and the U(1)l/Z2
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orbifold CFT are reviewed in appendix A and B. Discrete gauge theories with cyclic, di-
hedral, and dicyclic gauge groups, Zk, Dk and Q4k, appear as non-chiral components of
the various SO(2n)1/G twist liquids introduced in the main sections. They are reviewed
in appendix C. The group extensions and Dijkgraaf-Witten invariants relevant to the dis-
crete gauge theories are classified by the group cohomologies H2(G,A) and H3(G,U(1)).
We present these cohomology classifications and the explicit cycle representations in ap-
pendix D.

2 Boson wires from interacting electrons
The building blocks of the coupled-wire models are gapless bosons in one spatial dimen-
sion that carry an effective SO(N) symmetry in low energy. These wires can be realized
by 1D electrons under strong interactions that lift all charge modes and local fermion
excitations above a finite energy gap. The remaining electrically neutral gapless modes
below the gap are described by a SO(N) Wess-Zumino-Witten [155, 156, 157] (WZW)
Kac-Moody [153, 154] (KM) conformal field theory [64, 65, 66] (CFT) at level 1. We illus-
trate this using N copies of Rashba spin-orbit coupled electrons. The electron operators
csj(x) ≈ cLsj(x)ei(kf+skSO)x + cRsj(x)ei(−kf+skSO)x near the Fermi level can be represented
by vertex operators of bosonized variables cσsj(x) ∼ eiΦ

σ
sj(x), where s =↑ (↓) = +(−) labels

spins, σ = L(R) = +(−) specifies the left/right propagation directions, j = 1, . . . ,N desig-
nates the electron channels, and the Fermi momenta of the channels are kσs = σkf + skSO.
The low-energy kinetic behavior of the electrons can be described by the Luttinger liq-
uid [165, 166] Lagrangian density

L0 = 1
4πσδσσ

′δss
′
δjj
′
∂xΦσ

sj∂tΦσ′
s′j′ −H0,

H0 = vsj,s
′j′

σσ′ ∂xΦσ
sj∂xΦσ′

s′j′ .

(5)

The Hamiltonian densityH0 = HDirac+Hint includes the single-body massless Dirac theory
HDirac = ivσcσsj

†∂xc
σ
sj = v

4π (∂xΦσ
sj)2 and density-density interactionsHint = usj,s

′j′

σσ′ nσsjn
σ′
s′j′ ,

where nσsj = cσsj
†cσsj = σ∂xΦσ

sj/(2π). The “pq̇” term of the Lagrangian sets the equal-time
commutation relation[

Φσ
sj(x), ∂x′Φσ′

s′j′(x′)
]

= 2πiσδσσ′δss′δjj′δ(x− x′). (6)

The charged U(1) sector can be gapped by either a N -body umklapp scattering or a
superconducting pairing

Uumklapp = u cos θρ ∼ u
N∏
j=1

∏
s=↑,↓

cLsj
†
cRsj + h.c.,

USC = ∆ cosϕρ ∼ ∆
N∏
j=1

∏
s=↑,↓

cLsjc
R
sj + h.c., (7)

ϕρ =
∑
sj

(
ΦL
sj + ΦR

sj

)
, θρ =

∑
sj

(
ΦL
sj − ΦR

sj

)
.

This can be shown by re-expressing the kinetic Lagrangian density (5) in terms of new
variables

L0 = 1
4π

∑
σ=+,−

σ

[
2∂xφσρ∂tφσρ +

2N−1∑
a=1

∂xφ
σ
a∂tφ

σ
a

]
−H0. (8)
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This can be achieved by using the basis transformation

2φσρ = ϕ0 + σθρ, φσa = ϕ0 − Φσ
saja , (9)

for the umklapp scattering case, or

2φσρ = ϕρ + σθ0, φσa = θ0 − σΦσ
saja , (10)

for the superconducting case, where

ϕ0 =
ΦL
↑1 + ΦR

↓1
2 , θ0 =

ΦL
↑1 − ΦR

↓1
2 . (11)

Here, in (9) and (10), the a index ranges in 1, . . . , 2N − 1. It enumerates the spins s =↑, ↓
and channels j = 1, . . . ,N but exclude (s, j) = (↑, 1) for the σ = L sector and (↓, 1) for
the σ = R sector. The enumeration can be explicitly chosen by assigning in the L sector,

sa =↑, ja = a/2 + 1, if a is even
sa =↓, ja = (a+ 1)/2, if a is odd,

or in the R sector,

sa =↓, ja = a/2 + 1, if a is even
sa =↑, ja = (a+ 1)/2, if a is odd.

The set of bosonized variables in (9) or in (10) obey the equal-time commutation relations[
φσρ (x), ∂x′φσ

′
ρ (x′)

]
= πiσδσσ

′
δ(x− x′),[

φσa(x), ∂x′φσ
′
a′ (x′)

]
= 2πiσδσσ′δ(x− x′),[

φσρ (x), ∂x′φσ
′
a (x′)

]
= 0.

(12)

With a particular set of electron density interactions, the Hamiltonian density takes a
diagonal form

H0 = v

4π
∑

σ=L,R

2N−1∑
a=1

(∂xφσa)2 + vρ

[
gρ (∂xϕ)2 + 1

gρ
(∂xθ)2

]
(13)

where (ϕ, θ) = (ϕ0, θρ) for the umklapp case or (ϕρ, θ0) for the superconducting case.
The umklapp scattering (7) requires translation symmetry breaking and can arise in a

half-filled lattice when the Fermi momentum is commensurate, 4kf = 2π/l, where l is a
microscopic lattice translation. The process is relevant in the renormalization group [167,
168, 169, 3] (RG) sense when gρ < 4 and leads to a spin liquid. The charge-violating pairing
(7) can be induced by proximity with a bulk s-wave superconductor and is relevant when
gρ > 1/4. The unaffected low-energy theory is generated by 2N − 1 counter-propagating
pairs of Dirac fermions dσa ∼ eiφ

σ
a , which are non-local and must come in pairs. Their

fractional nature is revealed by their charge and spin numbers Q(eib
sj
σ Φσsj ) = e

∑
sjσ b

sj
σ ,

S(eib
sj
σ Φσsj ) =

∑
sjσ sb

sj
σ /2, where the coefficients bsjσ can be any numbers. Contrary to

an electron/hole which carries charge Q = ±e and angular spin S = ±1/2, the Dirac
fermion da has Q = 0 and S = ±1/2 (Q = e modulo 2e and S = 0,±1) in the spin liquid
(resp. superconductor). In the spin liquid, the momentum of these Dirac fermions becomes
0 or π/a when the electron Fermi level is tuned near the band crossing of the two spins
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so that kf = kSO. In the superconductor, the momentum is zero when spin-orbit coupling
is negligible kSO = 0. The Dirac fermions split into Majorana components ψ = ψ† by the
real and imaginary decomposition

dσa = 1√
2
(
ψσ2a−1 + iψσ2a

)
∼ eiφσa . (14)

A subset of counter-propagating pairs can turn massive and be removed from low-energy
by introducing the fermion backscattering

Umass = im
4N−2∑
j=N+1

ψLj ψ
R
j , (15)

where ψLψR are a local integral combination of electrons operators. In energy much
smaller than m and u or ∆, the Hamiltonian (13) is effectively truncated to a theory with
N counter-propagating pairs of massless Majorana fermions

H0 = iv

2
∑

σ=+,−

N∑
j=1

σψσj ∂xψ
σ
j . (16)

We recall N is the number of spinful non-chiral electron channels in each wire, and N
is the number of Majorana fermions that remain massless and unaffected by (15). The
number of Majorana’s N can take any positive integer value as long as there are enough
number of electron channels N > (N + 2)/4.

The low-energy theory (16) has an emergent SO(N) symmetry and is invariant un-
der an orthogonal transformation ψj → Oijψi of the fermion vector. Each chiral sector
σ = L,R carries a SO(N) WZW KM algebra at level 1 generated by the current operators
Jσjk = iψσj ψ

σ
k , for 1 ≤ j < k ≤ N (see appendix A for a review). The conformal primary

fields are vector and spinor representations of SO(N). From (9) or (10), the vertex oper-

ator representation of the Dirac fermion dσa ∼ eiφ
σ
a = eia

sj

σσ′Φ
σ′
sj in terms of the electronic

bosonized variables Φσ
sj contains the half-integral coefficients a↑1L , a

↓1
R = ±1/2. The elec-

tronic origin dictates that the Dirac fermions dσa and Majorana fermions ψσj are non-local
fractional operators and cannot exist individually. On the other hand, all even products
of fermions, such as the SO(N)1 current operators and the fermion backscattering ψLj ψRk ,
are linear combination of integral products of electron operators, and are therefore local.
A spinor field can be represented by a vertex operator

sσε = eiε
aφσa/2, (17)

where ε = (ε1, . . . , ε2N−1) has unit entries εa = ±1. The spinor fields separate into even
and odd primary sectors [sσ±] distinguished by the parity

∏
a ε

a = ±1. A spinor pair of the
same chirality sσε sσ−ε′ is a local integral combination of electrons when

∏
a εaε

′
a = 1, or is

equivalent to a non-local odd fermion combination when
∏
a εaε

′
a = −1. Moreover, when

projected onto the ground state Hilbert space of the umklapp (or pairing) potential in (7),
the corresponding sine-Gordon variable 〈θρ〉 (resp. 〈ϕρ〉) admits a ground state expectation
value. Consequently, all pair of spinor fields with the same parity but opposite chirality
sLε s

R
ε′ is effectively local in low-energy because it is equivalent to an integral combination

of electrons up to the vertex operator eiθρ/2 (eiϕρ/2), which becomes a U(1) phase when
projected onto the ground state. In addition, when projecting to the ground states of
(15), the local spinor pairs sσεsσ−ε′ and s

L
ε s

R
−ε′ operate as pairs of spinor twist fields in the

low-energy SO(N)1 sector if the ground state projection is non-vanishing. In general, an

Accepted in Quantum 2023-03-14, click title to verify. Published under CC-BY 4.0. 9



operator is effectively integral and local if and only if it is invariant under the internal Z2
gauge symmetry at any given wire y

Z2(y) : ψσy′j → (−1)δyy′ψσy′j , φσy′a → φσy′a + σπδyy′ . (18)

The bosonic SO(N)1 wire in (16) will be the building blocks of the 2D coupled-wire
models described in the following sections. After an energy gap has been established by
inter-wire interactions, the topological phase will be stable against perturbations smaller
than the energy gap. In particular, the fine-tuning of the electron density interactions
usjs

′j′

σσ′ and the Fermi level that enable the bosonic SO(N)1 theory can be relaxed in the
upcoming 2D topological model.

3 Topological phases in the orthogonal and unitary families
We construct exactly-solvable coupled-wire models of topological phases in two spatial
dimensions with SO(N)1, U(1)l, and SU(n)1 topological orders. The models are built on
a 2D array of boson wires, each being effectively described by a SO(N)1 WZW KM CFT
(16) in low-energy and originated from strongly correlated electrons. In a closed torus
geometry, a finite excitation energy gap is created by backscattering interactions between
neighboring wires. In an open geometry, the 1D boundary hosts chiral gapless degrees
of freedom that propagate in a single forward direction and are effectively described by a
CFT corresponding to the topological order [76, 77, 78, 79, 16]. We show the topological
phases in the orthogonal and unitary families are related by gauging [32, 37] (also referred
to as orbifolding [80, 81, 82, 83, 84]) the discrete Z2 and Zk symmetries

SO(2n)1
Z2

= SO(n)1 × SO(n)1

SO(2n)1
Zk

= U(1)l × SU(n)1

(19)

where k = n (k = n/2) and l = 4n (l = n) for odd (even) n.

3.1 The SO(N)1 family
The model begin with a 2D array of bosonic SO(N)1 wires. All the wires are parallel to the
horizontal x direction and each one is labeled by its vertical y position, for y = 1, 2, . . . , L.
The array can occupy an open plane with top (bottom) edges at y = L (y = 1), or it
can wrap around a periodic cylinder geometry when y ≡ y + L. The boson wires can
emerge from strongly interacting 1D electrons in a spin liquid or a superconducting setting
presented in the previous section. In both cases, all fermionic local excitations are gapped
and the remaining gapless boson modes are represented by even combinations of non-local
emergent Majorana fermions ψσyj(x) = ψσj (x, y), where j = 1, . . . , N and σ = L,R =
+,− labels the left and right propagating directions. Unlike BdG fermions which are
integral combinations of electrons and holes in a conventional BCS superconductor, these
Majorana fermions are fractional and cannot appear individually. Only pairs of them on
the same wire are combinations of integral products of electrons and holes. This includes
the current generators Jσy,jk = iψσyjψ

σ
yk of the SO(N)1 WZWKM algebra and the intra-wire

backscattering ψLyjψRyk. The effective low-energy kinetic Hamiltonian density is L copies of
(16)

H0 = iv

2

L∑
y=1

N∑
j=1

∑
σ=+,−

σψσyj∂xψ
σ
yj . (20)
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Interwire single-fermion tunnelings ψσyjψσ
′
y′j′ , for y 6= y′, are forbidden by locality, but

two-fermion processes are allowed and can be represented by local integral combinations
of electrons. In particular, the interwire Gross-Neveu interaction [158, 159, 160, 161] that
backscatters the SO(N)1 currents Jσy = (Jσy,jk)

USO(N)1 = u
∑
y

JLy+1 · JRy (21)

= −u
∑
y

∑
1≤j<k≤N

ψLy+1,jψ
L
y+1,kψ

R
y,jψ

R
y,k

gaps all bulk degrees of freedom and leads to the SO(N)1 topological phase [16]. The
interaction involves interwire backscattering of the SO(N)1 WZW KM currents Jσy,jk =
iψσy,jψ

σ
y,k. The model H0 + USO(N)1 admits a mean-field approximation with real order

parameters Ôy+1/2,j =
∫
dxiψLy+1,jψ

R
y,j , whose ground state expectation values Oy+1/2 =

〈Ôy+1/2,j〉 are non-vanishing and independent from j due to the SO(N) symmetry. The
mean-field approximation of the the Gross-Neveu potential is quadratic in ψ. It introduces
a finite excitation energy gap and turns the Majorana fermions massive.

Bosonizing [65, 167, 170, 168, 3] according to

dσy,a = 1√
2

(
ψσy,a + iψσy,n+a

)
∼ eiφσy,a , (22)

the SO(N)1 Gross-Neveu interaction is equivalent to the sine-Gordon potential

USO(2n)1 = −ũ
∑
y

n∑
a=1

∂xφ
L
y+1,a∂xφ

R
y,a

−∆
∑
y

∑
1≤a<b≤n

∑
ε=±

cos
(
Θa
y+1/2 + εΘb

y+1/2

)
,

USO(2n+1)1 = USO(2n)1 (23)

− ∆̃
∑
y

(
n∑
a=1

cos Θa
y+1/2

)
iψLy+1,2n+1ψ

R
y,2n+1,

where the angle variables Θa
y+1/2 = φLy+1,a − φRy,a are non-chiral combinations of the

bosonized variables. The potentials ∆ and ∆̃ are relevant in the RG sense under re-
pulsive density interactions when ũ > 0. They introduces a finite energy gap above the
ground state, where the order parameter quantum fluctuate about the expectation values〈

Θa
y+1/2(x)

〉
= ma

y+1/2π, (24)

sgnOy+1/2 = sgn
〈∫

dxiψLy+1,jψ
R
y,j

〉
= (−1)m

a
y+1/2 ,

where my+1/2 = (m1
y+1/2, . . . ,m

n
y+1/2) either have all even or all odd integral entries.

In a periodic geometry where y ≡ y + L, all excitations are separated away from the
ground state by a finite energy gap. In an open geometry where the system terminates at
wire y = 1 and L, the Gross-Neveu interaction (21) leaves behind the gapless left (right)
moving SO(N)1 WZW CFT on the boundary at y = 1 (y = L), where the emergent
Majorana fermions ψLy=1,j and ψRy=L,j remain massless. The primary field excitations on
the boundaries and bulk anyon quasiparticle excitations are correlated due to the bulk
topology and boson locality. They are created and non-locally connected by Wilson string
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operators, which are integral combination of electrons. The edge primary fields and bulk
anyons are classified by the super-selection sectors X = 1, ψ, s+, s− when N = 2n is even,
or X = 1, ψ, σ when N = 2n + 1 is odd. Fields and anyons in the same class differ from
each other by local electronic combinations. The vacuum sector 1 contains all integral
fields. ψ contains all odd combinations of the non-local Majorana fermions. s± and σ are
non-local spinor fields with spin (or conformal scaling dimension) h = N/16. A full braid
between a spinor and a fermion associates a π monodromy phase. Therefore a spinor field
carries a Z2 flux component with respect to the internal fermion parity symmetry (18).
The SO(2n)1 topological order is Abelian and the anyons obey the single-channel fusion
rules

ψ × ψ = 1, ψ × s± = s∓,

s± × s± =
{

1, for even n
ψ, for odd n . (25)

The SO(2n+ 1)1 topological order is non-Abelian. The Ising twist field σ obeys the fusion
rules

ψ × σ = σ, σ × σ = 1 + ψ. (26)

Since all excitations are created by strings of electron operators, the edge primary fields and
bulk anyons must have balancing topological charges Xtop−edge×Xbottom−edge×Xbulk = 1.

The SO(N)1 topological orders are sixteen-fold periodic [16]. The anyon fusion and
braiding structures of SO(N)1 and SO(N + 16)1 are identical. Therefore, as UMTCs,
SO(N)1 = SO(N + 16)1. As CFTs, their chiral charge charges differ by 8. This can be
compensated by subtracting from SO(N + 16)1 the E8 WZW CFT at level 1. [136] The
subtraction does not alter the topological order because (E8)1 does not support fractional
excitations.

3.2 The U(1)l and SU(n)1 family
The coupled-wire models in the unitary family U(1)l and SU(n)1 are summarized in fig-
ure 1(a). The level of U(1) is l = 4n when n is odd or l = n when n is even. It corresponds
to the compactification radius R =

√
l/2 of the free boson on a circle. The models are

constructed based on the conformal embedding U(1)l × SU(n)1 ⊆ SO(2n)1. Among the
SO(2n) rotations of the Majorana fermions ψj , unitary rotations da → U badb of the Dirac
fermions da = (ψa + iψn+a)/

√
2 ∼ eiφa form a unitary subgroup U(n) that commutes with

the artificial U(1) symmetry φa → φa + ϑ. The corresponding U(1) invariant WZW KM
subalgebra is generated by the current operators JU(1)l×SU(n)1 consisting of the Cartan-
Weyl generators ∂xφa ∼ d†ada and roots ei(φa−φb) ∼ d†bda for a 6= b. The subalgebra
decomposes into a diagonal U(1)l sector generated by ∂xφ⊥, where

φ⊥ = φ1 + . . .+ φn, (27)

and an off-diagonal SU(n)1 sector. The Cartan-Weyl generators of SU(n)1 can be chosen
to be ∂xφ̃p, for p = 1, . . . , n− 1, using an orthogonal transformation

φ̃p = 1√
p(p+ 1)

(
−pφp+1 +

p∑
a=1

φa

)
, (28)

all of which being orthogonal to (27). Together with the roots ei(φa−φb), they generate the
SU(n) WZW KM algebra at level 1.
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The kinetic Hamiltonian density (20) of the array of bosonic SO(2n)1 wires can be
re-expressed in the bosonized form

H0 = v

4π

L∑
y=1

∑
σ=L,R

n∑
a=1

(
∂xφ

σ
ya

)2
= HU(1)

0 +HSU(n)
0 ,

HU(1)
0 = v/n

4π

L∑
y=1

∑
σ=L,R

(
∂xφ

σ
y⊥

)2
, (29)

HSU(n)
0 = v

4π

L∑
y=1

∑
σ=L,R

n−1∑
p=1

(
∂xφ̃

σ
yp

)2
.

We consider backscattering interactions that are composed of inter-wire or intra-wire sine-
Gordon potentials. The interactions among the U(1)l sectors are either the intra-wire or
inter-wire backscattering

UyU(1)l = −uintra
⊥ ∂xφ

L
y⊥∂xφ

R
y⊥ −∆intra

⊥ cos Θ⊥y , (30)

Uy+1/2
U(1)l = −uinter

⊥ ∂xφ
L
y+1,⊥∂xφ

R
y⊥ −∆inter

⊥ cos Θ⊥y+1/2,

where Θ⊥y = φLy⊥ − φRy⊥ and

Θ⊥y+1/2 = q
(
φLy+1,⊥ − φRy,⊥

)
, q =

{
1, for even n
2, for odd n . (31)

The extra factor of 2 for the odd n case is to ensure an even number of Dirac fermions
are backscattered from one wire to the next so that the interaction can be constructed
by an integral combination of electrons. No such distinction is necessary for the intra-
wire interaction because cos Θ⊥y is already an even product of Dirac fermions on the same
wire. The interactions within the SU(n)1 sector consist of backscattering processes of the
SU(n)1 currents JSU(n)1 inside a wire or in-between wires

UySU(n)1
= uintraJLy,SU(n)1

· JRy,SU(n)1

= −ũintra
n−1∑
p=1

∂xφ̃
L
yp∂xφ̃

R
yp

−∆intra ∑
1≤a<b≤n

cos
(
Θa
y −Θb

y

)
, (32)

Uy+1/2
SU(n)1

= uinterJLy+1,SU(n)1
· JRy,SU(n)1

= −ũinter
n−1∑
p=1

∂xφ̃
L
y+1,p∂xφ̃

R
yp

−∆inter ∑
1≤a<b≤n

cos
(
Θa
y+1/2 −Θb

y+1/2

)
,

where Θa
y = φLya − φRya and Θa

y+1/2 = φLy+1,a − φRy,a.
The U(1)l topological phase is constructed by combining inter-wire interactions (30) in

the U(1)l sector and intra-wire interactions (32) in the SU(n)1 sector

HU(1)l = H0 +
L∑
y=1

(
Uy+1/2
U(1)l + UySU(n)1

)
. (33)
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This gaps all excitations in the bulk. For ∆inter
⊥ ,∆intra > 0, the sine-Gordon potentials pin

the finite ground state expectation values of the angle variables
〈

Θ⊥y+1/2

〉
and

〈
Θa
y −Θb

y

〉
to integer multiples of 2π. The SU(n)1 potential ∆intra is relevant in the RG sense when
the density interaction is “repulsive”, i.e. ũintra > 0. The U(1)l sine-Gordon potential ∆inter

⊥
is relevant when uinter

⊥ > v(q4n2 − 4)/[2πn(q4n2 + 4)]. In an open geometry, the model
(33) leaves behind the gapless chiral U(1)l KM CFT on the edges generated by φRy=L,⊥ and
φLy=1,⊥.

The U(1)l topological phase supports l Abelian anyon types 1, [e],
[
e2] , . . . , [el−1

]
.

They carry spins hem = m2/(2l) and obey the fusion rules em × em
′ = em+m′ and[

el
]

=
[
e0] = 1. The anyon em corresponds to the primary field

em =
{
eimφ⊥/n if n even
eimφ⊥/(2n) if n odd

(34)

on the edge CFT. The level l is determined by the smallest non-trivial local boson el.
When n is even, eiφ⊥ ∼ d1 . . . dn is an even product of Dirac fermions and hence it is a
local integral combination of electrons. This sets l = n by equating el = eiφ⊥ . When n is
odd, eiφ⊥ is not local because it is an odd product of Dirac fermions and has π monodromy
with em for odd m. Instead, the primitive local boson is el = ei2φ⊥ ∼ (d1∂d1) . . . (dn∂dn).
This sets l = 4n. The U(1)l topological order can be described by the 2+1D Chern-Simons
field theory [171, 172, 173, 174]

SCS [U(1)l] = l

4π

∫
2+1

a ∧ da. (35)

On the other hand, the SU(n)1 topological phase – which is the “particle-hole” con-
jugate of the U(1)l – is constructed by combining inter-wire interactions in the SU(n)1
sector and intra-wire interactions in the U(1)l sector

HSU(n)1 = H0 +
L∑
y=1

(
UyU(1)l + Uy+1/2

SU(n)1

)
. (36)

Similar to the U(1)l case, it creates a finite excitation energy gap in the bulk, but leaves
behind the SU(n)1 WZW CFT on the edges. The SU(n)1 topological phase supports n
Abelian anyon types 1, [Ψ],

[
Ψ2] , . . . , [Ψn−1]. They carry spins hΨm = m(n−m)/(2n) and

obey the fusion rules [Ψm] × [Ψm′ ] =
[
Ψm+m′

]
and [Ψn] =

[
Ψ0] = 1. [Ψm] corresponds

not to a single field, but a super-selection sector of fields that rotate irreducibly under
the SU(n)1 WZW KM algebra. On the edge SU(n)1 CFT, [Ψm] is spanned by Cnm =
n!/[m!(n−m)!] primary fields

[Ψm] = span
{
ei(φa1+...+φam−mφ⊥/n)

}
1≤a1<...<am≤n

. (37)

The SU(n)1 topological order can be described by the 2 + 1D Chern-Simons field theory

SCS [SU(n)1] = KIJ

4π

∫
2+1

aI ∧ daJ (38)

with n − 1 components a1, . . . , an−1, where KIJ = 2δIJ − δI,J+1 − δI,J−1 is the Cartan
matrix of SU(n).
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The trivial topological phase with a finite excitation energy gap can be constructed
using solely intra-wire backscattering interactions

Htrivial = H0 +
L∑
y=1

(
UyU(1)l + UySU(n)1

)
. (39)

The model is a stack of decoupled 1D gapped boson wires. The edge of an open system
does not carry gapless modes, and the ground state of any system, regardless of being
open or closed, is non-degenerate. On the contrary, a non-trivial topological phase can be
constructed using solely inter-wire backscattering interactions

HSO(2n)1 = H0 +
L∑
y=1

(
Uy+1/2
U(1)l + Uy+1/2

SU(n)1

)
. (40)

It is worth observing that the topological order is not U(1)l×SU(n)1, but instead SO(2n)1,
which was presented in the previous subsection. This is because the bosonic anyon pair

z =
{ [

e2]× [Ψ2] if n even[
e4]× [Ψ2] if n odd (41)

along with its higher powers zp are even products of Dirac fermions (z ∼ dadb) and are
therefore actually integral combinations of local electrons. They should belong in the
vacuum sector, and are condensed in the context of anyon condensation [93, 94, 95, 96].
The topological phase only carries 4 distinct anyon types – the trivial class 1 of local fields,
the fermion ψ = [e]× [Ψ] if n even or ψ = [e2]× [Ψ] if n odd, the even spinor s+ = [en/2]
if n even or s+ = [en] if n odd, and the odd spinor s− = s+ × ψ – matching the SO(2n)1
topological order.

The topological phase with U(1)l × SU(n)1 order can be constructed by stacking the
U(1)l and SU(n)1 models

HU(1)l×SU(n)1 = HU(1)l ⊕HSU(n)1 (42)

from (33) and (36). The two Hamiltonian components act independently on decoupled
Hilbert spaces. Here, the boson wires that constitute the U(1)l layer are completely distinct
from those that constitute the SU(n)1 layer. Consequently, the anyon pair z in (41) is
not a local integral combination of electrons in this construction. The U(1)l × SU(n)1
topological phase is a promotion from SO(2n)1 by gauging a Zk symmetry as explained in
the subsection below.

3.3 Gauging the Zk or Z2 symmetries in SO(2n)1

The SO(2n)1 topological phase admits global Zk and Z2 symmetries, where k = n when
n is odd or k = n/2 when n is even. They originate from the rotation and conjugation of
the Dirac fermions dσya = (ψσy,a + iψσy,n+a)/

√
2 ∼ eiφσya

Zk : dσya → e2πi/kdσya, φσya → φσya + 2π/k
Z2 : dσya → dσya

†, φσya → −φσya
(43)

where the symmetries apply to all species a = 1, . . . , n, propagation directions σ = L,R
on all wires y = 1, . . . , L. Together, they form the dihedral group Dk = Z2 nZk. The sym-
metry group is non-Abelian since the Zk and Z2 actions do not mutually commute. Unlike
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the internal Z2 symmetry in (18), which is a local gauge symmetry of SO(2n)1 dictated by
locality, the Zk and Z2 symmetries in (43) are global symmetries of the SO(2n)1 Hamil-
tonian H0 + USO(2n)1 in (20) and (23). While all local operators are necessarily invariant
under the internal Z2 symmetry (18), they may change under the global symmetries. For
example, the fermion pair ψσyjψσ

′
yj′ on a given wire is an integral combination of electrons

and is invariant under (18), but in general is not fixed by the global Zk or Z2 symmetries.
In the following, we discuss topological phases that promote the Zk or Z2 symmetries into
local gauge symmetries.

3.3.1 The SO(2n)1/Z2 twist liquid

The SO(2n)1 WZW KM algebra is generated by current operators Jjk = iψjψk, for 1 ≤
j < k ≤ 2n. The Z2 symmetry from (43) that sends ψa → ψa and ψn+a → −ψn+a, for
a = 1, . . . , n, fixes the subalgebra SO(n)A1 ×SO(n)B1 , where the first and second components
are generated by the Z2 invariant current operators JAab = iψaψb and JBab = iψn+aψn+b, for
1 ≤ a < b ≤ n. The corresponding 2 + 1D topological phase can be constructed using the
coupled-wire model consisting of two identical but decoupled copies of SO(n)1

HSO(n)A1 ×SO(n)B1
= HSO(n)A1

⊕HSO(n)B1
(44)

where the Hamiltonian of each copy was presented in section 3.1.
The Z2 symmetry fixes all fermions in the A layer but flips the sign of all fermions in

the B layer. Restricting to the SO(n)B1 , the symmetry is identical to (18), which is a local
gauge symmetry. Overall, the SO(n)A1 × SO(n)B1 double has two sets of local Z2 gauge
symmetries at any given wire y

ZA2 (y) : ψσy′a → (−1)δyy′ψσy′a, ψσy′,n+a → ψσy′,n+a

ZB2 (y) : ψσy′a → ψσy′a, ψσy′,n+a → (−1)δyy′ψσy′,n+a
(45)

for σ = L,R. An operator is a local integral combination of electrons (up to intra-wire
ground state expectation values) if and only if it is symmetric under the local ZA2 × ZB2
symmetry.

The SO(n)A1 × SO(n)B1 topological phase is the Z2 twist liquid of SO(2n)1, where the
symmetry is gauged. On the 1 + 1D edge, the SO(n)A1 × SO(n)B1 WZW edge CFT is the
Z2 orbifold of SO(2n)1.

SO(2n)1 SO(2n)1/Z2 = SO(n)A1 × SO(n)B1
gauging

condensation
(46)

The bosonic Z2 charge is the fermion pair ζ = ψAψB, which consists of non-local products
of fermions ψaψn+b from both layers, and is odd under the Z2 symmetry. The spinor fields
– sA/B± for n even and σA/B for n odd – from either the A or the B layer exhibit a π
monodromy with ζ and therefore carry a Z2 flux component. During anyon condensation,
the Z2 charge ζ belongs to the vacuum sector as it is part of the local currents in SO(2n)1.
The fermions in the two layers are identified ψA ≡ ψB. The spinor fields sA/B± or σA/B

in individual layers are confined. The spinor field pairs become the spinor fields s± in
SO(2n)1. When n is even, s+ = sA±s

B
± and s− = sA±s

B
∓. When n is odd, σAσB = s+ + s−

decomposes.
When n is even, the global Z2 symmetry (43) on SO(2n)1 is an inner automorphism

and do not alter the anyon types. When n ≡ 0 modulo 8, the twist liquid SO(2n)1/Z2 =
[SO(n)1]2, as an unitary modular tensor category (UMTC), is equivalent to the product
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SO(2n)1 ×D[0](Z2), where D[0](Z2) is the Z2 discrete gauge theory [49, 50, 51, 43] in its
deconfined phase [175, 176, 177, 178] or equivalently the Kitaev toric code [41]. When
n ≡ 4 modulo 8, the twist liquid (46) is equivalent to SO(2n)1 ×D[1](Z2), where D[1](Z2)
is the double semion theory [92]. D[0](Z2) and D[1](Z2) can be described by a 2-component
Chern-Simons field theory S =

∫
2+1KIJa

I ∧ daJ/(4π), where K = 2σx (2σz) for the toric
code (double semion) and σx,z are 2× 2 Pauli matrices. They both carry 4 Abelian anyon
types 1, ζ, µ, ζ×µ, each being self-conjugate, and the Z2 flux µ – can be identified as one of
s
A/B
± – is bosonic with spin 0 (semionic with spin 1/4) for the toric code (double semion).
The distinction between the two Z2 gauge theories D[v](Z2), for v = 0, 1, stems from the F -
symbol [92, 16] of the Z2 flux that governs the fusion associativity µ×(µ×µ) = (µ×µ)×µ.
Fµµµµ = (−1)v takes opposite signs for the toric code and double semion theories. The
two gauge inequivalent classes of F -symbols represent distinct Dijkgraaf-Witten invariants
v = 0, 1 modulo 2 in the group cohomology [163] H3(Z2, U(1)) = Z2. The details of
Dijkgraaf-Witten deformation [54, 55, 56, 57, 50] of discrete gauge theories can be found
in appendix C.

When n ≡ 2 modulo 4, the twist liquid SO(2n)1/Z2 = SO(n)A1 × SO(n)B1 cannot
be factorized by a Z2 gauge theory. This is because the Z2 fluxes are no longer self-
conjugate, but follow the fusion rule sA/B± × sA/B± = ψA/B instead. The G = Z2 symmetry
group is extended by the anyon fusion group A = {1, ψ, s+, s−} = Z2 × Z2 of SO(2n)1
into a quantum symmetry group [162, 17, 32, 37] Ĝ, which is analogous to a space-group
consisting of “rotations” G and “translations” A. The central extension, captured by the
exact sequence

1→ A ↪→ Ĝ→ G→ 1, (47)

is classified by the group cohomology [163]H2(G,A) (see appendix C), which in our current
situation is H2(Z2,A) = A. The trivial cohomology class corresponds to a symmorphic
quantum symmetry group, which is a direct product Ĝ = G×A, and applies in the previous
cases when n ≡ 0 modulo 4. Here, when n ≡ 2 modulo 4, the cohomology class is non-
trivial and corresponds to the non-symmorphic quantum symmetry group Ẑ2 = Z4 × Z2.
This is because the Z2 fluxes are of order 4, (sA/B± )4 = 1. The G = Z2 “rotation” becomes a
twofold “screw rotation” and squares to the SO(2n)1 fermion s2

± = ψ, which can be viewed
as a “translation” in the fusion group A.

As an UMTC, the SO(n)1 topological order is equivalent to the coset SO(2n)1/SO(n)1 =
SO(2n)1 �SO(n)1, where the denominator group SO(n)1 sits inside the numerator group
SO(2n)1 under the matrix embedding O → O⊕ In, SO(n)1 is the time-reversal conjugate
of SO(n)1, and the fermion pair ψψ̄ is condensed in the relative tensor product �. Hence,
the twist liquid SO(2n)1/Z2 = [SO(n)1]2 is equivalent to

SO(2n)1/Z2 = SO(2n)1 � SO(n)1 × SO(n)1. (48)

When n ≡ 2 modulo 4, the non-chiral product SO(n)1×SO(n)1 is equivalent, as an UMTC,
to the discrete gauge theory D[2](Z4) deformed by the Dijkgraaf-Witten invariant [2] in
the cohomology group H3(Z4, U(1)) = Z4 (see appendix C). D[2](Z4) can be described
by a 2-component Chern-Simons field theory S =

∫
2+1KIJa

I ∧ daJ/(4π) with the K-
matrix K = 4σz. This identifies the twist liquid SO(2n)1/Z2 with the relative tensor
product SO(2n)1 �D[2](Z4), for n ≡ 2 modulo 4. Here, the fermion ψ in SO(2n)1 is pair
condensed with ψ̄ = s̄2

± (the square of the Z4 flux) in D[2](Z4) in the product.
Overall, we summarize the Z2 orbifold phases SO(2n)1/Z2 for a general even integer n
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by the UMTC equivalence

SO(2n)1
Z2

= SO(n)1 × SO(n)1 (49)

=


SO(2n)1 ×D[0](Z2), for n ≡ 0 mod 8
SO(2n)1 ×D[1](Z2), for n ≡ 4 mod 8
SO(2n)1 �D[2](Z4), for n ≡ 2 mod 4

.

When n is odd, the global Z2 symmetry (43) on SO(2n)1 is an outer automorphism.
It corresponds to the mirror symmetry of the Dynkin diagram of the simply-laced Dn =
SO(2n) Lie algebras [65]. It exchanges the even and odd spinor fields, s+ ↔ s−, in
SO(2n)1. Consequently, the Z2 fluxes σA/B in the twist liquid SO(2n)1/Z2 = SO(n)A1 ×
SO(n)B1 are non-Abelian and obey the Ising fusion rule σ × σ = 1 + ψ. When applying
(48) for odd n, the non-chiral product Zn(Z2) = SO(n)1×SO(n)1 is equivalent as UMTC
to

Z(Ising) = Ising × Ising, for n ≡ ±1 modulo 8

Z(SU(2)2) = SU(2)2 × SU(2)2, for n ≡ ±3 modulo 8.
(50)

(Here Z(C) stands for the Drinfeld center [164, 69, 92] of the fusion category C.) The
Ising and SU(2)2 topological orders have identical anyon content 1, ψ, σ and fusion rules.
They differ by the Ising spin statistics hσ = 1/16 and Frobenius-Schur indicator [16]
κσ = dσ [F σσσσ ]11 = 1 for the former, and hσ = 3/16 and κσ = −1 for the latter. Both
non-chiral products in (50) are Z2 twist liquids of the Kitaev toric code after gauging an
electric-magnetic symmetry [88, 32, 85]. They are differentiated from each other by the non-
trivial Dijkgraff-Witten invariant in H3(Z2, U(1)). The Z2 orbifold phases SO(2n)1/Z2 for
odd n can be summarized by the UMTC equivalence

SO(2n)1
Z2

= SO(n)1 × SO(n)1 = SO(2n)1 � Zn(Z2)

Zn(Z2) =
{
Z(Ising), for n ≡ ±1 mod 8
Z(SU(2)2), for n ≡ ±3 mod 8 , (51)

where under the relative tensor product �, the fermion in SO(2n)1 is pair condensed with
the fermion in Ising when n ≡ 1, in SU(2)2 when n ≡ 3, in SU(2)2 when n ≡ −3, or in
Ising when n ≡ −1 modulo 8.

3.3.2 The SO(2n)1/Zk twist liquid

The (complexified) SO(2n)1 WZW KM algebra is spanned by the Cartan-Weyl generators
d†ada ∼ ∂φa, the positive roots dadb ∼ ei(φa+φb) and dad

†
b ∼ ei(φa−φb), and the negative

roots which are the hermitian conjugate of the positive ones, where 1 ≤ a < b ≤ n. The Zk
symmetry in (43) (or the diagonal U(1) symmetry) fixes ∂φa and e±i(φa−φb), which generate
the Zk-invariant U(1)l × SU(n)1 subalgebra. The corresponding 2 + 1D topological phase
can be constructed using the coupled-wire model consisting of the decoupled U(1)l and
SU(n)1 layers (see (42) in section 3.2).

The U(1)l × SU(n)1 topological phase is the Zk twist liquid of SO(2n)1, where the
symmetry is gauged. On the 1 + 1D edge, the U(1)l × SU(n)1 WZW edge CFT is the Zk
orbifold of SO(2n)1.

SO(2n)1 SO(2n)1/Zk = U(1)l × SU(n)1
gauging

condensation
(52)
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The Zk symmetry is an inner autormophism of SO(2n) and it does not alter the anyon
types of SO(2n)1. After gauging, the Zk gauge charge can be identified by the anyon pair

z =
{ [

e2]× [Ψ2] if n even[
e4]× [Ψ2] if n odd , (53)

where em and Ψm are the primary fields of U(1)l and SU(n)1 defined previously in (34)
and (37). Unlike in model (40) where the Zk charge is local, here the U(1)l and SU(n)1
states are constructed independently and therefore the Zk charge z does not belong to the
vacuum sector. The order of the gauge group Zk is set by the fusion rule zk = 1 for k = n
if n is odd or n/2 when n is even.

When k is odd (i.e. n is not an integer multiple of 4), the U(1)l × SU(n)1 topological
order factorizes into SO(2n)1 ×D[0](Zk) as an UMTC, where D[0](Zk) is the Zk discrete
gauge theory [49, 50, 51, 43] in its deconfined phase or equivalently the Zk Wen plaquette
model [179]. The D[0](Zk) quantum double can be described by a two-component Chern-
Simons field theory S =

∫
2+1KIJa

I ∧ daJ/(4π), where K = kσx. Its anyons are dyons
mazb composed of fluxes m and charges z, where a, b = 0, 1, . . . , k−1. The primitive gauge
flux can be identified with the bosonic anyon pair

m =
[
elr/k

]
×
[
Ψ−2r

]
. (54)

Here, 8r ≡ 1 modulo k = n when n is odd, or 4r ≡ 1 modulo k = n/2 when n is 2
modulo 4, so that the monodromy braiding phase between z and m is e2πi/k. The SO(2n)1
topological order can be embedded in U(1)l×SU(n)1 and decouples from D[0](Zk). When
n is odd,

[
e2n] and [e±n] – all of which being local with respect with the Zk flux and charge

– take the roles of the fermion and the two spinors of SO(2n)1 respectively. When n is 2
modulo 4,

[
en/2

]
and

[
Ψn/2

]
can be treated as the two spinor fields of SO(2n)1, and the

fermion is the product
[
en/2

]
×
[
Ψn/2

]
.

When k is even (i.e. n is an integer multiple of 4), the Zk gauge part of SO(2n)1/Zk =
U(1)l × SU(n)1 does not decompose. This is because all anyon m that carries a primitive
gauge flux component and exhibits a e2πi/k monodromy braiding phase with the primitive
gauge charge z defined in (53) must be of order 2k, i.e. m2k = 1 but mk 6= 1. For
example, the generator

[
Ψk−1

]
of SU(n)1 carries a unit of gauge flux and its kth power[

Ψk−1
]k
≡
[
Ψk
]
does not belong to the vacuum sector but the even spinor sector s+ in

SO(2n)1. The quantum symmetry group Ẑk = Z2k × Z2 (see (47)) that extends G = Zk
by A = Z2 × Z2 – the fusion group of Abelian anyons in SO(2n)1 – is non-symmorphic
and is not the direct product Zk×A. The twist liquid is represented by a non-trivial class
in the group cohomology H2(Zk,A) = A when k is even (see appendix C).

When k = n/2 ≡ 0 modulo 4, SO(2n)1 is equivalent as an UMTC to the discrete
Z2 gauge theory D[0](Z2) and carries the same topological order as the Kitaev’s toric
code [41]. The chiral central charge c = n is a multiple of 8 and can be offset by copies
of the topological trivial E8 at level 1. [16, 136, 116] The even spinor s+ in SO(2n)1 can
be identified as the Z2 gauge flux. Gauging the Zk symmetry extends the gauge group to
Z2k = Zn. The Zk orbifold phase SO(2n)1/Zk = U(1)n×SU(n)1 is equivalent as an UMTC
to the discrete Zn gauge theory D[k](Zn) deformed by the Dijkgraaf-Witten invariant [k]
in H3(Zn, U(1)) = Zn (see appendix C). To see this, we first notice when n is divisible by
8, SU(n)1 has the same topological order as U(1)n – the time-reversal conjugate of U(1)n.
This is because

[
Ψk−1

]
shares the same fusion and statistical properties of ē, the primitive
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anyon in U(1)n, and all anyons in SU(n)1 can be generated by powers of
[
Ψk−1

]
since

n = 2k and k− 1 are relatively prime. Consequently, the SO(2n)1/Zk twist liquid has the
identical topological order of the non-chiral product D[k](Zn) = U(1)n×U(1)n, which can
be described by a two-component Chern-Simons field theory S =

∫
2+1KIJa

I ∧ daJ/(4π),
where K = nσz. This K-matrix is inequivalent to nσx, which instead corresponds to the
un-deformed discrete gauge theory D[0](Zn).

For k = n/2 ≡ 2 modulo 4, the chiral central charge c = n is equivalent to 4 modulo
8, and therefore the orbifold phase SO(2n)1/Zn = U(1)n × SU(n)1 cannot be identified
to a non-chiral gauge theory. Instead, it is equivalent as an UMTC to the relative tensor
product SO(8)1 �D[k](Zn), where the product � involves a fermion pair condensation. To
see this, we observe the UMTC equivalence SU(n)1 ≡ SO(8)1 � U(1)n, where the vector
fermion ψ in SO(8)1 and the self-conjugate fermion ψ̄ = ēn/2 in U(1)n are pair condensed
in the product, i.e. ψēn/2 = 1. The SU(n)1 anyon

[
Ψk−1

]
can be identified with the

product s+ē, where s+ is the even spinor of SO(8)1. This is because they both carry spin
1/2− 1/(2n) modulo 1, have order n, and generate all anyons that are not confined by the
condensate. The non-chiral product U(1)n × U(1)n is identical to the deformed discrete
gauge theory D[k](Zn) for the same reasons in the k ≡ 0 mod 4 case presented above.

Overall, we summarize the Zk orbifold phases for general integer k by the UMTC
equivalence

SO(2n)1
Zk

= U(1)l × SU(n)1 (55)

=


SO(2n)1 ×D[0](Zk), for odd k
D[k](Z2k), for k ≡ 0 mod 4
SO(8)1 �D[k](Z2k), for k ≡ 2 mod 4

where k = n and l = 4n when n is odd, or k = n/2 and l = n when n is even. The
Z2k group is the “non-symmorphic” Z2 central extensions of Zk and associates to non-
trivial cohomology elements in H2(Zk,A). The super-script [k] in D[k](Z2k) labels the
Dijkgraaf-Witten invariant in the cohomology group H3(Z2k, U(1)) = Z2k that deforms the
gauge theory. The two even k cases in (55) agree with (3) and admit the decomposition
SO(2n)1 � D[k](Z2k). This is because (i) when k = n/2 ≡ 2 modulo 4, SO(2n)1 is
equivalent to SO(8)1 as an UMTC. (ii) When k = n/2 ≡ 0 modulo 4, SO(2n)1 is equivalent
to D[0](Z2) as an UMTC, and D[k](Z2k) = D[0](Z2) �D[k](Z2k) under the Z2 charge pair
condensation in the relative tensor product.

4 Dihedral twist liquids
We construct coupled-wire models of the following non-Abelian twist liquid topological
phases (see figure 1(b))

SU(n)1
Z2

= SO(n)2,
U(1)l
Z2

= SO(n)1 × SO(n)1
SO(n)2

SO(2n)1
Dk

= SU(n)1
Z2

�
U(1)l
Z2

, (56)

where n ≥ 3. Here, k = n/2 = l/2 when n is even or k = n = l/4 when n is odd. The Z2
charge pair is condensed in the relative tensor product �. The SU(n)1/Z2 and U(1)l/Z2
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orbifolds are components of the coset decomposition [64, 65, 66]

[SO(n)1]2 = SO(n)2 ×
[SO(n)1]2

SO(n)2
(57)

where the SO(n)2 WZW KM theory is the diagonal sub-algebra of [SO(n)1]2. From
section 3.3, we identified [SO(n)1]2 with the Z2 twist liquid SO(2n)1/Z2. Therefore the
coset decomposition (57) is the Z2 orbifold version of the conformal embedding SO(2n)1 ⊇
U(1)l × SU(n)1. In section 3.3, we discussed the global Dk = Z2 n Zk symmetry of the
SO(2n)1 WZW CFT , where the Zk and Z2 actions were presented in (43). We also
showed that the decoupled pair U(1)l × SU(n)1 carried a local Zk gauge symmetry and
could be identified as the SO(2n)1/Zk orbifold phase. In addition, they carry a global Z2
conjugation symmetry

Z2 : φσy⊥ → −φσy⊥, φσya − φσyb → φσyb − φσya (58)

where φa, for a = 1, . . . , n, are the bosonized variables of the Dirac fermions da ∼ eiφa in
SO(2n)1, φ⊥ = φ1 + . . . + φn is the diagonal part that generates U(1)l, and ei(φa−φb) are
the roots of the SU(n)1 WZW KM algebra. Here the Z2 symmetry applies globally to all
species a, b = 1, . . . , n, propagation directions σ = L,R on all wires y = 1, . . . , L.

In this section, we construct a new Dk twist liquid phase by further promoting the Z2
symmetry into a local gauge symmetry.

4.1 The SU(n)1/Z2 twist liquid
The SU(n)1/Z2 orbifold phase is constructed based on the identification SU(n)1/Z2 =
SO(n)2. [180] The coupled-wire model is built on a 2D array of wires, each consists of the
SO(n)1 × SO(n)1 pair. The kinetic Hamiltonian density is the decoupled direct sum

H0 = HA0 ⊕HB0 (59)

= iv

2

L∑
y=1

n∑
a=1

∑
σ=+,−

σ
(
ψAσya ∂xψ

Aσ
ya + ψBσya ∂xψ

Bσ
ya

)

where ψAσya = ψσya and ψBσya = ψσy,n+a, for a = 1, . . . , n, are the two sets of Majorana
fermions of the SO(n)A1 × SO(n)B1 pair at the yth wire, and σ = L,R = +,− labels the
two propagation directions. Here, the two SO(n)1 CFTs originate independently from
two distinct sets of interacting 1D electrons. (See section 2 for the electronic spin liquid
and superconductor origins.) Consequently, only fermion pairs ψσyaψσ

′
ya′ and ψ

σ
y,n+aψ

σ′
y,n+a′

from the same A/B sector on the same wire are integral combinations of local electrons.
Fermion pairs from distinct sectors ψσy,aψσ

′
y,n+a′ are all non-local. In general, an operator is

an integral combination of local electrons (up to intra-wire ground state expectation values)
if and only if it is even under the ZA2 × ZB2 gauge symmetry defined in (45). Grouping
Majorana fermions from opposite sectors into Dirac fermions dσya = (ψAσya + iψBσya )/

√
2 ∼

eiφ
σ
ya , the ZB2 symmetry is the conjugation

ZB2 (y) :
φσy′a → (−1)δyy′φσy′a
ψAσy′a → ψAσy′a, ψBσy′a → (−1)δyy′ψBσy′a

(60)

that flips dσya → dσya
†. In the following, we refer to the ZB2 symmetry simply as the Z2

symmetry.
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The coset decomposition (57) separates the [SO(n)1]2 CFT into the decoupled U(1)l/Z2 =
[SO(n)1]2/SO(n)2 and SU(n)1/Z2 = SO(n)2 sectors. The U(1)l is generated by the di-
agonal bosonized variable φ⊥ = φ1 + . . . + φn. Unlike previously in section 3.2 when the
U(1)l coupled-wire model was constructed based on SO(2n)1 wires, now the new notion of
locality from the SO(n)1 × SO(n)1 pair and its local Z2 gauge symmetry (60) enforce the
U(1)l/Z2 orbifold CFT on each wire. This is because the physical Hilbert space is even
under Z2 : φ⊥ → −φ⊥. The U(1)l current

∂φ⊥ ∼
n∑
a=1

ψAa ψ
B
a (61)

is no longer local as it is odd under Z2. It takes the role of the Z2 gauge charge in
U(1)l/Z2 and must appear in pairs. The U(1)l/Z2 sector on a given wire is gapped under
the intra-wire backscattering interaction borrowed from (30)

UyU(1)l/Z2
= −uintra

⊥ ∂xφ
L
y⊥∂xφ

R
y⊥ −∆intra

⊥ cos Θ⊥y , (62)

where Θ⊥y = φLy⊥ − φRy⊥. Here, both the density interaction and the sine-Gordon potential
are even under (60) and are integral combinations of local electrons. When uintra

⊥ > v(n2−
4)/[2πn(n2 + 4)], the sine-Gordon potential is relevant in the RG sense and introduces a
finite excitation energy gap for the U(1)l/Z2 sector.

The remaining SO(n)2 sector of the decomposition (57) is the diagonal WZW KM sub-
algebra of the SO(n)A1 × SO(n)B1 pair. It generates the simultaneous orthogonal rotation
of both the A and B Majorana fermions ψA/Ba → Obaψ

A/B
b . The SO(n)2 currents are the

sums Jab = JAab + JBab = iψAa ψ
A
b + iψBa ψ

B
b , for 1 ≤ a < b ≤ n. Focusing on the σ = L chiral

sector, the currents obey the operator product expansion [64, 65, 66]

Jab(z)Jcd(w) = 2δacδbd
(z − w)2 +

if(ab)(cd)(ef)
z − w

Jef (w) + . . . . (63)

Here, z and w are complex Euclidean space-time parameters e2π(vτ+ix)/l, τ = it is the
Wick rotated time, and l is the x-circumference of the closed circular wires. The structure
constant of the SO(n) Lie algebra is

f(ab)(cd)(ef) = δeaδfdδbc − δeaδfcδbd
+ δebδadδfc − δebδfdδac. (64)

The factor of 2 in (63) sets the level of the SO(n)2 WZW KM algebra. At the same
time, SO(n)2 is also the WZW KM sub-algebra of SU(n)1 that is even under the Z2
gauge symmetry. Among the unitary rotations da → U badb of Dirac fermions, only the
real orthogonal ones are compatible and commutes with the Z2 conjugation d → d†. The
SO(n)2 currents are self-conjugate combinations of SU(n)1 root operators

Jab = JAab + JBab = iψAa ψ
A
b + iψBa ψ

B
b

∼ 2 cos (φa − φb) ,
(65)

which are integral combinations of local electrons. The SO(n)2 complement of SU(n)1
consists of the Cartan-Weyl generators and the anti-conjugate root combinations

∂φ̃p ∼
i√

p(p+ 1)

(
−pψAp+1ψ

B
p+1 +

p∑
a=1

ψAa ψ
B
a

)
Sab = iψAa ψ

B
b − iψBa ψAb ∼ 2 sin (φa − φb)

(66)
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both of which are odd under Z2 and are therefore fractional. Similar to (61), operators in
(66) take the role of the Z2 gauge charge in SU(n)1/Z2.

The SO(n)2 sector is gapped using the inter-wire current backscattering interaction

Uy+1/2
SO(n)2

= uinterJLy+1,SO(n)2
· JRy,SO(n)2

(67)

= −∆inter ∑
1≤a<b≤n

cos
(
φLy+1,a − φLy+1,b

)
cos

(
φRy,a − φRy,b

)
= −1

2∆inter ∑
1≤a<b≤n

(
cos θy+1/2

ab + cosϕy+1/2
ab

)

where JSO(n)2 = (Jab)1≤a<b≤n are the SO(n)2 currents defined in (65), θy+1/2
ab = φLy+1,a −

φLy+1,b−φRy,a+φRy,b and ϕ
y+1/2
ab = φLy+1,a−φLy+1,b+φRy,a−φRy,b. The interaction is marginally

relevant [181] when uinter,∆inter > 0. Since the two sets of sine-Gordon variables θ and ϕ do
not all mutually commute, they cannot both take non-vanishing ground state expectation
values. The current backscattering interaction (67) condenses the bosons JLy+1,abJ

R
y,ab, and

when ∆inter > 0, it pins the positive ground state expectation values〈
cos

(
φLy+1,a − φLy+1,b

)
cos

(
φRy,a − φRy,b

)〉
> 0. (68)

At the same time, the SO(n)2 currents are quadratic fusion products of the Z2 gauge
charges from (66), S×S = J . Focusing on the σ = L chiral sector, the gauge charges obey
the operator product expansion

Sab(z)Scd(w) (69)

= 2(δacδbd + δbcδad)
(z − w)2 −

ig(ab)(cd)(ef)
z − w

Jef (w) + . . . ,

where g(ab)(cd)(ef) = δacδbeδdf + δbdδaeδcf + δbcδaeδdf + δadδbeδcf . Since the SO(n)2 current
J is generated by squaring the Z2 gauge boson charges S, the interaction (67) must also
condenses the Z2 charge pairs SLy+1,abS

R
y,ab in addition to JLy+1,abJ

R
y,ab. This gives rise to

the finite ground state expectation value

sy+1/2 =
〈

sin
(
φLy+1,a − φLy+1,b

)
sin
(
φRy,a − φRy,b

)〉
(70)

which can be either positive or negative. Its sign determines which set of sine-Gordon
variables, θ or ϕ, in (67) is pinned.

sy+1/2 > 0 :
〈

cos θy+1/2
ab

〉
= 1,

〈
cosϕy+1/2

ab

〉
= 0,

sy+1/2 < 0 :
〈

cos θy+1/2
ab

〉
= 0,

〈
cosϕy+1/2

ab

〉
= 1.

(71)

The positive case corresponds to backscattering of SU(n)1 roots cos θab ∼ ei(φ
L
a−φLb )e−i(φ

R
a −φRb )+

h.c. (c.f. (32)), while the negative case corresponds to pairing of SU(n)1 roots cosϕab ∼
ei(φ

L
a−φLb )ei(φ

R
a −φRb ) + h.c.. Both lead to a finite excitation energy gap in SU(n)1/Z2 =

SO(n)2.
The above reasoning of a finite energy gap relies on (69), which only holds when n ≥ 3.

When n = 2, the SO(2)2 current J ∼ cos(φ1 − φ2) cannot be generated by squaring the
gauge charge S ∼ sin(φ1 − φ2). In fact, the two bosons S and J are decoupled from
each other, and the current backscattering interaction JLJR does not condense SLSR.
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Our models constructed in this section are therefore restricted to n ≥ 3 where there is a
multiplet of Z2 gauge charges Sab that generate the SO(n)2 currents Jab by squaring.

Overall, the coupled-wire model

HSU(n)1/Z2 = H0 +
L∑
y=1

(
UyU(1)l/Z2

+ Uy+1/2
SO(n)2

)
(72)

– that combines the kinetic Hamiltonian (59), the U(1)l/Z2 intra-wire interaction (62)
and the SU(n)1/Z2 inter-wire interaction (67) – describes the SU(n)1/Z2 = SO(n)2 twist
liquid topological phase. The model has a finite bulk excitation energy gap and carries
gapless chiral SO(n)2 WZW CFT on the edges.

sy+1/2 > 0 sy+1/2 < 0

SO(n)2

Ψ
m Ψ

n−m

sy+1/2 > 0 sy+1/2 < 0

(a) (b)
em e−m

U(1)l/Z2

Figure 3: A non-Abelian Z2 gauge flux σ or τ (green star) sits at the domain wall where the order
parameter sy+1/2 in (a) (70) for SU(n)1/Z2 or (b) (88) for U(1)l/Z2 changes sign. An orbiting anyon
is conjugated, Ψm → Ψn−m or em → e−m, when passing across the branch cut (red curvy line).

Domain wall between the two sets of ground states (71) where the order parameter
in (70) changes sign, sy+1/2(x) ∼ 〈SLy+1,ab(x)SRy,ab(x)〉 ∼ ±sgn(x − x0), traps a Z2 gauge
flux at x0. (See figure 3(a).) In (66), we identified Sσy,ab as one of the non-local fields
that represents the Z2 gauge charge S. The sign flip of sy+1/2(x) corresponds to the π
monodromy braiding phase between the Z2 gauge flux and gauge charge. At the same time,
the Z2 flux conjugates any orbiting SU(n)1 anyon, Ψm → Ψn−m. To see this, we first re-
express the SU(n)1 primary fields defined in (37) as Ψm ∼ e

i
∑m

j=1

∑n

b=1(φaj−φb)/n. When
Ψm passes through the side of the domain wall with sy+1/2(x) > 0, the backscattering term

pins 〈Ψm
L (x)Ψm

R (x)†〉 ∼ ei
∑

jb
〈θy+1/2
ajb

(x)〉/n ∼ 1 to a finite value. Further moving Ψm to the
other side of the domain wall with sy+1/2(x) < 0, there is no longer any backscattering

term, but instead the pairing term pins 〈Ψm
L (x)Ψm

R (x)〉 ∼ e
i
∑

jb
〈ϕy+1/2
ajb

(x)〉/n ∼ 1 to a
finite value. Therefore, Ψm is conjugated to [(Ψm)†] = [Ψn−m] as we complete this full
circle. Consequently, in the SU(n)1/Z2 orbifold phase, any pair of conjugated partners are
grouped together into a single non-Abelian super-selection sector

Φi = Ψi + Ψn−i (73)

for 1 ≤ i < n/2. When n is even, the Abelian anyon Ψn/2 in SU(n)1 is closed under the
Z2 symmetry (60). It decomposes into the Z2 even and odd sectors

[
Ψn/2

+

]
= span

cos

1
2φ⊥ −

n/2∑
j=1

φaj


1≤a1<...<an/2≤n

,

[
Ψn/2
−

]
= span

sin

1
2φ⊥ −

n/2∑
j=1

φaj


1≤a1<...<an/2≤n

,

(74)
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each forms an irreducible representation of SO(n)2.
When n is odd, there are two Z2 fluxes that differ from each other by a Z2 charge

σ = τ × S, τ = σ × S. (75)

They obey the fusion rule

σ × σ = τ × τ = 1 +
(n−1)/2∑
i=1

Φi,

Φi × σ = Φi × τ = σ + τ. (76)

When n is even, there are four Z2 fluxes related to each other by

σ± = τ± × S, τ± = σ± × S,

σ± × Φi = τ± × Φi =
{
σ± + τ±, if i even
σ∓ + τ∓, if i odd . (77)

They obey the pair fusion rules

σ± × σ± = τ± × τ± = 1 + Ψn/2
± +

∑
i even

Φi

σ± × σ∓ = τ± × τ∓ =
∑
i odd

Φi (78)

when n ≡ 0 modulo 4, or

σ± × σ± = τ± × τ± = Ψn/2
± +

∑
i odd

Φi

σ± × σ∓ = τ± × τ∓ = 1 +
∑
i even

Φi (79)

when n ≡ 2 modulo 4.

anyons quantum dimension spin (modulo 1)
1 1 0
S 1 1
Φi 2 i(n− i)/(2n)
σ

√
n (n− 1)/16

τ
√
n (n+ 7)/16

Table 1: Anyon content of SU(n)1/Z2 = SO(n)2 when n is odd. Here i = 1, . . . , (n− 1)/2.

The anyons of SU(n)1/Z2 = SO(n)2 together with their quantum dimensions and spins
are summarized in table 1 and 2. The complete modular anyon content of SO(n)2 can be
found in appendix B. When n is odd, the Z2 fluxes σ and τ are referred to as metaplectic
anyons by Hastings, Nayak, and Wang in ref. [182, 183], and the SO(n)2 topological
order is known as a metaplectic topological quantum field theory. The braiding operations
performed by the metaplectic anyons can be simulated by a classical computer. On the
other hand, they showed that the d = 2 super-sectors Φi in (73) computes a #P -hard link
invariant, and therefore their braidings cannot be efficiently simulated classically. This
suggests the topological order we consider may have (non-universal) quantum computing
power beyond a classical computer.
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anyons quantum dimension spin (modulo 1)
1 1 0
S 1 1
Ψn/2
± 1 n/8

Φi 2 i(n− i)/(2n)
σ±

√
n/2 (n− 1)/16

τ±
√
n/2 (n+ 7)/16

Table 2: Anyon content of SU(n)1/Z2 = SO(n)2 when n is even. Here i = 1, . . . , n/2− 1.

4.2 The U(1)l/Z2 twist liquid
The U(1)l/Z2 orbifold [82, 83, 184] phases were constructed by a coupled-wire model as
fractional quantum Hall states in ref. [90, 91] based on a 2-fluid model [111]. Here, we con-
struct the orbifold phases in the electron-based superconducting or spin liquid settings. The
coupled-wire model makes use of the coset identification 1 U(1)l/Z2 = [SO(n)1]2/SO(n)2.
The level is l = n (l = 4n) when n is even (odd), and it sets the compactified free boson
circle radius R =

√
l/2. The model is the “particle-hole conjugation” of the SU(n)1/Z2 =

SO(n)2 model in (72) in the sense that the inter-wire and intra-wire backscattering direc-
tions of SO(n)2 and U(1)l/Z2 are reversed.

HU(1)l/Z2 = H0 +
L∑
y=1

(
UySO(n)2

+ Uy+1/2
U(1)l/Z2

)
. (80)

Like the previous SU(n)1/Z2 case, the model here is based on a 2D array of SO(n)A1 ×
SO(n)B1 wires, each carries two sets of Majorana fermions ψAσya = ψσya and ψBσya = ψσy,n+a,
for a = 1, . . . , n, σ = L,R = +,− and y = 1, . . . , L. All fermion pair from the same
C = A,B sector on the same wire, ψCσya ψCσ

′
ya′ , is an integral combination of local bosons.

All fermion pairs from opposite sectors, ψAσya ψBσ
′

y′a′ , are fractional and must come in pairs.
The kinetic Hamiltonian H0 is identical to the previous SU(n)1/Z2 model and is given in
(59). The intra-wire SO(n)2 current backscattering potential is

UySO(n)2
= uintra ∑

1≤a<b≤n
Jaby,SO(n)L2

Jaby,SO(n)R2
(81)

where Jaby,SO(n)σ2
= i(ψAσya ψAσyb + ψBσya ψ

Bσ
yb ) are the SO(n)2 currents. It gaps the SO(n)2

degrees of freedom in all wires for the same reasons (67) does and has been presented in
the previous subsection.

For the inter-wire interaction Uy+1/2
U(1)l/Z2

, it may be tempting to mimick (30) and consider

the sine-Gordon potentials cos
[
q
(
φLy+1,⊥ ± φRy,⊥

)]
, where eiφ⊥ = ei(φ1+...+φn) is a SO(n)2

singlet that generates U(1)l/Z2 and is the diagonal product of Dirac fermions eiφa =
(ψAa + iψBa )/

√
2. However, the potentials switch

cos
[
q
(
φLy+1,⊥ + φRy,⊥

)]
↔ cos

[
q
(
φLy+1,⊥ − φRy,⊥

)]
(82)

under the local Z2 × Z2 symmetry (see (60))

ZA2 (y) : φσy′⊥ → (−1)δyy′φσy′⊥ + nπδyy′

ZB2 (y) : φσy′⊥ → (−1)δyy′φσy′⊥
(83)

1L. Dixon, cited in ref. [64].
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and are therefore not integral combinations of electrons. Instead, we introduce the inter-
actions

Uy+1/2
U(1)l/Z2

= −uinter
⊥

(
Σy+1/2

)2

−∆inter
⊥ cos

(
qφLy+1,⊥

)
cos

(
qφRy,⊥

)
Σy+1/2 = g∂xφ

L
y+1,⊥∂xφ

R
y,⊥

+ sin
(
qφLy+1,⊥

)
sin
(
qφRy,⊥

)
(84)

where q = 1 when n is even, or q = 2 when n is odd. The interactions are local because
cos (qφ⊥), (∂xφ⊥)2, [sin (qφ⊥)]2, and ∂xφ⊥ sin (qφ⊥) are symmetric under (83) and are
combinations of even products of fermions in both the A and B sectors.

The ∆inter
⊥ term can be expressed as

cos
(
qφLy+1,⊥

)
cos

(
qφRy,⊥

)
= 1

2

(
cos θy+ 1

2
⊥ + cosϕy+ 1

2
⊥

)
. (85)

The angle variables θy+1/2
⊥ = q(φLy+1,⊥ − φRy,⊥) and ϕ

y+1/2
⊥ = q(φLy,⊥ + φRy+1,⊥) do not

commute, and therefore the two sine-Gordon potentials compete. The uinter
⊥ term can be

re-expressed – using a Hubbard-Stratonovich transformation [185, 186] by introducing a
real bosonic auxiliary field sy+1/2 – into

s̃2
y+1/2
uinter
⊥

− uinter
⊥

(
Σy+1/2

)2
=
s2
y+1/2
uinter
⊥

− 2sy+1/2Σy+1/2. (86)

s̃y+1/2 = sy+1/2 − uinter
⊥ Σy+1/2 completes the square and can be integrated out. In low-

energy, the auxiliary takes a finite ground state expectation value 〈sy+1/2〉. The interaction
(84) admits the mean-field approximation

Uy+1/2
U(1)l/Z2

=
〈sy+1/2〉2

uinter
⊥

− 2g〈sy+1/2〉∂xφLy+1,⊥∂xφ
R
y,⊥

−
(

∆inter
⊥
2 + 〈sy+1/2〉

)
cos θy+1/2

⊥

−
(

∆inter
⊥
2 − 〈sy+1/2〉

)
cosϕy+1/2

⊥ . (87)

When 〈sy+1/2〉 is positive (negative) and for large g, g|〈sy+1/2〉| > v(q4n2−4)/[4πn(q4n2 +
4)], cos θy+1/2

⊥ is relevant (irrelevant) while cosϕy+1/2
⊥ is irrelevant (relevant) in the RG

sense. Therefore, depending on the sign of the order parameter

sgn〈sy+1/2〉 = sgn
〈

sin
(
mφLy+1,⊥

)
sin
(
mφRy,⊥

)〉
, (88)

either cos θy+1/2
⊥ or cosϕy+1/2

⊥ dominates and takes non-vanishing ground state expectation
value.

sy+1/2 > 0 :
〈

cos θy+1/2
⊥

〉
= 1,

〈
cosϕy+1/2

⊥

〉
= 0,

sy+1/2 < 0 :
〈

cos θy+1/2
⊥

〉
= 0,

〈
cosϕy+1/2

⊥

〉
= 1.

(89)

Both lead to a finite bulk excitation energy gap.
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The ground state expectation values pattern (89) is similar to (71) in the previous
SU(n)1/Z2 case, and consequently, the anyon structure also resembles. The non-local
bosonic fields ∂xφ⊥ and sin(qφ⊥) belong in the Z2 charge sector S of the U(1)l/Z2 orb-
ifold theory. The domain wall separating the two sets of ground states in (89), where
〈sy+1/2(x)〉 ∼ 〈sin(qφLy+1,⊥(x)) sin(qφRy,⊥(x))〉 ∼ ±sgn(x − x0) changes sign, traps a Z2
gauge flux (twist field) at x0. It associates a π monodromy braiding phase for an orbit-
ing Z2 charge. It also conjugates an orbiting vertex field (34) in U(1)l between em =
eimφ⊥/(qn) ↔ e−m = e−imφ⊥/(qn) (see figure 3(b)) according to the ZA/B2 action in (83).

When em passes through the side of the domain wall with sy+1/2(x) > 0, the backscat-
tering term pins 〈emL (x)emR (x)†〉 ∼ eim〈θ

y+1/2
⊥ (x)〉/(q2n) ∼ 1 to a finite value. Further mov-

ing em to the other side of the domain wall with sy+1/2(x) < 0, the pairing term pins

〈emL (x)emR (x)〉 ∼ eim〈ϕ
y+1/2
⊥ (x)〉/(q2n) ∼ 1. Therefore, em is conjugated to (em)† = e−m in a

complete cycle. For m = 1, . . . , l/2− 1 modulo l,

Em = em + e−m (90)

is now a single super-selection sector. The Z2 invariant el/2 = eiqφ⊥/2 decomposes into the
even and odd sectors

e
l/2
+ = cos(qφ⊥/2), e

l/2
− = sin(qφ⊥/2), (91)

where q = 1 for n even, or q = 2 for n odd. There are four Z2 twist fields σ± and τ±.
They obey a set of fusion rules identical to those in SU(n)1/Z2 and can be obtained by
replacing Φi,Ψn/2

± by E i, el/2± in (75), (77), (78) and (79). The spin statistics and quantum
dimensions of the orbifold anyons are listed in table 3 and the complete modular data is
summarized in appendix B.

anyons quantum dimension spin (modulo 1)
1 1 0
S 1 1
e
l/2
± 1 l/8
E i 2 i2/(2l)
σ±

√
l/2 1/16

τ±
√
l/2 9/16

Table 3: Anyons in U(1)l/Z2. Here i = 1, . . . , l/2− 1.

The U(1)l/Z2 = [SO(n)1]2/SO(n)2 topological order can be related to SU(n)1/Z2 =
SO(n)2 described in the previous subsection 4.1 by the UMTC equivalence

[SO(n)1]2

SO(n)2
= [SO(n)1]2 � SO(n)2. (92)

Here SO(n)2 is the time-reversal conjugate (or spatial reflection) of SO(n)2 that hosts
edge modes in the opposite direction and anyons with reversed spins h→ −h. The relative
tensor product � treats the Z2 charge pair ζS̄ as an integral combination that “condenses”
in the vacuum sector in the anyon condensation picture [93, 94, 95, 96], where ζ = ψAψB

is the fermion pair from [SO(n)1]2 (see section 3.3.1) and S̄ is the Z2 charge of SO(n)2. In

addition, when n is even, the bosonic spinor product sA±sB±Ψn/2
± are also “condensed” in �,

where sAsB are spinor pairs in [SO(2n)1]2 and Ψn/2
± are defined in (74). (A more detailed
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description of the UMTC equivalence (92) in the anyon condensation picture can be found
in appendix B.) Eq.(92) demonstrates a generalized notion of “particle-hole” conjugation.
The U(1)l/Z2 state can be regarded as the particle-hole conjugate of SU(n)1/Z2, where
“holes” that occupy a SO(n)2 state are subtracted from a “filled” [SO(n)1]2 state. Similar
particle-hole relation also applies to the Abelian unitary family described in section 3.2
where SU(n)1 and U(1)l are conjugate dual so that one can be obtained from subtracting
the other from SO(2n)1. This is analogous to the anti-Pfaffian fractional quantum Hall
state [187, 188], which is the particle-hole conjugate of the Moore-Read Pfaffian state [77,
189] and is obtained by subtracting from the filled Landau level, holes that occupy the
Moore-Read Pfaffian state. Here, [SO(n)1]2 for the orbifold theories (or SO(2n)1 for the
Abelian unitary family) takes the role of the filled Landau level and is considered to be
the base of the “particle-hole” conjugation.

Lastly, we conclude this subsection by commenting on alternative coupled-wire models
where SO(n)2 = SU(n)1/Z2 and [SO(n)1]2/SO(n)2 = U(1)l/Z2 are both back-scattered
within a wire or in-between wires. Similar to (39), a trivial topological phase of decoupled
wires is obtained when all degrees of freedom are gapped by complete intra-wire interac-
tions,

Htrivial = H0 +
L∑
y=1

(
UyU(1)l/Z2

+ UySO(n)2

)
. (93)

Here,H0 is the kinectic Hamiltonian (59) of the [SO(2n)1]2 wires, and UyU(1)l/Z2
and UySO(n)2

are given in (62) and (81) respectively. On the other hand, a non-trivial topological phase
can be constructed using solely inter-wire interactions (c.f. (40))

H[SO(n)1]2 = H0 +
L∑
y=1

(
Uy+1/2
SO(n)2

+ Uy+1/2
U(1)l/Z2

)
, (94)

where Uy+1/2
SO(n)2

and Uy+1/2
U(1)l/Z2

are presented in (67) and (84). It does not carry the topological
order of a decoupled product SO(n)2×U(1)l/Z2. This is because there are product fields,
Φ2×E2q and its higher powers, that are integral electronic combinations and belong to the
vacuum sector. (See (73) and (90) for the anyon definitions and compare with the anyon
pair in (41).) Therefore, the anyon pair splits into Φ2 × E2q = 1+(confined components)
and is “condensed” in the anyon condensation picture. The resulting UMTC of deconfined
anyons is identical to the [SO(n)1]2 topological order.

4.3 The SO(2n)1/Dk twist liquid
In section 3.3, we defined the global dihedral Dk = Z2 nZk symmetry of SO(2n)1 in (43),
where k = n (k = n/2) for n odd (even). We demonstrated the gauging of the cyclic Zk
symmetry leads to the twist liquid orbifold phase SO(2n)1/Zk = U(1)l × SU(n)1, where
l = 4n (l = n) for n odd (even). The construction was based on altering the notion of
locality so that only the current operators in the Zk-invariant U(1)l × SU(n)1 WZW sub-
algebra in SO(2n)1 were integral electronic combinations. In this subsection, we construct
the Dk twist liquid orbifold phase

SO(2n)1
Dk

= U(1)l × SU(n)1
Z2

(95)

by further gauging the conjugation symmetry, which corresponds to the quotient group
Z2 = Dk/Zk.

SO(2n)1 SO(2n)1/Zk SO(2n)1/Dk
Zk

gauging
Z2

gauging (96)
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The local fields in SO(2n)1/Dk are the Dk-invariant local fields in SO(2n)1, or equiva-
lently, the Z2-invariant local fields in SO(2n)1/Zk = U(1)l × SU(n)1 (recall the conju-
gation action (58)). They are generated by (1) the SO(n)2 WZW currents, which are
the self-conjugate SU(n)1 currents, cos (φa − φb), for 1 ≤ a < b ≤ n (see (65)), (2) the
Z2 even local fields in U(1)l/Z2, cos (qφ⊥), (∂xφ⊥)2, [sin (qφ⊥)]2, and ∂xφ⊥ sin (qφ⊥) (see
below (84)), as well as (3) the pairs of Z2 odd local fields in U(1)l and SU(n)1, ∂φ⊥∂φ̃p,
∂φ⊥ sin (φa − φb), sin (qφ⊥) ∂φ̃p, and sin (qφ⊥) sin (φa − φb). If the local fields were only
generated by sets (1) and (2), the SO(2n)1/Dk theory would be identical to the decou-
pled product U(1)/Z2 × SU(n)1/Z2. Local fields in set (3) are pairs of Z2 charges from
both U(1)l/Z2 and SU(n)1/Z2. Therefore, the Dk twist liquid (95), as an UMTC, is
identical to the relative tensor product U(1)/Z2 � SU(n)1/Z2, where the Z2 charge pair
SU(1)/Z2SSU(n)1/Z2 is “condensed” in the anyon condensation [93, 94, 95, 96] context. This
notion of locality requires the Z2 fluxes from U(1)l/Z2 and SU(n)1/Z2 to appear simulta-
neously. In other words, the Z2 local symmetry applies simultaneously on both U(1)l and
SU(n)1 in (95).

The coupled-wire model, that respects this notion of locality, is constructed by an array
of SO(2n)1×SO(2n)1 wires. (See section 2 for the electronic spin liquid and superconductor
origins.) In low-energy, any given wire at y carries the chiral Majorana fermions ψAσya
and ψBσya , where C = A,B distinguishes the two SO(2n)1 sectors, a = 1, . . . , 2n, and
σ = L,R = +,−. Like the previous orbifold phases, only fermion pairs ψCσya ψCσ

′
ya′ from

the same C = A,B sector on the same wire y are integral combinations of electrons. The
SO(2n)1/Dk twist liquid model is constructed by populating the SU(n)1/Z2 Hamiltonian
(72) with ψCσy,1 , . . . ψCσy,n and the U(1)l/Z2 Hamiltonian (80) with ψCσy,n+1, . . . ψ

Cσ
y,2n.

HSO(2n)1/Dk (97)
= HSU(n)1/Z2 [ψ1, . . . ψn] +HU(1)l/Z2 [ψn+1, . . . ψ2n]

The local Z2 symmetry

ZB2 (y) : ψA → ψA, ψBy′ → (−1)δyy′ψBy′ (98)

acts simultaneously on both SU(n)1/Z2 and U(1)l/Z2. The Z2 charge SU(1)l/Z2 ∼ ψAa ψ
B
b

and SSU(n)1/Z2 ∼ ψAn+aψ
B
n+b, for 1 ≤ a < b ≤ n, are individually non-local and must come

in pairs. On the other hand, the Z2 charge pair SU(1)/Z2SSU(n)1/Z2 is integral because
ψAa ψ

A
n+a and ψBb ψ

B
n+b are local bosons by construction. SU(1)/Z2 and SSU(n)1/Z2 belong in

the same anyon class S that represents the Z2 gauge charge in SO(2n)1/Dk. Although
HSU(n)1/Z2 and HU(1)l/Z2 in (97) involve distinct sets of fermions, their combination is not
a direct sum, unlike (42). This is because the Hilbert space does not decompose thanks to
the intertwined fermion pair locality.

The topological order of SO(2n)1/Dk is closely related to that of the discrete gauge
theory of the dihedral group and its Z2 extensions. A review of discrete gauge theory can
be found in appendix C. The relation depends on n modulo 8 because of the eight-fold
periodicity of the SO(2n)1 UMTC and is summarized in (115). The SO(2n)1 anyon classes
form an Abelian group A = {1, ψ, s+, s−} under fusion product, where A = Z2×Z2 when n
is even, or Z4 when n is odd. The fusion group A extends the global symmetry group G =
Dk of SO(2n)1 in to a quantum symmetry group [162, 17, 32, 37] Ĝ (see (47) and (152)).
Inequivalent group extensions are classified by the group cohomology [163] H2(G,A) (see
appendix C and D). When n = k is odd, Ĝ = G n A = Dk n Z4 is “symmorphic” and
corresponds to the trivial element in H2(Dk,A). The twofold conjugation symmetry in
Dk is an outer automorphism of SO(2n). It acts non-trivially on A in the semi-direct
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product and flips between the even and odd spinor, s+ ↔ s−. When n is even, the
Dk symmetries are all inner automorphisms and act trivially on A. However, the global
quantum symmetry group Ĝ is “non-symmorphic” and does not decompose in a direct
product G×A. When k = n/2 is even, we saw in section 3.3.2 that the Zk flux had order
2k and its kth power was identified as the even spinor mk = s+ in SO(2n)1. This extends
Dk into D2k, and the quantum symmetry group is Ĝ = D2k × Z2. The non-symmorphic
central extension corresponds to the non-trivial cohomology element [s±, 1, 1] (or [ψ, 1, 1])
in H2(Dk,A) = A3 when n ≡ 0 (resp. n ≡ 4) modulo 8. When k = n/2 is odd, we showed
in section 3.3.1 that the Z2 symmetry was extended to Z4 because the twofold flux squared
to the SO(2n)1 fermion s2

± = ψ. This extends the global dihedral symmetry group Dk

into the dicyclic group Q4k (defined in (104) below), and the quantum symmetry group
is Ĝ = Q4k × Z2. The non-symmorphic central extension corresponds to a non-trivial
cohomology element [ψ] in H2(Dk,A) = A.

We first present the topological order of SO(2n)1/Dk when n ≡ 0 modulo 8. From (55)
in section 3.3, we saw that SO(2n)1/Zk = U(1)l × SU(n)1 is equivalent, as an UMTC, to
the D[k](Z2k) discrete gauge theory, where k = n/2. Gauging the Z2 conjugation symmetry
leads to the D[k,0,0](D2k) discrete gauge theory, where

D2k = Z2 n Z2k =
{
µAma : A = 0, 1, a = −k + 1, . . . , k

}
=
〈
m,µ|m2k = µ2 = (µm)2 = 1

〉
(99)

is the dihedral group that contains Z2k as a normal subgroup and Z2 = D2k/Z2k. Since
the twist liquid descends from SO(2n)1, which has the identical topological order as the
D[0](Z2) discrete gauge theory, the sequence of gauging (96) is the quantum double [164,
69, 92] (or Drinfeld center) of the group filtration

Z2 Z2k D2k

D[0](Z2) D[k](Z2k) D[k,0,0](D2k)

/ /

Zk=Z2k/Z2

gauging
Z2=D2k/Z2k

gauging

. (100)

Here, [k, 0, 0] represents the Dijkgraaf-Witten invariant in H3(D2k, U(1)) = Z2k ×Z2×Z2
that deforms the gauge theory [54, 55, 56, 57, 50] (see appendix C for the cohomology clas-
sification). The Z2k component comes from the cohomology classification H3(Z2k, U(1)) =
Z2k of the normal subgroup Z2k of D2k. Each of the two Z2’s corresponds to the cohomol-
ogy classification H3(Z2, U(1)) = Z2 for one of the two conjugacy classes [µ] and [µm] of
twofold conjugation symmetries. The trivial components in [k, 0, 0] signifies that the Z2
fluxes – which are pair combinations of the σ± or τ± from U(1)l/Z2 and SU(n)1/Z2 – are
bosonic or fermionic (see table 2 and 3).

Next, we consider n ≡ 4 modulo 8. From (55), we saw that SO(2n)1/Zk = U(1)l ×
SU(n)1 is equivalent, as an UMTC, to SO(8)1 �ψψ̄ D

[k](Z2k), where k = n/2 and the
relative tensor product � involves the anyon condensation of a fermion pair ψψ̄ (see sec-
tion 3.3.2). The Z2 conjugation action applies simultaneously on SO(8)1 and D[k](Z2k).
After gauging, the former becomes SO(8)1/Z2 = SO(8)1 × D[1](Z2) (see (49)) and the
latter becomes D[k,0,0](D2k). The simultaneous Z2 action requires the Z2 gauge charges
ζ from D[1](Z2) and S from D[k,0,0](D2k) to pair “condense” in the vacuum sector in the
anyon condensation picture. This identifies

D[1](Z2) �ζS D
[k,0,0](D2k) = D[k,1,1](D2k) (101)
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and modifies the Dijkgraaf-Witten invariant into [k, 1, 1] (see appendix C) so that the Z2
fluxes – which are pair combinations of the σ± or τ± from U(1)l/Z2 and SU(n)1/Z2 –
are all semionic with spins h = ±1/4 modulo 1 (see table 2 and 3). Combining with the
remaining SO(8)1, the SO(2n)1/Dk twist liquid is identical, as an UMTC, to the relative
tensor product

SO(2n)1
Dk

= SO(2n)1/Zk
Z2

=
SO(8)1 �ψψ̄ D

[k](Z2k)
Z2

= SO(8)1
Z2

�ψψ̄,ζS

D[k](Z2k)
Z2

(102)

=
(
SO(8)1 ×D[1](Z2)

)
�ψψ̄,ζS D

[k,0,0](D2k)

= SO(8)1 �ψψ̄ D
[k,1,1](D2k), if n ≡ 4 mod 8,

where the vector fermion ψ in SO(8)1 is pair condensed with the Abelian fermionic flux
ψ̄ = mn/2 in D[k,1,1](D2k) (c.f. the discussion above (55)). The anyon content is almost
identical to D[k,1,1](D2k). The anyons are represented by a dyon χ in D[k,1,1](D2k) if χ and
mn/2 braid trivially, or the spinor-dyon composite s+χ if χ and mn/2 have π monodromy,
where s+ is the even spinor in SO(8)1. Therefore, the relative tensor product with SO(8)1
only modifies the topological spins of anyons in D[k,1,1](D2k), but leaves the fusion rules
and modular S matrix of D[k,1,1](D2k) unaltered.

Now, we examine the cases when n ≡ 2 modulo 4. From (55), we saw that SO(2n)1/Zk =
U(1)l×SU(n)1 is equivalent, as an UMTC, to the decoupled product SO(2n)1×D[0](Zk),
where k = n/2 is odd. From (49), SO(2n)1/Z2 = SO(2n)1 �ψψ̄ D

[2](Z4), where the
vector fermion ψ in SO(2n)1 is pair condensed with the fermionic gauge flux ψ̄ = s̄2 in
the relative tensor product �ψψ̄ (see (48)). The Z2 gauging of D[0](Zk) produces the un-
deformed discrete gauge theory D[0](Dk) with the trivial Dijkgraaf-Witten invariant [0] in
H3(Dk, U(1)) = Z2k. Since Z2 conjugation acts simultaneously on SO(2n)1 and D[0](Zk),
the Z2 charge pair ζS from D[2](Z4) and D[0](Dk) is local and belong in the vacuum sector
in the anyon condensation picture. This combines them into the discrete gauge theory

D[2k](Q4k) = D[2](Z4) �ζS D
[0](Dk) (103)

of the dicyclic group

Q4k =
{
µ̃Am̃a : A = 0, 1, a = −k + 1, . . . , k

}
(104)

=
〈
m̃, µ̃|m̃2k = µ̃4 = 1, m̃k = µ̃2, µ̃−1m̃µ̃ = m̃−1

〉
.

(Alternatively, the dicyclic group (104) is also the double cover D̃k = Q4k of the dihedral
group Dk, where m̃ and µ̃ are represented by perpendicular rotations ei(2π/k)Sz and eiπSx ,
for Sx,z = σx,z/2, in a half-integral spin representation, and m̃k = µ̃2 = −1 are 2π rotations.
Therefore, Q4k is a subgroup of the unit quaternions SU(2) = {a0+a1i+a2j+a3k : |a| = 1},
where i, j, k can be represented by iσx, iσy, iσz.) Since we only encounter the dicyclic
group with odd degree k, (104) has the equivalent presentation

Q4k = Z4 n Zk (105)

=
{
µ̃Ama : A = −1, 0, 1, 2,

a = −(k − 1)/2, . . . , (k − 1)/2

}
=
〈
m, µ̃|mk = µ̃4 = µ̃mµ̃−1m = 1

〉
.
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Here, both the Z4 flux [s̄] in D[2](Z4) and the Z2 flux [µ] in D[0](Dk) individually carries
the π monodromy braiding phase with the Z2 charge pair ζS, and therefore are separately
confined. When appear simultaneously, they combines into the fourfold gauge flux [µ̃] =
[s̄][µ]. We associate [m̃] = [s̄2][m] to the combination of fermion ψ̄ = s̄2 in D[2](Z4) and
the Zk flux [m] in D[0](Dk). Since k is odd and s̄4 = 1, m̃k = s̄2, which can be identified
as µ̃2 because µ2 = 1 as a group element in Dk. The discrete gauge theory D[2k](Q4k) is
deformed by the Dijkgraaf-Witten cohomology invariant [2k] in H3(Q4k, U(1)) = Z4k (see
appendix C). The deformation requires the spins of the fourfold fluxes to be ±1/8 and
±3/8 modulo 1. Combining with the remaining SO(2n)1, the SO(2n)1/Dk twist liquid is
identical, as an UMTC, to the relative tensor product

SO(2n)1
Dk

= SO(2n)1/Zk
Z2

= SO(2n)1 ×D[0](Zk)
Z2

= SO(2n)1
Z2

�ζS
D[0](Zk)

Z2
(106)

= SO(2n)1 �ψψ̄ D
[2](Z4) �ζS D

[0](Dk)

= SO(2n)1 �ψψ̄ D
[2k](Q4k), if n ≡ 2 mod 4,

where the vector fermion ψ in SO(2n)1 is pair “condensed” with the Abelian fermionic
flux ψ̄ = µ̃2 in D[2k](Q4k). The “condensate” ψψ̄ forces the semionic spinor s± in SO(2n)1
to appear simultaneously with one of the Z2 fluxes in D[2k](Q4k). The Z2 flux-spinor
composites have spins n/16 or (n + 8)/16 modulo 1. This matches with the spins of the
pair combination of the Z2 twist fields, σ± or τ±, in SU(n)1/Z2 and U(1)l/Z2 (see table 2
and 3).

Lastly, we present the SO(2n)1/Dk topological order when n = k is odd. Eq.(55)
identifies SO(2n)1/Zk = SO(2n)1 × D[0](Zk). Like the previous cases, the Z2 conjuga-
tion symmetry acts simultaneously on SO(2n)1 and D[0](Zk). The Z2 gauging of latter
produces D[0](Dk). From (51), the Z2 gauging of the former gives SO(2n)1 �ψψ̄ Z(Ising)
for n ≡ ±1 modulo 8, or SO(2n)1 �ψψ̄ Z(SU(2)2) for n ≡ ±3 modulo 8. (See below
(51) for the details of fermion pair condensation.) The quantum doubles Z(Ising) and
Z(SU(2)2) are not discrete gauge theories because they support Ising anyons with non-
integral quantum dimension

√
2. This stems from the outer automorphism nature of the

Z2 conjugation, which switches the even and odd spinors, s+ ↔ s−, in SO(2n)1, when n
is odd. The SO(2n)1/Dk topological order therefore carries both Ising and discrete gauge
theory components

SO(2n)1
Dk

= SO(2n)1 �ψψ̄ Zn(Dk) (107)

where the quantum double

Zn(Dk) = D[0](Z2k) � Z2

= Zn(Z2) �ζS D
[0](Dk)

(108)

is the non-chiral UMTC

Z(Ising) �ζS D
[0](Dk), if n ≡ ±1 mod 8,

Z(SU(2)2) �ζS D
[0](Dk), if n ≡ ±3 mod 8.

(109)

Like previous cases, the relative tensor product �ζS anyon “condenses” the Z2 charge pair
ζS, where ζ is the fermion pair in Z(Ising) = Ising×Ising or Z(SU(2)2) = SU(2)2×SU(2)2
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and S = ([1], A1) is the Z2 charge in D[0](Dk). Consequently, any Ising anyon (such as σ
and σ̄) with quantum dimension

√
2 in Z(Ising) or Z(SU(2)2) must appear simultaneously

with a Z2 flux ([µ], ζλ), for λ = 0, 1, in D[0](Dk). (See table 9 for the list of dyons in the
D[0](Dk) discrete gauge theory.) These “Ising-fluxon” composites

Γλ = σ � ([µ], ζλ),
Γλ = σ̄ � ([µ], ζλ),

if n ≡ 1, 3 mod 16

Γλ = σ̄ � ([µ], ζ1−λ),
Γλ = σ � ([µ], ζ1−λ),

if n ≡ 5, 7 mod 16

Γλ = σ̄ � ([µ], ζλ),
Γλ = σ � ([µ], ζλ),

if n ≡ −1,−3 mod 16

Γλ = σ � ([µ], ζ1−λ),
Γλ = σ̄ � ([µ], ζ1−λ),

if n ≡ −5,−7 mod 16

(110)

in Zn(Dk) have quantum dimension
√

2n and spins hΓλ = k/16 + λ/2, hΓλ = −k/16 +
λ/2 modulo 1. Γ0 and Γ1 = S × Γ0 have trivial statistics with the condensate ψψ̄ =
ψSO(2n)1ψ̄Zn(Dk) in (107) and are deconfined. Here, similar to (51), ψ̄Zn(Dk) is the fermion
in Ising when n ≡ 1 mod 8, in SU(2)2 when n ≡ 3 mod 8, in Ising when n ≡ −1 mod 8,
or in SU(2)2 when n ≡ 3 mod 8. On the other hand, Γ0 and Γ1 = S × Γ0 have semionic
mutual statistics with ψψ̄. Therefore, they must appear simultaneously with a spinor s±
in SO(2n)1 in (107) to respect locality of ψψ̄. This modifies the spins of the Ising-fluxons
to hΓλ = h

s±Γλ = k/16 + λ/2 (mod 1) in SO(2n)1/Dk. The quantum dimensions and
spins of these Ising-fluxons match the pair combination of the Z2 twist fields, σ and τ , in
U(1)l/Z2 and SU(n)1/Z2 (see table 1 and 3). They can be identified according to

Γ0 = σSU(n)1/Z2σ
+
U(1)l/Z2

Γ1 = τSU(n)1/Z2σ
+
U(1)l/Z2

s+Γ0 = σSU(n)1/Z2σ
−
U(1)l/Z2

s+Γ1 = τSU(n)1/Z2σ
−
U(1)l/Z2

(111)

(up to the Z2 charge pair condensate SSU(n)1/Z2SU(1)l/Z2 and the fermion pair condensate
ψSO(2n)1ψ̄Zn(Dk)).

We observe that the quantum double Zn(Dk) in (108) is the Z2 twist liquid of the
discrete gauge theory D[0](Z2k) after gauging an unconventional twofold mixed symmetry
(see (114)) that is neither the electric-magnetic symmetry nor the conjugation symmetry.
It is a known result [88, 32, 85] that the quantum doubles Z(Ising) and Z(SU(2)2) are
Z2 twist liquids when the electric-magnetic (e-m) symmetry in D[0](Z2) is gauged. The
D[0](Z2) discrete gauge theory can be described by a two-component Chern-Simons field
theory S =

∫
2+1KIJa

I ∧ daJ/(4π), where K = 2σx. It exhibits the Z2 anyon relabeling
symmetry [31, 36] M = σx, which exchanges the Z2 charge and flux (represented by the
unit vectors e1 and e2) and leaves the K matrix invariant, MKMT = K. Gauging the
symmetry gives the quantum double

Zn(Z2) = D[0](Z2) � Z2

= Z(Ising) or Z(SU(2)2)
(112)

depending on the Frobenius-Schur indicator [16] κσ = dσ [F σσσσ ]11 = (−1)(n2−1)/8 of the
Z2 twist field (see discussion above (51)). Here, the double quotient “�” emphasizes the
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non-trivial flux-charge switching nature of the Z2 symmetry, and consequently, the non-
gauge theory topological order of D[0](Z2) � Z2. [Had the Z2 symmetry preserved the
anyon types, the gauging would only extend the gauge group and D[0](Z2)/Z2 would be a
discrete gauge theory D[ω](Z4) or D[η](Z2 × Z2).]

With the help of (112), equation (108) can be re-expressed as(
D[0](Z2) � Z2

)
�ζS D

[0](Dk)

=
(
D[0](Z2) � Z2

)
�ζS

D[0](Zk)
Z2

=
(
D[0](Z2)×D[0](Zk)

)
� Z2. (113)

Here, the product theory D[0](Z2)×D[0](Zk) has a four-component Chern-Simons descrip-
tion S =

∫
2+1KIJa

I ∧ daJ/(4π), the K-matrix is the direct sum K = (2σx) ⊕ (kσx).
The Z2 symmetry acts simultaneously on D[0](Z2) and D[0](Zk) and can be represented
by the matrix M = σx ⊕ (−I), which combines the e-m symmetry in D[0](Z2) and the
conjugation symmetry in D[0](Zk). Since k is odd, the product D[0](Z2) × D[0](Zk)
has identical topological order as the discrete gauge theory D[0](Z2k) with gauge group
Z2k = Z2 × Zk. Labeling the D[0](Z2k) dyons according to their flux-charge content,
mazb, where a, b = 0, 1, . . . , 2k − 1 modulo 2k, the twofold action of the mixed symmetry
Z2 : mazb → ma′zb

′ can be represented by the matrix transformation(
a
b

)
→
(
a′

b′

)
= U

(
a
b

)
, U =

(
k − 1 k
k k − 1

)
. (114)

The symmetry has order 2 because the flux-charge labels have 2k periodicity a ≡ a+ 2k,
b ≡ b+2k, and U squares to the identity matrix I modulo 2k. The symmetry preserves the
spin and braiding data ofD[0](Z2k) because UTK−1U ≡ K−1 modulo 2Z, whereK = 2kσx.
Gauging the Z2 symmetry in D[0](Z2k) gives the Z2 twist liquids Zn(Dk) = D[0](Z2k) �Z2
in (108), which we referred to as the “Ising-fluxon” phase. We conjecture in passing that
this non-chiral Ising-fluxon topological order may be identical to the Drinfeld center of a
(non-commutative) fusion category (see discussion in section 5).

Overall, we summarize the SO(2n)1/Dk twist liquid phases for general integer n by
the UMTC equivalence

SO(2n)1
Dk

= U(1)l × SU(n)1
Z2

(115)

=


D[k,0,0](D2k), for n ≡ 0 mod 8
SO(8)1 �D[k,1,1](D2k), for n ≡ 4 mod 8
SO(2n)1 �D[2k](Q4k), for n ≡ 2 mod 4
SO(2n)1 � Zn(Dk), for n odd

where k = n and l = 4n when n is odd, and k = n/2 and l = n when n is even. The
D2k and Q4k groups are “non-symmorphic” Z2 central extensions of Dk and associates
to non-trivial cohomology elements in H2(Dk,A). The super-script [ω] in D[ω](G) labels
the Dijkgraaf-Witten invariant in the cohomology group H3(G,U(1)) that deforms the
gauge theory. Similar to (55), the topological orders in the n ≡ 0 or 4 modulo 8 cases in
(115) agrees with (3) and admit the decomposition SO(2n)1 �Dω(D2k), for ω = [k, 0, 0]
or [k, 1, 1]. This is because, as UMTCs, SO(2n)1 = D[0](Z2) or SO(8)1 when n ≡ 0 or
4 modulo 8 respectively, and D[0](Z2) � D[ω](D2k) = D[ω](D2k) after condensing the Z2
charge pair.
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5 Conclusion and discussion
We constructed the 2+1D electronic coupled-wire models that describe the twist liquid
topological phases SO(2n)1/G in the orthogonal family, for G = Z2, Zk and Dk, as well
as SU(n)1/Z2 and U(1)l/Z2 in the unitary family. The degree, rank and level are related
by k = n and l = 4n (k = n/2 and l = n) when n is odd (even). We presented their
bosonic topological orders and described the fusion and braiding properties of anyon exci-
tations. A more detailed summary of results can be found in section 1.1 in the introduction.
Here, we discuss the implications, unanswered questions, speculations, and possible future
directions.

Generalized particle-hole conjugations Some fractional quantum Hall states in a
partially-filled Landau level are pairwise related by particle-hole (PH) conjugation [190,
191, 192, 193]. For example, the Laughlin FQH state U(1)3 of particles at ν = 1/3 is
conjugate to the Laughlin state of holes U(1)1 × U(1)3 at ν = 2/3. Here, U(1)1 is the
filled Landau level at ν = 1, and C is the time-reversal conjugate of C. In particular, PH
conjugation relates FQH states at filling ν = 1/2. For example, the Moore-Read Pfaffian
state [77, 189] U(1)8 ⊗f Ising is conjugate to the anti-Pfaffian state [187, 188] U(1)1 ×
U(1)8 ⊗f Ising = U(1)8⊗f Ising3. The PH symmetric Pfaffian state [194] U(1)8⊗f Ising is
its own PH conjugate. The notion of PH conjugation can be generalized by replacing the
Landau level by a prototype topological phase P. Any topological state C that “partially
occupies” P has a PH conjugate PH(C) = P � C, where the tensor product, in general, is
relative to a certain set of condensed bosonic pairs of anyons. Generalized PH conjugation
has been explored in paired parton FQH states [114] at ν = 1/6 that half-fill the parton
Landau level P = U(3)1 = U(1)3 × SU(3)1 at ν = 1/3, and Fibonacci QH states [116]
at ν = 8 that half-fill P = (E8)1 at ν = 16. In section 3.3.2 and 4, we made use of the
conformal embedding U(1)l × SU(n)1 ⊆ SO(2n)1 in (52) and the coset decomposition
SO(n)2×SO(n)2

1/SO(n)2 = SO(n)2
1 in (57). They imply the generalized PH conjugations

based on the prototype topological phases P = SO(2n)1 or SO(n)2
1. For example, (i) U(1)l

and SU(n)1 is a PH conjugate pair based on P = SO(2n)1 because U(1)l = SO(2n)1 �
SU(n)1 and SU(n)1 = SO(2n)1�U(1)l. The tensor product�may be the decoupled one×
or a relative one that condenses a fermion pair or a Z2 charge pair. The PH conjugation in
example (i) extends to the corresponding Z2 twist liquids. (ii) U(1)l/Z2 = SO(n)2

1/SO(n)2
and SU(n)1/Z2 = SO(n)2 is a PH conjugate pair based on P = SO(2n)1/Z2 = SO(n)2

1.
We expect the generalized notion of PH conjugation can be made precise in the coupled-
wire setting [149, 113] by a non-local representation of the PH operator, which may be
interpreted as the 2+1D analog of the Kramers-Wannier duality in 1+1D.

Coupled-wire construction of related twist liquid topological phases In this
paper, we focus on the Dk symmetry of SO(2n)1 and the Z2 conjugation of SU(n)1 and
U(1)l. While the latter is always an outer automorphism that non-trivially switches anyon
types, the former only transposes anyon types when n is odd. In other words, the Z2
symmetry in SO(2n)1 considered in this paper is the mirror symmetry of the SO(2n)1
Dynkin diagram only when n is odd. Mirror outer automorphisms for even rank n, and
the S3 triality symmetry of SO(8) was not investigated. While the topological orders of the
SO(2n)1/Z2, SO(8)1/Z3 and SO(8)1/S3 are known [32, 85, 37], microscopic descriptions of
these chiral twist liquids states are missing. (There exist non-chiral exactly-solvable string-
net models [92, 32], whose topological orders contain the above states as chiral sub-sectors.)
Moreover, theDk symmetry is only a particular point group symmetry in 2n dimensions. In
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three dimensions, the cyclic, dihedral, tetrahedral, octahedral, and icosahedral groups, Zn,
Dn, T , O and I, are the orientation preserving point groups in SO(3). Their corresponding
orbifold phases SU(2)1/Zn = U(1)2n2 , SU(2)1/Dn = U(1)2n2/Z2, SU(2)1/T , SU(2)1/O,
and SU(2)1/I, were studied in the CFT context. [82, 184, 64] The topological orders, as
well as their microscopic descriptions, of higher-dimensional point group orbifold phases
SO(N)l/G is largely unknown. Coupled-wire models of these topological phases may be
constructed by extending the methods used in this paper. For example, the manipulation
of fermion pair locality could be generalized to G-invariant local fields in the SO(N)l WZW
CFT. Further investigation may lead to exotic symmetries or dualities and quantum critical
phase transitions similar to those discussed above.

Quantum doubles and non-chiral twist liquids In (51), we saw that the quantum
double Zn(Z2) appeared as the non-chiral component of the SO(2n)1/Z2 twist liquid when
n is odd. Zn(Z2) is the Drinfeld center [164, 69, 92] of either the Ising or the SU(2)2 fusion
category, which are generated by the simple fusion objects 1, ψ, σ with the inequivalent
Frobenius-Schur indicators [16] κσ = dσ [F σσσσ ]11 = 1 for the former or κσ = −1 for the
latter. The quantum double is not a discrete gauge theory because the quantum dimension
of the Ising twist field, dσ =

√
2, is non-integral. The distinction from a gauge theory is

a consequence of the Z2 symmetry of SO(2n)1 being outer automorphic, i.e. exchanging
anyon types. Similarly, we saw in (107) that the SO(2n)1/Dk twist liquid, when n is odd,
carries the non-chiral UMTC component Zn(Dk) = Zn(Z2) �D[0](Dk). Zn(Dk) is not a
gauge theory because it supports the Ising-fluxon with non-integral dimension d =

√
2k.

In this paper, we also encountered the outer automorphic Z2 conjugation symmetry in
SU(n)1 and U(1)l. The corresponding twist liquids can be decomposed tautologically into
SU(n)1/Z2 = SU(n)1 � Z(Fn) and U(1)l/Z2 = U(1)l � Z(Fl), where

Fn = SU(n)1 ×
SU(n)1

Z2
, Fl = U(1)l ×

U(1)l
Z2

(116)

and � anyon condenses ΨaΨa and eaea respectively. We conjecture that the non-chiral
UMTC Zn(Dk) and Z(Fn) are Drinfeld centers of the following fusion categories, and
therefore admit exactly-solvable string-net model [92] Hamiltonians.

First, the non-chiral UMTC Z(Fn) in (116) may be the Drinfeld center of the defect
fusion category [32, 36] (or G-crossed category [17, 37])

Fn =
{

Zn ∪ {σ}, if n is odd
Zn ∪ {σ+, σ−}, if n is even (117)

Its simple fusion objects are the quasiparticles Ψa in SU(n)1 (or ea in U(1)l) that obey
the Zn fusion algebra Ψa × Ψa′ = Ψ[a+a′], together with the Z2 twist defect σ when n is
odd, or σ± when n is even. The twist defects obey the (commutative) fusion rules

σ ×Ψa = σ, σs ×Ψa = σs(−1)a

σ × σ =
n−1∑
a=0

Ψa, if n is odd

σs × σs =
∑
a even

Ψa, if n ≡ 0 mod 4,

σs × σs =
∑
a odd

Ψa, if n ≡ 2 mod 4, (118)

where s = ±. When n is odd, Fn is a Tambara-Yamagami category [195].
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Second, for the non-chiral Ising-fluxon topological order Zn(Dk), it may be equivalent
to the Drinfeld center Z(Ising n Zk), where Ising n Zk is the fusion category

Ising n Zk = 〈Ir, ψr, σr : r = 0, 1, . . . , k − 1〉 . (119)

The (non-commutative) fusion rules [29, 31, 32] are

Ir × Ir
′ = ψr × ψr′ = I[r+r

′], Ir × ψr′ = ψ[r+r′],

σr × Ir
′ = σr × ψr′ = σ[r+r′],

Ir × σr′ = ψr × σr′ = σ[r′−r]

σr × σr′ = I[r
′−r] + ψ[r′−r], (120)

where [r] wraps any integer r to the range between 0 and k − 1 by adding or subtract-

ing k if necessary. The Frobenius-Schur indicator of Ising n Zk is κσ0 = dσ0

[
F σ

0σ0σ0

σ0

]1
1

=
(−1)(k2−1)/8. The Ising-fluxon fields group into the super-selection sector Γ = {σ0, . . . , σk−1}
in the Drinfeld center Z(Ising n Zk) and has the combined quantum dimension d =

√
2k.
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A The SO(N)1 current algebra and its primary fields
We review the chiral SO(N) WZW KM algebra at level 1 and its primary fields. [64, 65, 66]
In section 2, we presented the electronic origins of the SO(N)1 boson wires, which are the
fundamental building block of the topological models in this article. The low-energy degrees
of freedom of each boson wire is effectively described by N counter-propagating pairs of
massless Majorana fermions ψσr = (ψσr )†, where σ = L/R = +/− and r = 1, . . . , N . The
Hamiltonian density was given in (16). The fermions obey the correlations

〈ψrL(z)ψsL(w)〉 = δrs

z − w
, 〈ψrR(z̄)ψsR(w̄)〉 = δrs

z̄ − w̄
, (121)

where z and w are complex Euclidean space-time parameters e2π(vτ+ix)/l, τ is the Wick
rotated Euclidean time, and l is the length of the 1D wire in a closed circle. The WZW
KM current operators are the Hermitian normal-ordered antisymmetric pairs of fermions

Jrsσ = −Jsrσ = iψrσψ
s
σ. (122)

They span the affine SO(N)1 Lie algebra.
In this appendix, we mainly focus on the left-moving holomorphic sector J = JL. The

anti-holomorhpic right-moving sector follows a similar algebraic structure by conjugation
z → z̄. The chiral current operators obey the operator product expansion (OPE)

Jrs(z)Jpq(w)

= δ(rs)(pq)

(z − w)2 +
∑
u<v

if(rs)(pq)(uv)
z − w

JuvL (w) + . . . ,
(123)
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where r < s and p < q. The structure constant of the SO(N) Lie algebra is f(rs)(pq)(uv) =
δurδvqδsp−δurδvpδsq+δusδrqδvp−δusδvqδrp. The electronic origin of the boson wire dictates
that all fermion pairs, including the current operators Jα = Jrs, are local and integral.

For even N = 2n, it is sometimes convenient to express the current operators in the
complexified form by pairing the Majorana fermions into Dirac ones, such as da = (ψa +
iψn+a)/

√
2 = eiφ

a , where a = 1, . . . , n. The bosonized variables φa obey the correlations〈
φa(z)φb(w)

〉
= −δab log(z − w) + iπ

2 sgn(a− b) (124)

where the singular term implies (121) after exponentiation, and the non-singular antisym-
metric term ensures the Dirac fermions mutually anti-commute, dadb = −dbda for a 6= b.
The Cartan-Weyl current generators are the normal-ordered densities

Ha = iψ2a−1ψ2a = (da)†da = −i∂φa. (125)

The raising and lowering roots are the normal-ordered vertex operators

Eα = ±i (da)αa
(
db
)αb = eiαcφ

c
, (126)

where d+ = d and d− = d†. Here, each of the roots are labeled by a vector α = (α1, . . . , αn)
with integral entries and of length |α| =

√
2. This means there are only two non-zero entries

αa, αb = ±1, for 1 ≤ a < b < n. The n(2n− 1) roots form the simply-laced Dn = SO(2n)
root system of rank n.

For odd N = 2n + 1, the SO(2n + 1)1 current algebra extends from SO(2n)1 by
including the raising and lowering operators

E±ea = i (da)± ψ2n+1 = ie±iφ
a
ψ2n+1 (127)

that associate with the short root vectors ±ea, which is an unit integral vector of length
|ea| = 1 with its ath entry being the only non-zero one. Combining the long roots from
Dn and these short roots, they form the non-simply-laced Bn = SO(2n + 1) root system
of rank n.

Primary fields [V ] of the SO(N)1 WZWKM algebra are super-selection sectors spanned
by fields Vµ(z), for µ = 1, . . . ,M , that “rotate” irreducibly under the action of the SO(N)1
currents

Jα(z)Vµ(w) = 1
z − w

(tα)νµ Vν(w) + . . . , (128)

where tα is a M -dimensional irreducible matrix representation of the SO(N) Lie algebra
generator Jα. At level 1, these irreducible representations are the trivial, vector or spinor
representations of SO(N). The vector representation [ψ] is fermionic and carries the con-
formal scaling dimension h = 1/2. The super-selection sector is spanned by the Majorana
fermions ψr, for r = 1, . . . , N , and obeys the OPE

Jpq(z)ψr(w) = i

z − w
(δqrδps − δprδqs)ψs(w) + . . . . (129)

The fusion rule [ψ] × [ψ] = 1 indicates that fermion pairs belong to the trivial super-
selection sector 1, which consists of integral combinations of local bosons. It abbreviates
the OPE

ψp(z)ψq(w) = δpq

z − w
− i(1− δpq)J (pq)(w) + . . . . (130)
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Spinor fields transform according to the spinor representations of SO(N). For even
N = 2n, they decomposes into the even and odd spinors, [s+] and [s−]. The super-selection
sectors are spanned by products of “half-fermions”

sε = eiεaφ
a/2, ε = (ε1, . . . , εn) (131)

[s+] = span
{
eiεaφ

a/2 : εa = ±1,
n∏
a=1

εa = +1
}
,

[s−] = span
{
eiεaφ

a/2 : εa = ±1,
n∏
a=1

εa = −1
}
.

The SO(2n)1 currents transform the vertex operators into each other within the same
super-selection sector according to the OPE

Ha(z)sε(w) = −εa/2
z − w

sε(w) + . . .

Eα(z)sε(w) = Zαε
z − w

sε+2α(w) + . . . , if α · ε = −2

Eα(z)sε(w) = non-singular, if α · ε = 0, 2 (132)

where Zαε = exp [−iπαaεbsgn(a− b)/4], and Ha and Eα are the Cartan-Weyl generators
and raising/lowering operators defined in (125) and (126). The rotated spinor sε′ = sε+2α
has the same parity as the original,

∏
a εa =

∏
a ε
′
a, and belongs to the same super-selection

sector, because the raising/lowering operator flips two signs in ε = (εa, . . . , εn). The above
OPE can be derived from the correlations (124) and the Baker-Campbell-Hausdorff formula
eA(z)eB(w) = eA(z)+B(w)+〈A(z)B(w)〉.

The two spinors have opposite fermion parities and can be flipped from one to the other
by absorbing or emitting a fermion. This is captured by the fusion rule [s±]× [ψ] = [s∓],
which corresponds to the OPE

da(z)−εasε(w) = Zaε
(z − w)1/2 sε−2εaea(w) + . . .

da(z)εasε(w) = non-singular (133)

where Zaε = exp [iπ
∑n
b=1 εaεbsgn(a− b)/4], and d+ = d, d− = d†. The 1/(z −w)1/2 factor

indicates the π monodromy phase and the mutual semionic statistics between the fermion
and the spinors. The new spinor sε′ = sε+2εaea has opposite parity as

∏
b ε
′
b = −

∏
b εb

because the fermion flip one sign in ε = (εa, . . . , εn). The conjugate pair

sε(z)s−ε(w) = 1
(z − w)n/4

+ . . . (134)

dictates the conformal scaling dimension of each spinor to be hs = n/8 = N/16. A spinor
sε has the same parity as its conjugate s−ε, and the spinor super-selection sectors are
therefore self-conjugate with the fusion rule [s±] × [s±] = 1, only when n is even. In
this case, the anyon group ASO(2n)1 = {1, [ψ], [s+], [s−]} has a Z2 × Z2 Abelian group
structure under fusion product. Otherwise, when n is odd, the spinor fusion rule become
[s±] × [s∓] = 1, and the anyon group is ASO(2n)1 = Z4 because [s±] × [s±] = [ψ] and
[s±]4 = 1, i.e. the spinors are of order 4. The fusion rules of SO(2n)1 are summarized
below (also in (25)).

[ψ]× [ψ] = 1, [ψ]× [s±] = [s∓],

[s±]× [s±] =
{

1, for even n
[ψ], for odd n . (135)
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For odd N = 2n+ 1, the field content of SO(2n+ 1)1 may be decomposed according to
SO(2n)1 × Ising, where the Ising sector is generater by the additional Majorana fermion
ψ2n+1. The Ising CFT has primary fields 1, ψ, σ. The non-Abelian Ising twist field has
conformal scaling dimension 1/16 and follows the multi-channel fusion rule

σ × σ = 1 + ψ, ψ × σ = σ, (136)

where ψ = ψ2n+1 when embedded in SO(2n + 1)1. The Ising twist field is non-local and
has semionic mutual statistics with ψ2n+1. Since the fermion pairs ψrψ2n+1 are local, the
Ising twist field must appear simultaneously with a SO(2n)1 spinor sε. The SO(2n+ 1)1
spinor super-selection sector [σ] is spanned by the normal-ordered products σε = σsε

[σ] = span
{
σε = σeiεaφ

a/2 : εa = ±1
}
, (137)

where the parity
∏n
a=1 εa is not fixed. The conformal scaling dimension is hσ = 1/16 +

n/8 = N/16. The actions of the Cartan-Weyl generators Ha and long roots Eα only affect
the Abelian component sε and are dictated by (132).

Ha(z)σε(w) = −εa/2
z − w

σε(w) + . . .

Eα(z)σε(w) = Zαε
z − w

σε+2α(w) + . . . , if α · ε = −2

Eα(z)σε(w) = non-singular, if α · ε = 0, 2. (138)

Using the fermion action (133), the short roots (127) transform the spinors according to

E±a(z)σε(w) = Zaε
z − w

σε−2εaea(w) + . . . , if εa = ∓,

E±a(z)σε(w) = non-singular, if otherwise. (139)

The fusion rules of SO(2n)1 are summarized below.

[ψ]× [ψ] = 1, [ψ]× [σ] = [σ], [σ]× [σ] = 1 + [ψ]. (140)

B The anyon content of SO(n)2 and U(1)l/Z2

We first review the chiral SO(n) WZW KM algebra at level 2 and its primary field con-
tent. [64, 65, 66] The corresponding topological phase was introduced in section 4.1. We
focus on the holomorphic left-moving sector. The current algebra is generated by the diag-
onal sums J = JA+JB in the double SO(n)A1 ×SO(n)B1 . They obey the current OPE (63).
The SO(n)2 currents can also be identified as self-conjugate combinations of the SU(n)1
currents Jab ∼ cos(φa − φb) ∼ dad

†
b + dbd

†
a (see (65)), where da = (ψAa + iψBa )/

√
2 ∼ eiφa

are the n Dirac fermions that rotate under SU(n). The hermitian SO(n)2 currents are
symmetric under the internal Z2 symmetry, φa → −φa (see also (60)), and therefore
SO(n)2 = SU(n)1/Z2.

The primary fields of SO(n)2 = SU(n)1/Z2 together with their quantum dimensions
and spins are listed in table 1 and 2. They consist of (a) Abelian sectors with quantum
dimension d = 1, (b) non-Abelian super-selection sectors Φi with dimension d = 2, for
1 ≤ i < n/2, and (c) Z2 twist fields σ and τ when n is odd, or σ± and τ± when n is even.
Abelian primary fields includes (i) the vacuum sector containing local fields such as the
SO(n)2 currents, (ii) the Z2 charge sector S containing fermion pair combinations that
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are odd under Z2 (see (66)), and (iii) when n is even, the Z2-closed SU(n)1 primary field
sectors Ψn/2

± (see (74)). When n is odd, none of the SU(n)1 primary fields, except the
vacuum, are closed under Z2, and Ψn/2

± are absent. The Abelian sectors obey the fusion
rules

Ψn/2
± × S = Ψn/2

∓ , S × S = 1,

Ψn/2
± ×Ψn/2

± =
{

1, if n ≡ 0 mod 4
S, if n ≡ 2 mod 4 .

(141)

The set of Abelian anyons form the fusion group Z2 = {1, S} when n is odd, Z2 × Z2 =
{1, S,Ψn/2

± } when n ≡ 0 modulo 4, or Z4 = {1, S,Ψn/2
± } when n ≡ 2 modulo 4.

The internal Z2 symmetry conjugates the SU(n)1 primary fields Ψi ↔ Ψn−i, and
therefore each conjugate pair forms the d = 2 super-selection sector Φi = Ψi + Ψn−i, for
1 ≤ i < n/2. (See (37) for the bosonized vertex representation of Ψi.) They do not carry
a Z2 parity because

Φi × S = Φi. (142)

They obey the fusion rules

Φi × Φj = Φi+j + Φj−i, for 1 ≤ i < j < n/2 and i+ j 6= n/2

Φi × Φj = Ψn/2
+ + Ψn/2

− + Φj−i, for 1 ≤ i < j < n/2 and i+ j = n/2
Φi × Φi = 1 + S + Φ2i, for i 6= n/4 (143)

Φn/4 × Φn/4 = 1 + S + Ψn/2
+ + Ψn/2

−

Ψn/2
± × Φi = Φn/2−i

where we identify Φi = Φn−i if n/2 < i < n.
When n is odd, there are two Z2 twist fields, σ and τ , that differ from each other by a

Z2 charge, σ = τ × S and τ = σ × S. They have quantum dimension d =
√
n. When n is

even, there are four Z2 twist fields σ± and τ±. They have quantum dimension d =
√
n/2.

The ± sign is flipped when absorbing a SU(n)1 primary field Ψi with odd degree i. In
addition to the fusion rules (75-79), when n is even, the Z2 fluxes also obey the following
product rules when combining with Ψn/2

± .{
Ψn/2
± × σ± = σ±, Ψn/2

± × τ± = τ±,

Ψn/2
± × σ∓ = τ∓, Ψn/2

± × τ∓ = σ∓,
if n ≡ 0 mod 4,{

Ψn/2
± × σ± = τ∓, Ψn/2

± × τ± = σ∓,

Ψn/2
± × σ∓ = σ±, Ψn/2

± × τ∓ = τ±,
if n ≡ 2 mod 4. (144)

The braiding phase between anyon x and y with a fixed admissible fusion channel z
is Rxyz Ryxz = e2πi(hz−hx−hy), where the anyon spins, hx, are listed in table 1 and 2. (For
SO(n)2, there is no fusion degeneracies. The fusion number N z

xy is either 0 or 1 depending
on whether z is an admissible fusion channel of x× y. Hence, the exchange “matrices” Rxyz
are U(1) scalars.) The modular S-matrix is

Sxy = 1
D
∑
z

dzN
z
xye

2πi(hz−hx−hy) (145)
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where the total quantum dimension of SO(n)2 is D = 2
√
n. The modular T -matrix is

Txy = eiπ(1−n)/12e2πihxδxy where the anyon spins hx are listed in table 1 and 2. Together
the S and T matrices generate a representation of the modular group SL(2,Z). They obey

S2 = (ST †)3, S4 = I, (146)

where C = S2 is the conjugation matrix so that Cxx̄ = 1 if x and x̄ are conjugate pair,
x× x̄ = 1 + . . ., and Cxx′ = 0 if x′ 6= x̄. The fusion rules (75-79) and (141-144) are related
to the S-matrix by the Verlinde formula [196]

Ny
x1x2 =

∑
z

Sx1zSx2zS
∗
yz

S1z
, (147)

where the fusion number Ny
x1x2 describes x1 × x2 =

∑
yN

y
x1x2y. The modular S-matrices

of SO(n)2 = SU(n)1/Z2 are listed in table 4 and 5.

1 S Φi σ τ

1 1 1 2
√
n

√
n

S 1 1 2 −
√
n −

√
n

Φi′ 2 2 4c(ii′) 0 0
σ

√
n −

√
n 0

√
n −

√
n

τ
√
n −

√
n 0 −

√
n

√
n

Table 4: The modular S-matrix DSxy = 2
√
nSxy from (145) of SO(n)2 = SU(n)1/Z2, for odd n. The

rows and columns are arranged in the same order of the primary fields in table 1. c(ii′) = cos(2πii′/n),
for i, i′ = 1, . . . , (n− 1)/2.

1 S Ψn/2
s Φi σs τ s

1 1 1 1 2
√
n/2

√
n/2

S 1 1 1 2 −
√
n/2 −

√
n/2

Ψn/2
s′ 1 1 (−1)n/2 2(−1)i

√
n/2eiπn/4ss′

√
n/2eiπn/4ss′

Φi′ 2 2 2(−1)i′ 4c(ii′) 0 0
σs
′ √

n/2 −
√
n/2

√
n/2eiπn/4ss′ 0 Σss′

σσ Σss′
στ

τ s
′ √

n/2 −
√
n/2

√
n/2eiπn/4ss′ 0 Σss′

τσ Σss′
ττ

Table 5: The modular S-matrix DSxy = 2
√
nSxy from (145) of SO(n)2 = SU(n)1/Z2, for even n. The

rows and columns are arranged in the same order of the primary fields in table 2. c(ii′) = cos(2πii′/n),
for i, i′ = 1, . . . , n/2 − 1 and s, s′ = ±. The Σ matrices are defined in (148). The S-matrix of
U(1)n/Z2 is obtained by replacing en/2

± ↔ Ψn/2
± and E i ↔ Φi.

(
Σss′
σσ Σss′

στ

Σss′
τσ Σss′

ττ

)
=



√
n

( 1 0 −1 0
0 1 0 −1
−1 0 1 0
0 −1 0 1

)
, if n ≡ 0 mod 8,

√
n

( 0 1 0 −1
1 0 −1 0
0 −1 0 1
−1 0 1 0

)
, if n ≡ 4 mod 8,

√
n
2 e

iπ
4

( 1 −i −1 i
−i 1 i −1
−1 i 1 −i
i −1 −i 1

)
, if n ≡ 2 mod 8,

√
n
2 e
− iπ4

( 1 i −1 −i
i 1 −i −1
−1 −i 1 i
−i −1 i 1

)
, if n ≡ 6 mod 8.

(148)
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Next, we review the modular data of the U(1)l/Z2 orbifold [82, 83, 184] and its primary
field (anyon) content, where the level l is n (4n) when n is even (odd). The corresponding
topological phase was introduced in section 4.2. The orbifold CFT is identical to the coset
[SO(n)1]2/SO(n)2. [64] The topological phase can therefore be identified (as an UMTC)
as the relative tensor product in (92), which we repeat here

U(1)n/Z2 =
[
SO(n)A1 × SO(n)B1

]
� SO(n)2, (149)

for even n. Here, SO(n)2 is the time-reversal of SO(n)2 with the same fusion rules,
N z
xy = N z

xy, but conjugated spins, hx = −hx. The following set of anyon pairs

B =
{

1, ψAψBS, sA±sB±Ψn/2
±

}
(150)

are condensed in the relative tensor product �. The Abelian bosons in B have trivial
mutual statistics and follows Z2 × Z2 (Z4) fusion group structure when n ≡ 0 (n ≡ 2)
modulo 4.

The U(1)n/Z2 primary fields together with their quantum dimensions and spins are
listed in table 3 (by substituting l = n). They consists of (a) four Abelian fields 1, S, en/2± ,
(b) the non-Abelian super-selection sectors E i = ei + e−i, for i = 1, . . . , n/2 − 1, and (c)
the Z2 twist fields σ± and τ±. In the anyon condensation picture (149), all bosons in (150)
belong to the vacuum sector. The non-vacuum anyons in U(1)n/Z2 can be identified with
anyons in

[
SO(n)A1 × SO(n)B1

]
� SO(n)2 according to

S ≡ ψAψB ≡ S, σ± ≡ sA±σ±, τ± ≡ sA±τ±,

e
n/2
± ≡

 sA±s
B
± ≡ Ψn/2

± , if n ≡ 0 mod 4

sA±s
B
∓ ≡ ψAΨn/2

± , if n ≡ 2 mod 4
,

E i ≡
{

Φi, for even i
ψAΦi, for odd i

.

(151)

Consequently, U(1)n/Z2 have the identical fusion rules as SO(n)2 = SU(n)1/Z2 (for even
n) by replacing en/2± ↔ Ψn/2

± and E i ↔ Φi in (77-79) and (141-144). The modular S-matrix
of U(1)n/Z2 can be computed using (145). It is identical to that of SO(n)2 = SU(n)1/Z2
and is summarized in table 5 under the same anyon label replacement. 2 Together with
the T -matrix Txy = e−iπ/12e2πihxδxy, they represent the modular group SL(2,Z), and obey
(146) and (147).

C Discrete gauge theories with cyclic, dihedral or dicyclic gauge groups
We review the topological orders of discrete gauge theories [49, 50, 51, 43] relevant to the
twist liquid orbifold phases of SO(2n)1. The discrete gauge theories encountered in this
article include

1. D[u](Zk) of the cyclic gauge group Zk with arbitrary order k and Dijkgraaf-Witten
invariant [u] = [0] or [k/2] in H3(Zk, U(1)) = Zk,

2We observe the following differences in the S-matrices of U(1)n/Z2 between our results and ref. [184].
While they are identical when n ≡ 0, 2 mod 8, the S-matrices are conjugated when n ≡ 6 and the Sσsσs′ ,
Sτsτs′ , Sσsτs′ entries are unequal when n ≡ 4 mod 8.
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2. D[u,v,w](D2k) of the dihedral gauge group D2k with even degree 2k (order 4k) and
Dijkgraaf-Witten invariant [u, v, w] = [k, 0, 0] or [k, 1, 1] in H3(D2k, U(1)) = Zk ×
Z2 × Z2, and

3. D[u](Q4k) of the dicyclic gauge groupQ4k with odd degree k (order 4k) and Dijkgraaf-
Witten invariant [u] = [2k] in H3(Q4k, U(1)) = Z4k.

They appear in the non-chiral components in the SO(2n)1/Z2, SO(2n)1/Zk and SO(2n)1/Dk

twist liquids (see (49), (55) and (115) respectively). In this appendix, while focusing on the
above gauge theories, we present a more comprehensive review that (i) includes D[u](Dk) of
the dihedral gauge group Dk with odd degree, and (ii) covers all possible Dijkgraaf-Witten
deformations [54, 55, 56, 57, 50] [u] and [u, v, w].

The global dihedral Dk = Z2 n Zk symmetry of SO(2n)1 was defined in (43), where
k = n (or n/2) when n is odd (resp. even). The dihedral group contains Zk as a normal
subgroup. The conjugation symmetry group is the quotient group Z2 = Dk/Zk, which can
also be (non-canonically) embedded as an abnormal subgroup in Dk. (See the split exact
decompositions (203) for k odd or (218) for k even.) The gauge groups in (1), (2) and (3)
are subgroups of the extension D̂k of the dihedral symmetry group Dk by the anyon fusion
group A = {1, ψ, s±} of the Abelian SO(2n)1 topological order, where A = Z2

2 when n is
even or A = Z4 when n is odd. We first classify the group extensions.

In general, a global symmetry group G is extended by the fusion group A of Abelian
anyons into a quantum symmetry group [162, 17, 32, 37] Ĝ

1→ A Ĝ G→ 1i p

j
, (152)

where the above sequence of (forward) group homomorphisms is exact so that the inclusion
map i is injective, the projection map p is surjective, and the image of i is identical to the
kernel of p, Im(i) = p−1(1). A is a normal subgroup of Ĝ and the global symmetry group
is identical to the quotient G = Ĝ/A. The (non-canonical) function j : G→ Ĝ assigns to
each g in G, an element j(g) = ĝ in the quantum group Ĝ that projects back to the same
element p(j(g)) = g. The function j is not necessarily a group homomorphism and may
not preserve the group product. The group extension respects the pre-assigned G-action
on A so that ĝaĝ−1 = g · a. Most symmetries in this article are inner automorphisms and
associate to trivial G-actions, g · a = a, except for the conjugation symmetry, which is an
outer automorphism that switches the SO(2n)1 spinors, Z2 : s+ ↔ s−, when n is odd.

Group extensions (152) are classified by the group cohomology H2(G,A). When the
G-action on A is trivial, the Abelian group A sits inside the center of Ĝ and commute
with all group elements. In this case, H2(G,A) classifies central extensions. The trivial
cohomology corresponds to the direct product Ĝ = G × A. When the G-action is non-
trivial, the extension is not central and must be non-Abelian. The trivial cohomology in
H2(G,A) corresponds to the semi-direct product Ĝ = G n A, where the group product
is (g1, a1) · (g2, a2) = (g1g2, (g2 · a1)a2). In these cases, the exact decomposition (152) is
said to split, the extension is “symmorphic” and j can be chosen to be a group homomor-
phism that embeds G → G × A (or G → G n A). Non-trivial cohomology elements in
H2(G,A) corresponds to “non-symmorphic” extensions where Ĝ does not decompose into
a (semi)direct product and the function j in (152) fails to be a group homomorphism.

The function j preserves the group product when h(g1, g2) = j(g1)j(g2)[j(g1g2)]−1 =
ĝ1ĝ2(ĝ1g2)−1 is the identity. Since p(h(g1, g2)) = 1, the exactness of (152) requires h(g1, g2)
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to belong in A. The function h : G2 → A obey the 2-cocycle condition

dh(g1, g2, g3) = (g1 · h(g2, g3))h(g1, g2g3)
h(g1g2, g3)h(g1, g2) = 1 (153)

because A is Abelian and the group product is associative, ĝ1(ĝ2ĝ3) = (ĝ1ĝ2)ĝ3. The
function j in (152) is not unique, and there are other functions j′ = λj that respect the
projection, p(j′(g)) = g. Since p(λ(g)) = p(j′(g)j(g)−1) = gg−1 = 1, exactness of (152)
requires λ = j′j−1 to have image in A. This modifies the h function to h′ = hdλ, where
the 2-coboundary is

dλ(g1, g2) = (g1 · λ(g2))λ(g1)
λ(g1g2) . (154)

h′ obeys the cocyle condition (153) because d(dλ) = 1. The equivalent classes [h] = [hdλ]
of 2-cocycles (modulo 2-coboundaries) form the group cohomology [163]

H2(G,A) = ker
(
d : C2(G,A)→ C3(G,A)

)
Im (d : C1(G,A)→ C2(G,A)) (155)

where Cr(G,A) is the Abelian group of r-cochains – functions that map Gr → A.
Here, we summarize the extension D̂k of the global symmetry group Dk of SO(2n)1,

whereDk =
〈
µ,m|µ2 = mk = (µm)2 = 1

〉
. These quantum symmetry groups can be found

in section 3.3.1, 3.3.2, 4.3, and the corresponding cohomology classifications can be found
in appendix D. (1) When n = 2k ≡ 0 modulo 4, the symmetry is “non-symmorphically”
extended to D̂k = D2k × Z2, which corresponds to the cohomology class [x, 1, 1] in
H2(Dk,A) = A3 where x = s± (or x = ψ) when n ≡ 0 (resp. n ≡ 4) modulo 8. The
degree 2k dihedral group is

D2k =
〈
µ, m̂, x

∣∣∣∣∣ m̂k = x,
µ2 = m̂2k = (µm̂)2 = 1

〉
. (156)

It contains the subgroups Z2 = 〈µ|µ2 = 1〉, which is the conjugation symmetry group,
and Z2k = 〈m̂|m̂2k = 1〉, which non-trivially extends the Zk symmetry group. (2) When
n = 2k ≡ 2 modulo 4, the symmetry is “non-symmorphically” extended to D̂k = Q4k×Z2,
which corresponds to the cohomology class [ψ] in H2(Dk,A) = A. The dicyclic group is

Q4k =
〈
µ̂,m, ψ

∣∣∣∣∣ µ̂2 = (µ̂m)2 = ψ,
ψ2 = mk = 1

〉

=
〈
µ̂, m̂, ψ

∣∣∣∣∣ µ̂2 = m̂k = (µ̂m̂)2 = ψ,
ψ2 = µ̂4 = m̂2k = 1

〉
, (157)

where m̂ = mψ. It contains the subgroups Z4 = 〈µ̂|µ̂4 = 1〉, which non-trivially extends
the conjugation symmetry group Z2, and Zk = 〈m|mk = 1〉. (3) When n = k is odd, the
symmetry is “symmorphically” extended to D̂k = DknAodd, where the twofold conjugation
symmetry acts non-trivially on Aodd = Z4 as the involution s+ ↔ s−. The extension
corresponds to the trivial element in H2(Dk,Aodd) = Z2.

Next, we describe the topological orders of the discrete gauge theory components
D[ω](Zk), D[ω](Dk) and D[ω](Q4k) of the SO(2n)1/Z2, SO(2n)1/Zk and SO(2n)1/D2 twist
liquids in (49), (55) and (115). In general, anyons in a discrete gauge theory D(G) are
dyons χ = ([g], ρ). [g] = {hgh−1 : h ∈ G} is the conjugacy class of the group element
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g, and ρ : Zg → U(N) is a unitary irreducible representation of the centralizer subgroup
Zg = {h ∈ G : gh = hg}, which carries group elements that commute with g. The conju-
gacy class [g] and the representation ρ specify the gauge flux and gauge charge of the dyon.
When the gauge group is the Abelian cyclic group G = Zk = {1,m, . . . ,mk−1}, a conjugacy
class only contains a single element [mj ] = {mj}, and its centralizer group is the entire
group Zmj = Zk. The irreducible representations are the homomorphism zb : Zk → U(1)
sending ma → zb(ma) = e2πiab/k, where a, b = 0, 1, . . . , k−1. Dyons in D(Zk) are the flux-
charge composites χab = (ma, zb). Table 6, 6 and 6 summarize the conjugacy classes and
irreducible representations of the dihdral group Dk with odd and even degree k, and the
dicyclic group Q4k with odd degree k. Possible centralizer subgroups are Z2, D2 = Z2×Z2,
Z4, Zk, Z2k, and the entire group Dk or Q4k. Irreducible representations of the Abelian
centralizers Z form the groups of homomorphisms Hom(Z,U(1)), which is isomorphic to
Z. The quantum dimension of a dyon χ = ([g], ρ) is the integer dχ = |[g]|dim(ρ). The
total quantum dimension of the discrete gauge theory is the order of the group

|G| =
√∑

χ

d2
χ. (158)

The number of dyons (i.e. the ground state degeneracy on a torus) is GSD(D(Zk)) = k2,
GSD(D(Dk)) = (k2 +7)/2 when k is odd, GSD(D(Dk)) = (k2 +28)/2 when k is even, and
GSD(D(Dickk)) = 2(k2 + 7) when k is odd. The dyons and their quantum dimensions of
D(Dk) and D(Q4k) are listed in table 9, 10 and 11.

[1] [µ] [mj ]
A0 1 1 1
A1 1 −1 1
El 2 0 2 cos(2πjl/k)

Table 6: Character table of Dk when k is odd. ρ = A0,1, El are irreducible representations. j, l =
1, . . . , (k − 1)/2. Numerical entries are Tr(ρ(g)).

[1] [µ] [µm] [mj ] [mk/2]
A0 1 1 1 1 1
A1 1 −1 −1 1 1
B0 1 1 −1 (−1)j (−1)k/2
B1 1 −1 1 (−1)j (−1)k/2
El 2 0 0 2 cos(2πjl/k) 2(−1)l

Table 7: Character table of Dk when k is even ρ = A0,1, B0,1, El are irreducible representations.
j, l = 1, . . . , k/2− 1. Numerical entries are Tr(ρ(g)).

A finite group G can be promoted to a fusion category F [ω](G). The simple objects
of the tensor category are the group elements. Fusion rules are group multiplications,
g1 × g2 = g1g2. The associativity equivalence (g1 × g2) × g3 ≡ g1 × (g2 × g3) is described
by the U(1) basis transformation∣∣∣∣∣∣

g2g1 g3

g2g1 g3

g2g1

〉
= fg1g2g3

∣∣∣∣∣∣
g2g1 g3

g2g1 g3

g2g3

〉
. (159)

The collection of f -symbols are 3-cochains in C3(G,U(1)) that obey the cocycle condition
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[1] [µ̂] [µ̂2] [µ̂3] [m̂j ]
A0 1 1 1 1 1
A1 1 eiπ/2 −1 e−iπ/2 (−1)j
A2 1 −1 1 −1 1
A3 1 e−iπ/2 −1 eiπ/2 (−1)j
El 2 0 2(−1)l 0 2(−1)jl cos(2πjl/k)

Table 8: Character table of Q4k when k is odd. ρ = A0,1,2,3, El are irreducible representations.
j, l = 1, . . . , k − 1. Numerical entries are Tr(ρ(g)).

dyons dχ θχ = e2πihχ

([1], Aν) ν = 0, 1 1 1
([1], El) l = 1, . . . , (k − 1)/2 2 1

([mj ], zb) j = 1, . . . , (k − 1)/2, 2 e2πijb/kϑmjb = 0, . . . , k − 1
([µ], ζλ) λ = 0, 1 k (−1)λϑµ

Table 9: Dyons χ = ([g], ρ) in D[u](Dk), their quantum dimensions dχ and topological spins θχ,
when k is odd. ζλ(µA) = (−1)λA are irreducible representations of Zµ = Z2 = µA : A = 0, 1. The
deformation phases ϑmj and ϑµ depend on the Dijkgraaf-Witten invariant [u] and are computed in
(178).

dyons dχ θχ = e2πihχ

([1], Aν)

ν = 0, 1

1 1
([mk/2], Aν) 1 ϑmk/2

([1], Bν) 1 1
([mk/2], Bν) 1 (−1)k/2ϑmk/2

([1], El) l = 1, . . . , k/2− 1 2 1
([mk/2], El) 2 (−1)lϑmk/2

([mj ], zb) j = 1, . . . , k/2− 1, 2 e2πijb/kϑmjb = 0, . . . , k − 1
([µ], ζλ1,λ2)

λ1, λ2 = 0, 1 k/2 (−1)λ1ϑµ
([µm], ζλ1,λ2) k/2 (−1)λ1ϑµm

Table 10: Dyons χ = ([g], ρ) in D[u,v,w](Dk) their quantum dimensions dχ and topological spins
θχ, when k is even. ζλ1,λ2(µA1mkA2/2) = (−1)λ1A1+λ2A2 are irreducible representations of Zµ =
Z2 × Z2 = {1, µ,mk/2, µmk/2}. The deformation phases ϑmj , ϑµ and ϑµm depend on the Dijkgraaf-
Witten invariant [u, v, w] and are computed in (181).

dyons dχ θχ = e2πihχ

([1], Aν)
ν = 0, 1, 2, 3 1 1

([µ̂2], Aν) 1 (−1)νϑµ̂2

([1], El) l = 1, . . . , k − 1 2 1
([µ̂2], El) 2 (−1)lϑµ̂2

([m̂j ], zb) j = 1, . . . , k − 1, 2 eiπjb/kϑm̂jb = 0, . . . , 2k − 1
([µ̂], ζλ)

λ = 0, 1, 2, 3 k eiπλ/2ϑµ̂
([µ̂−1], ζλ) k e−iπλ/2ϑµ̂−1

Table 11: Dyons χ = ([g], ρ) in D[u](Q4k) their quantum dimensions dχ and topological spins θχ, when
k is odd. zb(m̂j) = eiπbj/k and ζλ(µ̂A) = eiπλA/2 are irreducible representations of Zm̂j = Z2k =
{m̂j : j = 0, 1, . . . , 2k − 1} and Zµ̂ = Z4 = {µ̂A : A = −1, 0, 1, 2} respectively. The deformation
phases ϑm̂j , ϑµ̂ and ϑµ̂2 depend on the Dijkgraaf-Witten invariant [u] and are computed in (183).
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(also known as the pentagon identity) [54, 55, 56, 57, 50]

dfg1g2g3g4 = fg1g2g3fg1(g2g3)g4fg2g3g4

f (g1g2)g3g4fg1g2(g3g4) = 1. (160)

This is because the following pentagon diagram is commutative.

fg1g2(g3g4)

fg1g2g3

fg1(g2g3)g4

fg2g3g4

f (g1g2)g3g4

g1 g2 g3 g4

(161)

The f -symbols are gauge dependent and can be changed under a gauge transformation of
the quantum states, fg1g2g3 → fg1g2g3dΛg1g2g3 , where

dΛg1g2g3 = Λg1g2Λ(g1g2)g3

Λg1(g2g3)Λg2g3
(162)

is the coboundary of Λg1g2 , the gauge transformation of the fusion vertex |g1 × g2〉 →
Λg1g2 |g1 × g2〉. Equivalent classes of f -symbols [ω] = f · dC2(G,U(1)) are cohomology
elements in

H3(Zn, U(1)) = ker
(
d : C3(G,U(1))→ C4(G,U(1))

)
Im (d : C2(G,U(1))→ C3(G,U(1))) . (163)

The cohomology class [ω] is also referred to as a Dijkgraaf-Witten invariant. [54, 55, 56, 57,
50] The group cohomology classifications and explicit cocycle representatives of cohomology
elements of the relevant gauge groups G = Zk, Dk, and Q4k are presented in appendix D.

The discrete gauge theory D[ω](G) is the Drinfeld center [164, 69, 92] of the fusion
category F [ω](G). The trivial cohomology class [0] associates to the conventional (or un-
deformed) gauge theory D[0](G), where all the f -symbols can be chosen to be trivial,
fg1g2g3 = 1. In this case, all pure gauge fluxes, whose charge components (i.e. central-
izer representations) are trivial, carry bosonic exchange statistics. When a gauge theory
D[ω](G) is deformed by a non-trivial Dijkgraaf-Witten invariant [ω], the f -symbols are nec-
essarily non-trivial. They modify the exchange statistics of gauge fluxes. The collection of
U(1) exchange phases rgh, each relates

|g × h〉 = rgh|h×
(
h−1gh

)
〉, (164)

=
g h g h

rgh

h

h−1gh

obeys the hexagon identity [55, 56, 57, 50]

rg1g2fg2(g−1
2 g1g2)g3r(g−1

2 g1g2)g3

= fg1g2g3rg1(g2g3)fg2g3(g−1
3 g−1

2 g1g2g3).
(165)
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This is because the following hexagon diagram is commutative.

rg1g2

fg2(g
−1
2 g1g2)g3

r(g
−1
2 g1g2)g3

fg1g2g3

rg1(g2g3)

fg2g3(g
−1
3 g−1

2 g1g2g3)

g2 g3 g1

g2 g3 (g−1
2 g1g2)

g2 g3

(g−1
3 g−1

2 g1g2g3)

(166)

The self-exchange phase of a pure gauge flux g is ϑg = rgg. In general, the topological spin
θχ = e2πihχ of a dyon χ = ([g], ρ) is the U(1) phase

θχ = 〈ρ(g)〉ϑg, (167)

where ρ : Zg → U(Nρ) is the irreducible representation of the centralizer subgroup Zg,
ρ(g) = 〈ρ(g)〉INρ×Nρ , and 〈ρ(g)〉 = Tr (ρ(g)) /Nρ. The modular T -matrix is the diagonal
unitary matrix Tχχ′ = δχχ′θχ. The modular S-matrix is the symmetric unitary matrix [55,
57, 50]

Sχχ′ = 1
|G|

∑
gi∈[g],g′j∈[g′]
gig
′
j=g

′
jgi

Tr
(
ρ
(
x−1
i g′jxi

))
Tr
(
ρ′
(
x′
−1
j gix

′
j

))
rgig

′
jrg
′
jgi , (168)

where χ = ([g], ρ) and χ′ = ([g′], ρ′) are dyons, whose flux components are conjugacy
classes [g] = {gi = xigx

−1
i : i = 1, . . . , |[g]|} and [g′] = {g′j = x′jg

′x′−1
j : j = 1, . . . , |[g′]|}.

Together the S and T matrices generate a representation of the modular group SL(2,Z).
They obey

S2 = (ST †)3, S4 = I, (169)

where C = S2 is the conjugation matrix so that Cχχ̄ = 1 if χ and χ̄ are conjugate pair,
χ× χ̄ = 1 + . . ., and Cχχ′ = 0 if χ′ 6= χ̄. The fusion rule

χ1 × χ2 =
∑
χ

Nχ
χ1χ2χ (170)

is determined by the non-negative integral fusion number Nχ
χ1χ2 , which is related to the

S-matrix by the Verlinde formula [196]

Nχ
χ1χ2 =

∑
χ′

Sχ1χ′Sχ2χ′S
∗
χχ′

dχ′/|G|
. (171)

The S-matrix can in turn be computed by plugging in the fusion numbers and topological
spins into the ribbon identity [16]

Sχ1χ2 = 1
|G|

∑
χ

dχN
χ
χ1χ2

θχ
θχ1θχ2

. (172)
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C.1 The Zk gauge theory
The f -symbols of the quantum double D[u](Zk) that represent the Dijkgraaf-Witten in-
variant [u] in H3(Zk, U(1)) = Zk can be chosen to be

fa1a2a3 = ω3
u(a1, a2, a3)

= exp
(2πiu
k2 a1 (a2 + a3 − [a2 + a3])

) (173)

from the cocycle representative ω3
u in (200), where ai ∈ (−k/2, k/2]∩Z label group elements

in Zk and the square bracket [a2 + a3] wraps the number back to the appropriate range
(−k/2, k/2] by adding or subtracting k to a2 + a3 if necessary.

When the Dijkgraaf-Witten invariant is trivial, [u] = [0], the solutions to the hexagon
equation (165) are homomorphisms ra1∗ : Zk → U(1) sending a2 to ra1a2 = exp(2πipa1a2/k),
where pa are integers. These exchange phases can be canceled by attaching the gauge
charge z−pa to the gauge flux ma. Therefore, pa can be chosen to be 0 without loss
of generality. In this case, all pure fluxes ma are bosonic because their self-exchange
phases (167) are trivial, θma = ϑa = raa = 1. The topological spin of a general dyon
χab = mazb is θmazb = e2πiab/k. The modular S-matrix defined in (168) summarizes the
2π braiding kSχabχa′b′ = e2πi(ab′+ba′)/k between χab and χa′b′ . The D[0](Zk) gauge the-
ory can be described by a topological Chern-Simons field theory with the action S =∫

2+1KIJα
I ∧ dαJ/(4π), where the K-matrix is K = 2σx. The dyon χab = mazb is associ-

ated to the integral vector v = (a, b)T , and the spin and braiding statistics are captured
by θv = eπiv

TK−1v and nSuv = e2πiuTK−1v.
For a general Dijkgraaf-Witten deformation [u], the solution to the hexagon equation

(165) can be chosen to be [50]

ra1a2
u = exp

(2πiu
k2 a1a2

)
. (174)

The discrete gauge theory depends only on u modulo k because ru+k = rurk differs from ru
by ra1a2

k = e2πia1a2/k, which can be canceled attaching gauge fluxes. These exchange phases
ra1a2
u modify the spin and braiding statistics of the dyons. Pure fluxes ma are no longer
bosonic but carry non-trivial exchange statistics ϑa = raa = e2πiua2/k2 . The topological
spins (167) and the modular S-matrix (168) of dyons χab = mazb are

θχab = χ′χ = e
2πi
(
ab
k

+ua2
k2

)
,

kSχabχa′b′ = χ′χ = e
2πi
(
ab′+ba′

k
+ 2uaa′

k2

)
.

(175)

In section 3.3.1 and 3.3.2, we encounter the discrete gauge theories D[0](Z2), D[1](Z2)
andD[2](Z4) in (49) as well asD[0](Zk) andD[k](Z2k) in (55). In general, for any even order
n, by choosing u = −n/2 to represent the Dijkgraaf-Witten invariant [n/2], the discrete
gauge theory D[n/2](Zn) has the non-chiral U(1)n × U(1)n topological order. The theory
can be described by the topological Chern-Simons field theory S =

∫
2+1KIJα

I ∧dαJ/(4π)
with the K-matrix K = nσz. The dyon χab = mazb is represented by the integral vector
v = (b, a − b) so that the spin and braiding statistics (175) agrees with θv = eπiv

TK−1v

and kSvv′ = e2πivTK−1v′ .
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C.2 The Dk gauge theory
The cohomology classification H3(Dk, U(1)) of f -symbols depends on the parity of k (see
(193) in appendix C). We begin with dihedral groups with odd degree k. The f -symbols
of D[u](Dk) that represent the Dijkgraaf-Witten invariant [u] in H3(Dk, U(1)) = Z2k can
be identified with the cocycle representative ξ3

u in (212),

fg1g2g3 = ξ3
u(g1, g2, g3). (176)

The solution to the hexagon equation (165) can be chosen to be [50]

rg1g2
u = exp

(2πiu
k2

{
a2
[
(−1)A2a1 + 2A1a2

]
−A1a

2
2

})
exp

(
iπu

2 A1A2

)
, (177)

where gi = (Ai, ai) = µAimai are group elements in Dk, for Ai = 0, 1 and ai ∈
(−k/2, k/2) ∩ Z. The square bracket wraps

[
(−1)A2a1 + 2A1a2

]
back to the appropri-

ate range (−k/2, k/2) by adding or subtracting k to (−1)A2a1 + 2A1a2 if necessary. The
exchange phases rg1g2

u=2k and (2k)th roots of unity and can be absorbed by attaching gauge
charges. Therefore ru+2k and ru correspond to the equivalent gauge theory D[u](Dk). The
dyons and their quantum dimensions and topological spins are listed in table 9 under the
deformation phases

ϑmj = rm
jmj = e2πiuj2/k2

, ϑµ = rµµ = iu. (178)

The modular S-matrix can be computed with the help of the character table 6 and by
substituting the exchange phases (177) in (168). It is presented in table 12.

([1], Aν) ([1], El) ([mj ], zb) ([µ], ζλ)
([1], Aν′) 1 2 2 k(−1)ν′

([1], El′) 2 4 4c(jl′) 0
([mj′ ], zb′) 2 4c(j′l) 4sujbj′b′ 0
([µ], ζλ′) k(−1)ν 0 0 k(−1)λ+λ′+u

Table 12: The S-matrix 2kSχχ′ from (168) of the D[u](Dk) gauge theory, for odd k. We abbreviate
c(x) = cos(2πx/k) and sujbj′b′ = c(jb′ + j′b+ 2ujj′/k). The row and column entries are arranged in
the same order of the dyons in table 9.

When the degree k is even, dihedral gauge theories D[u,v,w](Dk) are classified by the
Dijkgraaf-Witten invariant [u, v, w] in H3(Dk, U(1)) = Zk×Z2×Z2. Their f -symbols can
be identified with the cocycle representative ξ3

u,v,w in (221),

fg1g2g3 = ξ3
u,v,w(g1, g2, g3). (179)

The solution to the hexagon equation (165) can be chosen to be [197]

rg1g2
u,v,w = exp

(2πiu
k2

{
a2
[
(−1)A2a1 + 2A1a2

]
k
−A1a

2
2

})
exp

(
iπ

2 (vA1A2 + (v + w)[a1]2A2)
)
,

if (A1, a1) 6= (0, k/2),

rg1g2
u,v,w = exp

(
− iπu

k
a2

)
exp

(
iπ

2 (v + w)
[
k

2

]
2
A2

)
,

if (A1, a1) = (0, k/2).
(180)
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Here, Ai = 0, 1 and ai ∈ (−k/2, k/2] ∩ Z label group elements gi = (Ai, ai) = µAimai in
Dk. The square brackets [∗]k and [∗]2 wrap the numbers back to the appropriate ranges,
(−k/2, k/2] for the former and 0, 1 for the latter, by respectively adding or subtracting
k or 2 if necessary. Like the previous case, the Dijkgraaf-Witten invariants u, v, w have
periodicities k, 2, 2 respectively because rk,0,0, r0,2,0 and r0,0,2 are (2k)th roots of unity and
can be absorbed by attaching gauge charges. The dyons and their quantum dimensions
and topological spins are listed in table 10 under the deformation phases ϑg = rgg

ϑmj = e2πiuj2/k2
, for 0 < j < k/2,

ϑmk/2 = i−u, ϑµ = iv, ϑµm = i2v+w.
(181)

The modular S-matrix can be computed with the help of the character table 7 and by
substituting the exchange phases (180) in (168). It is presented in table 13.

The dihedral gauge theories encountered in this article include D[n/2,0,0](Dn) for n ≡ 0
modulo 8, and D[n/2,1,1](Dn) for n ≡ 4 modulo 8 (see (115)). The Dijkgraaf-Witten
invariants [u, v, w] ∈ Zk × Z2 × Z2 are fixed by the subgroup inclusion i : Zn ↪→ Dn and
the (non-canonical) injections j0, j1 : Z2 → Dn into the two inequivalent reflections in Dn

(see (218)). The inclusion/injections induce the restriction homomorphisms in the group
cohomology level i∗ : H3(Dn, U(1)) → H3(Zn, U(1)) = Zn and j∗0 , j

∗
1 : H3(Dn, U(1)) →

H3(Z2, U(1)) = Z2 (see (219)), all being surjective in this case and extract i∗[u, v, w] = [u],
j∗0 [u, v, w] = [v] and j∗1 [u, v, w] = [w] (see (222)). The invariant [u] = [n/2] is fixed by the
D[n/2](Zn/2) theory in (55) when n ≡ 0 modulo 4, while [v] = [w] = [0] (or [1]) is fixed by
D[0](Z2) (or D[1](Z2)) in (49) when n ≡ 0 (resp. n ≡ 4) modulo 8. From (181), the two
Z2 invariants dictate the topological spins of the Z2 fluxes ([µ], ζλ1,λ2) and ([µm], ζλ1,λ2)
to be bosonic/fermionic (or semionic) when n ≡ 0 (resp. n ≡ 4) modulo 8. Choosing the
Dijkgraaf-Witten invariants (u, v, w) = (−n/2, 0, 0) or (−n/2, 1, 1), the topological spins
of the Zk fluxes [mj ] are ϑmj = e−πij

2/n, which match with that of the D[n/2](Zn) gauge
theory.

C.3 The Q4k gauge theory
We only consider the dicycle group Q4k with odd degree k. Its group elements are labeled
by g = (A, a) = µ̂Ama, where A = −1, 0, 1, 2 and a ∈ (−k/2, k/2). We also abbreviate m̂ =
µ̂2m = (2, 1). (See (157) for the group presentations.) The Dijkgraaf-Witten invariants
of the D[u](Q4k) gauge theory are cohomology elements [u] in H3(Q4k, U(1)) = Z4k. The
f -symbols can be identified with the cocycle representative fg1g2g3 = ξ3

u(g1, g2, g3) in (213).
The solution to the hexagon equation (165) can be chosen to be

rg1g2
u = exp

(2πiu
k2

{
a2
[
(−1)A2a1 + 2 [A1]2 a2

]
− [A1]2 a

2
2

})
exp

(
iπu

8 A1A2

)
, (182)

where the square brackets, [∗]k and [∗]2, wrap the numbers back to the appropriate
ranges in (−k/2, k/2] and 0, 1 respectively. Exchange phases rg1g2

4k can be absorbed by
attaching gauge charges to fluxes. Therefore, u has period 4k. The dyons and their
quantum dimensions and topological spins are listed in table 10 under the deformation
phases ϑg = rgg

ϑm̂j = exp
(

2πiu
(
j2

k2 + [j]2
4

))
, ϑµ̂A = exp

(
iπuA2

8

)
, (183)

where [j]2 = 0, 1 is congruent to j modulo 2. (Here, as a simplification, we have replaced
e2πiu[j]2k/k

2
by e2πiuj2/k2 in ϑm̂j by attaching the Zk charge m̂j → m̂jz2 when j > k/2 to
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absorb the phase difference e4πij/k.) The modular S-matrix can be computed with the
help of the character table 8 and by substituting the exchange phases (182) in (168). It is
presented in table 14.

The dicyclic gauge theory component in SO(2n)1/Dk is D[2k](Q4k), when k = n/2
is odd (see (115)). The Dijkgraaf-Witten invariant [u] = [2k] is fixed by the subgroup
inclusion i : Zk ↪→ Q4k and the (non-canonical) injection j : Z4 → Q4k (see (203)).
They induce the restriction homomorphisms i∗ : H3(Q4k, U(1))→ H3(Zk, U(1)) = Zk and
j∗ : H3(Q4k, U(1)) → H3(Z4, U(1)) = Z4 (see (205)), both being surjective in this case
and relate i∗[u]4k = [u]k and j∗[u]4k = [u]4. The Dijkgraaf-Witten invariants of D[0](Zk)
in (55) and D[2](Z4) in (49), when n = 2k ≡ 2 modulo 4, therefore restrict u = 2k modulo
4k. The topological spins of the fluxes in (183) become ϑm̂j = (−1)j and ϑµ̂A = eiπkA

2/4.
In particular, this shows m̂k = µ̂2 is fermionic and can be identified with the fermion ψ in
SO(2n)1.

D Useful group cohomology identities
We summarize some relevant tools in computing group cohomologies Hr(G,M). [163, 198,
199, 200, 53] We only consider the following finite groups G: (i) the cyclic group Zk of
arbitrary order k, (ii) the dihedral group Dk = Z2 n Zk of arbitrary degree k, and (iii)
the dicyclic group Q4k = Z4 n Zk with odd degrees k (see (105)). We only examine the
following Abelian coefficients group M : (i) the ring of integers Z, (ii) the (multiplicative)
group U(1), and (iii) the anyon fusion group A = Z2

2 of SO(2n)1 when n is even. We
always assume G acts trivially on M . (We omit the unnecessary odd n cases when the Z2
conjugation acts non-trivially on ASO(2n)1 = Z4.) The group cohomology is defined to be
the quotient

Hr(G,M) = ker
(
d : Cr(G,M)→ Cr+1(G,M)

)
Im (d : Cr−1(G,M)→ Cr(G,M)) . (184)

The set of r-cochains, Cr(G,M), consists of functions ω : Gr →M that are not necessarily
group homomorphisms. Cr(G,M) is an Abelian group under addition ω1 + ω2 if M = Z
or multiplication ω1ω2 if M = U(1) or A. The differential map is defined by

dω(g1, . . . , gr+1)

= ω(g2, . . . , gr+1) +
r∑
j=1

(−1)jω(g1, . . . , gj−1, gjgj+1, . . . , gr+1) + (−1)r+1ω(g1, . . . , gr)

dω(g1, . . . , gr+1)

= ω(g2, . . . , gr+1)

 r∏
j=1

ω(g1, . . . , gj−1, gjgj+1, . . . , gr+1)(−1)j
ω(g1, . . . , gr)(−1)r+1

(185)

depending whether M is additive or multiplicative. The differential map is nilpotent and
squares to zero, d(dω) = 0. A d-exact cochain ω, satisfying dω = 0, is called a cocycle.
The derivative of a cochain, ω = dη, is called a coboundary. Cohomology elements in
(184) are equivalent classes (i.e. cosets) [ω] = ω + dCr−1(G,M) for additive coefficients,
or [ω] = ωdCr−1(G,M) for multiplicative coefficients.

By construction, Hr(G,M) = 0 for any negative order r < 0, and H0(G,M) = M .
The group cohomologies for G = Zk, Dk and Q4k with integral coefficient are known. For
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the cyclic groups and positive orders r > 0,

Hr(Zk,Z) =
{

Zk, if r is even
0, if r is odd . (186)

For the dihedral groups and positive orders r > 0, when k is odd,

Hr(Dk,Z) =


Z2k, if r ≡ 0 mod 4
Z2, if r ≡ 2 mod 4
0, if r is odd

, (187)

and when k is even, [201]

Hr(Dk,Z) =


Zk × Zr/22 , if r ≡ 0 mod 4
Z(r−1)/2

2 , if r ≡ 1, 3 mod 4
Z(r+2)/2

2 , if r ≡ 2 mod 4
. (188)

For the dicyclic groups and positive orders r > 0, we only need the cases when k is odd,

Hr(Q4k,Z) =


Z4, if r ≡ 1 mod 4
Z4k, if r ≡ 3 mod 4
0, if r is even

. (189)

These results can be computed using technique such as the Lyndon-Hochschild-Serre spec-
tral sequence [202, 203]. The derivation is not needed and will be omitted.

The group cohomologies with the multiplicative coefficient M = U(1) or Z2
2 can be

derived from the above integral coefficient ones using the universal coefficient theorem (or
the Künneth formula, by using G ∼= G× 1 and M ∼= Z⊗M) for cohomologies [198, 53]

Hr(G,M) = [Hr(G,Z)⊗M ]⊕ TorZ1 (Hr+1(G,Z),M), (190)

where ⊗ is the tensor product that treats Abelian groups as modules over the ring Z. The
direct sum ⊕ is the Cartesian product × and the notation is used here to avoid confusion
with ⊗. Tensor products between (additive) Abelian groups can be computed using

(A1 ⊕A2)⊗B = (A1 ⊗B)⊕ (A2 ⊗B),
Z⊗B = B, Zk ⊗B = B/kB. (191)

The tor functor TorZ1 between (additive) Abelian groups can be computed using the fol-
lowing properties

TorZ1 (A1 ⊕A2, B) = TorZ1 (A1, B)⊕ TorZ1 (A2, B),
TorZ1 (Zk, B) = B[k] = {b ∈ B : kb = 1}, (192)
TorZ1 (Z, B) = 0,

where B[k] is known as the k-torsion subgroup of B. In particular, we are interested in (i)
the H2(G,A) classification of quantum symmetry group Ĝ – the A = Z2

2 central extension
(152) of G = Zk and Dk – and (ii) the Dijkgraaf-Witten invariants in H3(G,U(1)), for

Accepted in Quantum 2023-03-14, click title to verify. Published under CC-BY 4.0. 57



G = Zk, Dk and Q4k. They are given by

H2(Zk,A) =
{

0, for k odd
A, for k even ,

H2(Dk,A) =
{
A, for k odd
A3, for k even ,

H3(Zk, U(1)) = Z2k,

H3(Dk, U(1)) =
{

Z2k, for k odd
Zk × Z2

2, for k even ,

H3(Q4k, U(1)) = Z4k, for k odd. (193)

Next, we present explicit cocycle representatives of the elements in the above cohomolo-
gies. We begin with group cohomologies of the cyclic group Zk. 1-cocycles in C1(Zk, U(1))
are group homomorphisms ω1

u : Zk → U(1) that send an (additive) group element a in
Zk = Z/(kZ) to

ω1
u(a) = e2πiua/k, (194)

where u = 0, 1, . . . , k − 1 (mod k) represents a cohomology element in H1(Zk, U(1)) =
Hom(Zk, U(1)) = Zk. In general, cohomologies with integral coefficients can be identified
with ones with U(1) coefficients. The short exact sequence of coefficient groups 0→ Z ↪→
R exp(2πi∗)−−−−−−→ U(1)→ 1 induces the long exact sequence of cohomologies

. . .→ Hr(G,R)→ Hr(G,U(1)) (195)
δ−→ Hr+1(G,Z)→ Hr+1(G,R)→ . . . .

The differential map (also called connecting homomorphism) is defined by δω = d logω/(2πi).
The universal coefficient theorem (190) implies Hr(G,F ) = Hr(G,Z)⊗ F for any charac-
teristic zero field F such as Q, R, and C. In particular, if Hr(G,Z) is finite like the case
when r > 0 and G = Zk, Dk or Q4k, then Hr(G,F ) = 0. Therefore,

δ : Hr(G,U(1)) Hr+1(G,Z)
∼= , (196)

is an isomorphism. Applying to the group homomorphisms (194) in H1(Zk, U(1)), it
generates the cocycle representatives of all cohomology elements [Ω2

u] = Ω2
u+dC1(Zk, U(1))

in H2(Zk,Z).

Ω2
u(a, b) = δω1

u(a, b) = d logω1
u(a, b)

2πi
= u

k
(a+ b− [a+ b]) (197)

where group elements in Zk are represented by a, b = −k/2 + 1, . . . , k/2 when k is even or
a, b = −(k − 1)/2, . . . , (k − 1)/2 when k is odd. [a + b] is the integer in the same range
Z ∩ (−k/2, k/2] that differs from a + b by a multiple of k. The 2-cochains in (197) have
integral values and obey the cocycle condition (185). Ω2

u ≡ Ω2
u+k are equivalent up to the

2-coboundary Ω2
k = dI, where I(a) = a. Hence, the index u = 0, 1, . . . , k − 1 modulo k

represents the cohomology class [Ω2
u] in H2(Zk,Z) = Zk.
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In general, all group cohomology with integral coefficients H∗(G,Z) =
⊕

r≥0H
r(G,Z)

has an (graded) ring structure, where the ring multiplication is given by a cup product
∪ : Hr(G,Z)⊗Hs(G,Z)→ Hr+s(G,Z) between cochains

ωr ∪ ηs(g1, . . . , gr+s) = ωr(g1, . . . , gr)ηs(gr+1, . . . , gr+s) (198)

using the normal integer multiplication. Similar to differential forms, it obeys the Leib-
niz product rule d(ωr ∪ ηs) = (dωr) ∪ ηs + (−1)rωr ∪ (dηs). Cohomologies of the cyclic
group Zk (as well as the dihedral and dicyclic groups, Dk and Q4k, with odd degree k) are
periodic, where an unit element X in H2(Zk,Z) (resp. H4(Dk,Z) and H4(Q4k,Z)) gener-
ates the degree-raising isomorphisms X∪ : Hr(Zk,Z)

∼=−→ Hr+2(Zk,Z) (resp. Hr(D,Z)
∼=−→

Hr+4(D,Z) for D = Dk, Q4k). The unit element X = [Ω2
u=1] in (197) generates the entire

cohomology (polynomial) ring H∗(Zk,Z) = Zk[X]. Any even degree cohomology element
[Ω2s
u ] in H2s(Zk,Z) = Zk can be represented by the product

Ω2s
u (a1, . . . , a2s) = uΩ2

1 ∪ . . . ∪ Ω2
1(a1, . . . , a2s) (199)

= u
s∏
j=1

Ω2
1(a2j−1, a2j)

= u

ks

s∏
j=1

(a2j−1 + a2j − [a2j−1 + a2j ]) ,

where a1, . . . , a2s ∈ Z ∩ (−k/2, k/2] represent group elements in Zk. The connecting
isomorphism (196) produces explicit representatives for all odd degree cohomology elements
[ω2s−1
u ] in H2s−1(Zk, U(1)) = Zk.

ω2s−1
u (a1, . . . , a2s−1) (200)

= exp

2πiu
ks

a1

s−1∏
j=1

(a2j + a2j+1 − [a2j + a2j+1])


obeys δω2s−1

u = d logω2s−1
u /(2πi) = Ω2s

u . In particular, the F -symbol of the Zk fluxes of
the D[u](Zk) gauge theory (see appendix C) is chosen to be the 3-cocycle fabc = ω3

u(a, b, c)
that represents the cohomology element [u] in H3(Zk, U(1)) = Zk.

Using the universal coefficient theorem (190), when k is even, the cohomology elements
[hx] in H2(Zk,A) = H2(Zk,Z) ⊗ A = A, with coefficients in the anyon fusion group
ASO(2n)1 = Z2

2 for even n, can be represented by the cocycles

hx(a, b) = x(a+b−[a+b])/k (201)

where x = 1, ψ, s+, s− are SO(2n)1 anyons in A that follows the fusion rules (25). When
k is odd, the cohomology group is trivial and hx ≡ h1 are equivalent up to a 2-coboundary
for any x. The cohomology [hx] determines the central A-extension of the global symmetry
group Zk = 〈m|mk = 1〉 to the quantum symmetry group

Ẑk =
〈
m̂, s±, ψ

∣∣∣∣∣ m̂k = x, [m̂, s±] = 1,
s2
± = ψ2 = s+s−ψ = 1

〉
(202)

where [g, h] = ghg−1h−1. (See appendix C for a general discussion on central extensions
and their relation to H2(G,A).) The Zk fluxes now obey the extended fusion rules m̂a ×
m̂b = hx(a, b)× m̂a+b.
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In section 3.3.2, we see that the Zk symmetry of SO(2n)1 is (i) non-trivially extended
to Ẑk = Z2k×Z2 according to [hx], for x = ψ when k = n/2 ≡ 2 modulo 4, or x = s± when
k = n/2 ≡ 0 modulo 4, but (ii) trivially extended to Ẑk = Zk×A when n = 2k ≡ 2 modulo
4. When (iii) n = k is odd, the anyon fusion group becomes Aodd = Z4. The Zk symmetry
of SO(2n)1 is trivially extended to Ẑk = Zk × Z4 because the cohomology classification is
trivial, H2(Zk,Aodd) = H2(Zk,Z)⊗Aodd = 0 (by using the universal coefficient theorem
(190)). For case (i), the discrete gauge theory component D[k](Z2k) in SO(2n)1/Zk (see
(55)) is deformed by the Dijkgraaf-Witten invariant [k] in H3(Z2k, U(1)) = Z2k so that
the primitive gauge fluxes carry non-trivial spin h = −1/(4k). For case (ii) and (iii), the
D[0](Zk) component in SO(2n)1/Zk is un-deformed and its gauge fluxes are bosonic.

In section 3.3.1, we see that the Z2 conjugation symmetry of SO(2n)1 is (a) non-
trivially extended to Ẑ2 = Z4 × Z2 according to [hy=ψ] (substitute k = 2 in (201)) when
n ≡ 2 modulo 4, but (b) trivially extended to Ẑ2 = Z2 × A when n ≡ 0 modulo 4.
For case (a), the discrete gauge theory component D[2](Z4) in SO(2n)1/Z2 (see (49)) is
deformed by the Dijkgraaf-Witten invariant [2] in H3(Z4, U(1)) = Z4 so that the primitive
Z4 gauge fluxes carry non-trivial spin h = −1/8. For case (b), the gauge theory component
D[0](Z2) (or D[1](Z2)) in SO(2n)1/Z2 is deformed by the trivial (non-trivial) invariant [0]
([1]) in H3(Z2, U(1)) = Z2 when n ≡ 0 (resp. n ≡ 4) modulo 8 so that the gauge flux
is bosonic (semionic). Although omitted in this appendix, it can be shown that (c) when
n is odd, the (outer automorphic) Z2 conjugation symmetry of SO(2n)1 is extended to
Ẑ2 = Z2 n Aodd = D4. The extension split decomposes and corresponds to the trivial
element in H2(Z2,Aodd), where Z2acts as the non-trivial involution on Aodd = Z4. The
non-chiral components Z(Ising) or Z(SU(2)2) in SO(2n)1/Z2, when n ≡ ±1 or ±3 modulo
8 respectively (see (51) and (112)), are twist liquids D[0](Z2) � Z2 that differ from each
other by the Dijkgraaf-Witten invariant [1] ∈ H3(Z2, U(1)) = Z2.

The group cohomology elements of the dihedral group Dk and dicyclic group Q4k, when
k is odd, can be explicitly represented by combining the previous results (199) and (200)
of the cyclic group with the group decompositions

1→ Zk Dk Z2 → 1,

1→ Zk Q4k Z4 → 1.

i p

j

i p

j

(203)

We label the group elements by the (additive) integral 2-tuple g = (A, a), where a =
−(k − 1)/2, . . . , (k − 1)/2, and A = 0, 1 for Dk or A = −1, 0, 1, 2 for Q4k. The group
product is

(A, a) · (B, b) = ([A+B], [(−1)Ba+ b]). (204)

Here, [(−1)Ba + b] is the integer between ±(k − 1)/2 that differs from (−1)Ba + b by a
multiple of k. [A+B] is either 0, 1 for Dk (or −1, 0, 1, 2 for Q4k) and is congruent to A+B
modulo 2 (resp. 4). The inclusion map i in (203) inserts a Zk group element a into (0, a)
in Dk (or Q4k). The projection p is the Abelianization map that sends (A, a) to A in Z2
(resp. Z4). The short exact sequences in (203) split so that ker(p) = Im(i) and the group
homomorphism j that sends A back to (A, 0) is a one-sided inverse of p, i.e. p(j(A)) = A.
A group homomorphism f : G → H induces a homomorphism between cohomologies
f∗ : Hr(H,M)→ Hr(G,M) by defining the cochain f∗ω(g1, . . . , gr) = ω(f(g1), . . . , f(gr))
in Cr(G,M) for any cochain ω(h1, . . . , hr) in Cr(H,M). The maps in (203) induces the
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homomorphisms between group cohomologies

Hr(Z2,M) Hr(Dk,M) Hr(Zk,M),

Hr(Z4,M) Hr(Q4k,M) Hr(Zk,M).

p∗

j∗

i∗

p∗

j∗

i∗

(205)

Since j∗ ◦ p∗ = I is the identity at the cohomology level, p∗ must be injective and j∗ must
be surjective. i∗ and j∗ are restriction maps. The former restricts the group elements
entries in a cochain ω(g1, . . . , gr) to lie in Zk, i.e. gi = (Ai, ai) = (0, ai). Similarly the
latter restricts gi = (Ai, ai) = (Ai, 0). Exactness in general does not hold in cohomology
sequences. For instance, from (186), (187) and (189), we see that i∗ cannot be surjective
when r ≡ 2 modulo 4 and M = Z.

Similar to the cyclic group case, we begin with H1(Dk, U(1)) = Hom(Dk, U(1)) =
Z2 and H1(Q4k, U(1)) = Hom(Q4k, U(1)) = Z4 when k is odd. 1-cocycles are group
homomorphisms G → U(1) sending g = (A, a) to ξ1

v(g) = (−1)uA, where v = 0, 1 modulo
2 for Dk, or ξ1

v(g) = eiπuA/2, where v = −1, 0, 1, 2 modulo 4 for Q4k. The connecting
isomorphism (196) produces the cocycle representatives

Ξ2
v(g1, g2) = v

2(A1 +A2 − [A1 +A2]), for Dk

Ξ2
v(g1, g2) = v

4(A1 +A2 − [A1 +A2]), for Q4k
(206)

of cohomology elements in H2(Dk,Z) = Z2 and H2(Q4k,Z) = Z4 respectively. The re-
striction maps j∗ : H2(Dk,Z)→ H2(Z2,Z) and j∗ : H2(Q4k,Z)→ H2(Z4,Z) in (205) are
isomorphic and therefore the second order cohomology representatives matches with (197),
[Ω2
v] = j∗[Ξ2

v].
The forth order cohomology elements in H4(Dk,Z) can be represented by the cocycles

Ξ4
u(g1, g2, g3, g4) (207)

= u

k2 (−1)A3+A4
(
(−1)A2a1 + a2 −

[
(−1)A2a1 + a2

])
×
(
(−1)A4a3 + a4 −

[
(−1)A4a3 + a4

])
+ u

4 (A1 +A2 − [A1 +A2]) (A3 +A4 − [A3 +A4]) ,

where gi = (Ai, ai) are group elements inDk. Here, the square brackets in the first (second)
line have range in −(k − 1)/2, . . . , (k − 1)/2 (resp. 0, 1). Ξ4

u ≡ Ξ4
u+2k are equivalent up to

the coboundary dΛ3 in dC3(Dk,Z), where Λ3(g1, g2, g3) = 2(−1)A2+A3a1((−1)A3a2 + a3−
[(−1)A3a2 + a3])/k + kA1(A2 + A3 − [A2 + A3])/2. Thus, u = 0, 1, . . . , 2k − 1 modulo 2k
represents the cohomology elements in H4(Dk,Z) = Z2k. At the forth order cohomology
level, both the restriction maps i∗ : H4(Dk,Z) → H4(Zk,Z) and j∗ : H4(Dk,Z) →
H4(Z2,Z) in (205) are surjective. They identify i∗[Ξ4

u] = [Ω4
[u]k ] in H4(Zk,Z) = Zk and

j∗[Ξ4
u] = [Ω4

[u]2 ] in H4(Z2,Z) = Z2 (see (199)).
The forth order cohomology elements in H4(Q4k,Z) can be represented by cocycles
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similar to (207)

Ξ4
u(g1, g2, g3, g4) (208)

= u

k2 (−1)A3+A4
(
(−1)A2a1 + a2 −

[
(−1)A2a1 + a2

])
×
(
(−1)A4a3 + a4 −

[
(−1)A4a3 + a4

])
+ u

16 (A1 +A2 − [A1 +A2]) (A3 +A4 − [A3 +A4]) ,

except now Ai has range in −1, 0, 1, 2 and u = 0, 1, . . . , 4k − 1 modulo 4k represents
the cohomology elements in H4(Q4k,Z) = Z4k. The restriction maps i∗ : H4(Q4k,Z) →
H4(Zk,Z) and j∗ : H4(Q4k,Z)→ H4(Z4,Z) in (205) are surjective. They identify i∗[Ξ4

u] =
[Ω4

[u]k ] in H4(Zk,Z) = Zk and j∗[Ξ4
u] = [Ω4

[u]4 ] in H4(Z4,Z) = Z4 (see (199)).
The cohomology rings H∗(Dk,Z) and H∗(Q4k,Z), when the degree k is odd, are peri-

odic (see (187) and (189)), and an unit element X = [Ξ4
u=1] in H4 produces the isomor-

phisms by the cup product (198), X∪ : Hr
∼=−→ Hr+4. The generator Y = [Ξ2

v=1] in H2 is
related to X by the cup product Y ∪ Y = kX and has order 2, 2Y = 0, for Dk or order
4, 4Y = 0, for Q4k. Therefore, the cohomology rings are the polynomial quotient rings
H∗(Dk,Z) = Z2k[X,Y ]/(2Y, kX − Y 2) and H∗(Q4k,Z) = Z4k[X,Y ]/(4Y, kX − Y 2). In
other words, cohomology elements in any order can be explicitly represented as powers of
X and Y . Cohomology classes in H4s and H4s+2 can be represented by cocycles

Ξ4s
u (g1, . . . , g4s) = uΞ4

1 ∪ . . . ∪ Ξ4
1(g1, . . . , g4s)

= u
s∏
j=1

Ξ4
1(g4j−3, g4j−2, g4j−1, g4j), (209)

Ξ4s+2
v (g1, . . . , g4s) = vΞ2

1 ∪ Ξ4
1 ∪ . . . ∪ Ξ4

1(g1, . . . , g4s+2)

= vΞ2
1(g1, g2)

s∏
j=1

Ξ4
1(g4j−1, g4j , g4j+1, g4j+2),

where u lives in Z/(kZ), and v sits in Z/(2Z) for Dk or Z/(4Z) for Q4k.
Using the universal coefficient theorem (190), for dihedral groups with odd degree k,

H2(Dk,A) = H2(Dk,Z) ⊗ A = A, where A = Z2
2 is the anyon fusion group of SO(2n)1

for n = 2k. The cocycle representatives of cohomology elements [hy] in H2(Dk,A) are

hy(g1, g2) = yΞ2
1(g1,g2) = y(A1+A2−[A1+A2])/2

= yA1A2 (210)

where [Ξ2
1] is the generator of H2(Dk,Z) defined in (206), gi = (Ai, ai) are group elements

in Dk, and y = 1, ψ, s+, s− are SO(2n)1 anyons in A. The cohomology class [hy] dictates
the product rules of the global quantum symmetries ĝ1ĝ2 = hy(g1, g2)ĝ1g2. Consequently,
it determines the central A-extension of the global symmetry group Dk = 〈µ,m|µ2 = mk =
(µm)2 = 1〉 to the quantum symmetry group

D̂k =
〈
µ̂, m̂,
s±, ψ

∣∣∣∣∣∣∣
µ̂2 = (µ̂m̂)2 = y,
[µ̂, s±] = [m̂, s±] = 1,
m̂k = s2

± = ψ2 = s+s−ψ = 1

〉
(211)

where [g, h] = ghg−1h−1. Since the cohomology classification is identical to H2(Z2,A) =
A, the induced homomorphism p∗ : H2(Z2,A)

∼=−→ H2(Dk,A) in (205) must be isomorphic
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(when M = A). This correlates the the non-symmorphic quantum symmetry groups
Ẑ2 = Z4 × Z2 and D̂k = Q4k × Z2, both of which corresponds to the same cohomology
class [hy=ψ], when k = n/2 is odd (see section 3.3.1 and 4.3).

The connecting isomorphism δ : H3(D,U(1))
∼=−→ H4(D,Z) from (196), for D = Dk or

Q4k with odd degree k, gives explicit cocycle representations of cohomology elements [ξ3
u]

in H3(D,U(1)) from (207) and (208). The cocycle solution to Ξ4
u = δξ3

u = d log ξ3
u/(2πi)

can be chosen to be 3

ξ3
u(g1, g2, g3)

= exp
{

2πiu
( 1
k2 (−1)A2+A3a1

(
(−1)A3a2 + a3 −

[
(−1)A3a2 + a3

])
+ 1

2A1A2A3

)}
(212)

for H3(Dk, U(1)) = Z2k where u = 0, 1, . . . , 2k − 1 modulo 2k, or

ξ3
u(g1, g2, g3)

= exp
{

2πiu
( 1
k2 (−1)A2+A3a1

(
(−1)A3a2 + a3 −

[
(−1)A3a2 + a3

]))

+ 2πiu
16 (A1 (A2 +A3 − [A2 +A3]))

} (213)

forH3(Q4k, U(1)) = Z4k where u = 0, 1, . . . , 4k−1 modulo 4k.The Dijkgraaf-Witten invari-
ant u enters the discrete gauge theory D[u](Dk) and D[u](Q4k) by modifying the F -symbols
of the gauge fluxes with the U(1) phases fg1g2g3 = ξ3

u(g1, g2, g3) and subsequently affecting
their topological spins (see appendix C). The group elements gi = (Ai, ai) have ai ranges
in −(k− 1)/2, . . . , (k− 1)/2 and Ai in 0, 1 for Dk or −1, 0, 1, 2 in Q4k. Each of the square
brackets wraps its entry back to the corresponding appropriate range. The restriction
maps i∗ and j∗ in (205) are surjectives at the H3(G,U(1)) level. The i∗ map restricts the
dihedral (dicyclic) group elements in ξ(g1, g2, g3) to have trivial twofold (fourfold) compo-
nents, gi = (Ai, ai) = (0, ai). The j∗ map restricts the group elements to have trivial k-fold
components, gi = (Ai, ai) = (Ai, 0). For Dk, the restriction maps identify i∗[ξ3

u] = [ω3
[u]k ]

in H3(Zk, U(1)) = Zk and j∗[ξ3
u] = [ω3

[u]2 ] in H3(Z2, U(1)) = Z2. For Q4k, they identify
i∗[ξ3

u] = [ω3
[u]k ] in H3(Zk, U(1)) = Zk and j∗[ξ3

u] = [ω3
[u]4 ] in H3(Z4, U(1)) = Z4. (See (200)

for the cocycle representatives ω3
u of H3(Zk, U(1)).)

In section 4.3, we see that when n = 2k ≡ 2 modulo 4 where the Dk symmetry is ex-
tended to D̂k = Q4k×Z2, the discrete gauge theory component D[2k](Q4k) of SO(2n)1/Dk

(see (115)) is deformed by the Dijkgraaf-Witten invariant [2k] in H3(Q4k, U(1)) = Z4k.
This is because the cohomology class relates appropriately to those of the Zk and Z4 sub-
groups of Q4k through the restriction maps, i∗[2k] = [0] ∈ H3(Zk, U(1)) and j∗[2k] = [2] ∈
H3(Z4, U(1)) = Z4. These match the Dijkgraaf-Witten invariant of the smaller discrete
gauge theory components D[0](Zk) and D[2](Z4) in SO(2n)1/Zk and SO(2n)1/Z2 respec-
tively (see (55) and (49)). When n = k is odd, the conjugation symmetry inside Dk acts
non-trivially as the involution, Z2 : s+ ↔ s−, on the anyon fusion group Aodd. The Dk

symmetry is symmorphically extended to D̂k = Dk nZ4 and the extension corresponds to
the trivial cohomology element in H2(Dk,Aodd). (Using the universal coefficient theorem

3Cocycle representatives of cohomologies in H3(Dk, U(1)) for odd degree k, and even elements in
H3(Q4k, U(1)) can also be found in ref. [50]. Eq.(213) covers both even and odd elements in H3(Q4k, U(1))
and is an original result in this paper.
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(190) and the ⊗ properties in (191), H2(Dk,Aodd) = H2(Dk,Z)⊗Z4 = Z2. The non-trivial
case is irrelevant to this article.) The non-chiral twist liquid D[0](Zk) �Z2 in SO(2n)1/Dk

(see (115)) has two distinct sets of spin statistics for the Z2 twist fields depending on
n ≡ ±1 or ±3 modulo 8. The difference is associated to the non-trivial cohomology ele-
ment [k] in H3(Dk, U(1)) = Z2k. The cohomology class is fixed by its restriction to the Zk
and Z2 subgroups, i∗[k] = [0] in H3(Zk, U(1)) and j∗[k] = [1] in H2(Z2, U(1)).

Lastly, we present the cocycle representatives of the cohomologies in (193) of the dihe-
dral symmetry group Dk of SO(2n)1 when the degree k = n/2 is even. The dihedral group
element can be presented by g = (A, a), where A = 0, 1, a ranges in −k/2 + 1, . . . , k/2.
The group product is

(A, a) · (B, b) = ([A+B], [(−1)Ba+ b]) (214)

where the first square bracket takes the value 0 or 1 that is congruent to A+B modulo 2,
and the second square bracket wraps (−1)Ba+b back to the appropriate range (−k/2, k/2]
by adding or subtracting k if necessary. Unlike the odd degree case, the cohomology
groups H∗(Dk,Z) in (188) are not periodic because Dk contains a non-cyclic subgroup
D2 = Z2 × Z2, whose elements are g = (A, a) = (A,αk/2) where A,α = 0, 1. We only
present the cocycle representatives in H2(Dk,A) and H3(Dk, U(1)). Using the universal
coefficient theorem (190),

H2(Dk,A) =
[
H2(Dk,Z)⊗A

]
⊕ Tor(H3(Dk,Z),A)

= A2 ⊕A = A3, (215)

where A = {1, ψ, s+, s−} = Z2
2 is the anyon fusion group for SO(2n)1. Here we have

used the cohomology group results H2(Dk,Z) = Z2
2 and H3(Dk,Z) = Z2 from (188),

and the properties of the tensor product and tor functor in (191) and (192). The cocycle
representatives of cohomology elements [hx,y,z] in H2(Dk,A) = A3 are

hx,y,z(g1, g2) = x(a1+a2−[a1+a2])/ky(A1+a1)A2za1A2 , (216)

where x, y, z = 1, ψ, s± are SO(2n)1 anyons, and gi = (Ai, ai) are group elements in Dk.
The cohomology class [hx,y,z] specifies the product rule of quantum symmetries ĝ1ĝ2 =
hx,y,z(g1, g2)ĝ1g2. It fixes the central A-extension of the global symmetry group Dk =
〈µ,m|µ2 = mk = (µm)2 = 1〉 to the quantum symmetry group

D̂k =
〈
µ̂, m̂,
s±, ψ

∣∣∣∣∣∣∣
m̂k = x, µ̂2 = y, (µ̂m̂)2 = z,
[µ̂, s±] = [m̂, s±] = 1,
s2
± = ψ2 = s+s−ψ = 1

〉
(217)

where [g, h] = ghg−1h−1.
The split exact decomposition

1→ Zk Dk Z2 → 1i p

j0,j1
(218)

induces the (non-exact) group homomorphisms between cohomologies

Hr(Z2,M) Hr(Dk,M) Hr(Zk,M).
p∗

j∗0 ,j
∗
1

i∗ (219)
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The inclusion i embeds Zk in Dk by restricting to group elements g = (A, a) = (0, a).
The projection p sends g = (A, a) in Dk to A = 0, 1 in Z2. The projection has two one-
sided inverses j0 and j1 sending A in Z2 to (A, 0) and (A, 1) in Dk respectively. Since
p(j0,1(g)) = g, j∗0,1 ◦ p∗ is isomorphic and therefore p∗ (j∗0,1) must be injective (surjec-
tive). Unlike the odd degree case, here when k is even, there are two inequivalent mirror
conjugacy classes [µ] and [µm] in Dk. Consequently, the restriction maps j∗0 and j∗1 are
not equivalent in general. For cohomologies with M = A coefficient, the restriction maps
i∗ : H2(Dk,A) → H2(Zk,A), j∗0,1 : H2(Dk,A) → H2(Z2,A) and the induced homomor-
phism p∗ : H2(Z2,A)→ H2(Dk,A) in (219) relates the cohomology classes

i∗[hx,y,z] = [hx], p∗[hy] = [h1,y,y],
j∗0 [hx,y,z] = [hy], j∗1 [hx,y,z] = [hz],

(220)

where [hx] ∈ H2(Zk,A) and [hy], [hz] ∈ H2(Z2,A). In section 3.3.2, we see that the Zk
symmetry of SO(2n)1 is non-trivially extended to Ẑk = Z2k×Z2 according to [hx=ψ] when
k = n/2 ≡ 2 modulo 4, or [hx=s± ] when k = n/2 ≡ 0 modulo 4. In section 3.3.1, we
see that the Z2 conjugation symmetry of SO(2n)1 is trivially extended to Ẑ2 = Z2 × A
and thus associates to the trivial cohomology classes y = z = 1. Together they fix the
cohomology indices (x, y, z) = (ψ, 1, 1) when k = n/2 ≡ 2 modulo 4, or (x, y, z) = (s±, 1, 1)
when k = n/2 ≡ 0 modulo 4. In both cases, the quantum symmetry group (217) is the
non-symmorphic extension D̂k = D2k × Z2 (see section 4.3).

The cocycle representatives of the cohomology elements [ξ3
u,v,w] in H3(Dk, U(1)) =

Zk × Z2 × Z2, when k = n/2 is even (see (193)), can be chosen to be [197]

ξ3
u,v,w(g1, g2, g3)

= exp
{

2πi
(
u

k2 (−1)A2+A3a1
(
(−1)A3a2 + a3 −

[
(−1)A3a2 + a3

]))

+ 2πi
(
v

2A1A2A3 + v + w

2 a1A2A3

)}
,

(221)

where gi = (Ai, ai) are group elements in Dk, u = 0, 1, . . . , k − 1 modulo k and v, w =
0, 1 modulo 2. The square bracket

[
(−1)A3a2 + a3

]
wraps (−1)A3a2 + a3 back to the

appropriate range −k/2 + 1, . . . , k/2 by adding or subtracting k if necessary. The cocycles
ξ3
u+k,v,w, ξ

3
u,v+2,w and ξ3

u,v,w+2 differ from ξ3
u,v,w only by 3-coboundaries. The restriction

maps i∗ : H3(Dk, U(1)) → H3(Zk, U(1)) and j0, j1 : H3(Dk, U(1)) → H3(Z2, U(1)) in
(219) are surjective. j∗0,1 are one-sided inverses of the injective induced homomorphism
p∗ : H3(Z2, U(1))→ H3(Dk, U(1)). They relate [ξ3

u,v,w] to

i∗[ξ3
u,v,w] = [ω3

u], p∗[ω3
v ] = [ξ3

0,v,v],
j∗0 [ξ3

u,v,w] = [ω2
v ], j∗1 [ξ3

u,v,w] = [ω2
w],

(222)

where ω3
u(a1, a2, a3) = e2πiu(a1+a2−[a1+a2])/k represents a cohomology class inH3(Zk, U(1)) =

Zk (see (200)), ω3
v(A1, A2, A3) = (−1)vA1A2A3 and ω3

w(A1, A2, A3) = (−1)wA1A2A3 repre-
sent cohomology classes in H3(Z2, U(1)) = Z2. The Dijkgraaf-Witten invariant [u, v, w] in
H3(Dk, U(1)) = Zk × Z2 × Z2 enters the discrete gauge theory D[u,v,w](Dk) by modifying
the F -symbols of the gauge fluxes with the U(1) phases fg1g2g3 = ξ3

u,v,w(g1, g2, g3) and
subsequently affecting their topological spins (see appendix C).

In section 4.3, we see that when n = 2k ≡ 0 modulo 4 where the Dk symmetry is
extended to D̂k = D2k × Z2, the discrete gauge theory component, D[k,0,0](D2k) for n ≡ 0
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modulo 8 (D[k,1,1](D2k), for n ≡ 4 modulo 8), of SO(2n)1/Dk is deformed by the Dijkgraaf-
Witten invariant [k, 0, 0] (resp. [k, 1, 1]) in H3(D2k, U(1)) = Z2k×Z2×Z2 (see (115)). The
cohomology class is determined by the restriction maps (222), i∗[k, 0, 0] = i∗[k, 1, 1] = [k]
in H3(Z2k, U(1)) = Z2k and j∗0 [k, 0, 0] = j∗1 [k, 0, 0] = [0] (resp. j∗0 [k, 1, 1] = j∗1 [k, 1, 1] = [1])
in H3(Z2, U(1)) = Z2. So that these classes match the Dijkgraaf-Witten invariants of the
smaller discrete gauge theories D[k](Z2k) and D[0](Z2) (resp. D[1](Z2)) in (55) and (49).
The [k] in [k, ∗, ∗] determines the spin statistics of the Z2k fluxes. The Z2 components
[0, 0] (or [1, 1]) dictates that the two inequivalent Z2 fluxes are all bosonic or fermionic
(resp. semionic).
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