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Constraints make hard optimization prob-
lems even more challenging to solve on quan-
tum devices because they are typically imple-
mented with large energy penalties and addi-
tional qubit overhead. The parity mapping,
which has been introduced as an alternative
to the spin encoding, translates the problem
to a representation using parity variables that
encode products of spin variables into a single
parity variable. By combining exchange inter-
action and single spin flip terms in the parity
representation, constraints on sums, products
of arbitrary k-body terms and sums over such
products can be implemented without penalty
terms in two-dimensional quantum systems.

1 Introduction

Constraints to optimization problems are crucial for
many problems that are encountered in science, tech-
nology, and industry, ranging from scheduling prob-
lems to quantum chemistry [1-8]. Quantum comput-
ing as a new paradigm of computing, which aims,
among other things, at enhancing optimization algo-
rithms by making use of quantum phenomena, may
improve upon existing algorithms to solve these kinds
of problems. However, quantum computers are lim-
ited in coherence, control, and connectivity [9-14]
which makes encoding of optimization problems one of
the current grand challenges in the field. Constraints
are an additional complication to the encoding chal-
lenge and they are typically encoded via large energy
penalties [15-17] given as quadratic terms leading to
fully connected interactions. These penalties intro-
duce an additional energy scale and in most cases
additional qubits and couplings to the computation,
making algorithms, such as the quantum approximate
optimization algorithm (QAOA) [18] or quantum an-
nealing [19-21], less efficient. Some recent works [22—
24| present more efficient quantum annealing meth-
ods to solve problems with linear equality constraints,
which are pure sums over single spin variables, while
the penalty method is applicable for general equality
and inequality constraints. Reference [25] gets rid of
penalty terms in the QAOA by extending it to the
quantum alternating operator ansatz, introducing a
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tailored mixing Hamiltonian for each constrained op-
timization problem specifically.

In this paper, we present the encoding of optimiza-
tion problems with equality constraints in analog [26—
33] and digital [25, 34, 35] quantum computers using
the parity quantum computing scheme [36-38], which
is applicable to a broader range of equality constraints
instead of pure sums over single logical qubits and
only requires local interaction terms.

To encode constraints we introduce a combination
of exchange interactions and spin-flip terms in com-
bination with the parity encoding. The parity trans-
formation encodes optimization problems in a lattice
gauge model with local 3-body and 4-body interac-
tions on a square lattice. We introduce exchange
terms that only act on qubits that are part of the
constraints and spin-flip terms that act on the rest
of the qubits. Using a compiler [37], qubits can be
arranged on the square lattice with flexibility. In par-
ticular, one can place qubits that are part of the con-
straint in close vicinity and thus allow for local hop-
ping terms only. The points mentioned above make
the method presented here implementable on current
quantum devices for both quantum annealing and dig-
ital quantum computing.

We consider optimization problems in the form of
a general k-body Hamiltonian

H = Z Jis; + Z JijSiSj + Z JiijiSjSk (1)
7 1<j 1<j<k
+ Z JijleiSjSkSl + ..

i<j<k<l

where s; are the spin variables with values in {—1,1}.
This Hamiltonian can be efficiently implemented us-
ing the parity transformation [37]. We assume that
the terms can go up to N-body terms and the k-body
interaction tensors J are sparse. We assume that the
total number of qubits is N and the number of terms
in the Hamiltonian is K.

In addition to the k-body optimization problem we
consider a list of equality constraints where each con-
straint m can be written as
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Figure 1: (a) The standard approach to encode optimization
problems on a quantum device is to separate the uncondi-
tioned from the conditioned part. The unconditioned part of
the optimization problem is encoded as a spin model (top).
Each node (circle) represents a logical spin, which can either
be up or down. The edges (lines) represent interactions be-
tween the spins. The solution of the unconditioned part is
the ground state of the spin model. In addition, a side con-
dition on a subset of the spins is given (bottom). (b) In the
parity encoding, the problem is translated to a Hamiltonian
that encodes the unconditioned as well as the conditioned
part. The unconditioned part is encoded in a lattice gauge
model, where nodes represent parity variables and interac-
tions are local 3-body (red) or 4-body (blue) terms. The
side conditions of the optimization problem are implemented
as exchange terms among the conditioned parity qubits (yel-
low). In the parity encoding this specific side condition needs
no extra resources.

N
Zg(m)sz +3 3 s, (2)

i=1 j>i

+ Z Z Zgz(;;)sisjsk + ...

i=1 j>i k>j

Equation (2) includes sums and product terms, i.e.,

sums of single-body terms g(m)sl7 2-body terms

gz(;”)s iS;, 3-body terms gi(jk)sisjsk, and so on. The

coefficients g(m)7 gl(]m), gi(;',?, ... depend on the problem

and its constraints. Constraints of optimization prob-
lems comprising inequalities can be rewritten as con-
straints comprising only equalities by increasing the
number of spins [17]. Therefore, a large number of op-
timization problems with both equality and inequality
constraints are covered by a set of equality constraints
given by Eq. (2).

Here we will restrict ourselves to constraints which
are represented by Eq. (2) and coefficients g&m) which
are zero or one. Furthermore, we only consider the
case of disjoint constraints, which excludes all in-
equalities. Multiple constraints are disjoint if they
have no common qubits, i.e., all qubits are only in-
cluded in one of the constraints. Otherwise we call
them overlapping constraints. An idea of how to ex-
tend this method to overlapping constraints in the

parity encoding and coefficients gém) > 1 (and there-

fore also inequalities) is illustrated and discussed in
Appendix A.4. However, since in these cases the im-
plementation is unclear, it remains a task for future
work.

2 Encoding Constraints

The parity transformation translates each term in the
Hamiltonian in Eq. (1) to a single parity qubit and
all k-body interaction strengths J;, . ;, become local

fields J,, only. We denote parity qubltb with ag)
and their corresponding eigenstates with |£1). A de-
tailed explanation of the parity transformation can
be found in Ref. [37] and in Appendix A, which con-
tains the transformation of the graph shown in Fig. 1
and some other examples of optimization problems
in the presence of side conditions. In the following,
we summarize the most important aspects for com-
pleteness: The logical qubits O'Z) with eigenvalues
+1 represent the spins s; in the z-basis. A parity
qubit represents the product of k logical qubits, e.g.,
59’2’3) = Ugl)o( ) (3) for kK =3. The parity trans-
formation transforms the graph into a parity layout,
which then encodes the optimization problem in terms
of parity variables. This step increases the number of
degrees of freedom from N to K, where N is the num-
ber of spins and K is the number of non-zero terms in
the problem Hamiltonian. If we have additional hard
constraints as in Eq. (2), K is the number of distinct
spin products in both the non-zero terms of the prob-
lem Hamiltonian and the hard constraints combined
plus the number of ancilla qubits, if they are needed.
Thus, K — N + D parity constraints are introduced to
restrict the low-energy subspace to the original size,
where D is related to the degeneracy of the Hamilto-
nian (see Ref. [37] for further explanation). For the
unconstrained optimization problem, the parity con-
straints are constructed from generalized closed cycles
in the logical graph [37], for example 5 (2’6)621’6),
which is a valid parity constraint as the correspond-
ing product in the logical variables is always +1. The
main challenge in the parity transformation is to se-
lect K — N + D generalized closed cycles such that the
resulting parity constraints can be laid out on a chip
with local connectivity. For an all-to-all connected
model with only 2-body terms, the choice of cycles
and the layout was shown for the Lechner-Hauke-
Zoller (LHZ) architecture [36]. For other graphs and
hypergraphs, the choice and arrangement of qubits is
done by compilation [37].

To avoid confusion between parity constraints and
constraints of the optimization problem, we will re-
fer to the constraints of the optimization problem as
side conditions. Side conditions in the form of a single
product of logical spins can be natively encoded in the
parity mapping as shown in Ref. [37]. Side conditions
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in Eq. (2) are arbitrary sums and products (polynomi-
als) of logical qubits and will be discussed here. Such
side conditions can be transformed to the parity en-
coding by adding a physical qubit with zero local field
for each product (including single-body terms) of log-
ical qubits given in the side condition, which is not
already in the Hamiltonian in Eq. (1). This means
that if each product of logical qubits in the side con-
dition is already present in the problem Hamiltonian,
then no additional physical qubits are needed. The
example in Fig. 1 illustrates this case.

Traditionally, side conditions in optimization prob-
lems are imposed with large energy penalties.
For example, the side condition sysg + sos3 = +1
would be imposed by adding the energy term

Openalty(ggl)0g2)+O’£3)Ug4) —1)2 to the problem
Hamiltonian. When Cpenaiey is large enough, the

ground state of the Hamiltonian satisfies the side con-
dition. The challenges that come with this method are
twofold: Firstly, the additional terms are higher-order
interactions which introduces an additional overhead
when embedding it in physical hardware with pair
interactions [23, 24, 39, 40]. Moreover, if we have
optimization problems with a sparse problem Hamil-
tonian, side conditions can lead to a highly connected
Hamiltonian leading to an overhead in qubits and
couplings when embedding the side condition in cur-
rently available quantum hardware. Secondly, the
large penalty strength Chenaity introduces an addi-
tional energy scale to the system, which is unfavorable
for the implementation as well as for the dynamics.

In this work, we use a different approach where side
conditions are implemented in the dynamics rather
than in the energy term, i.e., by using exchange terms
as proposed in Refs. [23, 24]. There, only side condi-
tions which are sums over single logical qubits, can
be realized by the given driver Hamiltonian. Further-
more, the authors note that in some of the investi-
gated cases the experimental feasibility of the driver
Hamiltonians requires further consideration. In con-
trast to that, we are able to use a similar driver Hamil-
tonian for side conditions, which are polynomial dis-
joint equality constraints (i.e., sums over products of
logical qubits). In combination with a compiler [37]
that is able to lay out qubits, these exchange terms
can be realized among nearest neighbors only, which
makes it experimental feasible.

Our strategy is to transform the problem into the
parity encoding, in which we can split up the parity
qubits into two sets: 1.) qubits that are not part of the
side condition terms [U], and 2.) qubits that are part
of the side condition terms [C]. Figure 1 illustrates
this setup for a particular example. In this example,
the side condition includes the physical qubits 69’3),
5% and %% which are in [C] (yellow) and the rest
of the qubits are in [U/] (white). If new physical qubits
are required for the side condition, generally one has

to add parity constraints to integrate the physical

qubits into the physical lattice of the parity encoding.
In this example we do not need to add any physical
qubits or any parity constraints for the side condi-
tion, because each product of logical qubits present
in the side condition (a§2)a§3>, a,(zl)ag) and 022)0;(56))
is already present in the problem Hamiltonian. For a

side condition of the form ¢ = a§1)0—§2)a§3) + 022)023),

one would have to add the two physical qubits 59’2’3)
(for the side condition) and &2 (ancilla qubit) and
the parity constraint &9’3)&9’2)&9’2’3)69). For fur-
ther details on the interplay between side conditions
and the parity encoding, including decoding strategies
with and with out side condition and in the presence
and absence of errors we refer to Appendix A.

In the annealing protocol, which is introduced
below, terms that are part of [U] are driven with
single body terms &,, while terms in [C] are driven by
exchange terms. These exchange terms (or hopping
terms) between qubits in the set [C] are of the form
gk 4 50050 where 59 = &) + 6.
The global ground state of this exchange term is
in the zero magnetization sector. However, the
magnetization sector required by a side condition is
Sy &) = ¢. The exchange Hamiltonian preserves
the magnetization required by the side condition
during the annealing process. The final state is the
lowest-energy state in the magnetization (symmetry)
sector which fulfills the side condition — which may
or may not be the unconstrained ground state. By
starting in a configuration that satisfies the side
condition, as the exchange term conserves the sum,
the state will stay in the side-condition-satisfying
subspace, i.e., the subspace of H(t) that satisfies the
side conditions. The parity constraints (i.e., 4-body
or 3-body terms) act on all qubits, including [C] and
[U], the hopping term only on qubits in [C] and the
single spin flip term &, only on qubits in [].

In the following we will describe the protocols for
Hamiltonian dynamics and digital quantum comput-
ing.

3 Hamiltonian Dynamics

The optimization problem with side conditions en-
coded as described above can be solved using an
adiabatic quantum computing protocol. Our proto-
col introduces a few novelties compared to standard
quantum annealing: 1.) The initial state is a classi-
cal state similar to reverse annealing protocols [41],
which is chosen such that the side condition is ful-
filled. 2.) We introduce exchange terms acting on
parts of the system and single spin flips acting on the
rest. 3.) The target state is not necessary the ground
state but we instead aim at obtaining a lowest-energy
state in a different symmetry sector. With the pre-
scriptions 1.)-3.), the annealing process only popu-
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lates states that fulfill the side condition, which is en-
sured by the driver Hamiltonian. It is important that
the driver Hamiltonian reaches each side-condition-
fulfilling eigenstate, but no others.

As in all adiabatic protocols, we start from the
ground state of an initial Hamiltonian. In quantum
annealing, this is the ground state of the driver Hamil-
tonian. In the following we consider the case of a
single side condition. This protocol can be easily ex-
tended to multiple disjoint side conditions, although
generally ancilla qubits and extra couplings for a suit-
able parity layout might be required. We refer to Ap-
pendix C for more details. The initial Hamiltonian
reads as follows:

U] [€]

Hiie = » &6+ miolh. (3)

The sum [C] runs over all qubits that are included in
the side condition, which we call conditioned qubits
in the following. The sum [U] runs over the rest of
the qubits. The coefficients ¢; are chosen randomly
from {—1,1}. The coefficients 7; are chosen from
{—1,1} such that the side conditions are satisfied,
e.g., for a side condition with ZEC] 59 = ¢, the
local fields are chosen to fulfill ZEC] 1 = —(C)targets
where (C)target is the target expectation value of the
side condition. The optimization problem is encoded

in the local fields of the final Hamiltonian consisting
of

K
Hipal = Z Jié,i” (4)

and
P

P [
Ho=>» C]]at. (5)
=1 %

Here, C; is some coupling strength for the [-th par-
ity constraint P; and the sum runs over all P parity
constraints Pj, where P is K — N + D and the prod-
uct [P)] runs over all qubits in the parity constraint
P,. Note that the number of qubits in P, is |[P]| = k
for a k-body parity constraint. In Fig. 1, we have
two 3-body and two 4-body parity constraints. The
coupling strength Cj is chosen to be sufficiently large,
such that all parity constraints HEPI] &) have eigen-
value +1 for all [ = 1,..., P, if the system is in a
physical ground state of Hgpa + Hc.-

The single spin flip driver Hamiltonian acts only on
qubits not associated with the side condition terms,

Hy = Z (. (6)

In addition to the terms above, an exchange term is
introduced among [C], which is,
€
Hexen. = Ve Z 6'_(;)5'(_]) + h.c. (7)
(i,4)

Here, the bracket [|* denotes a sum over all pairs (i, j)
of neighboring qubits connected via an exchange term
in [C] e.g., in Fig. 1 the number of terms in the side
condition is |[C]|] = 3 and the number of exchange
terms |[C]*| = 2 as there are two possible exchange
moves that can be done with nearest neighbors. The
full time-dependent protocol reads

H(t) =A(t) Hinis + Bt)Hx + C(H)He  (8)
+D(t)Hﬁnal + E<t)Hexch.-

Here, the functions A,B,C,D, and E are chosen as fol-
lows

initial during final
A 1 finite 0
B 0 finite 0
C 0 finite 1
D 0 finite 1
E 0 finite 0

There exist other works, which use protocols that dif-
fer from the typically used time-dependent Hamil-
tonian H(s) = (1 — $)Hinit + SHproblem for quantum
annealing [21, 42]. Some of them are similar to the
protocol presented here in that they have an addi-
tional time-dependent term that is only switched on
at intermediate times (i.e., zero for s = 0,1 and finite
else), but they have different intentions. This includes
works that stay in specific sub-spaces [43] or use ran-
domly chosen catalyst Hamiltonians to improve the
performance of the annealing process [44, 45]. While
most of them have three individually driven terms,
the initial, the intermediate and the final one, there
is the quantum counter-diabatic annealing used in
Ref. [46] where each sub-term of these three Hamil-
tonian parts is driven individually in time. Here we
have an intermediate driver Hamiltonian, which is di-
vided in two parts Hy and Heyen, Where each part
can be driven individually in time. We are not in-
terested in simply modifying the traditional path by
adding an intermediate Hamiltonian. Our intention is
to drive the system only within a certain subspace of
the full Hilbert space by starting in a randomly chosen
classical state of this subspace and creating superposi-
tions of all states spanning this subspace by switching
on the intermediate driver Hamiltonian. The method
presented here goes beyond other existing methods.
The basic idea of the exchange Hamiltonian (7) in-
troduced in Refs. [23, 24] can only handle side condi-
tions that are sums over single logical qubits. Indeed,
due to the parity transformation, we can map sums
over arbitrary products of logical qubits, i.e., poly-
nomial side conditions, to sums over single physical
qubits, such that we are also able to solve problems
with polynomial side conditions. This generalization
from linear to polynomial side conditions is one of the
main results of this work.

The Hamiltonian (5) contains each physical qubit
at least once and the sum runs over all parity con-
straints, which ensures that we only get results with

Accepted in {Yuantum 2023-03-08, click title to verify. Published under CC-BY 4.0. 4



a valid correspondence to the logical problem. The
exchange Hamiltonian swaps only the spin direction
of neighboring qubits, such that the sum over all side
conditioned qubits stays constant. With a classical
preprocessing step, side conditions which can not be
fulfilled can be excluded (for a detailed discussion we
refer to Appendix A.1). If a solution of the prob-
lem exists (and the parity-constraint strength is large
enough), no parity constraint will be violated and all
side conditions will be fulfilled in the end. However, to
ensure that the target ground state is reached, it could
be necessary to set the parity constraint strengths to
higher values. In the case that side conditions are
unsolvable the final states would always be parity-
constraint-violating states. For more details see Ap-
pendix A.1.

Since the exchange Hamiltonian acts only on neigh-
boring qubits, the parity transformation has to trans-
late the logical graph and the product terms of the
side conditions into a common parity layout where
all side conditioned qubits are connected via adjacent
conditioned qubits. If this is not possible with the
resulting physical qubits, one has to introduce ancilla
qubits. With these ancilla qubits one must construct
new parity constraints, which make it possible to find
a suitable layout. Therefore, laying out the parity
qubits for exchange terms among neighbors, just like
adding product terms of the side condition, which are
not included in the problem Hamiltonian, leads to ex-
tra qubits and therefore additional and possibly differ-
ent parity constraints. It is possible that the encoding
of the side conditions does not need any extra qubits,
as it is the case for the example presented here. For
some special case it is even possible to subsume a side
condition into a parity constraint or to drop a parity
constraint due to the given side condition. There are
more details on the usage of ancillas and these special
cases in Ref. [37] and in Appendix A.

As mentioned above, as long as in the parity encod-
ing the multiple side conditions do not overlap, i.e.,
they are disjoint, the method presented here can be
extended to cases with multiple side conditions. Side
conditions overlap in the parity encoding only if dif-
ferent side conditions have the same product terms of
logical qubits. We analyse these cases in in Appen-
dices A and C.

3.1 Numerical Simulations

To interpret the results we have to distin-
guish between the ground state of the optimiza-
tion problem Hamiltonian without side conditions,
Hyroblem = Hanal + Hc, which we call unconditioned
ground state \IJSQ and the ground state of the opti-
mization problem with side condition, i.e., the side-
The state

\Iléi) is what we are seeking and corresponds to the
lowest-lying eigenstate of Hproblem, Which satisfies the

condition-satisfying ground states \Ifgi).

side conditions.

In the following, we will give an example for (i) the
case U = 02 and (ii) the case U 2 (2 In
the latter case a crossing of the energy levels must
occur. We will present the protocol of the annealing

. . . oy . C
process, discuss diabatic transitions and consider \I/,(]S)

and/or \II‘(Z) to be degenerate. We will also consider
the role of the initial state. The numerical results are
presented for a random example where the uncondi-
tioned optimization problem is encoded together with
the side condition in the parity model with 9 qubits,
as shown in Fig. 1(b). For details on the annealing
protocol of all examples, we refer to Appendix B. The
random problem instance is encoded in the local fields
J; as the field vector

J = (0.8, 0.6, 1.0, 1.0, 0.7, 0.7, 0.1, 0.6, 0.8)T. (9)

For better comprehensibility, the first ten eigenstates
of this problem are explicitly written out in Eq. (64)
of Appendix D. The components of the field vector
and of the system states correspond to the qubits in
Fig. 1 in the order from top to bottom and from left to
right, i.e., as (23,12,26, 34,14, 16, 35,45,56). As the
initial state satisfies the side condition ¢ = ZEC] &0,
the system ends up in the conditioned ground state.
Nevertheless, the instantaneous energy spectrum and
the dynamics of the evolution of the system are af-
fected by the choice of the initial state. Therefore, for
some choices of initial states, multiple level crossings
to instantaneous excited energy states and back to
the instantaneous ground state of the time-dependent
Hamiltonian given in Eq. (8) are possible (even for
\Pgﬁ) = \I/é?, further discussed in Appendix D) while
in other cases the system remains in the instantaneous
ground state during the whole annealing process, as in
Fig. 2(a). Furthermore, the choice of the initial state
affects the minimal energy gap between the condi-
tioned ground state and the first excited state inside
the side-condition-fulfilling subspace during the an-
nealing process. This minimum energy gap is crucial
for the adiabatic condition [47] and gives a lower limit
for the computation time t;. We remark that by in-
creasing the constant prefactor I' of the driver Hamil-
tonian we are able to shift the required final annealing
time to lower values. In Appendix E we discuss this in
more detail and present an example for the adiabatic
condition of the given annealing protocol.

If U £ U2, the final state U(t;) = ' is equal
to the lowest-energy eigenstate that satisfies the side
condition. Therefore, there must be a level crossing,
such that system can end up in the lowest-energy state
in the symmetry sector satisfying the side condition.
In Fig. 2(b) we consider the same problem example,
and choose the side conditions such that the solution
to the problem without side condition is different to
the one with side condition.

Note that the energy of the instantaneous system
state crosses different energy levels of the spectrum of
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Figure 2: Adiabatic sweep for a system with N = 9 qubits
and time s(t) = t/t; with t; = 500. The top row in Fig.2 (a)
and (b) shows the instantaneous energy spectrum, where all
instantaneous eigenenergies of the time-dependent Hamilto-
nian in Eq. (8) are given with respect to the ground state
energy, AE = E; — Ey. The energies of conditioned eigen-
states, which lie in the side-condition-satisfying subspace are
colored, while all the other ones are grey. The evolution of
the system state energy Eevo1 (black dots) with time follows
the instantaneous energy levels of the time-dependent Hamil-
tonian. The bottom row of Fig.2 (a) and (b) shows the time-
dependent expectation value (6@(5)) for each spin i, follow-
ing the systems configuration state evolution in time. For the
spins included in the side condition, the expectation values
are highlighted, while the unconditioned ones are presented in
pale colours. (a) The side condition is given by the sum con-
straint (&f"o’) +eD 4 622’6)) = —1 and the initial state
is set to |¥(,(0)) =1|-1,1,-1,-1,1,1,—-1,1,-1). The
initial state and the unconditioned ground state \I/gé) sat-
isfy the side condition. The energy of the system follows
the instantaneous ground state energy. (b) For the side
condition given by (&S’A) + &21"” + &§1’6)> =1, the condi-
tioned ground state \Ilgcs) is equal to the eighth excited state
of the unconditioned problem. The initial state is set to
U (0)) =|—-1,1,1,1,-1,1,—1,1, —1), which satisfies the
side condition. Therefore, the energy of the time evolved
system state crosses multiple energy levels of the Hamilto-
nian in Eq. (8). The kinks in the energy spectra (as the one
near s = 0.4 and s = 0.8 in (b)) occur when higher-energy
states cross the ground state because the energy difference
to the instantaneous ground state is shown. These crossings
of the instantaneous ground state with states of different
magnetization sectors are allowed and even necessary here.

the time-dependent Hamiltonian given in Eq. (8). If
the solution of the problem with side condition is the
n-th excited eigenstate of the problem without side
condition, the instantaneous energy of the system has
to cross at least n energy levels of the spectrum of
the time-dependent Hamiltonian. This effect can be
explained by the fact that the system is initialized in
the instantaneous ground state and has to end up in
an excited state after the adiabatic annealing process.
If we only consider the subspace of side-condition-
satisfying eigenstates (colored lines in bottom row of

Fig. 2) we are able to see that the system follows the
instantaneous conditioned ground state without any
level crossings inside this subspace.

In the case that the non-degenerate conditioned
ground state is one of the degenerate ground states
of the problem without side condition, the unique so-
lution is reached. For the case that the conditioned
ground state ‘II_E,CS) is degenerate, these degenerated
states are populated with a bias, influenced by a com-
bination of the choice of the parity layout, the cho-
sen exchange terms and the strength of the parity
constraints. Note that a similar effect was used to
program superpositions in unconditioned models us-
ing the strength of the parity constraints C; [48]. For
more details on degenerate conditioned ground states
we refer to Appendix F.

Next, we discuss multiple side conditions with dif-
ferent values ¢; = chj] & for j=1,...,M. If the
different side conditions are disjoint in the parity en-
coding, this method can be extended in a straightfor-
ward manner. For details we refer to Appendix C.
By using ancilla qubits, a parity layout can be con-
structed, where the qubits included in all given dis-
joint side conditions are arranged next to each other.
In general, one has to pay the price of more qubits
and more parity constraints (i.e., physical couplings).
We give an example for one side condition for which
the introduction of an ancilla qubit is necessary to
arrange all conditioned qubits next to each other in
Appendix A. The same can be done for multiple side
conditions as long as they do not overlap in the par-
ity encoding. We also give an example where two side
conditions can be encoded without any ancilla qubits
and additional parity constraints.

If two side conditions overlap in one or more parity
qubits, this method with the given exchange Hamilto-
nian (7) cannot be applied directly. However, as long
as the complexity of overlapping side conditions is not
to high, utilizing Hamiltonians with exchange terms
including more than two qubits could be the solution,
but this point certainly needs further research. We
provide an example in Appendix A.2.

4 Digital Quantum Computing

In digital quantum computing, an initial state is
transferred to a final state via unitary operations.
In the quantum approximate optimization algorithm
(QAOA) [18] these unitaries are constructed from the
Hamiltonian encoding the optimization problem and
a driver Hamiltonian, usually given by single body o
terms. In our approach the unitaries are defined by
their corresponding Hamiltonians from Eq. (8) which
also includes exchange terms [see Eq. (7)] as driver
terms. For example, the local field term of the prob-
lem Hamiltonian given in Eq. (4) corresponds to the
unitary

Ufinal(@) = exp(—iaHgna). (10)
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Each unitary contains a parameter (here «) which
is variationally updated in the QAOA. To simplify
the implementation of the unitary corresponding to
Hexen. and improve the flexibility of this approach,
one can partition the exchange terms such that parts
that share qubits are applied sequentially, e.g.,

Uexen.(6,6) = exp(—id(6Y5™ + 5951 (11)
x exp(—z'e(&ﬁf)&@ )

for a side condition including qubits 7, k and [. Mixing
operators similar to Uexcn. have also been investigated
in Refs. [25, 34, 35], although in the context of purely
linear side conditions on the logical qubits. In contrast
to that, this method is applicable to more general side
conditions.

For the simulations presented here we use the par-
titioned unitary with a single parameter for the dif-
ferent parts (i.e., § = € in Eq. (11), details on the
parametrization can be found in Appendix G). The
final state for a QAOA sequence of length p is then
given by

H Uexch

Ux(77)Uc(B;)Usinai (5) [t00) -

(12)
The initial state |1)p) has to be prepared in the side-
condition-satisfying subspace. This can be achieved
by preparing the conditioned qubits in [C] in a com-
putational basis state that fulfills the side conditions,
while the unconditioned qubits in [U/] are prepared in
the G,-eigenstate |+). Alternatively, one can prepare
the conditioned qubits in a Dicke state |D}), where
k excitations are symmetrically distributed over all n
conditioned qubits. The preparation of such states
requires O(kn) gates [49]. To remove any potential
bias by the choice of the initial state’, the conditioned
qubits are initialized in a Dicke state with & chosen
to fulfill the corresponding side condition, e.g.,

o) = | DY) @ |+)%" 7, (13)
i 2

where K is the number of physical qubits. For
this example, fulfilling a side condition with target
(¢) = 2k — n = —1, the Dicke state would be

1
V3
Figure 3 shows a comparison of this approach (de-
noted exchange) with the fully parallelizable QAOA

in the LHZ architecture [36] introduced in [50] (de-
noted penalty), where each side condition is treated

|D}) = —(|-1,-1,1) + [-1,1,-1) + [1,—-1,-1)).

IThe Hamming distance between a specific computational
basis state and the solution of a side condition on n qubits is
between 0 and n— 1. Thus, starting with a computational basis
state can either render the exchange term irrelevant or in the
worst case require a sequence-length of p > n — 1 to transfer
the excitation to the right place.

(a) (b)

0.6-<.(Cm)=_1 )% 0.6F
@ (cp)=+1 /7 0.4F
other side 7 o
0.4} = conditions ~  #® °® 0.2
2 7 e 0.0 T T !
g R4 @ — penalty =—exchange
Q.Q //
0.2F /; +1F
e IE
it ° ° S Or
e ° -
0.0 kZ % o deo o \.. -1 [, ) )
0.0 0.2 0.4 0.6 0 100 200 300
Pexchange Iteration

Figure 3: Comparison of the QAOA performance using
exchange terms and energy penalties to treat side condi-
tions. (@) Scatter plot of the highest reached probabilities
to find the lowest-energy state fulfilling the side condition
for a given selection of side conditions (see main text) for
the exchange protocol versus the penalty protocol. A point
(Pexchange, Ppenalty) represents the maximal probabilities
reached for a specific target-state (given by the side condition
and the target value of (c)) for both protocols, respectively.
The side condition ¢ = o Vol® +0P6l® 4+ 6Pl
is highlighted for (c,,) = -1 (exchange/penalty in or-
ange/blue) and (c¢,,) = +1 (green/red). The panels in (b)
show the probability of measuring the target state and the
expectation value (cn) = (5% + 632% 4+ 5%) for the
variational state during the iterations of the parameter opti-
mization, for the highlighted cases in panel (a). Note that in
the exchange protocol {(c,,) is constant by definition, while
the penalty protocol has an additional constraint to optimize.

by adding an energy penalty to the cost function.
We consider the optimization problem in Fig. 1(b)
with the same local fields as in Eq. (9), and take into
account all possible side conditions in either a row
Me 4 o256) | ;@) (6)

(e.g., 0z
(2) (3) (3) (4) (3) (5)
( +o

e.g., oz = ¢) and a few ad-
ditional 51de condltlons Wthh 1nclude 4 or 5 qubits
(see Appendix G for a complete list). Here, we explic-
itly show the performance for different geometries of
side conditions for the QAOA because they directly
influence the applied gate sequence and the perfor-
mance. For a fair comparison only target values of
(¢) which do not uniquely define the state of the con-
ditioned qubits are chosen as side conditions. Oth-
erwise, the exchange term would have no effect and
the problem size for the exchange protocol would ef-
fectively be reduced to just the unconditioned qubits.
The variational state for the penalty protocol is given
by

=c¢) or a column

= [ V(1)) Uc(B)) Unar () [9)5 . (14)

j=1

with the driver unitary Ux(y;) = exp(—ivy;Hx) treat-
ing all qubits as being in [U], i.e., we apply the spin
flip driver to all physical qubits. The cost function is
given by E= <¢|HC + Hﬁnal + Hpenalty|w>7 with an
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energy penalty of the form

[C]
Hpenalty = Upenalty Z 53) — Ctarget (15)

K2

for the penalty protocol, where ciarger denotes the
value to which the side condition is restricted to.
The values of C; in He and Cpenatey in Eq. (15)
are set to 4 and we use a QAOA sequence of length
p = 2. The probabilities shown in Fig. 3 are defined as
P = |<¢|¢targct>\2, where [¢targer) denotes the lowest-
energy state fulfilling the side condition. Details on
the parameter optimization and a comparison of dif-
ferent ways to partition Uexcn. are available in Ap-
pendix G.

We observe that both the exchange- and penalty-
protocol perform comparably well if the ground state
of the unconditioned problem also fulfills the side con-
dition (which is the case for the points in Fig. 3(a)
with Ppenaity > 0.3). For the other cases the exchange
protocol clearly outperforms the penalty protocol. In
some cases (e.g., the red line in Fig. 3(b)) the penalty
protocol does not converge to the true solution, even
though the side condition is approximately fulfilled.
This might be remedied by directly including the en-
ergy penalty into the compilation process for the phys-
ical Hamiltonian (and thus also the QAOA unitaries),
which in turn would require more hardware resources.
In-depth benchmarking of the QAOA performance
and its hardware requirements in these different ap-
proaches will be the topic of future research.

5 Conclusion

We presented a method to implement and solve op-
timization problems with additional side conditions
in the parity architecture [36, 37]. The standard ap-
proach to implement such side conditions is to embed
them as quadratic energy penalties. Recent papers

like Ref. [22] or Refs. [23, 24| suggest alternative meth-

ods to embed pure sum constraints, i.e., Y, oz ) = c,

in a potentially more efficient manner. Beyond that,
this approach enables the embedding of general equal-
ity conditions of the form of sums over arbitrary k-
body products of spin variables, leading to an alter-
native to the penalty method. The method given by
Ref. [22] is applicable only for quantum annealing de-
vices based on the Chimera graph. In Refs. [23, 24],
the alternatives to penalty terms are more general,
but their experimental feasibility is uncertain. Other
recent works [25, 34, 35| give an alternative to the
penalty method for the quantum alternating operator
ansatz, using individual mixing Hamiltonians for each
class of optimization problems. Compared to that, in
our approach the mixing operators and driver Hamil-
tonians result from the compilation of a valid parity
layout, which means that no mixing terms must be

found and the implementation is already given by the
encoding step.

We represent side conditions as driver terms in the
form of an exchange Hamiltonian that keeps the sys-
tem subspace that satisfies the side conditions. Our
approach can be implemented in the current quantum
simulators and quantum computers based on two-
dimensional arrays, including Rydberg atoms in opti-
cal lattices [12, 13, 51-55], ion surface chips [56-59)],
superconducting quantum computers [9, 60-62], and
quantum dots [63-66], to name a few.

We compare the encoding of optimization prob-
lems in digital and analog applications and find a
considerable improvement compared to standard en-
coding based on energy penalties. Note that in pre-
vious architectures, it has been shown that practi-
cally implementing such driver terms remains chal-
lenging [39, 40].

An interesting future outlook is to study the per-
formance of encoded side conditions in the parity ar-
chitecture in presence of noise or in finite temperature
environments.
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Appendices

A Parity Transformation

Here, we demonstrate the parity transformation of
a given logical problem with side conditions into a
suitable parity encoding for some simple examples.
Aside from the example given in the main text we
consider examples where additional physical qubits
are necessary and examples with multiple disjoint
side conditions.

Transformation of the main example — In the
main text we consider the example of an optimization
problem, which can presented by the Hamiltonian

H = Z JijUgi)Ugj)
(4,4)

= Jlgagl)of) + J160g1)026)
+ J140§1)0§4) + J%ng)ags)
+ J23a§2)o§3> + J340£3)Ug4)
+ J35a£3)0£5) + J45o£4)0§5)
+ Js50 P () (16)
with the side condition
c=0We? 4 6P 4 5250 (17)

The o,ﬁi) are logical qubits and the J;; are 2-body
interaction strenghts. Each of the products of logical
qubits is transformed to one physical qubit a( 9 (] )

(Z 9) , such that we have 9 physical qubits in the parlty
encodlng. Each of the interactions maps to a local
field J,,;, in the parity encoding. The products of
logical spins in the side condition are given by the
three physical qubits O'(l 2), 522’3) and & ~(2 %) and the
whole side condition in the parity encodmg is given
by the sum over these physical qubits, i.e.,

c=a1 4+ 5323 4520 (18)

All of the conditioned qubits are present as interaction
terms in the logical graph and therefore it is sufficient
to find a parity layout for the problem, where all con-
ditioned qubits are connected via neighbors. To find
the parity constraints we consider first all closed cy-
cles in the logical graph, which are

(B9, 509, 500, 500) (19
(682,529, 5(19), (20)
G, 509,569, 560) (o
(63,504, 509), (22)
(539,519,559, 529) (23)

The logical problem and side condition in this exam-
ple have only 2-body terms, which gives us a global

spin flip degeneracy (D = 1). We have N = 6 logi-
cal qubits and K = 9 parity qubits. This is why we
know that we need K — N +D =9 -6+ 1 = 4 parity
constraints for a valid parity layout. If we construct
the generator matrix G and the parity check matrix
P with only 3-body and 4-body rows as explained in
Ref. [37], we are able to find all combinations of four
rows of the parity check matrix, which gives us all the
possible ways to find a valid parity layout. From the
first four closed cycles [Egs. (19)-(22)] listed above we
can construct the whole physical lattice, where each
of these closed cycles is represented by a parity con-
straint, which consist either of three or four physical
qubits. Furthermore, the choice leads to a physical
lattice, in which the conditioned physical qubits are
connected via neighbors. The Hamiltonian in the par-
ity encoding is written as

H= ija
+ 2

C”n k' ) 5 (k)&gkn)(&gkl))

{Zﬂn(l)}GP
= J126 1D 4 Jp3633) 4 Jp65 (20
+ J1d Y gy 023 Y 4 J3553%) (24)
+ Ji66 1) + Ju55 M0 4 J566 (50

+ Clogu5 (1D (29 534 5(1.4)

4 Crags (12526 5(16)

+ 014560',(21’4) 021,6) 6’25’6)524’5)
+ 03455'2374)5'£3’5)5g4’5).

An alternative parity layout in which all condi-
tioned qubits are connected via neighbors can be
constructed out of the first two [Egs. (19),(20)] and
the last two [Egs. (22),(23)] parity constraints. This
alternative parity layout is shown in Fig. 13(a).

Note that the example considered in the main text
without the side condition belongs to the quadratic
unconstrained binary optimization (QUBO) prob-
lems, i.e., it includes only 2-body interactions. For
an all-to-all connected QUBO problem the parity
encoding is equivalent to the so-called LHZ archi-
tecture, which was presented in Ref. [36]. There
the authors showed, that a fully connected QUBO
problem of size N requires O(N?) physical qubits
in this embedding scheme. In the case of the parity
encoding of a QUBO problem with less than all-to-all
connectivity the number of needed parity qubits K,
including eventually necessary ancilla qubits, can
never be bigger than the number of parity qubits
which result from an all-to-all connected QUBO
problem, since each QUBO problem can always be
encoded as a sub-graph of the all-to-all connected
graph. This means, that the parity encoding of a
QUBO problem requires O(N?) qubits in the worst
case.
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Transformation for a side condition with
additional product terms — If the side condi-
tion includes products of logical spins (including
single spins), which are not present in the logical
Hamiltonian, one has to add more physical qubits
and possible ancilla qubits and therefore one needs
additional parity constraints, i.e., more physical
couplings. Nevertheless, with the help of ancilla
qubits it is possible to find a parity encoding for
most optimization problems in which the conditioned
physical qubits are adjacent. To give an idea on how
to do this, an example is presented in Fig. 4. The
examples given here are simple, but the method can
be extended to more complicated cases.

Transformation of side conditions with the
need of ancilla qubits — As a first example we
take the same Hamiltonian [see Eq. (16)] but with
the side condition

c=0WMNoPeB® 4 B0 (25)

For this example we have to add the ancilla qubit &9)
to ensure a valid encoding. We get the same chip as
in Fig. 1 with the two additional physical qubits 69)

and 621’2’3), both with zero local field, and the addi-

tional parity constraint consisting of the four physical

qubits 69’3), 69’2), 522) and &21’2@. Figure 4 shows

the logical problem and the corresponding parity en-
coding.

Two disjoint side conditions — A simple example
for the case of two disjoint (in the parity encoding)
side conditions could be the following Hamiltonian,
which has single, 2-body and 3-body terms
H = JQOéQ) + Jlgdgl)agz)
+ J15(T§1)0'£5) + J24O'£2)0'£4)
+ J45U£4)Ug5) + J1230£1)022)0£3)

+ J345O'£3)J£4)0§5) (26)
with the two side conditions

e =0 4 63 gHe) (27)

=0V 455 (28)

in the logical encoding. The side conditions in the
parity encoding are again only sums of single physical
qubits

,4) + 623’475)7 (29)
) 539, (30)

C1 = 5’22
_ ~(1
_O’Z

C2

Side Condition:
cPe® + oMol = ¢ @

Figure 4: (a) The unconditioned part of the optimization
problem is the same as in Fig. 1(a). In addition to the op-
timization problem encoded in the logical graph, the side
condition is given separately as cPe® 4+ oW el® = ¢
(b) In the parity encoding, the encoding of the side condi-
tion needs an extra physical qubit for the encoded product
agl)af)af), which is not given in the problem Hamiltonian.
Additionally, an ancilla qubit s (grey) together with the
additional 4-body parity constraint &§2>5§1’2’3)5§2’3)5§1’2)
(blue square) are needed to find a parity layout, which in-

cludes the side condition as adjacent qubits (yellow).

While the logical side conditions do overlap in the
single qubits 022) and 0@3), in the parity encoding the
side conditions are disjoint, because of the fact that
each product of logical qubits transforms to a single
parity qubit. In general, as long as the terms of
multiple side conditions consist of different products
of logical spins, the side conditions in the parity
encoding are disjoint. The Hamiltonian given in
Eq. (26) is presented in Fig. 5(a) as a logical graph.
In the parity encoding, the Hamiltonian and the side
conditions are both given in the physical graph. Each
product of logical qubits in the side conditions which
does not exist in the logical problem Hamiltonian
needs an extra physical qubit. All physical qubits
are composed with parity constraints to a parity
layout. The parity constraints again ensure a clear
correspondence between logical and physical states.
In this example a transformation even without the
use of ancilla qubits is possible.

General procedure with side conditions — For
any logical Hamiltonian with side conditions we can
use the parity transformation as it is described in
Ref. [37]. We use the concepts of the generator matrix
G and parity check matrix P to describe the parity
transformation as introduced in Ref. [37]. First we
set up a new generator matrix G, by adding a col-
umn for each product of logical spins which are only
given in the side condition. Then we proceed as de-
scribed in Ref. [37] to find a suitable parity check ma-
trix P and from there a parity layout. In the last
two steps it could be necessary to introduce ancilla
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Side Condition:

oo 40Pl = ¢

526" thc.

o + 0Pl = ¢ 56050

Figure 5: (a) The unconditioned part of the optimization
problem is encoded in a hypergraph (top). In addition, two
side conditions on the spins are given (bottom). They do
overlap in the logical qubits o? and ¢, (b) In the parity
encoding, the problem is translated to a Hamiltonian that
encodes the unconditioned as well as the conditioned part.
The qubits of the conditioned part are connected via adja-
cent conditioned qubits (yellow and orange). In the parity
encoding the side conditions are pure sums over single parity
qubits and they do not overlap.

qubits. The only difference in finding a valid parity
check matrix P compared to the case without side
conditions is that here one has to select rows of P
with the extra condition that the qubits included in
the side condition can be arranged adjacent in the
parity layout. If this is not possible, we have to add
ancilla qubits such that this is possible. The parity
transformation can also be applied in the presence of
side conditions for optimization problems with Hamil-
tonians represented by hypergraphs (i.e., interactions
including more than two qubits). In the parity en-
coding each hyperedge of degree k is encoded by one
physical qubit 5’(;‘1,12,4..,@) = 091)092)...02’“ and with
a sufficient number of suitable ancilla qubits one can
find a parity layout, in which every side condition is
presented by parity qubits, which are arranged next to
each other. Note, that the minimal number of ancilla
qubits necessary for compiling with side conditions is
still an open question and part of ongoing research,
even for the case that the underlying optimization
problem is a QUBO problem. In some cases, such
as a side condition having no or exactly one solution,
preprocessing can be used to solve the problem more
efficiently. In the following we discuss some special
cases of interrelation between the parity constraints
and side conditions including further demonstrations
of the parity transformation in the presence of side
conditions.

Decoding — For the process of decoding a parity
encoded state back to a logical qubit state we refer
to the corresponding section in Ref. [37]. In an ideal
device without any noise that procedure can be used
for both cases, with and without additional hard side

conditions. In the presence of device dependent er-
rors one has to use different decoding strategies. In
that case, some of the parity constraints can be vio-
lated at the end of the computation, which can lead to
contradictions in the decoding process of the logical
state. For the case without hard side conditions dif-
ferent error correcting/mitigating decoding strategies
have already been proposed, e.g., for quantum an-
nealing devices as explained in Refs. [68, 69] and for
digital ones using the QAOA as explained recently in
Ref. [70]. For the method presented here, which en-
codes additional hard side conditions for both, analog
and digital devices, the decoding strategies have to
be adapted. If the side conditions are not taken into
account, these decoding strategies can lead to unsat-
isfied side conditions in the decoded state. In the
strategy for QAOA presented in Ref. [70] one could
for example only use spanning trees, which cover all
conditioned qubits in the parity encoding. For be-
lief propagation, as suggested in Ref. [69] as a decod-
ing strategy for quantum annealing, one could fix the
probabilities of all conditioned qubits to be in their
respective state to 1 and never update these probabil-
ities during the iteration of belief propagation. This
should give the reader an idea that small changes in
the existing decoding strategies for noisy devices can
conserve the side conditions. The details and the per-
formance of the decoding strategies which include side
conditions in the presence of errors is a part of future
research work.

A.1 Interrelation between parity constraints
and side conditions

There are four cases in which one can think of interre-
lations between parity constraints and side conditions.

Arranging conditioned qubits — It can be the
case that there is no parity layout for the physical
qubits representing the given interaction terms and
side conditions where the side conditioned physical
qubits are connected via adjacent qubits. In this case
one has to add ancilla qubits to obtain a layout in
which the side conditioned qubits are adjacent and
therefore additional parity constraints are needed. In
Fig. 6 we give an example, where we have to introduce

1,5) ~(1,3)

at least the two ancilla qubits &, and &

arrange &§1,2) next to 69’5). Moreover, the two ancilla
qubits require two additional parity constraints for a

valid layout.

, to

Conditioned qubits that do not appear in the
problem Hamiltonian — As it is explained above
in Appendix A, in general new spin products in the
side condition lead to additional parity qubits and
therefore to additional parity constraints (see Fig. 4).
But in the case that a side condition is a single prod-
uct term, it can be subsumed into the parity con-
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Side Condition:

agl)af) + 0'§3)0'£5) =c

Figure 6: (a) The unconditioned part of the optimization
problem is the same as in Fig. 1. The side condition is
given separate as 0. o(? + 0P ol® = c. (b) In the parity
encoding, the problem is translated to a Hamiltonian that
encodes the unconditioned as well as the conditioned part.
The side condition is implemented as exchange term among
adjacent conditioned parity qubits (yellow). We need two
ancilla qubits (grey), and therefore two additionally parity
constraints, to lay out the side conditioned parity qubits as
neighbors, although no additional parity qubits for the prod-
uct terms in the side conditions itself are needed.

straints and it is not necessary to introduce additional
qubits or to use more parity constraints. For more de-
tails we refer to Ref. [37].

Violated parity constraints — The next cases we
want to discuss are potential conflicts between parity
constraints and side conditions. The first case is that
a side condition can only be fulfilled if one or more
parity constraints are violated. The second case is
that multiple disjoint side conditions with neighbor-
ing parity constraints can only be fulfilled at the same
time if one or more parity constraints are violated.
With the dynamics presented here, we will start and
end up in a system state, which fulfills the side condi-
tions but has at least one violated parity constraint.
But both cases are not real conflicts, because in these
cases an invalid parity constraint means that the side
conditions are not solvable. With classical preprocess-
ing one can exclude these cases before the compilation
process. Every side condition over binary variables as
given in Eq. (2) can be rewritten in a conjunctive nor-
mal form (CNF) and checking if a CNF can be satis-
fied is a boolean satisfiability problem (SAT), which
is known to be NP-complete. Since checking if a side
condition is satisfiable is NP-complete, classical pre-
processing is not an option for every side condition.
We want to note, that the method presented here is
mainly intended for optimization problems with ad-
ditional side conditions, where the focus is not on the
satisfiability of the side condition itself. In a large
amount of these problems the satisfiability of the ad-
ditional side conditions is presumed or can be easily
checked, which for example is the case for the class of
scheduling problems [26, 32].

To give an example for each of the two cases we take
the logical Hamiltonian in Fig. 1 for both examples.

For the first example we think of the side condition
—2= (oW 4520 4+ ¢34 oDs®)y (31)
or in the parity encoding
—2= (M + 533 453 153Ny L (32)

This side condition is only fulfilled if three of the phys-
ical qubits have eigenvalue -1, which in any case leads
to a violated parity constraint. But on the other hand,
we note at this point that if a parity layout exists, in
which the conditioned parity qubits build exact one
existing 3- or 4-body constraint, the corresponding
parity constraint can be dropped. This means the
side condition leads to fewer physical couplings.

For the second example we can think of the two side
conditions

2= (0D 1 o) (53
3= (600 ® 4+ 0@ 4 oWe®)  (34)

Both side conditions are only fulfilled if one of the
involved parity constraints is violated. In Fig. 7 we
illustrate both cases.

If a side condition is solvable and the annealing pro-
cess ends up in a parity constraint violating state, the
parity constraints strength was chosen too low and
has to be increased.

Degenerate groundstates — The last case of in-
terrelation, is only present if the conditioned prob-
lem has a degenerated ground state manifold. In
this case, the probabilities of the degenerated ground
states are biased due to the combination of the choice
of the exchange Hamiltonian and the given parity
constraints and the corresponding parity layout. As
shown in Ref. [48], the probabilities of degenerated
ground states in unconditioned problems are biased
by the values of the parity-constraint strengths. In a
similar manner, we can show how the combination of
parity layout, exchange Hamiltonian and parity con-
straints influences the ground state populations for
problems with side conditions. We will explain it with
an example in more detail in Appendix F.

A.2  Overlapping side conditions

If side conditions are not disjoint (see Appendix A) we
call them overlapping side conditions. As we show in
the example given in Fig. 5, side conditions only over-
lap in the parity encoding if they contain the same
product of logical qubits. Therefore, we again con-
sider the Hamiltonian from Eq. (26), but with the
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Figure 7: Parity encoding of the Hamiltonian given in
Eq. (16) (a) with side condition —2 = (0" o{* + 66 +
e 451y (yellow nodes), which has no solution and
can only be fulfilled if the corresponding parity constraint
(upper left blue square) is violated. (b) with the two side
conditions —2 = <0’£3>U§5) + 024)09)) (orange nodes) and
—3=(oMo® + 6Pl + MMy (vellow nodes). The
both side conditions can not be fulfilled at the same time.
In the parity encoding both side conditions are fulfilled only
if one of the two adjacent parity constraints is violated. The
qubit 53 (green node), which is neither in no one of the
side conditions has a conflict. It can be adjusted, such that
only one of two parity constraints is not violated.

following two side conditions:

VoMo 4 oWe@e®  (37)

c = 09)09) +o g
&, (38)

(
Co = ng) + 09)023) + agl)ag)o

The product agl)ag)af’) is present in both side con-
ditions. In the parity encoding this translates to the
side conditions

o = 62N 4 534D 4 50123) (39)

o
ey =51 533 5123 (40)

which overlap in the physical qubit 59’2’3). Because

the exchange Hamiltonian (7) conserves the total sum
of all spins in all side conditions combined, applying
the exchange Hamiltonian as given in Eq. (7) is not
enough to stay in the side-condition-satisfying sub-
space. A straightforward way to extend the method
presented here to the case of side conditions with over-
lapping physical qubits is to replace the 2-body ex-
change Hamiltonian given in Eq. (7) by an exchange
Hamiltonian with higher body terms. For the case
of an overlap in a single qubit it is enough to use an
exchange Hamiltonian with 2- and 3-body terms, for
example

Hexen. = 553’4)59’4’5) + 5$)5£2,3)+

+ 5P EIEEAN e (1)

Depending on the number of overlapping side condi-
tions and the number of qubits in which they over-
lap it could be difficult to find a parity layout with
only 3- and 4-body parity constraints in which all
qubits of one side condition are neighboring, e.g., if

we have more than 4 side conditions, which all overlap
in the same physical qubit. In the case that each side
condition has no coefficients different from 1 (i.e., all
g((ym) = 1) and that the conditioned qubits of one side
condition include all qubits of the other side condition,
the side conditions can be transformed to disjoint side

conditions via Gaussian elimination.

A.3 Side conditions with integer coefficients

In the case of integer coefficients (i.e., at least one

g((lm) # 1) in the side condition terms one can use the
presented method again by an exchange Hamiltonian
with higher body terms. As an example, we again use
the Hamiltonian given in Eq. (26), but with the side
condition

c=51 42523 435123 (42)

For this side condition the method presented in this
paper would work with an exchange Hamiltonian of
the form

Heen, = 62352960 4 e, (43)

For the side condition
c=51 4523 4 251:2) (44)
one would require an exchange Hamiltonian of the

following form:

(1,2,3)

Hegen, = 50623 4 632950523 g 00 (45)

In the case of a side condition
c=6WM 4+ 523 435129 (46)

one has either no solution or exactly one, depending
on the value of {c). In this case it is trivial to see
that no exchange Hamiltonian is required and instead
we can fix the three qubits in the side condition, such
that they fulfill the side condition.

A.4 Inequalities

Inequalities can be written as multiple equalities at
the cost of extra qubits, as was shown in Ref. [17].
In the parity encoding, inequalities lead to multiple
overlapping equality side conditions where some coef-
ficients take on values gém) # 1. Here we give a simple
example for an inequality. The logical optimization
problem for this example with NV = 4 logical qubits is
given by

Hproblem = J120§1)0§2) + J130—,§1)0-£3)
+ J240£2)U£4) + J34U£3)U£4) (47)
and the inequality is given by

3
Z(agi)> <~v,v€eZ (48)

g
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First we follow Ref. [17] to bring this inequality into
a system of equalities. Here the expectation val-
ues of logical qubits are <0'z ) € {£1} and the sum
> <a§1)> can take a discrete number m of different
values, which depend on ~. Here, for v < —3 it is
m = 0 and no solution exists, for —3 < vy < —1 it is
m=1,for -1 <y<litism=2,forl <~v<3
it is m = 3 and for 3 < v it is m = 3, but the side
condition will not restrict the space of solutions any
longer.

We introduce m ancilla qubits o with j=N+
1, ..., N +m, which have to fulfill the equalities

m

D (el — (m—2) =0 (49)

=1

and

1 m
5;@ (1+<U

The values [; are the discrete values such that
Zj’@? )> = f3; exists. These two equalities together
replace the inequality. The second equality can be

3
G =3 ey =0, (50)

i=1

written as
m ) 3 m
Zﬁi<U£Z+N)> —ZZWS)) = —Zﬁi, (51)
i=1 i=1 i=1

which we will use later. Here we show a possible parity
encoding with side conditions for the case v = 0. In
this case we have m = 2, §; = —3 and B3 = —1 and
we need two logical ancilla qubits to transform the
inequality into the two equalities

(o1 + o) = 0,
Aot + 0 +0) +3(0l) + (0lV) = 4. (52)

For the parity encoding we get the four physical qubits

621’2)769’3),59’4) and &94) from the optimization

problem, the three physical qubits & ) o 9) and ~(3)

from the inequality and two physical qublts oz ) and

626) from the ancilla qubits to write the inequality in

form of two equalities. For a valid parity transforma-
tion we need no further ancilla qubits in this case. The
physical qubits 62,5) and &26) included in equality (49)
are neighboured and all other conditioned qubits are
connected via adjacent qubits in the given parity lay-
out. A valid parity layout for this example is shown
in Fig. 8(b).

The two side conditions are overlapping and thus
we need an exchange Hamiltonian with higher-body
terms, which conserves both side conditions. We
have to take into account that the physical qubits in

the second side conditions have coefficients g((,m) # 1.
Flipping qubit or( ) changes the sum by a factor of 3,

flipping 026) gives a change of 1 and all the other ones

©O=®

|
B0 =00
o O O

B e PX(h

Inequality Condition: Heych. 4 .
(o) + 0l +017) <o

Figure 8: (a) The unconditioned part of the optimization
problem is encoded as a spin model (top). Each node (cir-
cle) represents a logical spin, which can either be up or down.
The edges (lines) represent interactions between the spins.
The solution of the unconditioned part is the ground state of
the spin model. In addition, a side condition in the form of
an inequality on the spins is given (bottom). (b) In the parity
encoding, the side conditions are implemented as exchange
terms among parity qubits that are part of the first side con-
dition (filled yellow) and the second side condition (colored
red), which together represent the inequality side condition.
The exchange terms among physical qubits which are not in
the overlapping part can be realized by two body exchange
terms, as long as they have the same coefficient in the side
condition. For this example we need four different exchange
terms (four different colors of lines connecting conditioned
qubits), two 2-body and two 3-body exchange terms, given
in Eq. (60).

lead to a change of 2. We are able to find in total
six exchange terms among nearest neighbors, thereof
two 2-body terms, two 3-body terms and three 4-body
terms.

Heoxen. 1 —5Sr) (,2)+h.c., (
Hexen. 2—05_) S 4 he., (
Hexen.,3 = 5(5)0(6)0 Y4 he., (55
Hexen.a = 0’(5)0(6)0(2) + h.c., (
(
(

Heatos = 6059605® 4 he.,

Hoans = 50695969 4 he.

The terms (57) and (58) can be dropped, because the
first side condition (49) only allows one of the qubits
5§5), &26) to be in the state with eigenvalue 1, which
means applying terms (57) and (58) on states, which
fulfill both side conditions will give a zero contribu-
tion. The terms (53), (54), (55) and (56) are enough
to reach every state, which fulfills both side condi-
tions. All eigenstates, which fulfill both side condi-
tions have one of the four alignments of the subset
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(59), (69, (5, (58, (51°))):

(-1,-1,-1, 1,-1) =m
(<5(1)><5(6)>) c ( 1,-1,-1,-1, 1) = Q2
- ? ( 1a 1a_17 17 1) = a3
( 1a 17 17717 1) = Q4

(59)

Let us call them states of type a; and write them as
|¢p®). Then Hexen.,1 maps between |¢®2) and |¢p@3),
Hexen. 2 maps between |¢2) and [¢**), Hexch.,3 aps
between [¢*) and |¢*2) and Hexen. 4 maps between
|¢p>1) and |¢*2). This means that with the exchange
Hamiltonian

Hexch. = Hexch.,l + Hexch‘,Q (60)
+ chch.,S + chch.,4
506 4 5050

(5) (6) ~ (1)

+0y'6 G0 555) (6)()+hc

and the Hamilton dynamics presented in the main
text, we can reach each state that lies in the sub-
space of side-condition-fulfilling eigenstates. As we
never leave this subspace after appropriately choosing
the initial state we are able to find the lowest energy
state that fulfills the inequality. The experimental im-
plementation of such higher body exchange terms in
quantum annealing is unclear and further research is
needed for this point.

B Annealing protocol

The time dependent protocol used in the nu-
merical examples is given by A(s) = (1—s)?,
B(s)=E(s)=Ts(1—s) and C(s)=D(s) =s,
where s =t/t; € [0,1] and t; is the final annealing
time of the annealing process, illustrated in Fig. 9.
Therefore, the time-dependent Hamiltonian given in
Eq. (8) explicitly written-out is given by

H(s)= (1—5)? Himt
+ I's(1 —s) (Hx + Hexch.) (61)
+ s (Hena + He) -

The factor ' has to be chosen suitably. If T' is too
small the energy gap between the conditioned ground
state and the next higher conditioned state may close.
This means that large annealing times are needed in
order to stay in the conditioned ground state during
the annealing process. A large I' introduces a new
energy scale and the advantage over the method using
penalty terms vanishes. Here we use I' = 4 for all
examples. The strength of the parity constraints is
set to C; = —4 and the exchange term constant is set
to 7. = 1/2 for all examples.

1.00 A
\ — A=(1-s)?
E=B=4s(1-5)
—— D=C=gs

schedule functions
o o o
[ W -2
wn (=3 W
1 . 1

0.00 1
T T T

0.0 0.5 1.0
s

Figure 9: The annealing schedule used for the numerical
quantum annealing examples in this work.

C Hamiltonian dynamics for multiple
disjoint side conditions

The dynamics presented in the main text can be
easily extended to multiple disjoint side conditions.
The Hamiltonians Hgya, He and Hy stay unchanged,
where [U] runs over all qubits, which are not included
in any of the side conditions. For the initial Hamilto-
nian we can simply separate the sums over the qubits
of different side conditions, because they have no over-
lap. For M disjoint side conditions one can use the
initial Hamiltonian

U] [C1] [Ca]
Hiy = Zs 5 4 Zn 1)0(1) + .+ Z 7, U(Z)

(62)
where the sum [Cg] runs over all qubits that are in-

cluded in the k-th side condition. The coefficients nz(j )
are chosen such that the side condition 5 with target
c; is satisfied, i.e., for each of the M side conditions

with chj] 59 = +c;j, the local fields are chosen to

fulfill ZECJ ) 77(3 ) —(c;). Furthermore, the exchange
Hamiltonian can be written as

[C1]”

Heyxeh. = Ve g

(i,)

59 + hee. (63)

where [Ci]* denotes the sum over all neighboring pairs
of qubits in [Cg]. Everything else stays unchanged
compared to the dynamics for a single side condition.

If one or more side conditions include qubits that
cannot be laid out in neighboring positions, we need
ancilla qubits and additional parity constraints to re-
alize a parity layout in which all qubits which are in-
cluded in the same side condition are adjacent. If we
consider the example in the main text with an addi-

tionally side condition like ¢y = ai )ag ) + 0(4) (5) +

a§5>a,§6) we do not need any ancilla qubits. Possi-
ble conflicts between side conditions and parity con-

straints are further discussed in Appendix A.1.
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D Multiple level crossings

The combination of exchange terms and spin-flip
terms may lead to multiple level crossings in the in-
stantaneous energy spectrum even if the conditioned
ground state is already the ground state of the opti-
mization problem without side conditions. We call
it multiple level crossings, when the instantaneous
conditioned ground state energy (lowest blue line in
Fig. 10) crosses multiple instantaneous energy levels,
which do not lie in the subspace of side-condition-
satisfying states (grey lines in Fig. 10). Fig. 10
depicts the same random example as we used in the
main text [see Eq. (9) and Fig. 1(b)], i.e., the same
local fields and the same parity layout for the opti-
mization problem. Different initial states for different
side conditions are used, which all are satisfied by the
unconditioned ground state, such that \Ilgcs) = \Ifg; .
The first 10 eigenstates of the unconditioned problem
Hamiltonian represented as spin configuration states
[tn) = |n23 n12 Nae N3a N4 N1 N3s Nas Nse)  With
n; € {—1,1} are

o) =|-1-1 1-1-1-1 1-1-1),

1) =|-1-1-1-1-1 1-1 1-1),

o) =] 1 1-1-1-1-1 1-1-1),

ls)=]-1 1-1 1-1-1-1-1-1),

W4>i|—1 ~1-1-1-1 1 1-1 1), (64)

sy =|—-1 1-1-1 1-1-1 1-1),

) =|-1-1-1-1-1-1 1-1-1),

lW7)=]-1 1-1-1 1-1 1-1 1),

) =] 1-1-1-1 1 1 1-1-1),

o) =] -1-1-1 1 1 1-1-1-1),
where the corresponding eigenenergies are ¢g = —4.1,
&1 = —3.7, Eo = —3.37 g3 = —3.1, &4 = —3.1,

es = —2.5, gg =21, e =-1.9, eg=—1.7, and
€9 = —1.5.

The exchange term enforces conservation of the sum
of all spins included in the side condition, making the
system stay in the subspace of side-condition-satisfied
eigenstates during time-evolution. As the instanta-
neous ground state does not necessarily lie in this
subspace, multiple crossings of the instantaneous en-
ergy levels can occur. This means, that if we only
consider the instantaneous spectrum of this subspace,
we have an energy spectrum without any crossings
between the conditioned ground state and the next
excited conditioned state in this subspace.

E Adiabatic condition

Here we present an example for a non-adiabatic an-
nealing process for the annealing protocol given in
Eq. (61). Figure 11 depicts a problem example with a
small minimum energy gap between the conditioned
ground state and the next higher conditioned state at
s ~ 0.86 in the annealing process. The given example

Figure 10: Adiabatic sweep for a system with N = 9
qubits. The upper panel shows the instantaneous energy
spectrum, where all instantaneous eigenenergies FE; of
the time-dependent Hamiltonian H(¢) [see Eq. (8)] are
given with respect to the ground state energy FEp, i.e.,
AFE = FE; — Ey. As in Fig. 2, the colored lines correspond
to the energies of the subspace of eigenstates of H(t)
satisfying the side conditions. The kinks are level crossings
between the energies Ey and Ei in the spectrum. At the
level crossing two subspaces meet, that of the conditioned
Hamiltonian and that of the full Hamiltonian. The Figures
in the bottom row show the corresponding time-dependent
expectation values of all expectation values <6£i‘j)(t)> for
each site (¢,7) of the system. The side condition is given
by —4— <&£2,3)+&§1,2)Jr&gz,e)+&£3,4)+5g1,4)+&§1,6)>
(a) The initial state is given by
Uy =]-1-11-1-1-1-11-1). The
time evolution of the system state energy FEevol
crosses the energy levels of the first and second
excited states. (b) The initial state is given by
Upy=|-11 -1 -1 -1 -1 —11 —1). The
time evolution of the system state energy Feyol crosses the
energy levels of the first, second and third excited states
and ends up in the ground state level. For both cases, (a)
and (b), the initial state and the unconditioned ground state
satisfy the side condition.

is implemented by the same parity layout as shown in
Fig. 1, but with the side condition

_2 — <5_§2,3) + &gl,Q) + 5_2:2,6) + 5_£3,4)>’

the local fields Jo3=0.8, Ji2=0.6, Jog=1,
J3q4 = 0.7, J14 = 0.8, Jig = 0.6, J35 = 0.95, Ju5 = 0.7
and Jss = 0.8 and the exchange Hamiltonian

Heen, = 62960 4 529560 4 500526 4, o

We consider the minimum energy gap Ap;, in the
subspace of the conditioned states, i.e., the sub-
space which is spanned by all eigenstates of H(s)
[see Eq. (8)] satisfying the side condition (colored
lines in Fig. 11). We denote the energies of the sub-
space of side-condition-satisfying eigenstates as E¢(s),
while the energies of the full instantaneous spec-
trum are denoted as FE;. The conditioned ground
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Figure 11: (a) Non-adiabatic sweep for s =1t/t; with
ty =310 and I' = 4. The system leaves the adiabatic path
and the process becomes non-adiabatic at the minimum
energy gap Amin in the subspace of conditioned eigen-
states (colored lines). The colored lines are the energies
of the instantaneous conditioned eigenstates of H(s) [see
Eq. (8)] which satisfy the side condition, in relation to
the instantaneous ground state energy Eo(s) of H(s), i.e.,
AFE;{(s) = Ei(s) — Eo(s). This figure shows the instanta-
neous spectrum for a problem instance with a side condi-
tion that is satisfied by the second excited state (lowest
blue line at ¢ = t5), i.e., the conditioned ground state
with E§(s =1) = Ea(s =1). The third excited state of
the problem Hamiltonian also satisfies the side condition
and is therefore the first excited conditioned state with
Ef(s=1)=E3(s=1). Close to s = 0.86 the anneal-
ing process becomes diabatic for ¢y < 4000, because of the
small minimum energy gap Amin between EG(s) and Ef(s)
at s ~ 0.86. In this case the system ends up in a super-
position of the conditioned ground state (second excited
state) and the first excited conditioned state (third excited
state). (b) The probabilities P for the system to be in the
conditioned ground state \Ifé? (P=| <\Il(tf)|\11£,‘§)> |?) (dark
blue bullets) or in the first excited conditioned state \Il(lc)
(P = | (U(t)| () |?) (bright blue bullets) for different fi-
nal annealing times 0 < ¢ty < 4010. For long enough anneal-
ing times (i.e., ty > 4010) the system is in the conditioned
ground state at the end of the annealing process.

state energy and the first excited conditioned state
energies are given by E§(s) and Ef(s), respec-
tively. To estimate the computation time t; for
this annealing protocol we have to consider the min-
imum energy gap between E§(s) and Ef(s), i.e.,
Apin = ming<s<1 E{(s) — E§(s). This differs slightly
from the annealing protocols where the minimum en-
ergy gap gmin = Ming<s<1 £1(s) — Ey(s) of the full in-
stantaneous energy spectrum limits the process veloc-
ity. Here, zero energy gaps in the instantaneous en-
ergy spectrum during the annealing process are nec-
essary to allow adiabatic level crossings. This results
in an adiabatic evolution inside the subspace of the
conditioned states. By fine-tuning the value of I" one
can increase the minimum gap A,y and therefore re-
duce the annealing time ¢ required for adiabaticity.
In Fig. 12 the same example as in Fig. 11 is given,
but for annealing processes with higher values for I'.
By increasing I we are able to shift the required final
annealing time to lower values. One can try to min-

(a) r=s (b) r=6

Figure 12: Instantaneous spectrum for the same example
as given in Fig. 11(a) but for an annealing protocol with
different values for I'. The final annealing time t; = 310 is
chosen here to be the same as in Fig. 11. (@) Annealing
protocol for I' = 5. The minimum energy gap is increased to
Amin ~ 0.09 at s ~ 0.88. (b) Annealing protocol for I = 6.
The minimum energy gap is increased to Amin =~ 0.12 at
s ~ 0.89. For higher values of I' the minimum energy gap
does not increase much more and moves towards s = 1.

imize computation times, by optimizing the value of
I'. But this has to be done carefully. If I' becomes
much larger (typically quadratically larger or more)
compared to the energy scales of the system without
Hexen., it introduces a new energy scale. In practice,
this is critical with respect to the programmable in-
teractions and can worsen error rates. We remark at
this point that the choice of the initial state also af-
fects the size of the minimum gap.

F  Degeneracy

Here we present an example to illustrate how the
choice of exchange terms and the parity layout
influences the probability distribution in a degenerate
ground state manifold for the conditioned problem.
We use a problem example given by the logical
graph in Fig. 1 and encoded by the local field vector
J = (1.0,-0.5,1.0,-1.0,0.5,—0.5, —1.0, —1.0,1.0) =
(J23, J12, J26, J34, J14, J16, J35, Jas, Js6) . The first
nine eigenstates of the unconditioned problem
Hamiltonian represented as spin configuration sates
V) = [nag n12 Nog N34 N1 N1 M35 Nas M)  With
n; € {—1,1} are

-1-1 1 1 1-1 1 1-1
-1-1-1-1-1 1-1 1-1

)

o) =]-1 1 1 1-1 1 1 1-1),
) =] 1-1-1 1-1 1 1 1-1),
o) =] -1 1-1 1-1-1 1 1 1),
gy =] 1 1-1 1 1-1 1 1-1),
) =] -1 1-1 1-1 1 1 1-1), (65)
sy =] -1-1-1 1 1 1 1 1 1),
le) =] -1 1-1 1-1-1-1-1-1),
) = )
)= )

)

where the corresponding eigenenergies are £g = —5.5,
g1 = —4.5, gy = —4.5, &3 = —3.5, &4 = —3.5, &y =
—3.5, 6 = —2.5, 67 = —2.5, and eg = —2.5. With the
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side condition
9= <5£273) + 52375) + 52475) + 52374)>7

the conditioned ground state is two-fold degenerated,
because state |1g) and |is) have the same energy and
are the lowest eigenstates satisfying the side condi-
tion. If we use the parity layout given in Fig. 13(a),
we have five ways of constructing a valid exchange
term Hexen. (7).

DD | 5500 | 569505 4

(1) &f‘ .c.
(it) §2V50Y 4 550D 4 5569 g e

(i) 63¥63Y 463¥53% 153950 L e

RIS el S ) S

) A2,

(iv) &5

) Sr 3) 5 4>+~(3 454, 5)+~<3 5) 54, 5)_’_&53,3)5(_3,5)
+h.c.

and if we use the parity layout given in Fig. 13(b) we
only have one possibility to construct the exchange
Hamiltonian, namely

(Vi) chch. -

For each of the six cases we let the

(a)
@@.

®
o & ol G

050.0 @kﬁ..

Figure 13: Two different parity layouts for the optimization
problem given by the Hamiltonian in Eq. (16) and the side
condition —2 = (5% +53% 1 5% 4+ 584 (a) Parity
encoding for which the conditioned qubits are layed out in
a loop, such that we are able to find in total five different
ways to construct the exchange Hamiltonian. The couplings
for the five different possibilities of an exchange Hamiltonian
are shown as colored lines between conditioned qubits. (b)
A second parity layout in which the conditioned qubits are
adjacent. In this layout only one valid exchange Hamiltonian
exists (salmon colored line). The colors of the six different
coupling lines correspond to the colors used for the numerical
results in Fig. 14.

system start in the same initial state
[¥imit(0)) = |-1,1,—1,-1,—1,—-1,1, -1, —1). The
numerical results are presented in Fig. 14. It
demonstrates how the choice of the exchange term
influences the distribution of the probabilities of the
degenerate conditioned ground states. The origin in
this dependency on the chosen exchange terms and
parity layouts can be explained by the usage of the

G2 5O GB35 SO0 g o

1.00 severeeraenesasnsnsyy
0.75 TR o ly)
vV v )

2 : — 0
Sos0q: =
~ . (iv)
' ) )

0.25 e (vi)
0.00 - e e s secaaeettlrrrey

T T T T
0 250 500 750 1000
I

Figure 14: The probability P (J1:)) = |[(¥(ts)[1:)]? to find
the final system state in the state [1;) is given for the two de-
generate ground states |1)g) and |¢s) (bullet and triangle).
It is calculated for final annealing times ¢y between 0 and
1110 for each of the six valid exchange terms (six different
colors). It is clearly visible that the choice of the exchange
term (and parity layout) changes the probabilities of the two
degenerated ground state. For the given example we chose
all parity constraint strengths to be equal Cj i) = C = —4.
Case (i) and (v) lead to nearly the same result where state
|1g) is preferred. For Case (iii) and (iv) (state |¢s) is pre-
ferred) the final probabilities are opposite to the case (vi)
and (ii) (state |1)g) is preferred). For the cases (iii) and (vi)
the system completely ends up in the states |¢s) and |¢),
respectively. While case (ii) and (vi) prefer state |vs), all
the other cases prefer state |¢)g) as solution. It is remarkable
that in case (vi) and (iii) a single state is given at the end
of the annealing process, instead of a superposition of both
degenerated ground states.

Schrieffer-Wolff transformation as shown in Ref. [48].
The Schrieffer-Wolff transformation is not restricted
on the lowest energy sector and works for each set of
eigenstates, which have eigenenergies well separated
from the rest of the spectrum [71]. Here we consider
a subspace containing the degenerated conditioned
ground states, which are well separated from the
other eigenstates of the spectrum. We can write the
Hamiltonian in the following form

H(t) = ao(t)Ho + Bo(t)Vo + B1(t)Vi = Ho(t) + V (2),

(66)
where Hj is the unperturbed Hamiltonian and is given
by

Ho(t) = ao(t)Hy = %(Hﬁml +Hc) (67

and V is the perturbative term (for s ~ 1)

V(t) = Bo(t)Vo + Br(t)V1 (68)

2
t

= (1 - > Hipnit
ty

t t
+ I'— (1 - > (Hx + Hexch.) .
tr ty

Now we want to determine the effective Hamiltonian
for each of the six cases listed above. Depending on
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the choice of the exchange Hamiltonian we need third,
fourth or fifth order perturbation theory. For the ex-
change Hamiltonian of case (i), (ii), (iv) and (v) third
order is enough. For case (vi) we need fourth order
and for case we even need the effective Hamiltonian
in fifth order in perturbation theory. Up to fourth
order in perturbation theory, the explicit expression
for the effective Hamiltonian is given in Ref. [71] and
for higher orders it is a straightforward iterative pro-
cedure to get the effective Hamiltonian. Here we give
the explicit expression for the effective Hamiltonian
up to third order in perturbation theory, to give the
reader an idea how the effective Hamiltonian differs
from the one in Ref. [48], where they investigate only
single spin flips and no exchange Hamiltonian in the
driver. To name an example we consider the first or-
der term Héflf) = PV P, which is zero in Ref. [48] for
a pure single spin flip driver. The projector P maps
to the subspace of degenerated conditioned ground
states. In our case, V includes the initial Hamilto-
nian, which maps each of the states onto itself, such
that we have (¢;| PV P |1;) = Bo(t)vo,; where vg; is
the eigenvalue of V acting on the state P [¢;). For a
set of degenerated conditioned ground states the ef-
fective Hamiltonian is given as

Hog H(O) +H(1) +H(2) +H(3) y (69)
where the different order terms are given by
HY = Ho P, (70)
H) = PVP,
B2 =pv_9% _yp
off Ey—Hy
2
oY —p(v—2_) vp
eff VEO _ HO V I
1 Q \
——|PV|—=—"—) VPVP
2 { (Eo — H0> ’
0 2
PYPV (=) VP|
" (EO - HO)

Let us consider the given example, with the two de-
generated conditioned ground states

by =]-1 1 -1
o) = |-1-1 —1-1 —1

1 -1 -1-1—-1-1), (71)
1 -1 1-1), (72)

where the blue colored numbers correspond to the
conditioned qubits. In the instantaneous energy spec-

trum (65) it is |¢1) = |1g) and |p2) = |1bg). The op-
erator P is then given by

P = Z |¢n> <¢n| (73)

and the projector @ is defined as Q = 1 — P. The
operators Hy and V' are given by

HO = Hﬁnal + HC (74)

and
V= Hinit + Hx + Hexch.~ (75)

The operators Henal, Hinit and Hy are the same for
all six cases and given as

Hiinat = J126852) + Jog
+ J146 Y 4 Ty
+ Jig gl 6) + Ju5

523 4 Jpe5 2 (76)
3 + Jy5 (>0
§ 5) + J5 0'(5 6)

Hiniy = ~(2’3) — ~(1’2) + 5(2’6) (77)
4504 4 504 4 500
(35) 4 545 4 5(5.0)

z

Qz

and
Ho =529 4509 4500 (15)
+ 5,;1,6) + 5';1’2)-
On the other hand, the operators H. and Hexcn.

are case dependent. For the first parity layout in
Fig. 13(a) there are the four parity constraints

Hé 012340(1 ,2) = (2 3) ~ (3 4) ~ (1 4) (79)
+ 01260(1 2) G (2 6)02 :6)
+ 03450(374) 5 (375)52475)

+ Crases (9510556 5(45)

and for the second parity layout in Fig. 13(b) there
are the four parity constraints

H( 012340(1 ,2) ~ 22’3)623’4)69’4) (80)
F Craga 12526 5(16)
n 03450(3,4) gs J5) = (4,5)

(1.4) .

+ Chgser I 5(16) 5.6 5(45)

The two parity layouts differ in the last parity con-
straint. Here for simplicity all parity constraints have
the same strength value Cjjr;) = —2. Finally, we
get an individual Heyen. operator for each of the six
cases (i)-(vi), which are given above. Now, one can
calculate the effective Hamiltonian, which for the two
degenerated states results in a 2 X 2 matrix for each
of the six cases. The four components are given by

(Heft,(k)) 1, = (nl Hett, (k) |6m) » (81)

where n,m = 1,2 and k € {i,4i,iii,iv,v,vi}. From
this matrix it is visible that the biases of the differ-
ent solution states depend on the choice of the parity
layout, the corresponding exchange Hamiltonian and
the chosen parity constraints strengths Cjpy. The
analytic expressions for Heg can be readily calculated
using Eq. (69), for example with MATHEMATICA, but
will be omitted here due to their length. The choice of
the initial state gives an additional weight which has
an influence on the probabilities for the degenerated
states with respect to the final annealing times ¢.
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G QAOA-simulation details

List of side conditions — Table 1 lists the inves-
tigated side conditions for the optimization problem
depicted in Fig. 1(b) with local fields as in Eq. (9).
Values of (¢) for which the target state is not in the
ten lowest energy eigenstates are omitted.

Parameter optimization — The parameter up-
dates in the classical optimization loop of the QAOA
are done as follows: First we choose a random set of
parameters and determine the value of the cost func-
tion E [see Eq. (15)]. At each iteration of the algo-
rithm a randomly chosen parameter is updated by a
random value in the interval [—0.1,0.1]. If the cost
function E decreases, the update is accepted, else re-
jected. For the values shown in Fig. 3, this procedure
is initialized 100 times with random parameters and
600 consecutive parameter updates per initialization
are made. After the optimization procedure the high-
est reached probability to find the target state is kept.

Partitioning and parametrization of the ex-
change unitary — Decomposing the complete uni-
tary Uexch.(0) = exp(—i0Hexcn.) into single- and two-
qubit gates typically introduces many extra terms,
even for exchange terms involving only pairs of qubits.
While such a decomposition is in principle realizable,
it is simpler to sequentially apply the different parts of
Uoxen.- Furthermore, many platforms naturally pro-
vide exchange interactions so it can be advantageous
to partition the unitaries in a way, such that parts
that share qubits can be applied to pairs of qubits

sequentially. Note that the ‘complete’ unitary

() A (R) | A (R) < (D)
Ucomp]ete(é) _ 6—16(0+ G466 +h.c.)

exch.

and the ‘partitioned’ unitary

UP(§) = o106 hc) i85 5 4hec.)
both  commute with the side condition

c= &Ef' ) + &2’“) + &gl) and are equivalent up to
second order in §. After partitioning Ugyen., there are
multiple ways to parameterize the resulting unitary
operators: (i) each of the parts can be assigned an
independent parameter, (ii) all parts can have a sin-
gle parameter or (iii) the parameters for the mixing
unitaries on both the conditioned and unconditioned
qubits can be kept the same. The left panel of Fig. 15
shows how the different ways of partitioning perform
compared to the complete side condition for all the
cases described in Table 1 individually. The right
panel of Fig. 15 shows their average performance
as a function of the QAOA-sequence length p. The
probabilities shown are defined as P = |(¢|¥arget)|?,
where |¢) is the variational state prepared by the
QAOA and |trarget) denotes the lowest-energy state
fulfilling the side condition. For the problem instance
investigated here we observe that partitioning with
a single parameter performs similar to using the
complete side condition, while partitioning with a
shared parameter shows a slight decrease in reachable
probabilities. Partitioning with multiple parameters
shows a slight increase in performance at the cost
of additional classical parameters. A more general
statement on the performance of the different ways
to partition and parameterize the mixing unitary
requires further research.
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Table 1: List of the side conditions used in the QAOA simulations.

Z(ij)ec 6?’” = ¢, where the target state (lowest-energy state fulfilling the given side condition) is listed as an index

Side condition indices C

Target (c)

Target index

)

(1,4), (1,6), (3,4)

(3,5), (4,5), (5,6)

(2,3), (3,4), (3,5)

(1,2), (1,4), (4,5)

(1,6), (2,6), (5,6)

(1,2), (1,4), (2,3), (4,5)
(1,2), (1,6), (2,6), (5,6)
(1,6), (2,3), (2,6), (5,6)
(1,4), (2,3), (2,6), (4,5)
(1,4), (1,6), (3,4), (4,5)

(1,2), (2,3), (2,6

-1/+1
-1/+1
-1/4+1
-1/+1
-1/+1
-1/+1
-2/0/42
-2/0
-3/-1
-3/-1/+1

-3/-1/41

0/2
1/8
0/3+4
0/2
1/7
0/3+4
1/2/5
0/4
0/2
0/2/5
2/1/5

For a given row the side condition is defined as

corresponding to the states given in Eq. (64). For the target indices denoted with 3+4 the probability P is defined as the sum
of the probabilities to be in either of the two states.

P, complete
o o e o
» w o ~

o
w

o
N)

0.1

wovo v

mo Ay BY

v

0.4 0.5 0.6 0.7
Ppartitianed

(b)
1.0

0.8

0.6

0.4r

0.0 !

QAOA-sequence length p

-%- Penalty protocol, only Uy
-@©- Complete side condition in Uexch.

V- Partitioned, multiple parameters in Ugxch.
¢ - Partitioned, single parameter in Ugxch.
-@- Partitioned, shared parameter for Uexch. and Uy

Figure 15: (@) Comparison between using the complete side condition vs. different methods of assigning parameters to the
partitioned driver Hamiltonian for p = 2. A point (Ppartitioned; Poomplete) represents the maximal probabilities reached for a
specific side condition and value of ¢ for both protocols, respectively. (b) Mean maximal reached probability P for the QAOA
using different mixing unitaries for different sequence-lengths p, averaged over all side conditions and values of (c). The error
bars denote the standard deviation. The points are offset on the x-axis for better visibility.
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