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We present a family of electron-based coupled-wire models of bosonic orb-
ifold topological phases, referred to as twist liquids, in two spatial dimensions.
All local fermion degrees of freedom are gapped and removed from the topolog-
ical order by many-body interactions. Bosonic chiral spin liquids and anyonic
superconductors are constructed on an array of interacting wires, each sup-
ports emergent massless Majorana fermions that are non-local (fractional) and
constitute the SO(N) Kac-Moody Wess-Zumino-Witten algebra at level 1. We
focus on the dihedral Dy symmetry of SO(2n);, and its promotion to a gauge
symmetry by manipulating the locality of fermion pairs. Gauging the symme-
try (sub)group generates the C/G twist liquids, where G = Zgy for C = U(1);,
SU(n)1, and G = Zg, Zi, Dy, for C = SO(2n);. We construct exactly solvable
models for all of these topological states. We prove the presence of a bulk exci-
tation energy gap and demonstrate the appearance of edge orbifold conformal
field theories corresponding to the twist liquid topological orders. We analyze
the statistical properties of the anyon excitations, including the non-Abelian
metaplectic anyons and a new class of quasiparticles referred to as Ising-fluxons.
We show an eight-fold periodic gauging pattern in SO(2n);/G by identifying
the non-chiral components of the twist liquids with discrete gauge theories.

Contents
1 Introduction 2
1.1 Summary of results . . . . . . . ... 4
2 Boson wires from interacting electrons 7
3 Topological phases in the orthogonal and unitary families 10
3.1 The SO(N); family . . .. ... ... .. . 10
3.2 TheU(1l); and SU(n); family . . . . ... ... ... ... ... ... 12
3.3 Gauging the Zj, or Zg symmetries in SO(2n); . . . . . . . .. ... ... 15
3.3.1 The SO(2n)1/Zo twist liquid . . . . . ... ... ... .. .... 16
3.3.2 The SO(2n)1/Z twist liquid . . . . ... ... ... ... ... 18
4 Dihedral twist liquids 20
4.1 The SU(n)1/Zs twist liquid . . . . . .. ... ... . oL 21
42 The U(1);/Zo twist liquid . . . . . . .. ... ... 26
4.3 The SO(2n)1/Dy twist liquid . . . . .. ... ... 29
Accepted in { Yuantum 2023-03-14, click title to verify. Published under CC-BY 4.0. 1


https://quantum-journal.org/?s=Dihedral%20twist%20liquid%20models%20from%20emergent%20Majorana%20fermions&reason=title-click
https://quantum-journal.org/?s=Dihedral%20twist%20liquid%20models%20from%20emergent%20Majorana%20fermions&reason=title-click

5 Conclusion and discussion 36

A The SO(N); current algebra and its primary fields 38
B The anyon content of SO(n)2 and U(1);/Zs 41
C Discrete gauge theories with cyclic, dihedral or dicyclic gauge groups 44
C.1 The Zjy gauge theory . . . . . . . . . . . 51
C.2 The Dy gauge theory . . . . . . . . . . . L 52
C.3 The Qu gauge theory . . . . . . . . . . .. 53
D Useful group cohomology identities 56

1 Introduction

Topological phases in two spatial dimensions are long-range entangled states of quantum
matter that support fractional quasiparticle excitations, known as anyons (a review of these
ideas can be found in ref. [1, 2, 3, 4]). The topological order of a topological phase is the
characterization of the fusion, exchange, and braiding properties of its anyonic excitations.
When symmetry is present, these phases are further distinguished by their symmetry-
protected or symmetry-enriched topological (SPT/SET) orders. |5, 6, 7, 8, 9, 10, 11, 12,
13, 14, 15] Symmetries in topological phases can be analyzed theoretically by studying the
statistical properties of fluxes, referred to as twist defects [16, 17, 18, 19, 20, 21, 22, 23, 24,
25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38]. These topological point defects “rotate”
the local winding low-energy degrees of freedom according to the symmetry actions. For
example, a twist defect associated to an anyonic symmetry [31] (or outer automorphism)
permutes the anyon type of an orbiting quasiparticle excitation. Such defects must exhibit
non-Abelian statistical behaviors even when the underlying topological order is Abelian,
and may be useful in the construction of a topological quantum computer [39, 40, 41, 42,
43, 44, 45, 46, 47, 48].

Twist liquids [32] are topological phases where (1) the symmetries are “elevate” into
local gauge symmetries, and (2) the gauge fluxes are themselves deconfined quantum ex-
citations. The promotion of a (parent) SPT/SET phase to a (descendant) twist liquid
phase is known as gauging. [32, 37| The fundamental examples are discrete gauge theo-
ries [49, 50, 51, 43] DII(G) in 2+1D. These are twist liquids promoted from a short-range
entangled (non-fractional) SPT phase equipped with the symmetry group G. The cohomo-
logical classification [52, 53| [w] of the parent SPT phase determines the Dijkgraaf-Witten
deformation [54, 55, 56, 57, 50] of the discrete gauge theory that dictates the anyon braiding
statistics [58| after gauging. Despite their structural simplicity (excitations have integral
quantum dimensions and their braid groups have finite image [59]), the exact evaluation
of link invariants in some gauge groups, such as the alternating group G = A,, for m > 5,
are in the #P-complete computational complexity class [60]. Anyons are capable of uni-
versal quantum computing when the finite gauge group G is non-solvable [61] (e.g. S3) or
non-nilpotent [62] (e.g. As) if the gate-set involves measurements [39, 42, 63].

In general, a twist liquid C/G is the resulting phase when a symmetry group G of a long-
range entangled (fractional) SET phase C is gauged. In this paper, we focus on a family of
chiral twist liquids. In a chiral topological phase, the 1+1D conformal field theory [64, 65,
66] (CFT) that describes the gapless edge excitations is identified with the unitary modular
tensor category [67, 68, 69, 70, 71, 16, 72, 73, 74, 75| (UMTC) that describes the 241D
gapped topological order by the bulk-edge correspondence |76, 77, 78, 79, 16|. In a chiral
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twist liquid, symmetry gauging acts as an orbifolding procedure [80, 81, 82, 83, 84| on the
edge CFT so that the bulk-edge correspondence is preserved [85]. The deconfined gauge
fluxes in the bulk associate to twist fields that change the boundary conditions on the
edge. Examples include orbifold fractional quantum Hall states [18, 86, 87, 88, 89, 90, 91]
and quantum spin liquids [58, 13|. In this paper, with the interest on the topological and
modular properties, we do not distinguish between the twist liquid bulk UMTC and its
edge orbifold CFT, and we will refer to both as C/G.

While non-chiral twist liquids can be constructed microscopically from exactly-solvable
string-net models [32, 37, 92] and this provides a proof of principle that the orbifold topo-
logical order can be supported by a gapped local Hamiltonian, the method is not designed
to analyze chiral electronic twist liquid phases. Moreover, the fundamental relationship
between symmetry gauging and the change of locality is obscure. On one hand, the gauge
charges in a twist liquid are non-local and fractional because they carry non-trivial mu-
tual braiding statistics with the gauge fluxes. On the other hand, they are derived from
field operators in the parent globally-symmetric SET phase that are local integral com-
binations of electrons and “condense” in the anyon condensation (93, 94, 95, 96| picture.
In other words, gauging is the reversal of gauge charge condensation. In this paper, we
seek a microscopic model description based on electrons that explicitly demonstrates such
reconfiguration of gauge charge locality. At the same time, we explore models that display
the bulk-edge correspondence between chiral twist liquid bulk topological order and edge
orbifold CFT.

The coupled-wire construction [97, 98| provides a strategy to obtain exactly-solvable
model Hamiltonians for these purposes. The theoretical technique was inspired by sliding
Lutthinger liquids {99, 100, 101, 102, 103] and was first implemented by Kane, Mukhopad-
hyay, and Lubensky [97] to describe the Abelian Laughlin [104] and Haldane-Halperin
hierarchy [105, 106| fractional quantum Hall states. The method was later generalized to
other (Abelian or non-Abelian, integer or fractional) quantum Hall states [98, 107, 108, 109,
110, 111, 112, 90, 113, 114, 115, 116, 117, 91, 118], anyon models [119, 120, 121, 122], spin
liquids [123, 124, 125, 126], (fractional) topological insulators [127, 128, 129, 130, 131, 132,
133] and superconductors [134, 135, 136, 137, 138, 139, 140], fracton models [141, 142] and
higher-dimensional fractional phases [143, 144, 145, 146, 147|, as well as the exploration of
dualities [148, 149] and quantum entanglement [150, 151, 152|. The coupled-wire construc-
tion is a highly anisotropic microscopic description where the low-energy electronic degrees
of freedom are confined on a 2D array of one-dimensional wires. Local many-body intra-
and inter-wire electron backscattering interactions are responsible for the finite excitation
energy gap in the bulk but leave behind gapless modes on the edge.

A universal procedure of constructing a coupled-wire model for a general UMTC has
not been established, and it is out of the scope of this paper to construct electronic models
for general twist liquids. Among orbifold phases C/G, there is a sub-collection where the
parent G-symmetric SE'T phase C corresponds to an edge CFT described by an affine Kac-
Moody [153, 154] (KM) Wess-Zumino-Witten [155, 156, 157] (WZW) current Lie algebra.
These WZW phases are of significant interest in the coupled-wire construction because
(1) some of the many-body electron interactions can be introduced as backscattering of
the local KM currents (such as the Gross-Neveu interactions [158, 159, 160, 161]), and
(2) some non-local KM current operators can be associated with the gauge charges in
the twist liquid. In particular, when C is an affine simply-laced KM WZW Lie algebra
at level 1 (i.e. the A, = SU(r + 1), D, = SO(2r) series and the exceptional Eg, Er,
Eg), it has an Abelian topological order. N-dimensional real (complex) point groups are
discrete finite subgroups G in SO(N) (SU(N)), and they correspond to the orbifold phases
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SO(N),/G (SU(N)k/G), where k is the level of the WZW algebra. 3-dimensional point
group orbifold CFTs SU(2);/G are known [82, 83|. In this paper, we focus on gauging a
dihedral symmetry group Dy in SO(2n);. In doing so, the construction also encompasses
the anyon relabeling Zo conjugation symmetry in U(1); and SU(n);.

We summarize the main results of this paper below. We discuss the implications and
possible future directions in section 5.

1.1 Summary of results

In this paper, we investigate various aspects and consequences of gauging a non-Abelian
dihedral symmetry group Dy, of topological phases of matter in the orthogonal family. The
results we achieved are threefold.

First, we present two different ways of constructing a one-dimensional quantum wire
of gapless bosons with an effective SO(N) symmetry in low energy. We begin with a one-
dimensional quantum wire of interacting spinful electrons. By taking advantage of either
an umklapp scattering term or a superconducting pairing term, we lift all charge modes
and local fermion excitations above a finite energy gap. The residual low-energy degrees
of freedom below the energy gap are gapless bosons, which can be effectively described
by the SO(N); WZW CFT. These boson wires serve as the basic building blocks for
the subsequent coupled wire constructions of the globally symmetric “parent” topological
order phases (C) and their gauged and locally symmetric “descendant” counterparts (twist
liquid / orbifold phases C/G) in the orthogonal and unitary family. They include (1)
C = SO(2n); and its G = Zy, Z, or the non-Abelian Dy = Zg x Zj, twist liquid phases,
(2) C=U(1);, SU(n)y, or U(1); x SU(n)1 (conformally embedded as WZW subalgebras
of SO(2n);1) and their G = Zgy twist liquid phases. The degree, rank, and level are related
by k =n and | = 4n (or k = n/2 and [ = n) when n is odd (resp. even). The level | of
U(1); corresponds to the radius R = v/1/2 of the compactified free boson CFT at central
charge ¢ = 1. The coupled-wire constructions based on the umklapp (pairing) approach
lead to a topologically ordered spin liquid (superconductor).

(a) C (b) Decoupled C/Zsy
§ 1 v+1/2 SO(n), 3
— E= | =1

Figure 1: Coupled-wire models for (a) C = U(1); or SU(n); Abelian topological states, and (b)
C/Zy = U(1);/Zs or SU(n)y/Z> twist liquid topological states from bosonic SO(N); wires. Intra-
/inter-wire interactions UY, UYT1/2 introduce a finite bulk excitation energy gap and leave behind
chiral gapless boundaries described by CFTs that correspond to the bulk topological orders. Yellow
boxes represent splitting of channels by (a) the conformal embedding SO(2n); = U(1); x SU(n)1, and
(b) the coset decomposition SO(n)? = SO(n)z x [SO(n)?/S0(n)s].

Since any intra- and inter-wire coupling term in a coupled-wire Hamiltonian has to
be made out of integral combinations of local electrons, it is crucial to keep track of the
locality of field operators and their physical origin. This is our second key result. Starting
from our wires of bosons, upon re-fermionization, each wire carries N pairs of counter-
propagating Majorana fermions. Different from the local electronic Majorana fermions
based on the Bogoliubov—de Gennes (BdG) formalism in a conventional Bardeen—-Cooper—
Schrieffer (BCS) superconductor, our Majorana fermions here are emergent and fractional.
Only even fermion products are integral combinations of local electrons. More importantly,
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we explicitly connect symmetry gauging and the modification of the locality of field oper-
ators. For a general twist liquid phase C/G, local fields in C/G are exclusively G- invariant
local fields in C. Taking C = S O(2n)1 as an example, for 1ts Majorana fermions =121
the Zo symmetry sends w = ' — ¢y and ¢ = " — —4pl. At the same
time, the Z; symmetry adds a phase to the Dirac fermion d* ~ @bil + iWB — ei2n/k i,
While 11’ are integral in SO(2n)y, they become fractional in SO(2n)1/Za because they
are not invariant under the internal Zs symmetry. Similarly, the Dirac pairs d’d’ are not
local fields in SO(2n)1/Zj, because their phases are rotated by the internal Z; symmetry.
Moving on to the non-Abelian D; symmetry, we find that the

SU(n)1
Ly

. U(l)l . SO(n)1 X SO(n)1
=S50(n)y and 7y SO0 (1)

topological orders are based on local fields of SO(2n); that are invariant under the Dy
symmetry. Inside these topological phases, we highlight the existence of metaplectic anyons
in the form of Zy fluxes, when n is odd, together with a microscopic electronic Hamiltonian
from the coupled-wire construction. (See figure 1 for a diagrammatic outline of the coupled-
wire models and figure 2 for a summary of the gauging relations between different twist
liquids constructed in this paper.) Moreover, we discover a novel type of anyon with
quantum dimension v/2n in

SO(2n); _ U(1); x SU(n)
D - = 7 - (2)

when n is odd. It is a composite quasiparticle that combines twist fields from both the
SO(n)2 and U(1);/Zy theories. We dubbed it an “Ising-fluxon”.

SO(?n)1

/2y /Zy,
SOCL _ 150 (n), 2 U) x SU (2”)1
Zs Zy,
coset
decomposition Zo
[SO(n),)? U(l), U(n)y
S0(m), x SO(n)y = Zz

Zs chdrge pair
condensation

U) x SU(m);  SO(2n),
Ly Dy

Figure 2: Gauging flowchart of SO(2n); and twist liquid orbifold phases constructed in this paper.

Third, we provide a systematic characterization of the G-twist liquids (G = Zo, Z,
or Dy) at the level of unitary modular tensor categories (UMTC). Loosely speaking [32],
anyons in C/G are super-selection combinations of anyons in C attached with deconfined
G-gauge fluxes and gauge charges. If G contains only inner automorphisms that do not
permute anyon types, such as the case when C = SO(2n); and (i) G = Zj, for all n, and
(ii) G = Zg, or Dy, for even n, we demonstrate the UMTC equivalence

50(2n),/G = SO(2n); K D¥I(G). (3)

Here, the quantum symmetry group Gisa subgroup of an extension of G by the Abelian
fusion group A of anyons in C. In general, the group extension can be projective [162, 17,
37] (i.e. non-symmorphic [32]) and is classified by the group cohomology [163] H?(G, A).
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D[“’](é) denotes the discrete G gauge theory [49, 50, 51, 43| deformed by the Dijkgraaf-
Witten invariant [54, 55, 56, 57, 50| [w] in H3(G,U(1)). The invariant [w] specifies the
quantum basis transformations (i.e. associations) between flux combinations with different
orders, §1(g293) = (§192)J3, and in turn, dictates the spin-exchange statistics of gauge
fluxes. The tensor product K is relative to a set of bosonic pairs of anyons from both sides
that are in fact local and are “condensed” in the anyon condensation picture [93, 94, 95, 96].
(The decoupled product X is a special case when there is no anyon pair other than the
vacuum is condensed”) Projective quantum symmetry groups G relevant to this paper
include (i) Zg = Ly, Dk = Q4 when n = 2k = 2 modulo 4, and (ii) Zk = Zop, Dk = Doy,
when n = 2k = 0 modulo 4. In particular, the dicyclic group Q4 is the double cover of
the dihedral group D; that contains the perpendicular axes of k-fold and 2-fold rotations
in a half-integral spin representation.

On the other hand, the Zs symmetry is an outer automorphism for U(1); and SU(n);.
The twofold symmetry non-trivially transposes anyon classes by conjugation. Gauging
these symmetries then takes us beyond conventional discrete gauge theories. This, in
general, enables non-Abelian quasiparticles with non-integral quantum dimensions, such
as the Zy twist fields in the two prototypical Zg twist liquid phases in (1). For SO(2n); with
odd rank n = k, the Zo, and subsequently, the D; symmetries contain outer automorphisms
(also known as anyon relabeling symmetries [31, 36]). Upon gauging, we show

SO(Zn)l/G = SO(QTL)l X Zn(G), (4)

where Z,(G) is a non-chiral quantum double [164, 69, 92| carrying a G-gauge symmetry.
Z,(Z2) has a non-chiral Ising topological order and is the twist liquid phase from gauging
the twofold electric-magnetic symmetry of the Zy discrete gauge theory. [88, 32, 85| Z,,(Dy,)
is the twist liquid phase of gauging a mized Zo symmetry of the Zj, discrete gauge theory.
It supports the Ising-fluxon excitations and is referred to as the Ising-fluxon topological
phase in this article. Combining both even and odd n cases in (3) and (4), we observe an
eight-fold periodic pattern of the topological orders of the twist liquids SO(2n)1/G.

The paper is organized as the following. In section 2, we present the superconductor
and spin liquid constructions of 1+1D gapless boson wires from interacting spinful elec-
trons. The SO(N); WZW symmetry, locality and internal Zy symmetry of field operators
within a single wire are also discussed. In section 3, we proceed to describe the coupled-
wire constructions for 2+1D topological phases of the orthogonal and unitary families.
The SO(N); models are presented in section 3.1 while the U(1); and SU(n); models are
presented in section 3.2. The global Dy symmetry of the “parent” SO(2n); phase is de-
scribed in section 3.3. Its Zg and Zj, twist liquid “descendants” SO(2n); /Zy = SO(n)? and
SO(2n)1/Z = U(1);xSU(n); are introduced in section 3.3.1 and 3.3.2 respectively. In sec-
tion 4, we develop the dihedral twist liquid phase SO(2n)1 /Dy = [U(1); x SU(n)1] /Zs. Its
construction relies on the simpler SU(n)1/Zy = SO(n)s and U(1);/Z = SO(n)3/SO(n)a
orbifold phases, which are presented in section 4.1 and 4.2. For each case, the relation
between locality and internal symmetries of field operators is carefully examined at the
beginning. Then, we explicitly present the exactly solvable intra- and inter-wire interac-
tion terms from local electrons. The interactions introduce a finite 2D bulk excitation
energy gap but leave behind gapless edge CEF'T that corresponds to the bulk topological
order. The novel eight-fold periodic topological order of SO(2n); /Dy, is fully narrated in
section 4.3.

While the new and essential content is presented in the main sections, we include
comprehensive revisions on the relevant background in four appendices. The WZW KM
algebras and their primary field modular contents of SO(N )1, SO(n)y and the U(1);/Z2
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orbifold CF'T are reviewed in appendix A and B. Discrete gauge theories with cyclic, di-
hedral, and dicyclic gauge groups, Zg, Dy and (4, appear as non-chiral components of
the various SO(2n);/G twist liquids introduced in the main sections. They are reviewed
in appendix C. The group extensions and Dijkgraaf-Witten invariants relevant to the dis-
crete gauge theories are classified by the group cohomologies H2(G,.A) and H3(G,U(1)).
We present these cohomology classifications and the explicit cycle representations in ap-
pendix D.

2 Boson wires from interacting electrons

The building blocks of the coupled-wire models are gapless bosons in one spatial dimen-
sion that carry an effective SO(N) symmetry in low energy. These wires can be realized
by 1D electrons under strong interactions that lift all charge modes and local fermion
excitations above a finite energy gap. The remaining electrically neutral gapless modes
below the gap are described by a SO(N) Wess-Zumino-Witten [155, 156, 157] (WZW)
Kac-Moody [153, 154] (KM) conformal field theory [64, 65, 66] (CFT) at level 1. We illus-
trate this using AN copies of Rashba spin-orbit coupled electrons. The electron operators
csj(x) = csLj (z)eikrtskso)r 4 cg(x)ei(*kf“kw)w near the Fermi level can be represented
by vertex operators of bosonized variables cJ;(z) ~ e'®5%®  where s =1 (J) = +(—) labels
spins, o = L(R) = +(—) specifies the left /right propagation directions, j = 1,..., N desig-
nates the electron channels, and the Fermi momenta of the channels are kJ = oky + skgo.
The low-energy kinetic behavior of the electrons can be described by the Luttinger lig-
uid [165, 166] Lagrangian density

]. SS/ - o o.l
Lo = 1=0055:0™ 57 0,97,0,9% s — Ho, 5

N ) /
— 515 o o
H[) == 'Ua,o_/ 833@8‘7‘81@8/]7'

The Hamiltonian density Ho = Hpirac + Hint includes the single-body massless Dirac theory

s ’
518 ho o

— o o _ v o \2 : : : : R
HDirac = zvacsjmmcsj = E(ﬁszsj) and density-density interactions Hing = u,r 7 ngng

where ng; = ngfcgj = 00,97;/(2m). The “pg” term of the Lagrangian sets the equal-time

commutation relation
|09)(2), 0085 (2/)] = 2mi06°7 850;56(2 — 7). (6)

The charged U(1) sector can be gapped by either a A/-body umklapp scattering or a
superconducting pairing

N
LT R
Z/lumklapp = U Cos ‘9p ~U H H Csj Csj + h.c.,

i=1s=1l
N
Usc = Acosp, ~ A H H cSchSRj + h.c., (7)
J=ls=t{
o= S5 0), 0, =3 (810
sJ sj

This can be shown by re-expressing the kinetic Lagrangian density (5) in terms of new
variables

‘CO:E Z g

[ 2N -1
o=4,—

20,450,85 + 3 amzatcég] — Hy. (8)
a=1
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This can be achieved by using the basis transformation

20, = o +0b,, &g =0 — P ;. (9)
for the umklapp scattering case, or

2gbg =y, +0oby, ¢; =0g—0P] ., (10)

Saja

for the superconducting case, where

of + O of — off

g = L 4L 11
o = 5 o 5 (11)

Here, in (9) and (10), the a index ranges in 1,...,2N — 1. It enumerates the spins s =1, |
and channels j = 1,..., N but exclude (s,7) = (1,1) for the 0 = L sector and ({,1) for
the 0 = R sector. The enumeration can be explicitly chosen by assigning in the L sector,

o =T, Ja=a/2+1, ifaiseven
Sq =), Ja=(a+1)/2, ifaisodd,

or in the R sector,

S =), Ja=a/2+1, ifaiseven
Sa =T, Ja=(a+1)/2, ifaisodd.

The set of bosonized variables in (9) or in (10) obey the equal-time commutation relations
[gb":ﬂ m’} 6% §(z — o),
[(b” ), 8 % (2) } 2micd? §(x — '), (12)
(65(2), w5 (/)] = 0

With a particular set of electron density interactions, the Hamiltonian density takes a
diagonal form

9p (8:090)2 + glp (8309)2 (13)

v 2N -1 )
Ho = Z Z (&Mﬁg) + Yp
i c=L,R a=1

where (¢, 0) = (¢, 6,) for the umklapp case or (¢, 0y) for the superconducting case.
The umklapp scattering (7) requires translation symmetry breaking and can arise in a
half-filled lattice when the Fermi momentum is commensurate, 4k¢ = 27/l, where [ is a
microscopic lattice translation. The process is relevant in the renormalization group [167,
168, 169, 3| (RG) sense when g, < 4 and leads to a spin liquid. The charge-violating pairing
(7) can be induced by proximity with a bulk s-wave superconductor and is relevant when
gp > 1/4. The unaffected low-energy theory is generated by 2N — 1 counter-propagating
pairs of Dirac fermions dJ ~ e®a . which are non-local and must come in pairs. Their

fractional nature is revealed by their charge and spin numbers Q(e o’ (1)81) =€ o b,

S (eibf’%gj) = Y sjo sb%7 /2, where the coefficients b3/ can be any numbers. Contrary to
an electron/hole which carries charge Q = 4e and angular spin S = +1/2, the Dirac
fermion d, has @ =0 and S = +£1/2 (Q = e modulo 2¢ and S = 0,+1) in the spin liquid
(resp. superconductor). In the spin liquid, the momentum of these Dirac fermions becomes
0 or 7/a when the electron Fermi level is tuned near the band crossing of the two spins
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so that ky = kso. In the superconductor, the momentum is zero when spin-orbit coupling
is negligible kso = 0. The Dirac fermions split into Majorana components 1) = ¢! by the
real and imaginary decomposition

1 , 40
9 = 75 (s +05,) ~ cF. (14)
A subset of counter-propagating pairs can turn massive and be removed from low-energy
by introducing the fermion backscattering

AN -2
Z/{mass =1m Z d}]ijRa (15)
j=N+1

where )" are a local integral combination of electrons operators. In energy much
smaller than m and u or A, the Hamiltonian (13) is effectively truncated to a theory with
N counter-propagating pairs of massless Majorana fermions

. N
Ho=75 > D oufosy. (16)

J:+7_ .]:1

We recall A is the number of spinful non-chiral electron channels in each wire, and N
is the number of Majorana fermions that remain massless and unaffected by (15). The
number of Majorana’s N can take any positive integer value as long as there are enough
number of electron channels N' > (N + 2) /4.

The low-energy theory (16) has an emergent SO(N) symmetry and is invariant un-
der an orthogonal transformation ; — O;-% of the fermion vector. Each chiral sector
o = L, R carries a SO(N) WZW KM algebra at level 1 generated by the current operators

=iy, for 1 <j <k <N (see appendix A for a review). The conformal primary
fields are vector and spinor representations of SO(N). From (9) or (10), the vertex oper-

;5] o

ator representation of the Dirac fermion dJ ~ e¥a = ¢"%o'®% in terms of the electronic
bosonized variables ®7; contains the half-integral coeflicients aTLl, aﬁl = +1/2. The elec-
tronic origin dictates that the Dirac fermions dj and Majorana fermions ¢§ are non-local
fractional operators and cannot exist individually. On the other hand, all even products
of fermions, such as the SO(N); current operators and the fermion backscattering wfwf,
are linear combination of integral products of electron operators, and are therefore local.
A spinor field can be represented by a vertex operator

s7 = ei="9a/2 (17)
where € = (g, ... ,€2N ~1) has unit entries e* = +1. The spinor fields separate into even
and odd primary sectors [s9] distinguished by the parity [[,* = £1. A spinor pair of the
same chirality s7s7, is a local integral combination of electrons when [], e.e), = 1, or is
equivalent to a non-local odd fermion combination when [], e.e, = —1. Moreover, when
projected onto the ground state Hilbert space of the umklapp (or pairing) potential in (7),
the corresponding sine-Gordon variable (6,) (resp. (y,)) admits a ground state expectation
value. Consequently, all pair of spinor fields with the same parity but opposite chirality
sfsg is effectively local in low-energy because it is equivalent to an integral combination
of electrons up to the vertex operator /2 (¢i?r/2) which becomes a U(1) phase when
projected onto the ground state. In addition, when projecting to the ground states of
(15), the local spinor pairs sZs? _, and sLs®_, operate as pairs of spinor twist fields in the
low-energy SO(N); sector if the ground state projection is non-vanishing. In general, an
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operator is effectively integral and local if and only if it is invariant under the internal Zo
gauge symmetry at any given wire y
Zo(y) . 03— (1)WY, 694 = 65 + 0Ty, (18)
The bosonic SO(N); wire in (16) will be the building blocks of the 2D coupled-wire
models described in the following sections. After an energy gap has been established by
inter-wire interactions, the topological phase will be stable against perturbations smaller
than the energy gap. In particular, the fine-tuning of the electron density interactions
u?’%7 and the Fermi level that enable the bosonic SO(N); theory can be relaxed in the

oo’
upcoming 2D topological model.

3 Topological phases in the orthogonal and unitary families

We construct exactly-solvable coupled-wire models of topological phases in two spatial
dimensions with SO(N)y, U(1);, and SU(n); topological orders. The models are built on
a 2D array of boson wires, each being effectively described by a SO(N); WZW KM CFET
(16) in low-energy and originated from strongly correlated electrons. In a closed torus
geometry, a finite excitation energy gap is created by backscattering interactions between
neighboring wires. In an open geometry, the 1D boundary hosts chiral gapless degrees
of freedom that propagate in a single forward direction and are effectively described by a
CFT corresponding to the topological order |76, 77, 78, 79, 16]. We show the topological
phases in the orthogonal and unitary families are related by gauging [32, 37| (also referred
to as orbifolding [80, 81, 82, 83, 84]) the discrete Zs and Zj symmetries

SOCML _ s0(n), x SO(m)
506 (19)
S50(2n), _ U(1); x SU(n),

Ly,

where k =n (k=n/2) and [ = 4n (I = n) for odd (even) n.

3.1 The SO(N); family

The model begin with a 2D array of bosonic SO(N); wires. All the wires are parallel to the
horizontal x direction and each one is labeled by its vertical y position, for y =1,2,...,L.
The array can occupy an open plane with top (bottom) edges at y = L (y = 1), or it
can wrap around a periodic cylinder geometry when y = y + L. The boson wires can
emerge from strongly interacting 1D electrons in a spin liquid or a superconducting setting
presented in the previous section. In both cases, all fermionic local excitations are gapped
and the remaining gapless boson modes are represented by even combinations of non-local
emergent Majorana fermions ¢y, (z) = ¢7(z,y), where j = 1,...,N and 0 = L,R =
+, — labels the left and right propagating directions. Unlike BdG fermions which are
integral combinations of electrons and holes in a conventional BCS superconductor, these
Majorana fermions are fractional and cannot appear individually. Only pairs of them on
the same wire are combinations of integral products of electrons and holes. This includes
the current generators Ji ., = iy;47, of the SO(N); WZW KM algebra and the intra-wire
backscattering wquwﬁc. The effective low-energy kinetic Hamiltonian density is L copies of
(16)
L N

Ho = % DD D oby0ay;. (20)

y=1j=10=+,—
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Interwire single-fermion tunnelings @ngw;/j,, for y # 4/, are forbidden by locality, but
two-fermion processes are allowed and can be represented by local integral combinations
of electrons. In particular, the interwire Gross-Neveu interaction [158, 159, 160, 161] that

backscatters the SO(N )1 currents Jj = ( ;’Jk)
Usowny, = UZ’]y+l (21)

o L L R /R
__uz Z ¢y+1,jwy+17k¢y,j¢y,k

Y 1<j<k<N

gaps all bulk degrees of freedom and leads to the SO(NN); topological phase [16]. The
interaction involves interwire backscattering of the SO(N); WZW KM currents Jy ;. =
Wy ¥y - The model Ho + Uso(ny, admits a mean-field approximation with real order

parameters Oy q/0; = [ daziwyLﬂ’jwﬁj, whose ground state expectation values Oy /9 =

1

<(’5y+1 /2,j) are non-vanishing and independent from j due to the SO(N) symmetry. The
mean-field approximation of the the Gross-Neveu potential is quadratic in . It introduces
a finite excitation energy gap and turns the Majorana fermions massive.

Bosonizing [65, 167, 170, 168, 3| according to

1 ) o
dz,a = ﬁ ( Z,a + Zw;,n—i—a) ~ el¢y’a7 (22)

the SO(N); Gross-Neveu interaction is equivalent to the sine-Gordon potential

uSO(Qn =—u Z Z aﬂ?¢y+l a $¢g]/%,a

Yy a=1

—AY. D ZCOS( 1/t €O 11pa)

Y 1<a<b<ne=

Usoan+1), = Uso2n), (23)
n
-A Z (Z CoS @Z+1/2> i¢7§+1,2n+11/15,2n+1,
Y a=1
where the angle variables ©F, , , = 5 Y10 — gi)ga are non-chiral combinations of the

bosonized variables. The potentials A and A are relevant in the RG sense under re-
pulsive density interactions when @ > 0. They introduces a finite energy gap above the
ground state, where the order parameter quantum fluctuate about the expectation values

(08,1 /5()) =miy, o, (24)

sgnOy 172 = sgn</dwiw£+17j¢£j> = (—1)"v+1/2,

where m, /5 = (mzl;+1/2’ . ’mZ+1/2) either have all even or all odd integral entries.

In a periodic geometry where y = y + L, all excitations are separated away from the
ground state by a finite energy gap. In an open geometry where the system terminates at
wire y = 1 and L, the Gross-Neveu interaction (21) leaves behind the gapless left (right)
moving SO(N); WZW CFT on the boundary at y = 1 (y = L), where the emergent
Majorana fermions T/Jy 1,; and wy_l_ ; remain massless. The primary field excitations on
the boundaries and bulk anyon quasiparticle excitations are correlated due to the bulk
topology and boson locality. They are created and non-locally connected by Wilson string
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operators, which are integral combination of electrons. The edge primary fields and bulk
anyons are classified by the super-selection sectors X = 1,1, s4,s— when N = 2n is even,
or X =1,v,0 when N = 2n + 1 is odd. Fields and anyons in the same class differ from
each other by local electronic combinations. The vacuum sector 1 contains all integral
fields. v contains all odd combinations of the non-local Majorana fermions. s+ and o are
non-local spinor fields with spin (or conformal scaling dimension) h = N/16. A full braid
between a spinor and a fermion associates a m monodromy phase. Therefore a spinor field
carries a Zso flux component with respect to the internal fermion parity symmetry (18).
The SO(2n); topological order is Abelian and the anyons obey the single-channel fusion
rules

¢X¢:1; ¢Xsi:3¢7

1, for even n
S X 8x = { w, foroddn (25)

The SO(2n+1); topological order is non-Abelian. The Ising twist field o obeys the fusion
rules

Yxo=0, oxo=1+71. (26)

Since all excitations are created by strings of electron operators, the edge primary fields and
bulk anyons must have balancing topological charges Xiop—edge X Xbottom—edge X Xbulk = 1.

The SO(N); topological orders are sixteen-fold periodic [16]. The anyon fusion and
braiding structures of SO(N); and SO(N + 16); are identical. Therefore, as UMTCs,
SO(N); = SO(N + 16);. As CFTs, their chiral charge charges differ by 8. This can be
compensated by subtracting from SO(N + 16); the Eg WZW CFT at level 1. [136] The
subtraction does not alter the topological order because (Eg); does not support fractional
excitations.

3.2 The U(1); and SU(n); family

The coupled-wire models in the unitary family U(1); and SU(n); are summarized in fig-
ure 1(a). The level of U(1) is | = 4n when n is odd or [ = n when n is even. It corresponds
to the compactification radius R = Vi /2 of the free boson on a circle. The models are
constructed based on the conformal embedding U(1); x SU(n); € SO(2n);. Among the
SO(2n) rotations of the Majorana fermions v;, unitary rotations d, — Uldy of the Dirac
fermions d, = (Vg + %n1a)/V2 ~ €% form a unitary subgroup U(n) that commutes with
the artificial U(1) symmetry ¢, — ¢, + ¥. The corresponding U(1) invariant WZW KM
subalgebra is generated by the current operators Jy(1),xsu(n), consisting of the Cartan-

Weyl generators 0,¢q ~ did, and roots eilPa=dn) dZda for a # b. The subalgebra
decomposes into a diagonal U(1); sector generated by 0,¢,, where

¢L=¢1+ ...+ n, (27)
and an off-diagonal SU(n); sector. The Cartan-Weyl generators of SU(n)1 can be chosen
to be 0,0, for p=1,...,n — 1, using an orthogonal transformation

- 1 P
b= =y (—p¢p+1 > ¢a> : (28)

all of which being orthogonal to (27). Together with the roots e’(?a=%)  they generate the
SU(n) WZW KM algebra at level 1.
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The kinetic Hamiltonian density (20) of the array of bosonic SO(2n); wires can be
re-expressed in the bosonized form

5=
M-
M=

o — (@c%’a) ,HU(I) + ”HgU("),
y=lo=L,Ra=1
vy _ v/n s \2
Hy =SS S (9ed) (29)
y=1o0=L,R
SU(n) v L n—1 _ 9
Hy ~an Z ((%(bZP) :
y=1lo=L,R p=1

We consider backscattering interactions that are composed of inter-wire or intra-wire sine-
Gordon potentials. The interactions among the U(1); sectors are either the intra-wire or
inter-wire backscattering

L{g(l)l = —uiftmaxgzbhﬁxqbﬁ — A2 cog @j, (30)
1/2 ~
Uz%){ = —ul'Op 11,1 0udys — AT oSOy o,

1L _ 4L R
where O = yl_¢yL and

O =1 (s o). a={ ) mrom 31)
The extra factor of 2 for the odd n case is to ensure an even number of Dirac fermions
are backscattered from one wire to the next so that the interaction can be constructed
by an integral combination of electrons. No such distinction is necessary for the intra-
wire interaction because cos @j is already an even product of Dirac fermions on the same
wire. The interactions within the SU(n); sector consist of backscattering processes of the

SU(n)y currents J SU(n), inside a wire or in-between wires

Y - 1ntra L R
Ustr(ny, = Jy,sm g5y,
_ _ﬂintra Z 8$g55paz¢;;fp
p=1
— Alntra Z cos (@Z — @Z) , (32)
1<a<b<n
y+1/2 mter R
Uiy, = ™Iy, S Jysumy

= =" Z (93,;(]35“7]033;(559
p=1
_ Ainter Z cos <@Z+1/2 - @Z+1/2> )

1<a<b<n

where ©F = qbya qbya and ©¢ yr1/2 = (;55“7@ — (;557&.
The U(1),; topological phase is constructed by combining inter-wire interactions (30) in
the U(1); sector and intra-wire interactions (32) in the SU(n); sector

L
Huqy, = Ho + Z_:( US4 Uy, - (33)
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This gaps all excitations in the bulk. For APter) Aintra > () the sine-Gordon potentials pin
the finite ground state expectation values of the angle variables <@;+1 /2> and <@Z — @Z>

to integer multiples of 2. The SU(n); potential A®™ is relevant in the RG sense when
the density interaction is “repulsive”, i.e. @""® > 0. The U(1); sine-Gordon potential Aij_lter
is relevant when u'*" > v(g*n? — 4)/[27n(¢*n? + 4)]. In an open geometry, the model
(33) leaves behind the gapless chiral U(1); KM CFT on the edges generated by ¢§:L7 | and

By,
The U(1), topological phase supports | Abelian anyon types 1,[e], [¢?],..., [el_l}.

m-+m/

They carry spins hem = m?/(2l) and obey the fusion rules e™ x e = e and

[el} = [eo} = 1. The anyon e corresponds to the primary field

(34)

o gimeL/n if n even
T emeL/2n)if p odd

on the edge CFT. The level [ is determined by the smallest non-trivial local boson e!.

When n is even, ¢'®t ~ d;...d, is an even product of Dirac fermions and hence it is a
local integral combination of electrons. This sets | = n by equating ¢! = ¢®+. When n is
odd, e+ is not local because it is an odd product of Dirac fermions and has 7 monodromy
with e™ for odd m. Instead, the primitive local boson is ¢! = €%+ ~ (d19d,) ... (d,0dy,).
This sets [ = 4n. The U(1); topological order can be described by the 241D Chern-Simons
field theory [171, 172, 173, 174]

Ses [U(1)] = % /z+1 o A da. (35)

On the other hand, the SU(n); topological phase — which is the “particle-hole” con-
jugate of the U(1); — is constructed by combining inter-wire interactions in the SU(n);
sector and intra-wire interactions in the U(1); sector

L
B +1/2
Hsum), =Ho+ Y (“g(m + “gv(nh) : (36)
y=1

Similar to the U(1); case, it creates a finite excitation energy gap in the bulk, but leaves
behind the SU(n); WZW CFT on the edges. The SU(n); topological phase supports n
Abelian anyon types 1, [¥], [¥?],..., [#""!]. They carry spins hgm = m(n—m)/(2n) and
obey the fusion rules [U™] x [¥"] = [\I'erm,] and [¥"] = [¥°] = 1. [¥™] corresponds
not to a single field, but a super-selection sector of fields that rotate irreducibly under
the SU(n); WZW KM algebra. On the edge SU(n); CFT, [¥™] is spanned by C), =
n!/[m!(n —m)!] primary fields

[P = span {ei(¢“1+"'+¢am_m¢l/")} (37)

1<a1<...<am<n ’
The SU(n); topological order can be described by the 2 + 1D Chern-Simons field theory

_ Ky

Scs [SU(n)1] T b

al A da”’ (38)

n—

with n — 1 components al,...,a"" !, where K;; = 2075 — 07 41 — 0r,7—1 is the Cartan

matrix of SU(n).
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The trivial topological phase with a finite excitation energy gap can be constructed
using solely intra-wire backscattering interactions

L
y=1

The model is a stack of decoupled 1D gapped boson wires. The edge of an open system
does not carry gapless modes, and the ground state of any system, regardless of being
open or closed, is non-degenerate. On the contrary, a non-trivial topological phase can be
constructed using solely inter-wire backscattering interactions

L
+1/2 +1/2
Hson), =Ho+ Y (ulyj(l){ + UzU(é)l) : (40)
y=1

It is worth observing that the topological order is not U(1); x SU(n)1, but instead SO(2n)1,
which was presented in the previous subsection. This is because the bosonic anyon pair

e?] x [¥?] if n even
= { %e% X %\II% if n odd (41)

along with its higher powers 2P are even products of Dirac fermions (z ~ d,dp) and are
therefore actually integral combinations of local electrons. They should belong in the
vacuum sector, and are condensed in the context of anyon condensation [93, 94, 95, 96].
The topological phase only carries 4 distinct anyon types — the trivial class 1 of local fields,
the fermion ¢ = [e] x [¥] if n even or ¢ = [e?] x [¥] if n odd, the even spinor s, = [e"/?]
if n even or s = [¢"] if n odd, and the odd spinor s_ = s X 1 — matching the SO(2n);
topological order.

The topological phase with U(1); x SU(n); order can be constructed by stacking the
U(1); and SU(n); models

Huyxsum)y, = How), ® Hsum), (42)

from (33) and (36). The two Hamiltonian components act independently on decoupled
Hilbert spaces. Here, the boson wires that constitute the U(1); layer are completely distinct
from those that constitute the SU(n); layer. Consequently, the anyon pair z in (41) is
not a local integral combination of electrons in this construction. The U(1); x SU(n);
topological phase is a promotion from SO(2n); by gauging a Zj symmetry as explained in
the subsection below.

3.3 Gauging the Zy or Zy symmetries in SO(2n),

The SO(2n); topological phase admits global Zj and Zy symmetries, where k = n when
n is odd or k = n/2 when n is even. They originate from the rotation and conjugation of
the Dirac fermions d, = (¥, + it ,,4,)/V2 ~ eiPya

2mi/k
Dy : dga e i/ dZa’ Za — ¢Za + 27T/k (43)
Zo: d5,—d,', @9, — —0,
where the symmetries apply to all species a = 1,...,n, propagation directions ¢ = L, R

on all wires y = 1,...,L. Together, they form the dihedral group Dy = Zo X Zj. The sym-
metry group is non-Abelian since the Zj and Zs actions do not mutually commute. Unlike
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the internal Zgo symmetry in (18), which is a local gauge symmetry of SO(2n); dictated by
locality, the Zy and Zs symmetries in (43) are global symmetries of the SO(2n); Hamil-
tonian Ho + Ugpo(2n), in (20) and (23). While all local operators are necessarily invariant
under the internal Zs symmetry (18), they may change under the global symmetries. For
example, the fermion pair ngz/)gj,, on a given wire is an integral combination of electrons
and is invariant under (18), but in general is not fixed by the global Zj, or Zs symmetries.
In the following, we discuss topological phases that promote the Zj or Zo symmetries into
local gauge symmetries.

3.3.1 The SO(2n)1/Zs twist liquid

The SO(2n); WZW KM algebra is generated by current operators Jj, = i1y, for 1 <
Jj < k < 2n. The Zy symmetry from (43) that sends ¥, — 1, and ¥y1q — —Yp4q, for
a=1,...,n, fixes the subalgebra SO(n){!x SO(n )P, where the first and second components
are generated by the Zso invariant current operators J;% = i1y and Jﬁ) = WntaW¥n+b, for
1 <a < b<n. The corresponding 2 + 1D topological phase can be constructed using the
coupled-wire model consisting of two identical but decoupled copies of SO(n);

HsomyaxsomB = Hsoma ® Hsom)s (44)

where the Hamiltonian of each copy was presented in section 3.1.

The Zo symmetry fixes all fermions in the A layer but flips the sign of all fermions in
the B layer. Restricting to the SO(n)¥, the symmetry is identical to (18), which is a local
gauge symmetry. Overall, the SO(n)f! x SO(n)P double has two sets of local Zy gauge
symmetries at any given wire y

A [
Z2 (y) : w(yT’a - (_1) vy ¢Z/a7 w;’,nJra - w;’,n+a

1)
Z2B(y) : Z’a - wl(/f'a’ w;’,n-i-a - (_1) vy ¢Z/,n+a

for o = L, R. An operator is a local integral combination of electrons (up to intra-wire
ground state expectation values) if and only if it is symmetric under the local Z‘24 x 7.8
Symmetry.

The SO(n){ x SO(n)? topological phase is the Zy twist liquid of SO(2n)1, where the
symmetry is gauged. On the 1+ 1D edge, the SO(n)f x SO(n)P WZW edge CFT is the
Zso orbifold of SO(2n);.

(45)

gauging

SO(2n); SO(2n)1/Zs = SO(n)& x SO(n)B (46)

condensation

The bosonic Zs charge is the fermion pair ¢ = 1)), which consists of non-local products
of fermions 141,14 from both layers, and is odd under the Zy symmetry. The spinor fields
- si/ P for n even and o4/B for n odd — from either the A or the B layer exhibit a 7
monodromy with ¢ and therefore carry a Zy flux component. During anyon condensation,
the Zy charge ¢ belongs to the vacuum sector as it is part of the local currents in SO(2n);.

/B or oA/B

The fermions in the two layers are identified 14 = ¢®. The spinor fields sﬁ
in individual layers are confined. The spinor field pairs become the spinor fields s+ in
SO(2n);. When n is even, sy = s{s% and s_ = si4s2. When n is odd, 040% = s + s_
decomposes.

When n is even, the global Zs symmetry (43) on SO(2n); is an inner automorphism
and do not alter the anyon types. When n = 0 modulo 8, the twist liquid SO(2n),/Zy =

[SO(n)1]?, as an unitary modular tensor category (UMTC), is equivalent to the product
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SO(2n); x DIY(Zy), where DI%(Zy) is the Zy discrete gauge theory [49, 50, 51, 43] in its
deconfined phase [175, 176, 177, 178] or equivalently the Kitaev toric code [41]. When
n = 4 modulo 8, the twist liquid (46) is equivalent to SO(2n); x DY(Zy), where DIV(Zy)
is the double semion theory [92]. DI%(Zs) and DI(Zy) can be described by a 2-component
Chern-Simons field theory S = [, Krja’ Ada”/(47), where K = 20, (20) for the toric
code (double semion) and o, , are 2 x 2 Pauli matrices. They both carry 4 Abelian anyon
types 1, (, i, ¢ X i, each being self-conjugate, and the Zs flux p — can be identified as one of
si B _is bosonic with spin 0 (semionic with spin 1/4) for the toric code (double semion).
The distinction between the two Zy gauge theories D! (Zs), for v =0, 1, stems from the F-
symbol [92, 16] of the Zg flux that governs the fusion associativity pux (ux @) = (uX ) X p.
Fhnk = (—1)" takes opposite signs for the toric code and double semion theories. The
two gauge inequivalent classes of F-symbols represent distinct Dijkgraaf-Witten invariants
v = 0,1 modulo 2 in the group cohomology [163] H?3(Zs,U(1)) = Zs. The details of
Dijkgraaf-Witten deformation [54, 55, 56, 57, 50| of discrete gauge theories can be found
in appendix C.

When n = 2 modulo 4, the twist liquid SO(2n)1/Zs = SO(n){' x SO(n)? cannot
be factorized by a Zo gauge theory. This is because the Zo fluxes are no longer self-
conjugate, but follow the fusion rule sf:/ By sjA:/ B _ »A/B instead. The G = Zy symmetry
group is extended by the anyon fusion group A = {1,v,s4,5_} = Za X Zy of SO(2n);
into a quantum symmetry group [162, 17, 32, 37| (A;, which is analogous to a space-group
consisting of “rotations” G and “translations” A. The central extension, captured by the
exact sequence

15 A5G —G—1, (47)

is classified by the group cohomology [163] H%(G,.A) (see appendix C), which in our current
situation is H?(Zs, A) = A. The trivial cohomology class corresponds to a symmorphic
quantum symmetry group, which is a direct product G = Gx A, and applies in the previous
cases when n = 0 modulo 4. Here, when n = 2 modulo 4, the cohomology class is non-
trivial and corresponds to the non-symmorphic quantum symmetry group Zy = 7y X Zo.
This is because the Zy fluxes are of order 4, (si/ B)4 = 1. The G = Zs “rotation” becomes a
twofold “screw rotation” and squares to the SO(2n); fermion s3 = 1, which can be viewed
as a “translation” in the fusion group A.

Asan UMTC, the SO(n); topological order is equivalent to the coset SO(2n);/5S0(n), =
SO(2n); ®SO(n)1, where the denominator group SO(n); sits inside the numerator group
SO(2n); under the matrix embedding O — O @ L,,, SO(n); is the time-reversal conjugate
of SO(n)y, and the fermion pair ¢1) is condensed in the relative tensor product X. Hence,
the twist liquid SO(2n)1/Zy = [SO(n)1)? is equivalent to

SO(Qn)l/ZQ = SO(2n)1 X SO(n)1 X SO(H)l (48)
When n = 2 modulo 4, the non-chiral product SO(n)1 xSO(n); is equivalent, as an UMTC,
to the discrete gauge theory DI?(Z4) deformed by the Dijkgraaf-Witten invariant [2] in
the cohomology group H?3(Z4,U(1)) = Z4 (see appendix C). D(Z4) can be described
by a 2-component Chern-Simons field theory S = [, Kjja’ A da”’/(47) with the K-
matrix K = 40,. This identifies the twist liquid SO(2n);/Zy with the relative tensor
product SO(2n); K DI?(Z,), for n = 2 modulo 4. Here, the fermion 1 in SO(2n); is pair
condensed with 1) = 53 (the square of the Z, flux) in DI?(Z,) in the product.
Overall, we summarize the Zs orbifold phases SO(2n);/Zs for a general even integer n
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by the UMTC equivalence

SO(2n);
Lo

SO(n)1 X SO(TL)l (49)

SO(2n); x DI%(Zy), for n =0 mod 8
=< S0(2n); x DM(Zy), forn=4mod 8 .
SO(2n); ® DP(Z4), for n =2 mod 4

When n is odd, the global Zy symmetry (43) on SO(2n); is an outer automorphism.
It corresponds to the mirror symmetry of the Dynkin diagram of the simply-laced D,, =
SO(2n) Lie algebras [65]. It exchanges the even and odd spinor fields, s; <> s_, in
SO(2n);. Consequently, the Zy fluxes 04/5 in the twist liquid SO(2n);/Zs = SO(n){ x
SO(

n)P are non-Abelian and obey the Ising fusion rule o x ¢ = 1 + . When applying
(48) for odd n, the non-chiral product Z,(Zs) = SO(n); x SO(n); is equivalent as UMTC
to

Z(Ising) = Ising X Ising, for n = £+1 modulo 8

Z(SU(2)2) = SU(2)2 x SU(2)2, for n = +3 modulo 8.

(50)

(Here Z(C) stands for the Drinfeld center [164, 69, 92| of the fusion category C.) The
Ising and SU(2)2 topological orders have identical anyon content 1,1, 0 and fusion rules.
They differ by the Ising spin statistics h, = 1/16 and Frobenius-Schur indicator [16]
¥y = dy [Fg‘m]i = 1 for the former, and h, = 3/16 and s, = —1 for the latter. Both
non-chiral products in (50) are Zo twist liquids of the Kitaev toric code after gauging an
electric-magnetic symmetry [88, 32, 85|. They are differentiated from each other by the non-
trivial Dijkgraff-Witten invariant in H3(Zg, U(1)). The Z orbifold phases SO(2n)1/Zs for
odd n can be summarized by the UMTC equivalence

% = S0(n)1 x SO(n); = SO(2n)1 K Z,(Zs)
2
Z(Ising), for n = +1 mod 8

Zn(Z2) = { Z(SU(2)3), forn=+3mod8 (51)
where under the relative tensor product X, the fermion in SO(2n); is pair condensed with
the fermion in Ising when n = 1, in SU(2)2 when n = 3, in SU(2)2 when n = —3, or in
Ising when n = —1 modulo 8.

3.3.2 The SO(2n)1/Zj twist liquid

The (complexified) SO(2n); WZW KM algebra is spanned by the Cartan-Weyl generators
djlda ~ O¢q, the positive roots d,dp ~ ei(@atdn) and dader ~ ei(%_‘bb), and the negative
roots which are the hermitian conjugate of the positive ones, where 1 < a < b < n. The Zj
symmetry in (43) (or the diagonal U (1) symmetry) fixes d¢, and e*(#e=®) which generate
the Zg-invariant U(1); x SU(n); subalgebra. The corresponding 2 + 1D topological phase
can be constructed using the coupled-wire model consisting of the decoupled U(1); and
SU(n)1 layers (see (42) in section 3.2).

The U(1); x SU(n); topological phase is the Zj twist liquid of SO(2n);, where the
symmetry is gauged. On the 1+ 1D edge, the U(1); x SU(n); WZW edge CFT is the Z
orbifold of SO(2n);.

gauging

50(271)1 SO(?n)l/Zk = U(l)l X SU(n)1 (52)

condensation

Accepted in { Yuantum 2023-03-14, click title to verify. Published under CC-BY 4.0. 18



The Zj symmetry is an inner autormophism of SO(2n) and it does not alter the anyon
types of SO(2n);. After gauging, the Zj gauge charge can be identified by the anyon pair

e?] x [U?] if n even
= { %e% X %Il% ifnodd °’ (53)

where € and U™ are the primary fields of U(1); and SU(n); defined previously in (34)
and (37). Unlike in model (40) where the Zj charge is local, here the U(1); and SU(n);
states are constructed independently and therefore the Zj; charge z does not belong to the
vacuum sector. The order of the gauge group Z; is set by the fusion rule z¥ =1 for k = n
if n is odd or n/2 when n is even.

When £ is odd (i.e. n is not an integer multiple of 4), the U(1); x SU(n); topological
order factorizes into SO(2n); x DI%(Z;,) as an UMTC, where D%)(Z;) is the Z;, discrete
gauge theory [49, 50, 51, 43] in its deconfined phase or equivalently the Zj; Wen plaquette
model [179]. The DI%(Z;) quantum double can be described by a two-component Chern-
Simons field theory S = [, Krja!l A da’/(47), where K = ko,. Its anyons are dyons
m@z? composed of fluxes m and charges z, where a,b = 0,1, ..., k—1. The primitive gauge
flux can be identified with the bosonic anyon pair

m = {elr/k} X [\II_QT}. (54)

Here, 87 = 1 modulo k& = n when n is odd, or 4r = 1 modulo £ = n/2 when n is 2
modulo 4, so that the monodromy braiding phase between z and m is e2™/*. The § O(2n);
topological order can be embedded in U(1); x SU(n); and decouples from DI%(Z;,). When
n is odd, [e?"] and [e*"] — all of which being local with respect with the Zj flux and charge
— take the roles of the fermion and the two spinors of SO(2n); respectively. When n is 2

modulo 4, [e"/ﬂ and [\I'"/Q} can be treated as the two spinor fields of SO(2n)1, and the

fermion is the product {e”/ 2} X {\I’”/ 2}.

When £ is even (i.e. n is an integer multiple of 4), the Zj gauge part of SO(2n),/Z; =
U(1); x SU(n); does not decompose. This is because all anyon m that carries a primitive
gauge flux component and exhibits a e2™/¥ monodromy braiding phase with the primitive
gauge charge z defined in (53) must be of order 2k, i.e. m?* = 1 but m* # 1. For

example, the generator [\Ilk_l] of SU(n); carries a unit of gauge flux and its k" power

k
{\Ifkfl} = [\I/k} does not belong to the vacuum sector but the even spinor sector s; in

SO(2n);. The quantum symmetry group Z; = Zok X Z2 (see (47)) that extends G = Zj,
by A = Zg x Zy — the fusion group of Abelian anyons in SO(2n); — is non-symmorphic
and is not the direct product Z; x A. The twist liquid is represented by a non-trivial class
in the group cohomology H?(Zg, A) = A when k is even (see appendix C).

When k£ = n/2 = 0 modulo 4, SO(2n); is equivalent as an UMTC to the discrete
Zsy gauge theory DI (Zy) and carries the same topological order as the Kitaev’s toric
code [41]. The chiral central charge ¢ = n is a multiple of 8 and can be offset by copies
of the topological trivial Eg at level 1. [16, 136, 116] The even spinor s4 in SO(2n); can
be identified as the Zs gauge flux. Gauging the Z; symmetry extends the gauge group to
Loy, = L. The Zy, orbifold phase SO(2n)1/Zy = U(1),,xSU(n); is equivalent as an UMTC
to the discrete Z, gauge theory D*/(Z,) deformed by the Dijkgraaf-Witten invariant [k]
in H3(Z,,,U(1)) = Zy, (see appendix C). To see this, we first notice when n is divisible by
8, SU(n)1 has the same topological order as U(1),, — the time-reversal conjugate of U(1),.

This is because {\Ilk_l} shares the same fusion and statistical properties of €, the primitive
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anyon in U(1),, and all anyons in SU(n); can be generated by powers of {\Ifk_l} since

n = 2k and k — 1 are relatively prime. Consequently, the SO(2n),/Zj, twist liquid has the
identical topological order of the non-chiral product D¥/(Z,) = U(1),, x U(1),, which can
be described by a two-component Chern-Simons field theory S = [, K7 gal A da”’ [ (4m),
where K = no,. This K-matrix is inequivalent to no,, which instead corresponds to the
un-deformed discrete gauge theory DI%(Z,).

For k = n/2 = 2 modulo 4, the chiral central charge ¢ = n is equivalent to 4 modulo
8, and therefore the orbifold phase SO(2n)1/Z, = U(1),, x SU(n); cannot be identified
to a non-chiral gauge theory. Instead, it is equivalent as an UMTC to the relative tensor
product SO(8); X D¥(Z,), where the product K involves a fermion pair condensation. To
see this, we observe the UMTC equivalence SU(n); = SO(8)1 K U(1),, where the vector
fermion ¢ in SO(8); and the self-conjugate fermion ¢ = /2 in U(1),, are pair condensed
in the product, i.e. ¥&/? = 1. The SU(n); anyon [\I/k_l] can be identified with the
product s;€, where s, is the even spinor of SO(8);. This is because they both carry spin
1/2—1/(2n) modulo 1, have order n, and generate all anyons that are not confined by the
condensate. The non-chiral product U(1), x U(1), is identical to the deformed discrete
gauge theory D (Zy,) for the same reasons in the kK = 0 mod 4 case presented above.

Overall, we summarize the Zj orbifold phases for general integer k£ by the UMTC
equivalence

2
SO; n)l =U(1); x SU(n): (55)
k
SO(2n), x DI%(Z;), for odd k
=< DWM(Zy), for k =0 mod 4
SO(8); ® DI¥(Zyy,), for k=2 mod 4

where &k = n and [ = 4n when n is odd, or K = n/2 and | = n when n is even. The
Zoy, group is the “non-symmorphic” Zs central extensions of Zj; and associates to non-
trivial cohomology elements in H?(Zj, A). The super-script [k] in D¥l(Zy;) labels the
Dijkgraaf-Witten invariant in the cohomology group H?3(Zgy, U(1)) = Zgy, that deforms the
gauge theory. The two even k cases in (55) agree with (3) and admit the decomposition
SO(2n); ¥ D (Zy;,). This is because (i) when k = n/2 = 2 modulo 4, SO(2n); is
equivalent to SO(8); as an UMTC. (ii) When k& = n/2 = 0 modulo 4, SO(2n); is equivalent
to DI%(Zy) as an UMTC, and D" (Zy,) = DI%(Zy) ® DI¥(Zy;,) under the Zy charge pair
condensation in the relative tensor product.

4 Dihedral twist liquids

We construct coupled-wire models of the following non-Abelian twist liquid topological
phases (see figure 1(b))

SU(n)1 U(l)l SO(n)1 X SO(n)1

Z2 - SO(n)Q’ ZQ - SO(?’L)Q
SO(2n),  SU(n), _ U(1)
o L 7 ' Zzl, (56)

where n > 3. Here, k =n/2 =1/2 when n is even or k = n = [/4 when n is odd. The Z,
charge pair is condensed in the relative tensor product X. The SU(n)1/Zy and U(1);/Z2
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orbifolds are components of the coset decomposition [64, 65, 66]

[SO(n),]?

[SO(n)1]* = SO(n)y x 500,

(57)

where the SO(n)y WZW KM theory is the diagonal sub-algebra of [SO(n);]?. From
section 3.3, we identified [SO(n);]* with the Zy twist liquid SO(2n);/Zy. Therefore the
coset decomposition (57) is the Zy orbifold version of the conformal embedding SO(2n); 2
U(1); x SU(n);. In section 3.3, we discussed the global Dy = Za X Zj symmetry of the
SO(2n); WZW CFT , where the Z; and Zy actions were presented in (43). We also
showed that the decoupled pair U(1); x SU(n); carried a local Zj gauge symmetry and
could be identified as the SO(2n);/Zy, orbifold phase. In addition, they carry a global Zs
conjugation symmetry

Ly: by = —=byi, Do — Pop = Pgp — Pya (58)

where ¢, for a = 1,...,n, are the bosonized variables of the Dirac fermions d, ~ €*® in
SO(2n)1, ¢ = ¢1 + ...+ ¢y, is the diagonal part that generates U(1);, and e*(®e=%) are
the roots of the SU(n); WZW KM algebra. Here the Zy symmetry applies globally to all
species a,b =1, ..., n, propagation directions ¢ = L, R on all wiresy =1,...,L.

In this section, we construct a new Dy twist liquid phase by further promoting the Zs
symmetry into a local gauge symmetry.

4.1 The SU(n)1/Zsy twist liquid

The SU(n)1/Zy orbifold phase is constructed based on the identification SU(n)1/Zy =
SO(n)y. [180] The coupled-wire model is built on a 2D array of wires, each consists of the
SO(n); x SO(n); pair. The kinetic Hamiltonian density is the decoupled direct sum

Ho = Hiy @ HE (59)
. L n
w Ao Ao Bo Bo
= 9 Z g (I/Jya 8x1/}ya + %a 3x%a )
y=1a=10=+,—
where wyAa" = 1y, and ¢£f = Yy nte> for a = 1,...,n, are the two sets of Majorana

fermions of the SO(n)f x SO(n)? pair at the y** wire, and ¢ = L, R = +, — labels the
two propagation directions. Here, the two SO(n); CFTs originate independently from
two distinct sets of interacting 1D electrons. (See section 2 for the electronic spin liquid
and superconductor origins.) Consequently, only fermion pairs 1/15(11/}5(;/ and ¢y ,, +a¢;’n o
from the same A/B sector on the same wire are integral combinations of local electrons.
Fermion pairs from distinct sectors ’lﬁg’(ﬂﬁ;’n 4 are all non-local. In general, an operator is
an integral combination of local electrons (up to intra-wire ground state expectation values)
if and only if it is even under the Z4 x ZZ gauge symmetry defined in (45). Grouping
Majorana fermions from opposite sectors into Dirac fermions dy, = (¢§‘a" + iwzﬁa )/V2 ~
¢%a the Zg symmetry is the conjugation

U/ — (-1 6yy/ (T/
B e e e
¢y/a — wy/a, pr/a — (—1) vy ¢y/a

that flips dj, — dgaT. In the following, we refer to the ZZ symmetry simply as the Zs
symmetry.
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The coset decomposition (57) separates the [SO(n)1]2 CFT into the decoupled U (1);/Zy =
[SO(n)1]2/SO(n)e and SU(n)1/Zs = SO(n)y sectors. The U(1); is generated by the di-
agonal bosonized variable ¢, = ¢1 + ...+ ¢,. Unlike previously in section 3.2 when the
U(1); coupled-wire model was constructed based on SO(2n); wires, now the new notion of
locality from the SO(n); x SO(n); pair and its local Zg gauge symmetry (60) enforce the
U(1);/Zy orbifold CFT on each wire. This is because the physical Hilbert space is even
under Zg : ¢ — —¢ 1. The U(1); current

n
0p1 ~ D vy (61)
a=1
is no longer local as it is odd under Zs. It takes the role of the Zs gauge charge in
U(1);/Zs and must appear in pairs. The U(1);/Z2 sector on a given wire is gapped under
the intra-wire backscattering interaction borrowed from (30)

Z/ly( /20 = uiftraaw¢5L8$¢Zi — A2 cog @j, (62)

where @;- = 5 |- d)zi. Here, both the density interaction and the sine-Gordon potential
are even under (60) and are integral combinations of local electrons. When uP" > v(n? —
4)/[2mn(n? + 4)], the sine-Gordon potential is relevant in the RG sense and introduces a
finite excitation energy gap for the U(1);/Zsy sector.

The remaining SO( )2 sector of the decomposition (57) is the diagonal WZW KM sub-

algebra of the SO(n){! x SO(n)? pair. It generates the simultaneous orthogonal rotation
of both the A and B Majorana fermions wf/B ObwA/B The SO(n)2 currents are the
sums Jgp = J’% + JB =iyt T/Jb + 3B bB, for 1 < a < b < n. Focusing on the ¢ = L chiral
sector, the currents obey the operator product expansion [64, 65, 66]

260c0bd N i f(ab)(cd) (ef)

Jab(z)ch(w) = (Z — w)2

Jep(w) +.... (63)

z—w
Here, z and w are complex Euclidean space-time parameters e2™(v7+i@)/l 7 — it ig the
Wick rotated time, and [ is the z-circumference of the closed circular wires. The structure

constant of the SO(n) Lie algebra is

J(ab)(cd)(ef) = OeadfdObc — deald fclbd
+ 5eb5ad5fc - 5eb5fd5ac- (64)
The factor of 2 in (63) sets the level of the SO(n) WZW KM algebra. At the same
time, SO(n)z is also the WZW KM sub-algebra of SU(n); that is even under the Zs
gauge symmetry. Among the unitary rotations d, — Uld, of Dirac fermions, only the

real orthogonal ones are compatible and commutes with the Zs conjugation d — d. The
SO(n)y currents are self-conjugate combinations of SU(n); root operators

Jap = Ji + J5 = ipyft + ipByf
~ 205 (¢g — 1),

which are integral combinations of local electrons. The SO(n)2 complement of SU(n);
consists of the Cartan-Weyl generators and the anti-conjugate root combinations

(65)

~ ] p
Opp ~ p(;—i-l) <—pw}4+1¢§+1 + az::l 7%‘%?)

Sab = WP — Byt ~ 2sin (¢a — o)

(66)
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both of which are odd under Zy and are therefore fractional. Similar to (61), operators in
(66) take the role of the Zg gauge charge in SU(n);/Zs.
The SO(n)y sector is gapped using the inter-wire current backscattering interaction

y+1/2 _ inter 7L R
Usomy =" Tyr1,50(m), " Iy.50(m) (67)
= —AMT N7 cos (0110 — Bans) 08 (G — Ofh)
1<a<b<n
1 .
= — ATy (cos 93;1/2 + cos pz;rln)
2
1<a<b<n
where Jso(n), = (Jab)1<a<b<n are the SO(n)z currents defined in (65), 62:1/2 = ¢5+1’a —
+1/2 . . .
¢5+17b - (ﬁfia —i—gbib and ¢?; /2 = ¢5+1’a - ¢5+1,b+¢£a — ¢§,b' The interaction is marginally

relevant [181] when um*r Alnter > (. Since the two sets of sine-Gordon variables § and ¢ do
not all mutually commute, they cannot both take non-vanishing ground state expectation
values. The current backscattering interaction (67) condenses the bosons J;jrl’ ab‘]gfab’ and
when AT > (), it pins the positive ground state expectation values

(cos ()10 = byr1s) cos (6fa = 631s) ) > 0. (63)

At the same time, the SO(n)s currents are quadratic fusion products of the Zo gauge
charges from (66), S x S = J. Focusing on the o = L chiral sector, the gauge charges obey
the operator product expansion

Sab(z)Scd(w) (69>
_ 2(0acObd + Obcbad)  9(ab)(cd)(ef)
= (z—w)2  —w Jef(w)—i—...,

where 9(ab)(cd)(ef) = 5ac(5be5df + 5bd5a65cf + 5bc5a66df + 6ad5beécf. Since the SO(n)y current
J is generated by squaring the Zs gauge boson charges S, the interaction (67) must also
condenses the Zo charge pairs S§+Lab55ab in addition to J;+17ab<]£ab. This gives rise to
the finite ground state expectation value

. L L . R R
syri = (sin (8410 — dhi1) sin (0, — 0F) ) (70)
which can be either positive or negative. Its sign determines which set of sine-Gordon
variables, 6 or ¢, in (67) is pinned.

Syp1/2 >0 <cos€i’2rl/2> =1, écos @Z:1/2> =0, )

Sy41/2 <0 <Cos eg;jl/z> —0, (cos ¢Z§1/2> 1

The positive case corresponds to backscattering of SU (n); roots cos 0y ~ eUSa =) e—ild—¢") 1
h.c. (c.f. (32)), while the negative case corresponds to pairing of SU(n); roots cos @qp ~
103 =8) i@ =) 4+ h.c.. Both lead to a finite excitation energy gap in SU(n)1/Zy =
SO(n)s.

The above reasoning of a finite energy gap relies on (69), which only holds when n > 3.
When n = 2, the SO(2)2 current J ~ cos(¢; — ¢2) cannot be generated by squaring the
gauge charge S ~ sin(¢; — ¢2). In fact, the two bosons S and J are decoupled from
each other, and the current backscattering interaction J*J® does not condense STS%.
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Our models constructed in this section are therefore restricted to n > 3 where there is a
multiplet of Zy gauge charges Sy, that generate the SO(n)q currents Jy; by squaring.
Overall, the coupled-wire model

L
+1/2
Hsv(my/zo = Ho + ) (“gun/Zz T “goo/z)J (72)
y=1

— that combines the kinetic Hamiltonian (59), the U(1);/Zs intra-wire interaction (62)
and the SU(n)1/Zy inter-wire interaction (67) — describes the SU(n)1/Zy = SO(n)2 twist
liquid topological phase. The model has a finite bulk excitation energy gap and carries
gapless chiral SO(n)y WZW CFET on the edges.

Syr1/2 >0 Sy+1/2 <0 5,417 >0 Syt+1/2 <0

Figure 3: A non-Abelian Zs gauge flux o or 7 (green star) sits at the domain wall where the order
parameter s, 1/5 in (a) (70) for SU(n)1/Z or (b) (88) for U(1);/Z> changes sign. An orbiting anyon
is conjugated, ¥,,, — U, _,,, or e™ — ¢~ ™, when passing across the branch cut (red curvy line).

Domain wall between the two sets of ground states (71) where the order parameter
in (70) changes sign, sy41/2(z) ~ <Sy+1 (T )SR »(x)) ~ Esgn(z — xg), traps a Zy gauge
flux at xg. (See figure 3(a).) In (66), we 1dent1ﬁed Sy ap as one of the non-local fields
that represents the Zs gauge charge S. The sign flip of Sys1/2(7 x) corresponds to the
monodromy braiding phase between the Zs gauge flux and gauge charge. At the same time,
the Zy flux conjugates any orbiting SU(n); anyon, U™ — W™~  To see this, we first re-

express the SU(n); primary fields defined in (37) as U™ ~ ¢ 2ojm1 Lop=1(Gag =0)/M ey
U™ passes through the side of the domain wall with s, /5(z) > 0, the backscatterlng term

. 0y+1/2
pins (U7 (2) W7 (z)T) ~ ¢ 2 jp{0a;p D/ ~ 1 to a finite value. Further moving ¥™ to the
other side of the domain wall with s,,;/o(z) < 0, there is no longer any backscattering

. y+1/2
term, but instead the pairing term pins (V7' (z)¥g (z)) ~ ezzjbw Hansm ~ 1 to a
finite value. Therefore, U™ is conjugated to [(¥™)!] = [U"~™] as we complete this full
circle. Consequently, in the SU(n);/Z2 orbifold phase, any pair of conjugated partners are
grouped together into a single non-Abelian super-selection sector

e A A (73)

for 1 <4 < n/2. When n is even, the Abelian anyon ¥"/2 in SU(n); is closed under the
Zs symmetry (60). It decomposes into the Zy even and odd sectors

n/2
{\111/2} :span{cos( (Z)J_—Z(Z)aj)} ,
1<ai<...<ap/2<n

n/2
[\I’ﬁ/z} :span{sin( d)J_—Zd)aj)} ,
1§a1<...<an/2§n
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each forms an irreducible representation of SO(n)s.
When n is odd, there are two Zg fluxes that differ from each other by a Zy charge

o=1xS8, T=0xS§5. (75)
They obey the fusion rule
(n—1)/2 .
oxo=TXT=1+ Z P,

i=1
Pxo=0xT=0+T. (76)

When n is even, there are four Zo fluxes related to each other by

ot =15 x8 1t=0FxS§,

:l: :l: . .
+ i 4 i ) o +7*, ifieven
o =X _{cﬂwﬁ, if i odd (77)
They obey the pair fusion rules
aixai:TiXTizl—f—\IJ?[/Q—i— Z@i
i even
aixaizTiXT:F:Z(I)i (78)
7 odd
when n = 0 modulo 4, or
Uixaizrixri:qliﬂ-l-zq)i
i odd
ot xot=rfxrTF =1+ Z(I)i (79)

i even

when n = 2 modulo 4.

anyons quantum dimension spin (modulo 1)

1 1 0

S 1 1

P! 2 i(n —1)/(2n)
o Vn (n—1)/16

T vn (n+17)/16

Table 1: Anyon content of SU(n);/Zs = SO(n)z when nis odd. Here i =1,...,(n—1)/2.

The anyons of SU(n)1/Zs = SO(n)2 together with their quantum dimensions and spins
are summarized in table 1 and 2. The complete modular anyon content of SO(n)s can be
found in appendix B. When n is odd, the Zsy fluxes ¢ and 7 are referred to as metaplectic
anyons by Hastings, Nayak, and Wang in ref. [182, 183], and the SO(n)2 topological
order is known as a metaplectic topological quantum field theory. The braiding operations
performed by the metaplectic anyons can be simulated by a classical computer. On the
other hand, they showed that the d = 2 super-sectors ®; in (73) computes a # P-hard link
invariant, and therefore their braidings cannot be efficiently simulated classically. This
suggests the topological order we consider may have (non-universal) quantum computing
power beyond a classical computer.

Accepted in { Yuantum 2023-03-14, click title to verify. Published under CC-BY 4.0. 25



anyons quantum dimension spin (modulo 1)

1 1 0
S 1 1

oy n/8

P’ 2 i(n—1)/(2n)
ot n/2 (n—1)/16
T+ n/2 (n+17)/16

Table 2: Anyon content of SU

—~

n)1/Zs = SO(n)y when n is even. Herei =1,...,n/2 — 1.

42 The U(1);/Zs twist liquid

The U(1);/Zs orbifold [82, 83, 184] phases were constructed by a coupled-wire model as
fractional quantum Hall states in ref. [90, 91| based on a 2-fluid model [111]. Here, we con-
struct the orbifold phases in the electron-based superconducting or spin liquid settings. The
coupled-wire model makes use of the coset identification ! U(1);/Zs = [SO(n)1]?/SO(n),.
The level is | = n (I = 4n) when n is even (odd), and it sets the compactified free boson
circle radius R = v/1/2. The model is the “particle-hole conjugation” of the SU(n)1/Zy =
SO(n)2 model in (72) in the sense that the inter-wire and intra-wire backscattering direc-
tions of SO(n)2 and U(1);/Zy are reversed.

y+1/2
Hy U()1/Z2 = Ho + Z ( (n) U vl )Z/Zz> (80)
Like the previous SU(n)1/Zs case, the model here is based on a 2D array of SO(n){ x
SO(n)P wires, each carries two sets of Majorana fermions 1/1 = 1y, and wfac’ = V7 ntas

fora=1,...,n,0 = L,R=+,—and y = 1,...,L. Al fermlon pair from the same

C=AR18 sector on the same wire, 7,/) wc , is an integral combination of local bosons.

All fermion pairs from opposite sectors, zp B",, are fractional and must come in pairs.

The kinetic Hamiltonian Hy is identical to the previous SU(n)1/Z2 model and is given in
(59). The intra-wire SO(n)2 current backscattering potential is

intra ab ab
Usony, = U > Jisom 1Ly 50(m)R (81)
1<a<b<n
where Jy S0(n W’ya 1/1 + 1/1y 1/1 7) are the SO(n)2 currents. It gaps the SO(n)s2

degrees of freedom in all wires for the same reasons (67) does and has been presented in
the previous subsection.

For the inter-wire interaction Z/{ i )/ 32 , it may be tempting to mimick (30) and consider

the sine-Gordon potentials cos {q (gzﬁyﬂ’l + g%;)], where e'?L = ei(®1+-+n) is o SO (n),

singlet that generates U(1);/Zy and is the diagonal product of Dirac fermions e/®s =
(2 + ipB) /+/2. However, the potentials switch

cos [q (¢5+1,¢ + ¢?}jj_)} < cos [q <¢5+1,¢ - ¢§,¢)] (82)
under the local Zy x Zgo symmetry (see (60))
Zi(y): 69, — (—1)°w' ¢ +nméy,

(83)
ZE(y) . 65, — (—1)w'eT,

L. Dixon, cited in ref. [64].
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and are therefore not integral combinations of electrons. Instead, we introduce the inter-
actions

ut%l){?zz = —ul' (Eyﬂ/ 2)2
— AT cog (q¢5+17J_> cos (W’iL)
Syt1/2 = 90:byi1 1 Oty |
+ sin (q¢5+1,1_) sin (ngg}fg_)

where ¢ = 1 when n is even, or ¢ = 2 when n is odd. The interactions are local because
cos (qo1 ), (8x01)%, [sin(q¢1))?, and Oy, sin(¢py) are symmetric under (83) and are
combinations of even products of fermions in both the A and B sectors.

The Aij_lter term can be expressed as

(84)

1 1 1
cos (qqﬁjHA_) cos (qqﬁiL) =3 <cos Hil_+2 + cos go‘fr?) . (85)
The angle variables 9?fr1/2 = q( :5+1,L - QS?,L) and g01]1_+1/2 = q( 5,L + ¢5+1,i) do not

commute, and therefore the two sine-Gordon potentials compete. The uifter term can be
re-expressed — using a Hubbard-Stratonovich transformation [185, 186] by introducing a
real bosonic auxiliary field s, /5 — into

Syt 2 Sy
y+1/2 inter _ Ty+1/2
uifter —uj 2y+1/2 = uifter _2Sy+1/22y+1/2- (86)

Syt1/2 = Sys1/2 — uifterEyH/Q completes the square and can be integrated out. In low-
energy, the auxiliary takes a finite ground state expectation value (s, /2). The interaction
(84) admits the mean-field approximation

2
y+1/2 <5y+1/2> L R
Z/{U(l)l/z2 - uifter - 29<Sy+1/2>8x¢y+1,1_8z¢y,l
Ainter 11/2
— < é + <sy+1/2>> cos@i /
Ainter 11/2
- (é - <8y+1/2>> COs <P'1i / . (87)
When (s,11/2) is positive (negative) and for large g, g|(s,+1/2)| > v(¢*n?® —4)/[47n(q*n*+
4)], cos Gi’_H/ % is relevant (irrelevant) while cos gogfrl/ ? is irrelevant (relevant) in the RG
sense. Therefore, depending on the sign of the order parameter
SgN(5y41/2) = sgn <sin (m¢5+1,1_) sin (mqbéﬁ)> , (88)
either cos Hﬁ’_ﬂ/ % or cos goyfl/ ? dominates and takes non-vanishing ground state expectation
value.

Sy+1/2 >0 <cos 9@1“/2> —1, <COS (Pyi+1/2>

Syp1/2 <0 <cos 9%+1/2> =0, <cos cpyjl/2> =1.

0,
(89)

Both lead to a finite bulk excitation energy gap.
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The ground state expectation values pattern (89) is similar to (71) in the previous
SU(n)1/Zs case, and consequently, the anyon structure also resembles. The non-local
bosonic fields d,¢, and sin(g¢, ) belong in the Zy charge sector S of the U(1);/Za orb-
ifold theory. The domain wall separating the two sets of ground states in (89), where
(sy11/2(@)) ~ (sin(gok,, | (2))sin(qéf  (x))) ~ tsgn(z — x0) changes sign, traps a Zs
gauge flux (twist field) at z¢. It associates a m monodromy braiding phase for an orbit-
ing Zy charge. It also conjugates an orbiting vertex field (34) in U(1); between €™ =
emoL/(an) 5 e=m = =iméL/(a7) (see figure 3(b)) according to the Z’;/B action in (83).

When e™ passes through the side of the domain wall with s, /5(z) > 0, the backscat-

im (0% (2)) /(¢n)

tering term pins (e} (z)ef(z)T) ~ e ~ 1 to a finite value. Further mov-

ing €™ to the other side of the domain wall with s,,/5(z) < 0, the pairing term pins

(€T (z)eR (x)) ~ me 2@ /@) g, Therefore, e™ is conjugated to (¢™)f = e in a

complete cycle. For m =1,...,1/2 — 1 modulo I,
EM=e"+e™ (90)

is now a single super-selection sector. The Zs invariant e!/2 = ¢4®1/2 decomposes into the
even and odd sectors

6{{2 = cos(qo1 /2), el_/2 = sin(q¢ /2), (91)
where ¢ = 1 for n even, or ¢ = 2 for n odd. There are four Zs twist fields o+ and 7.
They obey a set of fusion rules identical to those in SU(n);/Zs and can be obtained by
replacing ®°, \117;/2 by &, eli/z in (75), (77), (78) and (79). The spin statistics and quantum
dimensions of the orbifold anyons are listed in table 3 and the complete modular data is
summarized in appendix B.

anyons quantum dimension spin (modulo 1)

1 1 0

S 1 1

eif 1 /8

& 2 i?/(21)
ot 1/2 1/16
T+ 1/2 9/16

Table 3: Anyons in U(1);/Zs. Herei=1,...,1/2 — 1.

The U(1);/Zo = [SO(n)1]?/SO(n)s topological order can be related to SU(n)y/Zg =
SO(n)2 described in the previous subsection 4.1 by the UMTC equivalence

[SO(n)1)?

S0y~ [SO(n)1]? ® SO(n)s,. (92)

Here SO(n)2 is the time-reversal conjugate (or spatial reflection) of SO(n)2 that hosts
edge modes in the opposite direction and anyons with reversed spins h — —h. The relative
tensor product X treats the Zy charge pair ¢S as an integral combination that “condenses”
in the vacuum sector in the anyon condensation picture [93, 94, 95, 96|, where ¢ = pAYB
is the fermion pair from [SO(n)1]? (see section 3.3.1) and S is the Zy charge of SO(n),. In

e . . . 2 .
addition, when n is even, the bosonic spinor product sﬁsi \IJ?E/ are also “condensed” in X,

where s4sP are spinor pairs in [SO(2n);]? and \Ili/ ? are defined in (74). (A more detailed
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description of the UMTC equivalence (92) in the anyon condensation picture can be found
in appendix B.) Eq.(92) demonstrates a generalized notion of “particle-hole” conjugation.
The U(1);/Z2 state can be regarded as the particle-hole conjugate of SU(n)i/Z2, where
“holes” that occupy a SO(n)s state are subtracted from a “filled” [SO(n)1]? state. Similar
particle-hole relation also applies to the Abelian unitary family described in section 3.2
where SU(n); and U(1); are conjugate dual so that one can be obtained from subtracting
the other from SO(2n);. This is analogous to the anti-Pfaffian fractional quantum Hall
state [187, 188|, which is the particle-hole conjugate of the Moore-Read Pfaffian state 77,
189] and is obtained by subtracting from the filled Landau level, holes that occupy the
Moore-Read Pfaffian state. Here, [SO(n)1]? for the orbifold theories (or SO(2n); for the
Abelian unitary family) takes the role of the filled Landau level and is considered to be
the base of the “particle-hole” conjugation.

Lastly, we conclude this subsection by commenting on alternative coupled-wire models
where SO(n)y = SU(n)1/Zs and [SO(n)1]?/SO(n)s = U(1);/Zs are both back-scattered
within a wire or in-between wires. Similar to (39), a trivial topological phase of decoupled
wires is obtained when all degrees of freedom are gapped by complete intra-wire interac-
tions,

Hirivial = Ho + Z (uy 1);/Z2 + USO(n)Q) (93)

Here, H is the kinectic Hamiltonian (59) of the [SO(2n)1]? wires, and L{ﬁ(l)l/ZQ and UgO(n)g
are given in (62) and (81) respectively. On the other hand, a non-trivial topological phase
can be constructed using solely inter-wire interactions (c.f. (40))

Hisom),2 = Ho + Z (Uggyf +Uyzr1){322) (94)

where Uggzg nd L{ZH(_ )//Z are presented in (67) and (84). It does not carry the topological

order of a decoupled product SO(n)2 x U(1);/Z2. This is because there are product fields,

2 x £%4 and its higher powers, that are integral electronic combinations and belong to the
vacuum sector. (See (73) and (90) for the anyon definitions and compare with the anyon
pair in (41).) Therefore, the anyon pair splits into ®? x £2¢ = 1+(confined components)
and is “condensed” in the anyon condensation picture. The resulting UMTC of deconfined
anyons is identical to the [SO(n)1]? topological order.

4.3 The SO(2n),/ Dy, twist liquid

In section 3.3, we defined the global dihedral Dy, = Zgy x Zj, symmetry of SO(2n); in (43),
where k = n (k = n/2) for n odd (even). We demonstrated the gauging of the cyclic Zj
symmetry leads to the twist liquid orbifold phase SO(2n)1/Zi = U(1); x SU(n)1, where
Il =4n (I = n) for n odd (even). The construction was based on altering the notion of
locality so that only the current operators in the Zj-invariant U(1); x SU(n); WZW sub-
algebra in SO(2n); were integral electronic combinations. In this subsection, we construct
the Dy, twist liquid orbifold phase

SO(Q’I’L)l U(l)l X SU(n)1
Dn Zs
by further gauging the conjugation symmetry, which corresponds to the quotient group
Zo = Dy Zy.

(95)

SO(2n)1 M SO(2n)1/Zk m 50(271) /Dk (96)
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The local fields in SO(2n)1/Dy, are the Dy-invariant local fields in SO(2n);, or equiva-
lently, the Zg-invariant local fields in SO(2n)1/Z; = U(1); x SU(n); (recall the conju-
gation action (58)). They are generated by (1) the SO(n)y WZW currents, which are
the self-conjugate SU(n); currents, cos (¢q — ¢p), for 1 < a < b < n (see (65)), (2) the
Zs even local fields in U(1);/Za, cos (qé1 ), (9xp1)?, [sin (q¢1)]?, and 9p¢ . sin (g1 ) (see
below (84)), as well as (3) the pairs of Zg odd local fields in U(1); and SU(n);, 8@_8&1,,
O¢, sin (¢g — Pp), sin (qp 1) (‘)qu, and sin (¢ ) sin (¢ — ¢p). If the local fields were only
generated by sets (1) and (2), the SO(2n);/Dy, theory would be identical to the decou-
pled product U(1)/Zy x SU(n)1/Zs. Local fields in set (3) are pairs of Zy charges from
both U(1);/Zs and SU(n)1/Za. Therefore, the Dy twist liquid (95), as an UMTC, is
identical to the relative tensor product U(1)/Zy X SU(n)1/Zy, where the Zy charge pair
SU(1)/22595U (n)1 /2, 15 “condensed” in the anyon condensation [93, 94, 95, 96| context. This
notion of locality requires the Zy fluxes from U(1);/Z9o and SU(n)1/Z2 to appear simulta-
neously. In other words, the Zs local symmetry applies simultaneously on both U(1); and
SU(n)p in (95).

The coupled-wire model, that respects this notion of locality, is constructed by an array
of SO(2n); xSO(2n); wires. (See section 2 for the electronic spin liquid and superconductor
origins.) In low-energy, any given wire at y carries the chiral Majorana fermions 1/}&4;
and wﬁf, where C' = A, B distinguishes the two SO(2n); sectors, a = 1,...,2n, and
o0 = L,R = 4,—. Like the previous orbifold phases, only fermion pairs w&awgﬁl from
the same C' = A, B sector on the same wire y are integral combinations of electrons. The
SO(2n)1/ Dy, twist liquid model is constructed by populating the SU(n)1/Z2 Hamiltonian
(72) with {9, ... ¢§9 and the U(1);/Zy Hamiltonian (80) with 159, . ... 453, .

Hs0(2n)1 /Dy, (97)
= Hsv(n), /22 (V15 - - ¥nl + Hu),z, [Vnt1, - - P2n]

The local Zs symmetry
Z8(y): ot =t g = (F) ) (98)

acts simultaneously on both SU(n)1/Zs and U(1);/Za. The Za charge Sy(1y,/z, ~ PP
and Sgy(n), /z, ~ YA +a1/zf "1y, for 1 < a < b < n, are individually non-local and must come
in pairs. On the other hand, the Zy charge pair Sy(1)/z,550(n),/z, i integral because
@Dflﬁfl&ra and wfq/}f% are local bosons by construction. Sy (1)/z, and Ssy(n), /z, belong in
the same anyon class S that represents the Zg gauge charge in SO(2n);/Dy. Although
Hsv(n), /2o and Hy(1),/z, in (97) involve distinct sets of fermions, their combination is not
a direct sum, unlike (42). This is because the Hilbert space does not decompose thanks to
the intertwined fermion pair locality.

The topological order of SO(2n);/Dy, is closely related to that of the discrete gauge
theory of the dihedral group and its Zs extensions. A review of discrete gauge theory can
be found in appendix C. The relation depends on n modulo 8 because of the eight-fold
periodicity of the SO(2n); UMTC and is summarized in (115). The SO(2n); anyon classes
form an Abelian group A = {1,, s, s_} under fusion product, where A = Zgy X Zy when n
is even, or Z4 when n is odd. The fusion group A extends the global symmetry group G =
Dy, of SO(2n); in to a quantum symmetry group [162, 17, 32, 37| G (see (47) and (152)).
Inequivalent group extensions are classified by the group cohomology [163] H2(G, A) (see
appendix C and D). When n = k is odd, G=GxA= Dy« Zy is “symmorphic” and
corresponds to the trivial element in H?(Dy, A). The twofold conjugation symmetry in
Dy, is an outer automorphism of SO(2n). It acts non-trivially on A in the semi-direct
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product and flips between the even and odd spinor, sy < s_. When n is even, the
Dy, symmetries are all inner automorphisms and act trivially on 4. However, the global
quantum symmetry group G is “non-symmorphic” and does not decompose in a direct
product G x A. When k = n/2 is even, we saw in section 3.3.2 that the Zj flux had order
2k and its k" power was identified as the even spinor m* = s, in SO(2n);. This extends
Dy into Dgg, and the quantum symmetry group is G = Dy X Zo. The non-symmorphic
central extension corresponds to the non-trivial cohomology element [s4,1,1] (or [¢,1,1])
in H?(Dy, A) = A% when n = 0 (resp. n = 4) modulo 8. When k = n/2 is odd, we showed
in section 3.3.1 that the Zy symmetry was extended to Z4 because the twofold flux squared
to the SO(2n); fermion s2 = 1. This extends the global dihedral symmetry group Dj
into the dicyclic group Q41 (defined in (104) below), and the quantum symmetry group
is G = Q4 X Zo. The non-symmorphic central extension corresponds to a non-trivial
cohomology element [/] in H2(Dy,, A) = A.

We first present the topological order of SO(2n);/Dy when n = 0 modulo 8. From (55)
in section 3.3, we saw that SO(2n)1/Zy = U(1); x SU(n); is equivalent, as an UMTC, to
the DI¥(Zy;,) discrete gauge theory, where k = n/2. Gauging the Zy conjugation symmetry
leads to the D¥:0.0/( Dy, discrete gauge theory, where

Doy = Zo X Zoy, = {/f‘ma:AzO,l,a:fk:Jrl,...,k}
= (m, plm® = p? = (um)* = 1) (99)

is the dihedral group that contains Zsj as a normal subgroup and Zg = Doy /Zg. Since
the twist liquid descends from SO(2n);, which has the identical topological order as the
DI)(Zy) discrete gauge theory, the sequence of gauging (96) is the quantum double [164,
69, 92| (or Drinfeld center) of the group filtration

ZQ < sz < D2k
(100)
D7) BEE 2 Dl (7, ) 2222 52 bk 0.0y, )

gauging gauging

Here, [k, 0, 0] represents the Dijkgraaf-Witten invariant in H3(Day, U (1)) = Zoy, x Za X Zs
that deforms the gauge theory [54, 55, 56, 57, 50] (see appendix C for the cohomology clas-
sification). The Zgj component comes from the cohomology classification H3(Za, U(1)) =
Zoy, of the normal subgroup Zs of Do. Each of the two Zso’s corresponds to the cohomol-
ogy classification H3(Zy,U(1)) = Zs for one of the two conjugacy classes [u] and [um] of
twofold conjugation symmetries. The trivial components in [k, 0,0] signifies that the Zo
fluxes — which are pair combinations of the o4 or 74 from U(1);/Ze and SU(n)1/Zs — are
bosonic or fermionic (see table 2 and 3).

Next, we consider n = 4 modulo 8. From (55), we saw that SO(2n);/Z; = U(1); x
SU(n)1 is equivalent, as an UMTC, to SO(8)1 X,,; D(Zyy), where k = n/2 and the
relative tensor product X involves the anyon condensation of a fermion pair ¥ (see sec-
tion 3.3.2). The Zy conjugation action applies simultancously on SO(8); and DIF(Zy,.).
After gauging, the former becomes SO(8)1/Zy = SO(8)1 x DM(Zy) (see (49)) and the
latter becomes D[k’o’o](ng). The simultaneous Zs action requires the Zs gauge charges
¢ from DW(Zy) and S from D00 (Dyy) to pair “condense” in the vacuum sector in the
anyon condensation picture. This identifies

DM(Zy) Keg DO (Dyy) = DL Dy ) (101)
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and modifies the Dijkgraaf-Witten invariant into [k, 1,1] (see appendix C) so that the Zo
fluxes — which are pair combinations of the oy or 74 from U(1);/Zy and SU(n)1/Zs —
are all semionic with spins h = £1/4 modulo 1 (see table 2 and 3). Combining with the
remaining SO(8)1, the SO(2n); /Dy, twist liquid is identical, as an UMTC, to the relative
tensor product
S0(2n);  50(2n)1/Z;y  SO(8)1 R, DI (Zy,)
Dy - Zo N Zo
_S0@®) o DMz

e g ——= 102
Z2 ), (S ZQ ( )

= (SO@®)1 x DM(Z,)) 8,5 g DFO(Dyy)
= S0(8)1 ®yy DELY(Dyy),  if n =4 mod 8,

where the vector fermion 1 in SO(8); is pair condensed with the Abelian fermionic flux
¢ = m™? in DIEL(Dyy) (c.f. the discussion above (55)). The anyon content is almost
identical to D% (Dy;). The anyons are represented by a dyon y in DF11(Dyy) if x and
m™? braid trivially, or the spinor-dyon composite s;x if x and m™/2 have m monodromy,
where s is the even spinor in SO(8);. Therefore, the relative tensor product with SO(8);
only modifies the topological spins of anyons in D*:1:1] (Dsy), but leaves the fusion rules
and modular S matrix of D11(Dyy) unaltered.

Now, we examine the cases when n = 2 modulo 4. From (55), we saw that SO(2n); /Zj, =
U(1); x SU(n); is equivalent, as an UMTC, to the decoupled product SO(2n); x DIz},
where k = n/2 is odd. From (49), SO(2n)1/Zy = SO(2n); K,; D (Z,), where the
vector fermion 1) in SO(2n); is pair condensed with the fermionic gauge flux ¢ = 52 in
the relative tensor product X,,; (see (48)). The Zy gauging of DI(z,,) produces the un-
deformed discrete gauge theory D?)(D;,) with the trivial Dijkgraaf-Witten invariant [0] in
H?3(Dy,U(1)) = Zgy. Since Zy conjugation acts simultaneously on SO(2n); and DI%(Z;,),
the Zs charge pair ¢S from DI?(Z,) and DI%(Dy,,) is local and belong in the vacuum sector
in the anyon condensation picture. This combines them into the discrete gauge theory

DPH(Qqr) = DP(Z4) ®es DIY(Dy) (103)
of the dicyclic group
Qur={*m* i A=0,1,0=—k+1,....k} (104)
= (m, il = it = 1wk = @2 it =t

(Alternatively, the dicyclic group (104) is also the double cover Dy, = Qg of the dihedral
group Dy, where m and [i are represented by perpendicular rotations e!2m/k)S: an( eimSr
for S; . = 04 ./2, in a half-integral spin representation, and mF = fi2 = —1 are 27 rotations.
Therefore, Q4 is a subgroup of the unit quaternions SU(2) = {ap+a1i+asj+ask : |a| = 1},
where i, j, k can be represented by io,, ioy, i0..) Since we only encounter the dicyclic
group with odd degree k, (104) has the equivalent presentation

Qui = 74 X 7y, (105)

a . A=-1,0,1,2
TV a=—(k—1)/2, (k- 1)/2

— <m,g|mk — it = ami~tm = 1>.
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Here, both the Zj4 flux [3] in D?/(Z,) and the Zy flux [1] in DI%)(Dy) individually carries
the m monodromy braiding phase with the Zs charge pair (S, and therefore are separately
confined. When appear simultaneously, they combines into the fourfold gauge flux [i] =
[5][]. We associate [] = [5%][m] to the combination of fermion ¢ = 52 in DI?(Z,) and
the Zy flux [m] in DI%(D}). Since k is odd and 5* = 1, /¥ = 52, which can be identified
as fi’ because u? = 1 as a group element in Dj. The discrete gauge theory D[2k](Q4k) is
deformed by the Dijkgraaf-Witten cohomology invariant [2k] in H?(Qux, U(1)) = Zys, (see
appendix C). The deformation requires the spins of the fourfold fluxes to be +1/8 and
+3/8 modulo 1. Combining with the remaining SO(2n);, the SO(2n);/Dj, twist liquid is
identical, as an UMTC, to the relative tensor product

SO(2n)1 _ SO(2n)1/Z;,  SO(2n); x DO(Zy)
Dy Ly B Ly
S0(2n), DIV(Zy)
Zo Mcs Zs
= S0(2n)y K5 DP(Z4) K5 DIY(Dy,)

= 50(2n )1%2 DPH(Qu), if n=2mod 4,

(106)

where the Vector fermion ¢ in SO(2n); is pair “condensed” with the Abelian fermionic
flux o) = i in DI?¥(Qy1,). The “condensate” 1) forces the semionic spinor s+ in SO(2n);
to appear simultaneously with one of the Zy fluxes in D*/(Qu;). The Z; flux-spinor
composites have spins n/16 or (n + 8)/16 modulo 1. This matches with the spins of the
pair combination of the Zg twist fields, o4 or 74, in SU(n)1/Z2 and U(1);/Za (see table 2
and 3).

Lastly, we present the SO(2n);/Dj, topological order when n = k is odd. Eq.(55)
identifies SO(2n)1/Zx = SO(2n); x DI%(Z;). Like the previous cases, the Zy conjuga-
tion symmetry acts simultaneously on SO(2n); and DI%(Z;). The Zy gauging of latter
produces DI%(D},). From (51), the Zy gauging of the former gives SO(2n); X5 Z(Ising)
for n = £1 modulo 8, or SO(2n); W,,; Z(SU(2)2) for n = £3 modulo 8. (See below
(51) for the details of fermion pair condensation.) The quantum doubles Z(Ising) and
Z(SU(2)2) are not discrete gauge theories because they support Ising anyons with non-
integral quantum dimension /2. This stems from the outer automorphism nature of the
Zs conjugation, which switches the even and odd spinors, sy <> s_, in SO(2n);, when n
is odd. The SO(2n)1 /Dy topological order therefore carries both Ising and discrete gauge
theory components

S%Th — 50(2n)1 B, Z.(Dy) (107)

where the quantum double

Z,(Dy,) = DN (Zyy,) | Zo

= Z,(Zy) Bes DI%(Dy) 10%)
is the non-chiral UMTC

Z(Ising) Beg DIY(Dy), if n = 41 mod 8, (109)
Z(SU(2)2) Kes DYY(Dy), if n = +3 mod 8.

Like previous cases, the relative tensor product Mg anyon “condenses” the Zs charge pair
¢S, where ( is the fermion pair in Z(Ising) = Ising xIsing or Z(SU(2)3) = SU(2)2xSU(2)2
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and S = ([1], A1) is the Zy charge in DI?(Dy). Consequently, any Ising anyon (such as o
and &) with quantum dimension /2 in Z(Ising) or Z(SU(2)2) must appear simultaneously
with a Zso flux ([u],¢*), for A = 0,1, in DI(D,,). (See table 9 for the list of dyons in the
DIN(Dy) discrete gauge theory.) These “Ising-fluxon” composites

A= A

;:ggiméi it n=1,3 mod 16

A=g 1-A

;;22%721_%’ if n=5,7 mod 16

D=0 R () e (110)
" =0 ([u],¢Y), -

A -\

i)‘ ; Zg Em,gl—xij if n = —5,—7 mod 16

in Z,(Dy) have quantum dimension v/2n and spins hpa = k/16 + \/2, her = —k/16 +
A/2 modulo 1. I' and T'' = 8 x I'? have trivial statistics with the condensate Pip =
Yso(2n)¥z,(Dy) in (107) and are deconfined. Here, similar to (51), 1z, (p,) is the fermion

in Ising when n = 1 mod 8, in SU(2)2 when n = 3 mod 8, in Ising when n = —1 mod 8,
or in SU(2)2 when n = 3 mod 8. On the other hand, T’ and T' = § x T have semionic
mutual statistics with ). Therefore, they must appear simultaneously with a spinor s4
in SO(2n); in (107) to respect locality of 1. This modifies the spins of the Ising-fluxons
to hpx = hSifA = k/16 + A/2 (mod 1) in SO(2n);/Dy. The quantum dimensions and
spins of these Ising-fluxons match the pair combination of the Zy twist fields, o and 7, in

U(1);/Zy and SU(n)1/Za (see table 1 and 3). They can be identified according to
0
"= USU(n)l/ZQU(—]~_(1)I/Z2

1
I = Tsu(n)l/z2<7§(1)l/zg
g 5 (111)
$+17 = 05U(n)1/2290(1), /2,

=1 _
$+17 = TsU(n)1 /2200 (1), /2,
(up to the Zy charge pair condensate Sgi(n), /z,Sv(1),/z, and the fermion pair condensate
V50(2n)1 V2, (Dy))-

We observe that the quantum double Z,(Dy) in (108) is the Zo twist liquid of the
discrete gauge theory DU (Zgy,) after gauging an unconventional twofold mized symmetry
(see (114)) that is neither the electric-magnetic symmetry nor the conjugation symmetry.
It is a known result [88, 32, 85] that the quantum doubles Z(Ising) and Z(SU(2)2) are
Zy twist liquids when the electric-magnetic (e-m) symmetry in DI%(Zy) is gauged. The
DU (Zy) discrete gauge theory can be described by a two-component Chern-Simons field
theory S = [, Krja! A da’/(47), where K = 20,. It exhibits the Zy anyon relabeling
symmetry [31, 36] M = o,, which exchanges the Zy charge and flux (represented by the
unit vectors e; and ey) and leaves the K matrix invariant, M K M7 = K. Gauging the
symmetry gives the quantum double

Z4(Z2) = DN(Z2) | Zo

. (112)
= Z(Ising) or Z(SU(2)2)

depending on the Frobenius-Schur indicator [16] s, = d, [FZ7°]} = (—=1)"*=1/8 of the
Zo twist field (see discussion above (51)). Here, the double quotient “/” emphasizes the
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non-trivial flux-charge switching nature of the Z, symmetry, and consequently, the non-
gauge theory topological order of DI%)(Zy) // Zo. [Had the Zy symmetry preserved the
anyon types, the gauging would only extend the gauge group and D (Z3)/Zso would be a
discrete gauge theory D)(Zy) or DUN(Zy x 7).

With the help of (112), equation (108) can be re-expressed as

(DP)(Zs) ) Z2) Bes DDy

[0]
= (D[O] (Z2) | Zz) Xes DOZEZIC)

— (D[O](Zg) X D[O](Zk)) /| Zs. (113)

Here, the product theory D% (Zy) x DI%(Z;,) has a four-component Chern-Simons descrip-
tion S = [, 4 Krja’ A da’/(4x), the K-matrix is the direct sum K = (20,) & (koy).
The Zy symmetry acts simultaneously on DI%(Zy) and DI%(Z,;) and can be represented
by the matrix M = o, @ (—I), which combines the e-m symmetry in DI%(Z,) and the
conjugation symmetry in DI%(Z;). Since k is odd, the product DI)(Zy) x DI(7Z,)
has identical topological order as the discrete gauge theory D[ (Zax,) with gauge group
Loy, = 7o x Zy. Labeling the DI%(Zy;) dyons according to their flux-charge content,
m®z®, where a,b = 0,1,...,2k — 1 modulo 2k, the twofold action of the mized symmetry
a b b can be represented by the matrix transformation

Zo : mz° — m® z
a a' a k—1 k

The symmetry has order 2 because the flux-charge labels have 2k periodicity a = a + 2k,
b = b+ 2k, and U squares to the identity matrix I modulo 2k. The symmetry preserves the
spin and braiding data of DI%(Zy;,) because UT K ~1U = K~! modulo 2Z, where K = 2ko,.
Cauging the Zy symmetry in DI%(Zy;) gives the Zy twist liquids Z,(Dy) = DI%(Zyy) /) Zo
in (108), which we referred to as the “Ising-fluxon” phase. We conjecture in passing that
this non-chiral Ising-fluxon topological order may be identical to the Drinfeld center of a
(non-commutative) fusion category (see discussion in section 5).

Overall, we summarize the SO(2n);/Dy, twist liquid phases for general integer n by
the UMTC equivalence

50(2?7,)1 B U(l)l X SU(n)1

D, Zs
D[k’o’o}(ng), for n = 0 mod 8
SO(8); X DIFLU(Dyy),  for n =4 mod 8
SO(2n); ¥ DP¥(Qyy), for n =2 mod 4
SO(2n)1 ¥ Z,(Dy), for n odd

(115)

where £ = n and | = 4n when n is odd, and £ = n/2 and | = n when n is even. The
Do and Q4 groups are ‘non-symmorphic” Zo central extensions of Dy and associates
to non-trivial cohomology elements in H?(Dy, A). The super-script [w] in D/(G) labels
the Dijkgraaf-Witten invariant in the cohomology group H?(G,U(1)) that deforms the
gauge theory. Similar to (55), the topological orders in the n = 0 or 4 modulo 8 cases in
(115) agrees with (3) and admit the decomposition SO(2n); K D“(Dsgy), for w = [k, 0, 0]
or [k,1,1]. This is because, as UMTCs, SO(2n); = DI%(Zy) or SO(8); when n = 0 or
4 modulo 8 respectively, and DI%(Zy) K D!(Dyy,) = DI(Dy;) after condensing the Zy
charge pair.
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5 Conclusion and discussion

We constructed the 241D electronic coupled-wire models that describe the twist liquid
topological phases SO(2n);/G in the orthogonal family, for G = Zg, Zj, and Dy, as well
as SU(n)1/Zy and U(1);/Zs in the unitary family. The degree, rank and level are related
by k =mn and | = 4n (k = n/2 and | = n) when n is odd (even). We presented their
bosonic topological orders and described the fusion and braiding properties of anyon exci-
tations. A more detailed summary of results can be found in section 1.1 in the introduction.
Here, we discuss the implications, unanswered questions, speculations, and possible future
directions.

Generalized particle-hole conjugations Some fractional quantum Hall states in a
partially-filled Landau level are pairwise related by particle-hole (PH) conjugation [190,
191, 192, 193]. For example, the Laughlin FQH state U(1)s of particles at v = 1/3 is
conjugate to the Laughlin state of holes U(1); x U(1)s at v = 2/3. Here, U(1); is the
filled Landau level at v = 1, and C is the time-reversal conjugate of C. In particular, PH
conjugation relates FQH states at filling v = 1/2. For example, the Moore-Read Pfaffian
state |77, 189] U(1)s @ Ising is conjugate to the anti-Pfaffian state [187, 188] U(1); x
U(l)s @¢Ising =U(1)s®f ma. The PH symmetric Pfaffian state [194] U(1)s ® ¢ Ising is
its own PH conjugate. The notion of PH conjugation can be generalized by replacing the
Landau level by a prototype topological phase P. Any topological state C that “partially
occupies” P has a PH conjugate PH(C) = P X C, where the tensor product, in general, is
relative to a certain set of condensed bosonic pairs of anyons. Generalized PH conjugation
has been explored in paired parton FQH states [114] at v = 1/6 that half-fill the parton
Landau level P = U(3); = U(1)s x SU(3); at v = 1/3, and Fibonacci QH states [116]
at v = 8 that half-fill P = (Eg); at v = 16. In section 3.3.2 and 4, we made use of the
conformal embedding U(1); x SU(n); € SO(2n); in (52) and the coset decomposition
SO(n)y x SO(n)2/SO(n)y = SO(n)? in (57). They imply the generalized PH conjugations
based on the prototype topological phases P = SO(2n); or SO(n)?. For example, (i) U(1),
and SU(n); is a PH conjugate pair based on P = SO(2n); because U(1); = SO(2n); X
SU(n)y and SU(n); = SO(2n);®U(1);. The tensor product X may be the decoupled one x
or a relative one that condenses a fermion pair or a Zs charge pair. The PH conjugation in
example (i) extends to the corresponding Zs twist liquids. (ii) U(1);/Zs = SO(n)?/SO(n)2
and SU(n)1/Zs = SO(n)y is a PH conjugate pair based on P = SO(2n)1/Z = SO(n)3.
We expect the generalized notion of PH conjugation can be made precise in the coupled-
wire setting [149, 113] by a non-local representation of the PH operator, which may be
interpreted as the 2+1D analog of the Kramers-Wannier duality in 141D.

Coupled-wire construction of related twist liquid topological phases In this
paper, we focus on the Dy symmetry of SO(2n); and the Zy conjugation of SU(n); and
U(1);. While the latter is always an outer automorphism that non-trivially switches anyon
types, the former only transposes anyon types when n is odd. In other words, the Zo
symmetry in SO(2n); considered in this paper is the mirror symmetry of the SO(2n);
Dynkin diagram only when n is odd. Mirror outer automorphisms for even rank n, and
the S5 triality symmetry of SO(8) was not investigated. While the topological orders of the
SO(2n)1/Z2, SO(8)1/Zs and SO(8)1/S3 are known |32, 85, 37|, microscopic descriptions of
these chiral twist liquids states are missing. (There exist non-chiral exactly-solvable string-
net models [92, 32|, whose topological orders contain the above states as chiral sub-sectors.)
Moreover, the Dy symmetry is only a particular point group symmetry in 2n dimensions. In
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three dimensions, the cyclic, dihedral, tetrahedral, octahedral, and icosahedral groups, Z,,
D,,, T, O and I, are the orientation preserving point groups in SO(3). Their corresponding
orbifold phases SU(2)1/Zyn = U(1)9,2, SU(2)1/Dy, = U(1)9,2/Z2, SU(2)1/T, SU(2)1/0,
and SU(2)1/I, were studied in the CFT context. [82, 184, 64| The topological orders, as
well as their microscopic descriptions, of higher-dimensional point group orbifold phases
SO(N);/G is largely unknown. Coupled-wire models of these topological phases may be
constructed by extending the methods used in this paper. For example, the manipulation
of fermion pair locality could be generalized to G-invariant local fields in the SO(N); WZW
CFT. Further investigation may lead to exotic symmetries or dualities and quantum critical
phase transitions similar to those discussed above.

Quantum doubles and non-chiral twist liquids In (51), we saw that the quantum
double Z,,(Z2) appeared as the non-chiral component of the SO(2n);/Z2 twist liquid when
nis odd. Z,(Zs) is the Drinfeld center [164, 69, 92] of either the Ising or the SU(2)2 fusion
category, which are generated by the simple fusion objects 1,%,0 with the inequivalent
Frobenius-Schur indicators [16] », = dy [FZ7%]} = 1 for the former or 3, = —1 for the
latter. The quantum double is not a discrete gauge theory because the quantum dimension
of the Ising twist field, d, = v/2, is non-integral. The distinction from a gauge theory is
a consequence of the Zo symmetry of SO(2n); being outer automorphic, i.e. exchanging
anyon types. Similarly, we saw in (107) that the SO(2n); /Dy, twist liquid, when n is odd,
carries the non-chiral UMTC component Z,,(Dy.) = Z,(Z) ¥ DI%(Dy). Z,(D}) is not a
gauge theory because it supports the Ising-fluxon with non-integral dimension d = v/2k.
In this paper, we also encountered the outer automorphic Zo conjugation symmetry in
SU(n)y and U(1);. The corresponding twist liquids can be decomposed tautologically into
SU(n)l/Zg == SU(n)l X Z(]:n) and U(l)l/ZQ = U(l)l X Z(./Tl), where

Fn = SU(n); x SU(”)l, F=U(), x U,
ZQ ZQ

(116)

and X anyon condenses WeWe and e®e? respectively. We conjecture that the non-chiral
UMTC Z,(Dy) and Z(F,) are Drinfeld centers of the following fusion categories, and
therefore admit exactly-solvable string-net model [92] Hamiltonians.

First, the non-chiral UMTC Z(F,,) in (116) may be the Drinfeld center of the defect
fusion category [32, 36| (or G-crossed category [17, 37])

F = { ZnU{c}, ifnisodd (117)

ZnU{o4,0_}, if niseven
Its simple fusion objects are the quasiparticles ¥* in SU(n); (or e® in U(1);) that obey

the Z, fusion algebra ¥ x ¥% = Wletdl together with the Zy twist defect o when n is
odd, or o+ when n is even. The twist defects obey the (commutative) fusion rules

ox V=0, o3xV,=04_1)a
n—1
axa:Z\IJ‘L, if n is odd
a=0
Os X O0g = Z V,, ifn =0 mod 4,

osx0os= Y W, ifn=2mod4, (118)

where s = +. When n is odd, F,, is a Tambara-Yamagami category [195].
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Second, for the non-chiral Ising-fluxon topological order Z,(Dy), it may be equivalent
to the Drinfeld center Z(Ising x Zj), where Ising x Zj is the fusion category

Ising X Zg, = (I",¢", 0" :r=0,1,...,k —1). (119)
The (non-commutative) fusion rules [29, 31, 32| are

I’ x ]17“’ =" x wr’ _ H[T—l—r’}’ I" % ¢r/ _ ¢[T+'I’q7
o % Hr’ — o x wr’ _ 0_[7“+7"’]’

I" x o =4¢" x o =gl

0" x o =11 gl (120)

where [r] wraps any integer r to the range between 0 and k — 1 by adding or subtract-

1
ing k if necessary. The Frobenius-Schur indicator of Ising x Zj is »,0 = d0 [ ;f? UO"O] L=
(—1)<k2_1)/8. The Ising-fluxon fields group into the super-selection sector I' = {¢?, ..., o*~1}

in the Drinfeld center Z(Ising x Zj) and has the combined quantum dimension d = /2k.
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A The SO(N); current algebra and its primary fields

We review the chiral SO(N) WZW KM algebra at level 1 and its primary fields. [64, 65, 66|
In section 2, we presented the electronic origins of the SO(N); boson wires, which are the
fundamental building block of the topological models in this article. The low-energy degrees
of freedom of each boson wire is effectively described by N counter-propagating pairs of
massless Majorana fermions ¢¢ = (¢7)f, where 0 = L/R = +/— and r = 1,...,N. The
Hamiltonian density was given in (16). The fermions obey the correlations
51"8 57‘8
(YL (2)vg(w)) = » (Rr(E)YR(w)) = ——, (121)

Z—w Z—w

where z and w are complex Euclidean space-time parameters e2"(v7 @)/l 7 is the Wick
rotated Euclidean time, and [ is the length of the 1D wire in a closed circle. The WZW
KM current operators are the Hermitian normal-ordered antisymmetric pairs of fermions

T5 = I3 = W, (122)

They span the affine SO(N); Lie algebra.

In this appendix, we mainly focus on the left-moving holomorphic sector J = Jr,. The
anti-holomorhpic right-moving sector follows a similar algebraic structure by conjugation
z — z. The chiral current operators obey the operator product expansion (OPE)

J"(2)JP(w)

5(rs)(pa) ifrs)(pg) (wv) 1uo
e R D A C R

(123)

u<v
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where 7 < s and p < ¢g. The structure constant of the SO(N) Lie algebra is f(,.5)(pg)(uv) =
OurOvg0sp = OurOupOsq + 0usOrqgOup — OusOugdrp. The electronic origin of the boson wire dictates
that all fermion pairs, including the current operators J¢ = J"4, are local and integral.
For even N = 2n, it is sometimes convenient to express the current operators in the
complexified form by pairing the Majorana fermions into Dirac ones, such as d* = (¢ +
ip"t) //2 = %" where a = 1,...,n. The bosonized variables ¢, obey the correlations

(0206 ()) = ~5% log(= — w) + Tsgna — ) (124)

where the singular term implies (121) after exponentiation, and the non-singular antisym-
metric term ensures the Dirac fermions mutually anti-commute, d*d® = —d®d, for a # b.
The Cartan-Weyl current generators are the normal-ordered densities

H® = 21?0 = (d*)Td* = —idg®. (125)
The raising and lowering roots are the normal-ordered vertex operators
E® = i (d%) (db)ab — gied® (126)

where dt = d and d~ = d. Here, each of the roots are labeled by a vector a = (a1, .. )
with integral entries and of length |a| = v/2. This means there are only two non-zero entries
ag,ap = =£1, for 1 <a < b < n. The n(2n — 1) roots form the simply-laced D,, = SO(2n)
root system of rank n.

For odd N = 2n + 1, the SO(2n + 1); current algebra extends from SO(2n); by
including the raising and lowering operators

Eiea — Z (da):l: ,(/)2714‘1 — ieii(z)ann"rl (127)

that associate with the short root vectors +e,, which is an unit integral vector of length
le,| = 1 with its @' entry being the only non-zero one. Combining the long roots from
D,, and these short roots, they form the non-simply-laced B, = SO(2n + 1) root system
of rank n.

Primary fields [V] of the SO(N); WZW KM algebra are super-selection sectors spanned
by fields V,,(2), for p = 1,..., M, that “rotate” irreducibly under the action of the SO(N);
currents

o ()Vislw) = —— () Viw) + ..., (128)

zZ— W

where t* is a M-dimensional irreducible matrix representation of the SO(N) Lie algebra
generator J. At level 1, these irreducible representations are the trivial, vector or spinor
representations of SO(N). The vector representation [¢] is fermionic and carries the con-
formal scaling dimension h = 1/2. The super-selection sector is spanned by the Majorana
fermions ¢", for r =1,..., N, and obeys the OPE

JPU2) " (w) = ! (6976P° — P76 % (w) + . ... (129)

zZ— W

The fusion rule [¢] x [] = 1 indicates that fermion pairs belong to the trivial super-

selection sector 1, which consists of integral combinations of local bosons. It abbreviates
the OPE

§P4

WP () (w) = —i(1 = 6P JPD (w) + ... (130)

zZ—Ww
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Spinor fields transform according to the spinor representations of SO(N). For even
N = 2n, they decomposes into the even and odd spinors, [sy] and [s_]. The super-selection
sectors are spanned by products of “half-fermions”

se = €2 e = (g1,... &) (131)
n
5] = span {ew/ 2iey =41, ][ e = +1} ,
a=1
n
[s_] = span {eisa¢a/2 teq = £1, H Eq = —1} .
a=1

The SO(2n); currents transform the vertex operators into each other within the same
super-selection sector according to the OPE

—€q/2
H? e = c
(Pselw) = 222 o) 4
7z .
E%(2)sc(w) = . _€w35+2a(w) +..., fa-e=-2
E*(2)se(w) = non-singular, ifa-e=0,2 (132)

where Z& = exp [—imagepsgn(a — b)/4], and H® and E® are the Cartan-Weyl generators
and raising/lowering operators defined in (125) and (126). The rotated spinor sg/ = Set2q
has the same parity as the original, [], €, = [, €5, and belongs to the same super-selection
sector, because the raising/lowering operator flips two signs in € = (eq,...,&,). The above
OPE can be derived from the correlations (124) and the Baker-Campbell-Hausdorff formula
eAR) eB(w) — cA(2)+B(w)+(A(2) B(w))

The two spinors have opposite fermion parities and can be flipped from one to the other
by absorbing or emitting a fermion. This is captured by the fusion rule [s+] x [¢] = [s¢],
which corresponds to the OPE

_ Ze
da(z) 5“85('11}) = mss_ggaea (’Ll)) + ...
d*(z)?@se(w) = non-singular (133)

where Z¢ = exp [im 01 qcpsgn(a — b) /4], and dt = d, d~ = df. The 1/(z —w)'/? factor
indicates the m monodromy phase and the mutual semionic statistics between the fermion

and the spinors. The new spinor g/ = Sey2:,0, has opposite parity as [[, e, = — I,
because the fermion flip one sign in € = (g,,...,&,). The conjugate pair
1
SE(Z)S,E(U}) — m + e (134)

dictates the conformal scaling dimension of each spinor to be hy = n/8 = N/16. A spinor
se has the same parity as its conjugate s_., and the spinor super-selection sectors are
therefore self-conjugate with the fusion rule [si] X [s£] = 1, only when n is even. In
this case, the anyon group Ago(an), = {1,[¢], [s+],[s-]} has a Zz x Zz Abelian group
structure under fusion product. Otherwise, when n is odd, the spinor fusion rule become
[s+] x [s] = 1, and the anyon group is Ago(2n), = Z4 because [s+] X [s4] = [¢)] and
[s£]* = 1, i.e. the spinors are of order 4. The fusion rules of SO(2n); are summarized
below (also in (25)).

[WIx [l =1, [¢] x [s+] = [s=],

(4] x [54] = { [1’], ﬁg; - (135)

Accepted in { Yuantum 2023-03-14, click title to verify. Published under CC-BY 4.0. 40



For odd N = 2n+1, the field content of SO(2n+ 1); may be decomposed according to
SO(2n); x Ising, where the Ising sector is generater by the additional Majorana fermion
1p?"+1 The Ising CFT has primary fields 1,4, 0. The non-Abelian Ising twist field has
conformal scaling dimension 1/16 and follows the multi-channel fusion rule

ocxo=1+1vY, Y Xxo=o, (136)

where 1) = 1?"*! when embedded in SO(2n + 1);. The Ising twist field is non-local and
has semionic mutual statistics with />"*1. Since the fermion pairs 1)"4?"*! are local, the
Ising twist field must appear simultaneously with a SO(2n); spinor s.. The SO(2n + 1)1
spinor super-selection sector [o] is spanned by the normal-ordered products o = os,

[0] = span {05 = ge®e?"/2 g, = :l:l} , (137)

where the parity [[_; &, is not fixed. The conformal scaling dimension is h, = 1/16 +
n/8 = N/16. The actions of the Cartan-Weyl generators H® and long roots E* only affect
the Abelian component s. and are dictated by (132).

—€q/2

H%z)os(w) = T w oe(w) + ...
Za
E%(2)oe(w) = p, £ —Oeroa(w)+ ..., fa-e=-2
—w
E*(2)oe(w) = non-singular, ifa-e=0,2. (138)

Using the fermion action (133), the short roots (127) transform the spinors according to

YA .
Eia(z)ae(w) = _Ewas,gsaea (w)+..., ife, =7F,

E*%(2)0.(w) = non-singular,  if otherwise. (139)
The fusion rules of SO(2n); are summarized below.

[WIx =1, [ x[o]=lo], [o]x[o]=1+[4]. (140)

B The anyon content of SO(n), and U(1);/Zs

We first review the chiral SO(n) WZW KM algebra at level 2 and its primary field con-
tent. [64, 65, 66] The corresponding topological phase was introduced in section 4.1. We
focus on the holomorphic left-moving sector. The current algebra is generated by the diag-
onal sums J = J4+J% in the double SO(n){! x SO(n)P. They obey the current OPE (63).
The SO(n)2 currents can also be identified as self-conjugate combinations of the SU(n);
currents Jyp ~ cos(¢g — ¢p) ~ dadz + dpd! (see (65)), where dy = (V2 + ipB)/\/2 ~ ¢iPa
are the n Dirac fermions that rotate under SU(n). The hermitian SO(n)y currents are
symmetric under the internal Zs symmetry, ¢, — —@, (see also (60)), and therefore

The primary fields of SO(n)2 = SU(n)1/Z2 together with their quantum dimensions
and spins are listed in table 1 and 2. They consist of (a) Abelian sectors with quantum
dimension d = 1, (b) non-Abelian super-selection sectors ® with dimension d = 2, for
1 <i<n/2, and (c) Zy twist fields o and 7 when n is odd, or o= and 7% when n is even.
Abelian primary fields includes (i) the vacuum sector containing local fields such as the
SO(n)y currents, (ii) the Zs charge sector S containing fermion pair combinations that
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are odd under Zs (see (66)), and (iii) when n is even, the Zs-closed SU(n); primary field

sectors \I/i/ % (see (74)). When n is odd, none of the SU(n); primary fields, except the
/2

vacuum, are closed under Zy, and W)’ are absent. The Abelian sectors obey the fusion
rules

V2§ =02 xS =1,

o2 p? 1, ifn=0mod4 (141)
+ + S, fn=2mod4 °

The set of Abelian anyons form the fusion group Zy = {1, S} when n is odd, Zs x Zy =
{1, 5, ‘Iln/z when n = 0 modulo 4, or Zs = {1, S, 1112/2 when n = 2 modulo 4.

The internal Z, symmetry conjugates the SU(n); primary fields ¥¢ <+ ¥"~¢ and
therefore each conjugate pair forms the d = 2 super-selection sector ® = Wi + U"~% for
1 <i < n/2. (See (37) for the bosonized vertex representation of ¥%.) They do not carry
a Zo parity because

P’ x S =" (142)
They obey the fusion rules

ix O = + B for1<i<j<n/2andi+j#n/2
O =044 B for 1<i<j<n/2andi+j=n/2
P x P =14 85+d% fori#n/d (143)
O X o =14 5+ 02 4 g/
\I,n/2 Pt — pn/2—i

where we identify ® = &~ if n/2 < i < n.

When n is odd, there are two Zs twist fields, o and 7, that differ from each other by a
Zg charge, 0 =7 x S and 7 = 0 x S. They have quantum dimension d = y/n. When n is
even, there are four Zs twist fields 0 and 7&. They have quantum dimension d = n/2.
The + sign is flipped when absorbing a SU(n); primary field ¥’ with odd degree i. In
addition to the fusion rules (75-79), when n is even, the Zo fluxes also obey the following

product rules when combining with ‘Ifi/ 2,

\Iii2><0 =0, ‘I’iQXT =75 if n =0 mod 4,
\If;t/ x oF = 7F, \1/"/ XTT =0T,
\IIQLE/QXJi:TI 1/2X7i:‘7$
) ’ if n =2 mod 4. 144
{\Piﬂxﬁ:ai, N e e

The braiding phase between anyon z and y with a fixed admissible fusion channel z
is RZVRY® = e2mi(hz—ha=hy) "where the anyon spins, h,, are listed in table 1 and 2. (For
SO(n)a, there is no fusion degeneracies. The fusion number Ng, is either 0 or 1 depending
on whether z is an admissible fusion channel of x x y. Hence, the exchange “matrices” RZY
are U(1) scalars.) The modular S-matrix is

Zd 27T’L(hz hz hy) (145)

Accepted in { Yuantum 2023-03-14, click title to verify. Published under CC-BY 4.0. 42



where the total quantum dimension of SO(n) is D = 2y/n. The modular T-matrix is
Tpy = eim(1=n)/ 1262mhz5xy where the anyon spins h, are listed in table 1 and 2. Together
the S and T matrices generate a representation of the modular group SL(2,7Z). They obey

52 = (ST, S*=1, (146)

where C' = S? is the conjugation matrix so that Cyz = 1 if z and Z are conjugate pair,
xxx=1+4..., and Cpyp = 0if 2’ # Z. The fusion rules (75-79) and (141-144) are related
to the S-matrix by the Verlinde formula [196]

S{I} ZS(L’ ZS*
Ny =2 — 5 (147)
P 1z

where the fusion number N ., describes 1 x x2 = >, NY ;. y. The modular S-matrices

of SO(n)y = SU(n)1/Zy are listed in table 4 and 5.

1 S P’ o T
1|1 1 2 NG
S |1 1 2 —/n —yn

o’ | 2 2 de(ii)y 0 0
o |vn —yn 0 no —yn
TlVvn o —Vn 0 —=yn Vn

Table 4: The modular S-matrix DSy, = 2¢/nSy, from (145) of SO(n)2 = SU(n)1/Zz, for odd n. The
rows and columns are arranged in the same order of the primary fields in table 1. ¢(ii’) = cos(2wii’ /n),
fori,i’ =1,...,(n—1)/2.

1 S ?/2 g o T8
1 1 1 1 2 Vn/2 Vn/2
S 1 1 1 2 —/n/2 —\/n/2
\I,Z/2 1 1 (_1)n/2 2(_1 % \/meiwn/488/ \/meiﬂ'n/458/
o 2 2 2(—1)" 4e(id") 0 0
o | Vnj2  —/nj2 \/nj2e™tss 0 Dyl Dyl
™ | V2 —/nj2 /nj2emiss 0 Pk Dl

Table 5: The modular S-matrix DSy, = 21/nSy, from (145) of SO(n); = SU(n)1/Zs, for even n. The
rows and columns are arranged in the same order of the primary fields in table 2. ¢(ii’) = cos(2wii’ /n),
for 4,/ = 1,...,n/2 — 1 and s, = +. The X matrices are defined in (148). The S-matrix of

U(1)n/Zs is obtained by replacing €/? > ¥"/? and £ ¢ ®'.

1 0 -1 0
vl %5 Y t], ifn=0mods,
010 4
1 0 -1 0 . _
2ss/ 2SS/ \/ﬁ 0 -1 0 1 y lf n=4 mod 87
oo or | _ -1 0 1 0 (148)
Ess’ Ess/ - in A
e \/geT Tt i) ifn=2mod 8,
i —1 —1 1
(s 1 i _l !
Ve T (AL ), ifn=6mods.
- —1 ¢ 1
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Next, we review the modular data of the U(1);/Z2 orbifold [82, 83, 184| and its primary
field (anyon) content, where the level [ is n (4n) when n is even (odd). The corresponding
topological phase was introduced in section 4.2. The orbifold CFT is identical to the coset
[SO(n)1]2/SO(n)s. [64] The topological phase can therefore be identified (as an UMTC)
as the relative tensor product in (92), which we repeat here

U(1)n/Zs = [SO(n){ x SO(n)F| @ SO(n),, (149)
for even n. Here, SO(n)s2 is the time-reversal of SO(n)2 with the same fusion rules,
N;';y = N;,, but conjugated spins, hz = —h,. The following set of anyon pairs

B— {1, WAyPS, A8 2} (150)

are condensed in the relative tensor product X. The Abelian bosons in B have trivial
mutual statistics and follows Zg x Zg (Z4) fusion group structure when n = 0 (n = 2)
modulo 4.

The U(1)n/Zy primary fields together with their quantum dimensions and spins are

listed in table 3 (by substituting [ = n). They consists of (a) four Abelian fields 1, S, 61/2,
(b) the non-Abelian super-selection sectors £ = e! +e~% fori =1,...,n/2 — 1, and (c)

the Zs twist fields 0* and 7%. In the anyon condensation picture (149), all bosons in (150)
belong to the vacuum sector. The non-vacuum anyons in U(1),,/Zy can be identified with

anyons in [SO(n)‘f‘ X SO(n)ﬂ X SO(n)2 according to

S=yMP =5, o =sioF, T =T,
2 sisl = \111/2, if n =0 mod 4
+ = )
sﬁsg = wA\I/?E/Q, if n =2 mod 4 (151)

®7 for even 4

= —
{ pADi, for odd i

Consequently, U(1),,/Z2 have the identical fusion rules as SO(n)y = SU(n)1/Zs (for even
n) by replacing eiﬂ “ \IIZ/Q and £ <+ &' in (77-79) and (141-144). The modular S-matrix
of U(1),,/Zy can be computed using (145). It is identical to that of SO(n)2 = SU(n)1/Zs
and is summarized in table 5 under the same anyon label replacement. > Together with
the T-matrix T, = e~ im/12¢2mihy dzy, they represent the modular group SL(2,Z), and obey
(146) and (147).

C Discrete gauge theories with cyclic, dihedral or dicyclic gauge groups

We review the topological orders of discrete gauge theories [49, 50, 51, 43| relevant to the
twist liquid orbifold phases of SO(2n);. The discrete gauge theories encountered in this
article include

1. D(Zy) of the cyclic gauge group Z; with arbitrary order k and Dijkgraaf-Witten
invariant [u] = [0] or [k/2] in H3(Zy,U(1)) = Zy,

*We observe the following differences in the S-matrices of U(1),,/Z2 between our results and ref. [184].
While they are identical when n = 0,2 mod 8, the S-matrices are conjugated when n = 6 and the S_, ./,
S SUSTS/ entries are unequal when n = 4 mod 8.

’
rsrsy
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2. Dvwl(Dy) of the dihedral gauge group Dgy, with even degree 2k (order 4k) and
Dijkgraaf-Witten invariant [u,v,w] = [k,0,0] or [k, 1,1] in H3(Day,U(1)) = Z4, x
ZQ X ZQ, and

3. DM(Qyup) of the dicyclic gauge group Qi with odd degree k (order 4k) and Dijkgraaf-
Witten invariant [u] = [2k] in H3(Qug, U (1)) = Zyx.

They appear in the non-chiral components in the SO(2n),/Z2, SO(2n)1/Zy, and SO(2n)1/ Dy,
twist liquids (see (49), (55) and (115) respectively). In this appendix, while focusing on the
above gauge theories, we present a more comprehensive review that (i) includes D(Dy,) of
the dihedral gauge group Dy, with odd degree, and (ii) covers all possible Dijkgraaf-Witten
deformations |54, 55, 56, 57, 50] [u] and [u, v, w].

The global dihedral Dy = Zg x Zj symmetry of SO(2n); was defined in (43), where
k =n (or n/2) when n is odd (resp. even). The dihedral group contains Zj, as a normal
subgroup. The conjugation symmetry group is the quotient group Zy = Dy, /Zj,, which can
also be (non-canonically) embedded as an abnormal subgroup in Dj. (See the split exact
decompositions (203) for k odd or (218) for k£ even.) The gauge groups in (1), (2) and (3)
are subgroups of the extension l/?\k of the dihedral symmetry group Dy by the anyon fusion
group A = {1,1,s+} of the Abelian SO(2n); topological order, where A = Z3 when n is
even or A = Z,4 when n is odd. We first classify the group extensions.

In general, a global symmetry group G is extended by the fusion group A of Abelian
anyons into a quantum symmetry group [162, 17, 32, 37| G

1A GG o1, (152)
J

where the above sequence of (forward) group homomorphisms is exact so that the inclusion
map ¢ is injective, the prOJectlon map p is surjective, and the image of 7 is identical to the
kernel of p, Im(i) = p~'(1). A is a normal subgroup of G and the global symmetry group
is identical to the quotient G = G /A. The (non-canonical) function j : G — G assigns to
each ¢ in G, an element j(g) = g in the quantum group G that projects back to the same
element p(j(g)) = ¢g. The function j is not necessarily a group homomorphism and may
not preserve the group product. The group extension respects the pre-assigned G-action
on A so that gag—' = g - a. Most symmetries in this article are inner automorphisms and
associate to trivial G-actions, g - a = a, except for the conjugation symmetry, which is an
outer automorphism that switches the SO(2n); spinors, Zs : s4 <> s_, when n is odd.
Group extensions (152) are classified by the group cohomology H?(G,.A). When the
G-action on A is trivial, the Abelian group A sits inside the center of G and commute
with all group elements. In this case, H?(G, .A) classifies central extensions. The trivial
cohomology corresponds to the direct product G = G x A. When the G-action is non-
trivial, the extension is not central and must be non-Abelian. The trivial cohomology in
H?(G, A) corresponds to the semi-direct product G = G x A, where the group product
s (g1,0a1) - (g2,a2) = (9192, (92 - a1)az). In these cases, the exact decomposition (152) is
said to split, the extension is “symmorphic” and j can be chosen to be a group homomor-
phism that embeds G — G x A (or G — G x A). Non-trivial cohomology elements in
H?(G, A) corresponds to “non-symmorphic” extensions where G does not decompose into
a (semi)direct product and the function j in (152) fails to be a group homomorphism.
The function j preserves the group product when h(g1,g2) = 7(91)7(g2)[i(g192)] " =
G192(g1g2) " is the identity. Since p(h(g1,g2)) = 1, the exactness of (152) requires (g1, g2)
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to belong in A. The function h : G> — A obey the 2-cocycle condition

(91 - h(g2,93)) h(g1, g293)
h(g192,93)h(91, 92)

dh(gl,gg, gg) = =1 (153)
because A is Abelian and the group product is associative, §1(g2g3) = (§192)g3. The
function j in (152) is not unique, and there are other functions j* = A\j that respect the
projection, p(j'(g)) = g. Since p(A(g)) = p(5'(9)i(9)~") = gg~' = 1, exactness of (152)
requires A = j'j ! to have image in A. This modifies the h function to h’ = hd\, where
the 2-coboundary is

(91 - Mg2)) A(g1)

dX(g1,92) = Nor02)

. (154)

h' obeys the cocyle condition (153) because d(d\) = 1. The equivalent classes [h] = [hd)]
of 2-cocycles (modulo 2-coboundaries) form the group cohomology [163]

ker (d : C%(G, A) — C3(G, A))

H (G, A) = (d: CHG, A) = C2(G, A))

(155)

where C"(G, A) is the Abelian group of r-cochains — functions that map G" — A.

Here, we summarize the extension Dy, of the global symmetry group Dy of SO(2n)i,
where Dy, = <,u, m|p? =mF = (um)? = 1>. These quantum symmetry groups can be found
in section 3.3.1, 3.3.2, 4.3, and the corresponding cohomology classifications can be found
in appendix D. (1) When n = 2k = 0 modulo 4, the symmetry is “non-symmorphically”
extended to Z/)\k = Doy X Zg, which corresponds to the cohomology class [z,1,1] in
H?(Dy, A) = A3 where 2 = s4 (or 2 = ) when n = 0 (resp. n = 4) modulo 8. The
degree 2k dihedral group is

~k
m- =x

e A . 156
M2:m2k:(ﬂm)2:1 > ( )

It contains the subgroups Zs = (u|p? = 1), which is the conjugation symmetry group,
and Zgyp = (m|m? = 1), which non-trivially extends the Z; symmetry group. (2) When
n = 2k = 2 modulo 4, the symmetry is “non-symmorphically” extended to ]-/)\k; = Qui X Lo,
which corresponds to the cohomology class [¢] in H?(Dy, A) = A. The dicyclic group is

N2 (h 2 _
Q4k‘:<ﬂ>m7w| MQ_(MZL _¢’ >

D2k = <,u,fn,a:

~2 s~k fat )2
- e =m" = () =1,
- <M7m,¢’ ¢2 :Ia4 — 7%2]47): >7 (157)

where M = ma). It contains the subgroups Z; = (ji|i* = 1), which non-trivially extends
the conjugation symmetry group Zs, and Z = (m|m* = 1). (3) When n = k is odd, the
symmetry is “symmorphically” extended to ]_/7\19 = Dg X Aoqq, where the twofold conjugation
symmetry acts non-trivially on Ay,qq = Z4 as the involution sy <+ s_. The extension
corresponds to the trivial element in H?(Dg, Aoad) = Za.

Next, we describe the topological orders of the discrete gauge theory components
D7), D¥Y(Dy,) and DN (Qyup) of the SO(2n)1/Zs, SO(2n)1 /7y and SO(2n)1 /Dy twist
liquids in (49), (55) and (115). In general, anyons in a discrete gauge theory D(G) are
dyons x = ([g],p). [g] = {hgh™' : b € G} is the conjugacy class of the group element
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g, and p : Z; — U(N) is a unitary irreducible representation of the centralizer subgroup
Zy ={h € G : gh = hg}, which carries group elements that commute with g. The conju-
gacy class [g] and the representation p specify the gauge flux and gauge charge of the dyon.
When the gauge group is the Abelian cyclic group G = Z, = {1,m,...,m* 1}, a conjugacy

class only contains a single element [m/] = {m/}, and its centralizer group is the entire
group Z,,; = Zj. The irreducible representations are the homomorphism 2° : Z; — U (1)
sending m® — 2°(m?®) = e2miab/k where a,b=0,1,...,k—1. Dyons in D(Zy,) are the flux-

charge composites Y = (m?, 2?). Table 6, 6 and 6 summarize the conjugacy classes and
irreducible representations of the dihdral group Dj with odd and even degree k, and the
dicyclic group Q4 with odd degree k. Possible centralizer subgroups are Zg, Do = Zo X Zs2,
Zy, Ly, Loy, and the entire group Dy or QQq. Irreducible representations of the Abelian
centralizers Z form the groups of homomorphisms Hom(Z, U(1)), which is isomorphic to
Z. The quantum dimension of a dyon x = ([g],p) is the integer d,, = |[g]| dim(p). The
total quantum dimension of the discrete gauge theory is the order of the group

Gl= > & (158)

The number of dyons (i.e. the ground state degeneracy on a torus) is GSD(D(Z)) = k2,
GSD(D(Dy,)) = (k2 +7)/2 when k is odd, GSD(D(Dy,)) = (k?+28)/2 when k is even, and
GSD(D(Dicky)) = 2(k? + 7) when k is odd. The dyons and their quantum dimensions of
D(Dy) and D(Q4g) are listed in table 9, 10 and 11.

1] (4] [m/]
Ag | 1 1 1
A1 -1 1
E | 2 0 2cos(2mjl/k)

Table 6: Character table of Dy, when k is odd. p = Ay 1, E; are irreducible representations. j,I =

1,...,(k —1)/2. Numerical entries are Tr(p(g)).
(1] [p]  [pwm] [m7] [m*/?]
Ag | 1 1 1 1 1
A1 -1 -1 1 1
Byl 1 1 -1 (—1)7 (—1)k/2
By|1 -1 1 (—1) (—1)k/2
E |2 0 0  2cos(2mjl/k)  2(—1)!

Table 7: Character table of Dy when k is even p = A1, By 1, E; are irreducible representations.
gy l=1,...,k/2 — 1. Numerical entries are Tr(p(g)).

A finite group G can be promoted to a fusion category F [“’](G). The simple objects

of the tensor category are the group elements. Fusion rules are group multiplications,
g1 X g2 = g192. The associativity equivalence (g1 X g2) X g3 = g1 X (g2 X g3) is described

by the U(1) basis transformation
g1 92 93
i) 159
919293

91 92 g3

— 919293
J\J<( > =f
919293

The collection of f-symbols are 3-cochains in C3(G,U(1)) that obey the cocycle condition
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[ (Al (7] ] 7]
Ay | 1 1 1 1 1
Ay 1 6i7r/2 -1 e—i?T/Q (_1)j
Ay | 1 -1 1 -1 1
As 1 e—i7r/2 -1 ei7r/2 (_1)]
E | 2 0 2(-1) 0 2(—1)7cos(2mjl/k)

Table 8: Character table of Q41 when k is odd.
J,1=1,...,k —1. Numerical entries are Tr(p(g)).

p = Ao,1,2,3, E; are irreducible representations.

dyons dy Oy = e’
(], 4,)  v=0,1 Lo

(L,E) 1=1,...,(k—=1)/2 2 1

([m7], 2%) Z _ 87 . 7I(<;k—_11)/2’ 2 ity
(1.¢) A=0.1 B0,

Table 9: Dyons x = ([g],p) in DI/(Dy), their quantum dimensions d, and topological spins 6,
when k is odd. ¢*(u?) = (=1)** are irreducible representations of Z,, = Zy = p : A=0,1. The
deformation phases ¥,,; and ¥, depend on the Dijkgraaf-Witten invariant [u] and are computed in
(178).

1, A, L1
Em’“g]) A Zon 1 fm'“/ ’
(Im*/?), B,) Lo (D)2,
([1], Ey) _ 1 2!
(Im*/2], Ey) =kl (=) 2
([mj]’ Zb) ) i é? S 712/_2 1_ 1, 2 627rijb/k19mj
(1, ) _ k2 (-Dhy
([Mm]’gx\h)\z) AL, A2 =0,1 k/2 (_1))\119#771

Table 10: Dyons x = ([g],p) in D[*v*I(D;) their quantum dimensions d, and topological spins
0y, when k is even. (MA2(pArmkA2/2) = (—1)M1A1+2242 are jrreducible representations of 7, =
Ty X Loy = {l,u,mk/2,umk/2}. The deformation phases 9,,;, ¥,, and 9., depend on the Dijkgraaf-
Witten invariant [u, v, w] and are computed in (181).

dyons dy 0= e2mihx
(11, Av) _ 11
(0 T S B GOV 2
([1]7El) _ o 2 1
(2 B B L

A 41 b Jj=1, k=1, imjb/k
([m’], 2°) b=0,. .. 2%—1 2 e 9
([, ¢M _ koo eim™/2y
(a7, ATREET g

Table 11: Dyons x = ([g], p) in D!*I(Q41) their quantum dimensions d,, and topological spins 6,,, when
kis odd. 2P(1m) = €'™/* and (M) = €™ /2 are irreducible representations of Z;,; = Zoy =
{mi:j=0,1,....,2k =1} and Z; = Zy = {p* : A = —1,0,1,2} respectively. The deformation
phases U5, ¥; and ¥;,2 depend on the Dijkgraaf-Witten invariant [u] and are computed in (183).
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(also known as the pentagon identity) [54, 55, 56, 57, 50]

f919293 f91 (9293)94 f929394

91929394 _ _
df e = f(9192)9394 £9192(9394) =L (160)

This is because the following pentagon diagram is commutative.

f(glgﬁyv v wj(mm)
91 92 93 g4

N
Kj(\ / \ (161)
NN

f91(9293)9a

The f-symbols are gauge dependent and can be changed under a gauge transformation of
the quantum states, f919293 — (919293919293 where

9192 A (9192)93
dN919293 — A A (162)

A91(9293) A 9293
is the coboundary of A9192 the gauge transformation of the fusion vertex |g1 X g2) —
A9192| g x go). Equivalent classes of f-symbols [w] = f - dC?(G,U(1)) are cohomology
elements in

_ker(d: C3(G,U(1)) — CY(G,U(1)))
- Im(d: C2(G,U(1)) = C3(G,U(1)))

H*(Zy,,U(1)) (163)
The cohomology class [w] is also referred to as a Dijkgraaf-Witten invariant. [54, 55, 56, 57,
50] The group cohomology classifications and explicit cocycle representatives of cohomology
elements of the relevant gauge groups G = Zy, Dy, and Q4 are presented in appendix D.

The discrete gauge theory DI“)(G) is the Drinfeld center [164, 69, 92| of the fusion
category FI“J(G). The trivial cohomology class [0] associates to the conventional (or un-
deformed) gauge theory DI%(G), where all the f-symbols can be chosen to be trivial,
f919298 = 1. In this case, all pure gauge fluxes, whose charge components (i.e. central-
izer representations) are trivial, carry bosonic exchange statistics. When a gauge theory
D] (G) is deformed by a non-trivial Dijkgraaf-Witten invariant [w], the f-symbols are nec-
essarily non-trivial. They modify the exchange statistics of gauge fluxes. The collection of
U(1) exchange phases 79", each relates

lg x By = 7" |n x (h™'gh)), (164)
R N S U
‘ x//‘ \\\X/; Loh ‘\/ <\\x/,\ Pxo x//q ‘\\X/,’
- - NN hilgh

obeys the hexagon identity [55, 56, 57, 50]

r9192 £92(9 ' 9192)93 (95 " 9192)9
(165)

= f919293,.91 (9293)fgzg:z(g;lg;lgwwg)‘
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This is because the following hexagon diagram is commutative.

92 g3 (95 '9192)

\éf‘gz(g glgz)y
92 93 ¢
)\é 9192 Jg 9192)93

(166)
(95 "9 ' 919293) \>/

92 93
for9208 6 f‘!]z!]x(‘];l‘?;l%!?zg:ﬁ)

791(9293)

The self-exchange phase of a pure gauge flux g is ¥, = r99. In general, the topological spin
0, = e*™ihx of a dyon x = ([g], p) is the U(1) phase

Oy = (p(9)) Vg, (167)

where p : Z; — U(N,) is the irreducible representation of the centralizer subgroup Z,
p(g) = (p(9))In,xn,, and (p(g)) = Tr(p(g)) /N,. The modular T-matrix is the diagonal
unitary matrix Ty,s = dy,/60y. The modular S-matrix is the symmetric unitary matrix [55,
57, 50]
Sy = ]C1¥| Y Tr (p (x;lg;wi)) Tr (,0’ (x'{lgzx;)) 79i9;p939: (168)
9i€lgl.g;€lg']
9:9;=9;9i

where x = ([g],p) and x' = ([¢],p)) are dyons, whose flux components are conjugacy
— . 1 .

classes [g] = {g; = zigz;* :i=1,...,|[g]|} and [¢'] = {g; =2g'a’;" - j=1,.... 1[4}

Together the S and T" matrices generate a representation of the modular group SL(2,Z).

They obey

5% = (STT)3, S*=1, (169)

where C' = S? is the conjugation matrix so that Cyx = 1 if x and X are conjugate pair,
x X X=14...,and Cy,» =0 if X’ # x. The fusion rule

X1 X X2 = Z Nxa X (170)

is determined by the non-negative integral fusion number NY ., which is related to the
S-matrix by the Verlinde formula [196]

Soiv! Sy’ %
NX _ X1X"MX2X M xx! ) 171
X1X2 Z dX /|G‘ ( 7 )

Xl

The S-matrix can in turn be computed by plugging in the fusion numbers and topological
spins into the ribbon identity [16]

0y

Sxaxe = |G| Zd X1X29 Oy, (172)
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C.1 The Z; gauge theory

The f-symbols of the quantum double D[*(Z;,) that represent the Dijkgraaf-Witten in-
variant [u] in H3(Z,U (1)) = Zj, can be chosen to be

f19298 = 3 (ay, ag,a3)
2miu (173)
= exp <k2 ai (a2 + a3 — [a2 + G3D)

from the cocycle representative w? in (200), where a; € (—k/2, k/2]NZ label group elements
in Zj and the square bracket [ag + az] wraps the number back to the appropriate range
(—k/2,k/2] by adding or subtracting k to as + as if necessary.

When the Dijkgraaf-Witten invariant is trivial, [u] = [0], the solutions to the hexagon
equation (165) are homomorphisms r®* : Z;, — U(1) sending ag to %12 = exp(2mip,, a2/k),
where p, are integers. These exchange phases can be canceled by attaching the gauge
charge z7P* to the gauge flux m®. Therefore, p, can be chosen to be 0 without loss
of generality. In this case, all pure fluxes m® are bosonic because their self-exchange
phases (167) are trivial, 6,,c = ¥, = r* = 1. The topological spin of a general dyon
X = m®2’ is 0,0, = €™k The modular S-matrix defined in (168) summarizes the
27 braiding k‘SXa,,Xa/b/ = 2milab’+ba')/k hetween x® and ygop. The DIO(Z;) gauge the-
ory can be described by a topological Chern-Simons field theory with the action & =
Jor1 Krjod A da” /(4x), where the K-matrix is K = 20,. The dyon x® = mazb is associ-
ated to the integral vector v = (a,b)”, and the spin and braiding statistics are captured
by 0 _ €7T’LV TRy and nSuv _ eZﬂ'zuTK Ly

For a general Dijkgraaf-Witten deformatlon [u], the solution to the hexagon equation
(165) can be chosen to be [50]

o
rat9? = exp ( mualag) : (174)

The discrete gauge theory depends only on u modulo k because 7y = ryry differs from 7,
by rit%? = e?miaraz2/k which can be canceled attaching gauge fluxes. These exchange phases
7"31“2 modify the spin and braiding statistics of the dyons. Pure fluxes m® are no longer
bosonic but carry non-trivial exchange statistics ¥, = r‘m e2miua®/k? - The topological

spins (167) and the modular S-matrix (168) of dyons x® = m?z® are

2
2m(%+%)
exab = =€ y

- ab’+ba’ +2uaa/)

(175)
= @ — €27m( k k2

In section 3.3.1 and 3.3.2, we encounter the discrete gauge theories DI%(Zy), DI(Zy)
and DP(Z4) in (49) as well as DI?)(Z;,) and D! (Zy;,) in (55). In general, for any even order
n, by choosing u = —n/2 to represent the Dijkgraaf-Witten invariant [n/2], the discrete
gauge theory D"/2/(Z,,) has the non-chiral U(1),, x U(1),, topological order. The theory

can be described by the topological Chern-Simons field theory S = [, Krjo! Ada’ /(47)
b

with the K-matrix K = no,. The dyon y* = m®z? is represented by the integral vector
. ‘. T

v = (b,a — b) so that the spin and braiding statistics (175) agrees with 6, = e™ K~ 'v

and kS = 2mivI KT
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C.2 The Dy gauge theory

The cohomology classification H3(Dy,U(1)) of f-symbols depends on the parity of k (see
(193) in appendix C). We begin with dihedral groups with odd degree k. The f-symbols
of DIY/(Dy) that represent the Dijkgraaf-Witten invariant [u] in H3(Dy, U (1)) = Zgy, can
be identified with the cocycle representative £ in (212),

fglg293 = gg(glag2ag3)' (176)

The solution to the hexagon equation (165) can be chosen to be [50]

i .
79192 = exp (Z;u {ag [(_1)’42@1 + 2A1a2} — Ala%}) exp <Z7;UA1A2> , (177)
where g; = (A;,a;) = p*m® are group elements in Dy, for 4; = 0,1 and a; €

(—=k/2,k/2) N Z. The square bracket wraps [(—1)’42@1 + 2A1a2} back to the appropri-
ate range (—k/2,k/2) by adding or subtracting k to (—1)%2a; + 2A1ay if necessary. The
exchange phases rglzgjk and (2k)' roots of unity and can be absorbed by attaching gauge
charges. Therefore r,49r and r, correspond to the equivalent gauge theory Dl (Dg). The
dyons and their quantum dimensions and topological spins are listed in table 9 under the
deformation phases

9, ;= ijmj _ e27riuj2/k2, 9, = N (178)

The modular S-matrix can be computed with the help of the character table 6 and by
substituting the exchange phases (177) in (168). It is presented in table 12.

(O A) (A E) (7],2") (1€

([1]7AV’) 1 2 2 k(_l)y
(W.E) | 2 4 el 0
([m?7,2") 2 Ade(f'l)  AsSyiny 0
([ul,¢*) | k(=1)” 0 0 R(—1)AA T

Table 12: The S-matrix 2kS,,+ from (168) of the D*/(D},) gauge theory, for odd k. We abbreviate

c(x) = cos(2mx/k) and s%,.,, = c(jb" + j'b + 2ujj’'/k). The row and column entries are arranged in

the same order of the dyons in table 9.

When the degree k is even, dihedral gauge theories D[“””’“’](Dk) are classified by the
Dijkgraaf-Witten invariant [u, v, w] in H?(Dy,U(1)) = Zj, X Za x Zg. Their f-symbols can
be identified with the cocycle representative & , ,, in (221),

f919293 = gz,v,w (917 92, 93) (179)

The solution to the hexagon equation (165) can be chosen to be [197]

2miu i
rig2, = exp < 2 {ag {(71)142@1 + 2A1a2}k — A1a§}> exp <2 (VA1 A2 + (v + w)[a1]2A2)> ,

if (Al, al) 7'é (0, /{7/2),
Titas = €XP (_mkua2> exp (Z;r(v +w) [;L Ag) ,
if (Al, al) = (O, k?/2)
(180)
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Here, A; = 0,1 and a; € (—k/2,k/2] N Z label group elements g; = (A;,a;) = pm® in
Dy.. The square brackets [#]; and [*]2 wrap the numbers back to the appropriate ranges,
(—k/2,k/2] for the former and 0,1 for the latter, by respectively adding or subtracting
k or 2 if necessary. Like the previous case, the Dijkgraaf-Witten invariants u,v,w have
periodicities k, 2, 2 respectively because 71,00, 70,2,0 and 79,2 are (Qk)th roots of unity and
can be absorbed by attaching gauge charges. The dyons and their quantum dimensions
and topological spins are listed in table 10 under the deformation phases ¥, = 799

9,5 = 2T for 0 < § < k)2,

21)+w' (181)

Oz =4, Uy =1" Vpym =1

The modular S-matrix can be computed with the help of the character table 7 and by
substituting the exchange phases (180) in (168). It is presented in table 13.

The dihedral gauge theories encountered in this article include D"/29.01(D,)) for n = 0
modulo 8, and D2LU(D,) for n = 4 modulo 8 (see (115)). The Dijkgraaf-Witten
invariants [u, v, w| € Zy X Zg X Zy are fixed by the subgroup inclusion i : Z,, < D,, and
the (non-canonical) injections jo, j1 : Z2 — Dy, into the two inequivalent reflections in D),
(see (218)). The inclusion/injections induce the restriction homomorphisms in the group
cohomology level i* : H3(D,,,U(1)) — H3(Z,,U(1)) = Zy, and j}, 1 : H3(D,,U(1)) —
H3(Zy,U(1)) = Zg (see (219)), all being surjective in this case and extract i*[u, v, w] = [u],
Jolu, v, w] = [v] and jilu,v,w] = [w] (see (222)). The invariant [u] = [n/2] is fixed by the
D/ (Zy,j2) theory in (55) when n = 0 modulo 4, while [v] = [w] = [0] (or [1]) is fixed by
DN(Zy) (or DM(Zy)) in (49) when n = 0 (resp. n = 4) modulo 8. From (181), the two
Zs invariants dictate the topological spins of the Zy fluxes ([u], (**2) and ([um], (*172)
to be bosonic/fermionic (or semionic) when n = 0 (resp. n = 4) modulo 8. Choosing the
Dijkgraaf-Witten invariants (u,v,w) = (—n/2,0,0) or (—n/2,1,1), the topological spins
of the Z;, fluxes [mi] are ¥,,; = e~™4°/" which match with that of the D"/?/(Z,) gauge
theory.

C.3 The Q4 gauge theory

We only consider the dicycle group Q4 with odd degree k. Its group elements are labeled
by g = (A,a) = i*m?, where A = —1,0,1,2 and a € (—k/2,k/2). We also abbreviate 1 =
f?m = (2,1). (See (157) for the group presentations.) The Dijkgraaf-Witten invariants
of the DI(Qy,) gauge theory are cohomology elements [u] in H3(Qux,U(1)) = Zyp,. The
f-symbols can be identified with the cocycle representative 919293 = £3(gy, g2, g3) in (213).
The solution to the hexagon equation (165) can be chosen to be

2miu
k2

9192 = exp ( {a2 [(_1)A2a1 +2[A1], CLQ} —[A1]y a%}) exp <TA1A2) , o (182)

where the square brackets, [*]; and [x|2, wrap the numbers back to the appropriate
ranges in (—k/2,k/2] and 0,1 respectively. Exchange phases 7,7 can be absorbed by
attaching gauge charges to fluxes. Therefore, u has period 4k. The dyons and their
quantum dimensions and topological spins are listed in table 10 under the deformation

phases ¥, = r99

9 . A2
N [7]2 1muA
ﬁmj = exp <27T’LU (k‘2 + 4>> s 19;114 = €xp ( ] > ) (183)

where [j]2 = 0,1 is congruent to j modulo 2. (Here, as a simplification, we have replaced
w12 /2 i . . N g .
e2miulily/k by e2miui®/k? iy ¥,,; by attaching the Z; charge m? — 1m/2% when j > k/2 to
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absorb the phase difference e*7%/ k) The modular S-matrix can be computed with the
help of the character table 8 and by substituting the exchange phases (182) in (168). It is
presented in table 14.

The dicyclic gauge theory component in SO(2n) /Dy is DP¥(Qu), when k = n/2
is odd (see (115)). The Dijkgraaf-Witten invariant [u] = [2k] is fixed by the subgroup
inclusion ¢ : Zr < Q4 and the (non-canonical) injection j : Zsy — Qu (see (203)).
They induce the restriction homomorphisms i* : H3(Quk, U(1)) — H3(Zy,U(1)) = Zj, and
§*  H3(Quk, U(1)) — H3(Z4,U(1)) = Zy4 (see (205)), both being surjective in this case
and relate i*[u]sx = [u]r and j*[u]y = [u]s. The Dijkgraaf-Witten invariants of D[)(Z;,)
in (55) and DPI(Z,) in (49), when n = 2k = 2 modulo 4, therefore restrict u = 2k modulo
4k. The topological spins of the fluxes in (183) become ¥;,; = (=1)7 and ¥4 = eimkA®/4,
In particular, this shows ¥ = /i is fermionic and can be identified with the fermion 1 in

D Useful group cohomology identities

We summarize some relevant tools in computing group cohomologies H" (G, M). [163, 198,
199, 200, 53] We only consider the following finite groups G: (i) the cyclic group Zj of
arbitrary order k, (ii) the dihedral group Dy = Zg X Zj of arbitrary degree k, and (iii)
the dicyclic group Qux = Z4 X Zy, with odd degrees k (see (105)). We only examine the
following Abelian coefficients group M: (i) the ring of integers Z, (ii) the (multiplicative)
group U(1), and (iii) the anyon fusion group A = Z2% of SO(2n); when n is even. We
always assume G acts trivially on M. (We omit the unnecessary odd n cases when the Zo
conjugation acts non-trivially on Ago(2n), = Z4.) The group cohomology is defined to be
the quotient

ker (d: C"(G, M) — C™"(G, M))
Im (d: C"—1(G,M) = C7(G,M))’

H"(G,M) = (184)
The set of r-cochains, C"(G, M), consists of functions w : G — M that are not necessarily
group homomorphisms. C"(G, M) is an Abelian group under addition w; + wy if M = Z
or multiplication wywg if M = U(1) or A. The differential map is defined by

dw (g1, - .- gry1)

r

=w(g2, - gr41) + O (1Y w(g1,- -, 951, 9595415 - - > gr+1) + (1) Tw(gr, .-, gr)
j=1

dw(gla s 7gr+1)

r
_ j _1\r+1
:w(927"'7g7“+1) Hw(gla”'7gj—1agjgj+17"'7g7‘+1)( o w(glv'”7g7“)( 2
j=1

(185)

depending whether M is additive or multiplicative. The differential map is nilpotent and
squares to zero, d(dw) = 0. A d-exact cochain w, satisfying dw = 0, is called a cocycle.
The derivative of a cochain, w = dn, is called a coboundary. Cohomology elements in
(184) are equivalent classes (i.e. cosets) [w] = w + dC"1(G, M) for additive coefficients,
or [w] = wdC™ (G, M) for multiplicative coefficients.

By construction, H"(G, M) = 0 for any negative order r» < 0, and H°(G, M) = M.
The group cohomologies for G = Zy, Dj and Q4 with integral coefficient are known. For
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the cyclic groups and positive orders r > 0,

Zy, if r is even

A (2, 7) = { 0, ifrisodd (186)

For the dihedral groups and positive orders r > 0, when k is odd,
Zoy, if r =0 mod 4
H"(Dy,Z) =X Zz, ifr=2mod4 |, (187)
0, if r is odd

and when k is even, [201]

kaZg/z, if r =0 mod 4

H' (D, Z) =4 782 ifr=1,3mod 4 . (188)
Zgr+2)/2, it r =2 mod 4

For the dicyclic groups and positive orders r > 0, we only need the cases when k is odd,

Zy, ifr=1mod4
H (Qux,Z) = § Za, ifr=3mod4 . (189)

0, if r is even

These results can be computed using technique such as the Lyndon-Hochschild-Serre spec-
tral sequence [202, 203]. The derivation is not needed and will be omitted.

The group cohomologies with the multiplicative coefficient M = U(1) or Z3 can be
derived from the above integral coefficient ones using the universal coefficient theorem (or
the Kiinneth formula, by using G = G x 1 and M = Z ® M) for cohomologies [198, 53]

H"(G,M) = [H"(G,Z) ® M| @ Tor?(H"}(G,Z), M), (190)

where ® is the tensor product that treats Abelian groups as modules over the ring Z. The
direct sum @ is the Cartesian product x and the notation is used here to avoid confusion
with ®. Tensor products between (additive) Abelian groups can be computed using

(A1 A)) ® B= (A1 ® B)® (A, ® B),
Z®B=B, Z,®B=B/kB. (191)

The tor functor Tor? between (additive) Abelian groups can be computed using the fol-
lowing properties

TorZ(A; @ Ay, B) = Tor%(Ay, B) ® Tor%(As, B),
Tor?(Zx, B) = Blk] = {b€ B : kb =1}, (192)
TOI’%(Z, B) =0,

where B[k] is known as the k-torsion subgroup of B. In particular, we are interested in (i)

the H?(G, A) classification of quantum symmetry group G — the A = 7.3 central extension
(152) of G = Zjy, and Dy, — and (ii) the Dijkgraaf-Witten invariants in H*(G,U(1)), for
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G = Zy, Dy and Q4. They are given by

9 ] 0, forkodd
A2, A) = { A, for k even ’
A, for k odd

2 _
H*(Dy, A) _{ A3, for k even ’

H3(Zy, U(1)) = Zog,
HY(Dy. U (1)) = { Lok, for k odd

Zy x 73, for k even ’
H3(Quy, U(1)) = Zyg, for k odd. (193)
Next, we present explicit cocycle representatives of the elements in the above cohomolo-
gies. We begin with group cohomologies of the cyclic group Zj. 1-cocycles in C1(Zy,, U(1))
are group homomorphisms w} : Z; — U(1) that send an (additive) group element a in
Zk = Z/(kZ) to

wy(a) = e*mme/k, (194)

where u = 0,1,...,k — 1 (mod k) represents a cohomology element in H'(Z,U(1)) =
Hom(Zy,U(1)) = Z. In general, cohomologies with integral coefficients can be identified
with ones with U(1) coefficients. The short exact sequence of coefficient groups 0 — Z —

R M U(1) — 1 induces the long exact sequence of cohomologies

... = H"(G,R) = H"(G,U(1)) (195)
S HYYG,Z) —» H(G,R) > ...

The differential map (also called connecting homomorphism) is defined by dw = dlogw/(27i).
The universal coefficient theorem (190) implies H" (G, F) = H"(G,Z) ® F for any charac-
teristic zero field F' such as Q, R, and C. In particular, if H"(G,Z) is finite like the case
when r > 0 and G = Zy, Dy, or Qu, then H" (G, F) = 0. Therefore,

§:H™(G,U(1)) — H™Y(G,Z) , (196)

is an isomorphism. Applying to the group homomorphisms (194) in H(Z;, U(1)), it
generates the cocycle representatives of all cohomology elements [Q2] = Q2 +dCY(Zy,, U(1))
in H?(Zy,, 7).

(2(a,b) = G (a, b) = LBu(0:0)

27
:%(a+b—[a+b]) (197)
where group elements in Zj are represented by a,b = —k/2+1,...,k/2 when k is even or

a,b=—(k—1)/2,...,(k—1)/2 when k is odd. [a + b] is the integer in the same range
Z N (—k/2,k/2] that differs from a 4+ b by a multiple of k. The 2-cochains in (197) have
integral values and obey the cocycle condition (185). Q2 = Q2 4 are equivalent up to the
2-coboundary 2 = dI, where I(a) = a. Hence, the index u = 0,1,...,k — 1 modulo k
represents the cohomology class [Q2] in H?(Zy,,Z) = Zj.
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In general, all group cohomology with integral coefficients H*(G,Z) = @,>0 H' (G, Z)
has an (graded) ring structure, where the ring multiplication is given by a cup product
U: H"(G,Z) ® H*(G,Z) — H"*(G,Z) between cochains

WU (g1, Gras) =W (g1, 90)0° (Gra1s - -5 Grgs) (198)

using the normal integer multiplication. Similar to differential forms, it obeys the Leib-
niz product rule d(w” Un®) = (dw") Un® + (—1)"w" U (dn®). Cohomologies of the cyclic
group Zj, (as well as the dihedral and dicyclic groups, Dy and Q4x, with odd degree k) are
periodic, where an unit element X in H?(Zy,Z) (resp. H*(Dg,Z) and H*(Qux, 7)) gener-
ates the degree-raising isomorphisms XU : H"(Zy, Z) = H™2(Z,Z) (vesp. H"(D,7Z) =N
H™4(D,Z) for D = Dy, Q4). The unit element X = [Q2_,] in (197) generates the entire
cohomology (polynomial) ring H*(Z,Z) = Z;[X]. Any even degree cohomology element
[Q2%] in H?$(Zy,,7) = Z can be represented by the product

Q% (ay,...,a95) = uQiU... U (ay,...,a) (199)
S
=u [ [ Q3 (azj-1,as;)
j=1

S

u
= 5 1 (a1 + azj — [agj1 + agy]),
j=1

where aq,...,a2s € Z N (—k/2,k/2] represent group elements in Zj;. The connecting
isomorphism (196) produces explicit representatives for all odd degree cohomology elements
(w21 in H%~Y(Z,,U(1)) = Z.

w Nay, ..., a2 1) (200)
omiu S
= exp s ai H (azj + agj+1 — [a2j + aZj-i-l])
j=1

obeys dw2s~! = dlogw?s~1/(27wi) = Q2%. In particular, the F-symbol of the Z; fluxes of
the D[(Z;,) gauge theory (see appendix C) is chosen to be the 3-cocycle f2¢ = w3(a, b, c)
that represents the cohomology element [u] in H3(Zy, U(1)) = Z,.

Using the universal coefficient theorem (190), when k is even, the cohomology elements
[hy] in H*(Zy, A) = H?*(Zy,7Z) @ A = A, with coefficients in the anyon fusion group
Asozn), = 73 for even n, can be represented by the cocycles

hx(a, b) _ x(aerf[aer})/k (201)

where x = 1,9, s4,s_ are SO(2n); anyons in A that follows the fusion rules (25). When
k is odd, the cohomology group is trivial and h, = hj are equivalent up to a 2-coboundary
for any x. The cohomology [h,| determines the central A-extension of the global symmetry
group Zg = (m|m* = 1) to the quantum symmetry group

m" =z, [ih’si]zl_’ > (202)

where [g,h] = ghg~'h~'. (See appendix C for a general discussion on central extensions
and their relation to H?(G, .A).) The Z; fluxes now obey the extended fusion rules m? x
m? = hy(a,b) x Mt
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In section 3.3.2, we see that the Zj symmetry of SO(2n); is (i) non-trivially extended
to Z; = Zok X Zgo according to [hy], for = ¢ when k = n/2 = 2 modulo 4, or x = s4 when
k =n/2 = 0 modulo 4, but (ii) trivially extended to Zr, = Zp x A when n = 2k = 2 modulo
4. When (iii) n = k is odd, the anyon fusion group becomes Aoaq = Z4. The Zj symmetry
of SO(2n); is trivially extended to Zj = Zy, x Z4 because the cohomology classification is
trivial, H?(Zy, Aodd) = H*(Zg,Z) @ Aoaa = 0 (by using the universal coefficient theorem
(190)). For case (i), the discrete gauge theory component D¥(Zo) in SO(2n)1/Z (see
(55)) is deformed by the Dijkgraaf-Witten invariant [k] in H3(Zay, U(1)) = Zox so that
the primitive gauge fluxes carry non-trivial spin h = —1/(4k). For case (ii) and (iii), the
DIN(Z,,) component in SO(2n); /7y, is un-deformed and its gauge fluxes are bosonic.

In section 3.3.1, we see that the Zy conjugation symmetry of SO(2n); is (a) non-
trivially extended to Zs = Zy x Zy according to [hy—y) (substitute & = 2 in (201)) when
n = 2 modulo 4, but (b) trivially extended to Zy = Zy x A when n = 0 modulo 4.
For case (a), the discrete gauge theory component DZ(Z,) in SO(2n)1/Zs (see (49)) is
deformed by the Dijkgraaf-Witten invariant [2] in H3(Z4,U(1)) = Z4 so that the primitive
Z4 gauge fluxes carry non-trivial spin h = —1/8. For case (b), the gauge theory component
DN(Zy) (or DM(Zy)) in SO(2n)1/Zs is deformed by the trivial (non-trivial) invariant [0]
([1]) in H3(Z2,U(1)) = Zs when n = 0 (resp. n = 4) modulo 8 so that the gauge flux
is bosonic (semionic). Although omitted in this appendix, it can be shown that (c) when
n is odd, the (outer automorphic) Zy conjugation symmetry of SO(2n); is extended to
ZQ = Zo X Apgqa = D4. The extension split decomposes and corresponds to the trivial
element in H?(Zs, Aoqq), Where Zsacts as the non-trivial involution on A,qq = Z4. The
non-chiral components Z(Ising) or Z(SU(2)2) in SO(2n)1/Za, when n = 1 or +3 modulo
8 respectively (see (51) and (112)), are twist liquids DI%(Zy) / Zs that differ from each
other by the Dijkgraaf-Witten invariant [1] € H3(Z, U(1)) = Zs.

The group cohomology elements of the dihedral group Dj and dicyclic group Q4x, when
k is odd, can be explicitly represented by combining the previous results (199) and (200)
of the cyclic group with the group decompositions

(203)

We label the group elements by the (additive) integral 2-tuple ¢ = (A,a), where a =
—(k—=1)/2,...,(k—1)/2, and A = 0,1 for Dy or A = —1,0,1,2 for Q4. The group
product is

(A,a)- (B,b) = ([A+ B],[(-1)Ba + b)). (204)

Here, [(—1)Ba + b] is the integer between +(k — 1)/2 that differs from (—1)Pa + b by a
multiple of k. [A+ B] is either 0, 1 for Dy, (or —1,0, 1,2 for Q4%) and is congruent to A+ B
modulo 2 (resp. 4). The inclusion map 4 in (203) inserts a Zj group element a into (0, a)
in Dy (or Q4x). The projection p is the Abelianization map that sends (A, a) to A in Zo
(resp. Z4). The short exact sequences in (203) split so that ker(p) = Im(¢) and the group
homomorphism j that sends A back to (A4,0) is a one-sided inverse of p, i.e. p(j(4)) = A.
A group homomorphism f : G — H induces a homomorphism between cohomologies
f*:H"(H,M)— H"(G, M) by defining the cochain f*w(g1,...,9,) = w(f(g1),---, f(gr))
in C"(G, M) for any cochain w(hy,...,h,) in C"(H,M). The maps in (203) induces the
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homomorphisms between group cohomologies

*

H"(Z2, M) 7= H'(Dy,, M) —"— H"(Zy, M),

Sk

(205)
H"(Zgy, M) ©—= H"(Qus, M) ——— H"(Zy,, M).

=
Since j* o p* = I is the identity at the cohomology level, p* must be injective and j* must
be surjective. ¢* and j* are restriction maps. The former restricts the group elements
entries in a cochain w(g1,...,gr) to lie in Z, ie. gi = (Ai,a;) = (0,a;). Similarly the
latter restricts g; = (Ai,a;) = (A;,0). Exactness in general does not hold in cohomology
sequences. For instance, from (186), (187) and (189), we see that i* cannot be surjective
when r = 2 modulo 4 and M = Z.

Similar to the cyclic group case, we begin with H'(Dy,U(1)) = Hom(Dy,U(1)) =
Zy and HY(Qu,U(1)) = Hom(Qux,U(1)) = Z4 when k is odd. Il-cocycles are group
homomorphisms G — U(1) sending g = (4, a) to £L(g) = (—1)*4, where v = 0,1 modulo
2 for Dy, or £(g) = e™A/2 where v = —1,0,1,2 modulo 4 for Q. The connecting
isomorphism (196) produces the cocycle representatives

(Y
E%(.gl?gQ) = 5(141 + A2 - [Al + AQ])7 for Dk

U (206)

E5(g1.92) = (A1 + Az — [A1 + Aa)), for Qu

of cohomology elements in H?(Dy,Z) = Zo and H?*(Quax,Z) = 74 respectively. The re-

striction maps j* : H?(Dy,Z) — H*(Z2,7) and j* : H*>(Qu,7Z) — H?(Z4,7) in (205) are

isomorphic and therefore the second order cohomology representatives matches with (197),
2] = j7[=2].

The forth order cohomology elements in H 4(Dk, Z) can be represented by the cocycles

Zu(91, 92, 93, 94) (207)
S(=D)A A (“1)20; +ay — [(—1)4201 + o))

e
X ((—1)A4a3 +ay — {(—1)A4a3 + G4D

+%(A1 Ay — [Ay + A)) (A3 + Ag — [As + Ad)),

where g; = (4;, a;) are group elements in Dy. Here, the square brackets in the first (second)
line have range in —(k —1)/2,...,(k —1)/2 (resp. 0,1). E} = Ei,,, are equivalent up to
the coboundary dA3 in dC3(Dy,, Z), where A3(g1, g2, 93) = 2(—1)42+ 434, ((—1)%ay + a3 —
[(—1)%ay + a3))/k + kA1 (Ay + A3 — [As + A3])/2. Thus, u = 0,1,...,2k — 1 modulo 2k
represents the cohomology elements in H*(Dy,Z) = Zg. At the forth order cohomology
level, both the restriction maps i* : H*(Dy,Z) — H*(Zy,Z) and j* : H*(Dy,Z) —
H*(Zo,7) in (205) are surjective. They identify i*[Z2] = [qu]k] in HY(Zy,7Z) = Zy, and
7*[Eul = [9Qf,,) in HY(Z2,Z) = Z> (see (199)).

The forth order cohomology elements in H*(Qu,Z) can be represented by cocycles
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similar to (207)

Eu(91, 92, 93, 94) (208)
u As+Ay Ao Ao
(—)A+ 4 ((—1)*2a; +az — [(~1)* a1 + az

T R2
X ((—1)A4a3 + a4 — [(—1)‘44@3 + a4D

+ 7g (An+ Az — [A1 + Ag]) (A5 + Ay — [ A3 + AL,
except now A; has range in —1,0,1,2 and v = 0,1,...,4k — 1 modulo 4k represents
the cohomology elements in H*(Qux,7Z) = Zas. The restriction maps i* : H*(Quy, Z) —
HYZ,Z) and 5* : HY(Qu,Z) — H*(Z4,7Z) in (205) are surjective. They identify i*[Z1] =
[2f,,] in HY(Zy, Z) = Zy, and j*[2] = [Q},,] in HY(Zs, Z) = Zy (see (199)).
The cohomology rings H*(Dy,Z) and H*(Qux,7Z), when the degree k is odd, are peri-
odic (see (187) and (189)), and an unit element X = [Z2_,] in H* produces the isomor-

phisms by the cup product (198), XU : H” =, H™+4. The generator Y = [Z2_;] in H? is
related to X by the cup product Y UY = kX and has order 2, 2Y = 0, for Dy or order
4, 4Y = 0, for Q. Therefore, the cohomology rings are the polynomial quotient rings
H*(Dy,Z) = Zok[X,Y]/(2Y, kX — Y?) and H*(Quk,Z) = Zsx|X,Y]/(4Y, kX — Y?). In
other words, cohomology elements in any order can be explicitly represented as powers of
X and Y. Cohomology classes in H** and H*5*2 can be represented by cocycles

Eﬁs(gl, cey O4s) = uEi1 U...uU E‘ll(gl, ey 4s)
S
=u [ E1(g4j-3, 94j-2, 94j-1, 945), (209)
j=1
E%S+2(g1, - ,g45) = UE% U Eéll U...uU Ezll(gl, - ,g4s+2)

S

=023 (g1, 92) [[ (9451, 945 94511, 9aj2)
7=1

where u lives in Z/(kZ), and v sits in Z/(2Z) for Dy, or Z/(4Z) for Q.

Using the universal coefficient theorem (190), for dihedral groups with odd degree k,
H?*(Dy, A) = H*(Dy,,Z) ® A = A, where A = Z3 is the anyon fusion group of SO(2n);
for n = 2k. The cocycle representatives of cohomology elements [h,] in H2(Dy, A) are

EHg102) — o (A1t Az=[A1+4s])/2

A1 Az (210)

hy(g1,92) =y
=y
where [22] is the generator of H?(Dy,Z) defined in (206), g; = (4;, a;) are group elements
in Dy, and y = 1,7, s4,s_ are SO(2n); anyons in A. The cohomology class [h,] dictates
the product rules of the global quantum symmetries g1g2 = hy (g1, 92)g192. Consequently,
it determines the central A-extension of the global symmetry group Dy, = (pu, m|u? = mF =
(um)? = 1) to the quantum symmetry group

N A i* = (pm)? =y,
Dk = < 87 77/; [laasi] = [masi] =1, > (211)
+ mh =53 =2 =s,5 =1

where [g,h] = ghg~'h~!. Since the cohomology classification is identical to H?(Zs, A) =
A, the induced homomorphism p* : H?(Zs, A) = H 2(Dg, A) in (205) must be isomorphic

Accepted in { Yuantum 2023-03-14, click title to verify. Published under CC-BY 4.0. 62



(when M = A). This correlates the the non-symmorphic quantum symmetry groups
ZQ = Zy4 X Zo and l/)\k = Qur X Zs, both of which corresponds to the same cohomology
class [hy—y], when k = n/2 is odd (see section 3.3.1 and 4.3).

The connecting isomorphism & : H3(D, U (1)) 5 HY(D,Z) from (196), for D = Dy, or
Qa4 with odd degree k, gives explicit cocycle representations of cohomology elements [¢3]
in H3(D,U(1)) from (207) and (208). The cocycle solution to =i = §¢3 = dlog &2 /(2mi)
can be chosen to be 3

& (91,92, 93)
1 1
= exp {2m'u (1€2(—1)A2+A3a1 ((—1)‘43@2 + a3 — {(—1)A3a2 + ag}) + 2A1A2A3>}

(212)
for H3(Dy,U(1)) = Zoy where u = 0,1,...,2k — 1 modulo 2k, or
52(91;92793)
_ 1 Az+As As As
= exp {27‘(‘Zu <k:2( 1) ay ((—1) az + az — [(—1) a + (13}) (213)

2miu
16

n (A; (Ag + Az — [A2+A3]))}

for H3(Quy,U(1)) = Zgj, where u = 0,1, ..., 4k—1 modulo 4k.The Dijkgraaf-Witten invari-
ant u enters the discrete gauge theory DI/(Dy) and D (Qy;,) by modifying the F-symbols
of the gauge fluxes with the U(1) phases f919293 = £3(gq, go, g3) and subsequently affecting
their topological spins (see appendix C). The group elements ¢g; = (4;, a;) have a; ranges
in—(k—1)/2,...,(k—1)/2 and A; in 0,1 for Dy, or —1,0,1,2 in Q4. Each of the square
brackets wraps its entry back to the corresponding appropriate range. The restriction
maps i* and j* in (205) are surjectives at the H3(G,U(1)) level. The i* map restricts the
dihedral (dicyclic) group elements in £(g1, g2, g3) to have trivial twofold (fourfold) compo-
nents, g; = (A;,a;) = (0,a;). The 7 map restricts the group elements to have trivial k-fold
components, g; = (A;,a;) = (A4;,0). For Dy, the restriction maps identify i*[¢3] = [w[?;]k]
in H3(Zy,U(1)) = Zy, and j*[€3] = [wﬁdz}] in H3(Zy,U(1)) = Zy. For Qu, they identify

18] = [, ] in H3(Zy, U(1)) = Z and (€3] = [wd, ] in H3(Za, U(1)) = Zy. (See (200)
for the cocycle representatives w3 of H3(Z,U(1)).)

In section 4.3, we see that when n = 2k = 2 modulo 4 where the D symmetry is ex-
tended to D\k = Qui, X Zs, the discrete gauge theory component DI[2¥] (Qqx) of SO(2n)1/Dy,
(see (115)) is deformed by the Dijkgraaf-Witten invariant [2k] in H?(Qux, U (1)) = Za.
This is because the cohomology class relates appropriately to those of the Z; and Z4 sub-
groups of Q4 through the restriction maps, i*[2k] = [0] € H3(Z,,U(1)) and j*[2k] = [2] €
H3(Z4,U(1)) = Z4. These match the Dijkgraaf-Witten invariant of the smaller discrete
gauge theory components DI%(Zy) and D?(Z4) in SO(2n)1/Z, and SO(2n)1/Zs respec-
tively (see (55) and (49)). When n = k is odd, the conjugation symmetry inside Dj, acts
non-trivially as the involution, Zs : sy <> s_, on the anyon fusion group A,qq. The Dy
symmetry is symmorphically extended to ]_/)\k = Dy X Z4 and the extension corresponds to
the trivial cohomology element in H? (Dg, Aoda). (Using the universal coefficient theorem

3Cocycle representatives of cohomologies in H>(Dy,U(1)) for odd degree k, and even elements in
H3(Quar,,U(1)) can also be found in ref. [50]. Eq.(213) covers both even and odd elements in H*(Qax, U(1))
and is an original result in this paper.
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(190) and the ® properties in (191), H?(Dy, Aoad) = H*(Dy,Z)®Z4 = Zs. The non-trivial
case is irrelevant to this article.) The non-chiral twist liquid DI(Zy) / Zs in SO(2n), /Dy
(see (115)) has two distinct sets of spin statistics for the Zo twist fields depending on
n = £1 or £3 modulo 8. The difference is associated to the non-trivial cohomology ele-
ment [k] in H3(Dy,U(1)) = Zog. The cohomology class is fixed by its restriction to the Zj,
and Zg subgroups, i*[k] = [0] in H3(Zy,U(1)) and j*[k] = [1] in H*(Za,U(1)).

Lastly, we present the cocycle representatives of the cohomologies in (193) of the dihe-
dral symmetry group Dy of SO(2n); when the degree k = n/2 is even. The dihedral group
element can be presented by g = (4, a), where A = 0,1, a ranges in —k/2+ 1,...,k/2.
The group product is

(4,a) - (B,b) = ([A+ B], [(-1)"a + b)) (214)

where the first square bracket takes the value 0 or 1 that is congruent to A + B modulo 2,
and the second square bracket wraps (—1)Za+b back to the appropriate range (—k/2, k/2]
by adding or subtracting k if necessary. Unlike the odd degree case, the cohomology
groups H*(Dy,Z) in (188) are not periodic because Dy contains a non-cyclic subgroup
Dy = Zsy X Zs, whose elements are g = (A,a) = (A, ak/2) where A,a = 0,1. We only
present the cocycle representatives in H2(Dy,.A) and H3(Dy,U(1)). Using the universal
coefficient theorem (190),

H*(Dy,, A) = [H*(Dy,, Z) © A] & Tor(H*(Dy, Z), A)
= A2 A= A3 (215)

where A = {1,%,s,,5_} = Z3 is the anyon fusion group for SO(2n);. Here we have
used the cohomology group results H?(Dy,Z) = Z3 and H*(Dy,Z) = Zs from (188),
and the properties of the tensor product and tor functor in (191) and (192). The cocycle
representatives of cohomology elements [hy ] in H*(Dy, A) = A? are

Ny (g1, go) = al@rtaz-lataz)/ky(Aitanadz jards (216)

where x,y,z = 1,1, s1 are SO(2n); anyons, and g; = (A;, a;) are group elements in Dy.
The cohomology class [hy, -] specifies the product rule of quantum symmetries gig> =
hay.-(91,92)g192. It fixes the central A-extension of the global symmetry group D) =
(pr, m|pu® = mF = (um)? = 1) to the quantum symmetry group

sk N2 ~a )2
P ﬂ,m, 77} =Z, A_y)(/J“ ) =z,
Dyp={ | ” [, s+] = [, s+] =1, (217)
+ 2 =yY?=s,519=1
where [g, h] = ghg~th~L.
The split exact decomposition
1 5 Zy s Dy 722 7y — 1 (218)
J05J1

induces the (non-exact) group homomorphisms between cohomologies

*

H"(Zo, M) J%Z H"(Dy, M) . H"(Zy, M). (219)
JoJi
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The inclusion i embeds Zj in Dy by restricting to group elements g = (A,a) = (0,a).
The projection p sends g = (A,a) in Di to A = 0,1 in Zg. The projection has two one-
sided inverses jp and j; sending A in Zs to (A,0) and (A,1) in Dy respectively. Since
p(Jjo,1(9)) = g, jg1 o p* is isomorphic and therefore p* (jg5;) must be injective (surjec-
tive). Unlike the odd degree case, here when k is even, there are two inequivalent mirror
conjugacy classes [p] and [um] in Dy. Consequently, the restriction maps j§ and ji are
not equivalent in general. For cohomologies with M = A coefficient, the restriction maps
i* : H*(Dy, A) — H*(Zy, A), ji1 : H*(Dy, A) = H?(Z3, A) and the induced homomor-
phism p* : H%(Zg, A) — H?(Dy, A) in (219) relates the cohomology classes

hay,z] = [hal, - p*[hy] = [h1y),
Jolhayel = [hyl, Jilhey.:] = [ha],

where [h,] € H?(Zy, A) and [hy], [h;] € H?(Z2, A). In section 3.3.2, we see that the Zj

—

(220)

symmetry of SO(2n); is non-trivially extended to Zj = Zaj, X Zo according to [hgy—y) when
k = n/2 = 2 modulo 4, or [hy=s,] when £ = n/2 = 0 modulo 4. In section 3.3.1, we
see that the Zy conjugation symmetry of SO(2n); is trivially extended to z; =Zsx A
and thus associates to the trivial cohomology classes y = z = 1. Together they fix the
cohomology indices (x,y, z) = (1,1,1) when k = n/2 = 2 modulo 4, or (z,y,2) = (sx,1,1)
when &k = n/2 = 0 modulo 4. In both cases, the quantum symmetry group (217) is the
non-symmorphic extension l/)\k = Doy, X Zg (see section 4.3).

The cocycle representatives of the cohomology elements (¢}, ] in H*(Dy,U(1)) =
Zy, X Za X Zga, when k = n/2 is even (see (193)), can be chosen to be [197]

& vw(91, 92, 93)

_ (U At As _1)43 _l(—1)\43
_exp{Zﬂ'z <k2( 1) al (( 1) CL2—|—CL3 [( 1) a2+a3})> (221)
(v UV +w
+ 2m1 <2A1A2A3 + 9 alA2A3) }7
where g; = (Aj,a;) are group elements in D, u = 0,1,...,k — 1 modulo k£ and v,w =

0,1 modulo 2. The square bracket {(71)‘43@2 +a3} wraps (—1)43as + a3 back to the
appropriate range —k/2+1,...,k/2 by adding or subtracting k if necessary. The cocycles
2+k,v,w> §3,v+2,w and 52%“}” differ from {f’w,w only by 3-coboundaries. The restriction
maps i* : H3(Dy,U(1)) — H3(Zy,U(1)) and jo,j1 : H3(Dy,U(1)) — H3(Zy,U(1)) in
(219) are surjective. Jo1 are one-sided inverses of the injective induced homomorphism
p* i H3(Z,U(1)) = H3(Dy,U(1)). They relate [}, ] to

&) = Wil Pw)] = 6w,
2 2

€ ) = W2, S11E ] = W] (222)

where w3 (ay, ag, az) = e2mu(@rtaz—larta])/k represents a cohomology class in H3(Zy, U(1)) =
Zy (see (200)), w2(Ay, Ag, A3) = (—1)"414245 and w3 (A, Ag, A3) = (—1)414243 repre-
sent cohomology classes in H3(Zg,U(1)) = Zy. The Dijkgraaf-Witten invariant [u, v, w] in
H3(Dy,,U(1)) = Zj, x Zgy X Zy enters the discrete gauge theory D*vI(D,) by modifying
the F-symbols of the gauge fluxes with the U(1) phases f919293 = 5371]710(91,92,93) and
subsequently affecting their topological spins (see appendix C).

In section 4.3, we see that when n = 2k = 0 modulo 4 where the Dy symmetry is
extended to Dy = Doy X Zo, the discrete gauge theory component, D[k’o’o](ng) forn=0
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modulo 8 (D11 (Do), for n = 4 modulo 8), of SO(2n); /Dy, is deformed by the Dijkgraaf-
Witten invariant [k, 0, 0] (resp. [k, 1,1]) in H3(Day, U(1)) = Zgy x Zy x Zs (see (115)). The
cohomology class is determined by the restriction maps (222), i*[k,0,0] = ¢*[k, 1, 1] = [k]
in HS(Zch U(1)) = Zgy and Jo [%,0,0] = ji[k, 0,0] = [0] (resp. ]S[kv L 1] = jilk,1,1] = [1])
in H3(Z2,U(1)) = Zsy. So that these classes match the Dijkgraaf-Witten invariants of the
smaller discrete gauge theories D¥(Zy;,) and DI%(Zy) (resp. D(Zy)) in (55) and (49).
The [k] in [k, *,*] determines the spin statistics of the Zg, fluxes. The Zy components
[0,0] (or [1,1]) dictates that the two inequivalent Zg fluxes are all bosonic or fermionic
(resp. semionic).
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