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Variational quantum algorithms, which
have risen to prominence in the noisy
intermediate-scale quantum setting, require
the implementation of a stochastic optimizer
on classical hardware. To date, most re-
search has employed algorithms based on the
stochastic gradient iteration as the stochas-
tic classical optimizer. In this work we pro-
pose instead using stochastic optimization al-
gorithms that yield stochastic processes em-
ulating the dynamics of classical determin-
istic algorithms. This approach results in
methods with theoretically superior worst-
case iteration complexities, at the expense of
greater per-iteration sample (shot) complex-
ities. We investigate this trade-off both theo-
retically and empirically and conclude that
preferences for a choice of stochastic opti-
mizer should explicitly depend on a function
of both latency and shot execution times.

1 Introduction

Quantum computers have the potential to perform
many important calculations faster than their clas-
sical counterparts do. Disparate domains such as
quantum chemistry [1]; nuclear [2], condensed mat-
ter [3], and high energy [4] physics; machine learn-
ing and data science [5]; and finance [6] are all the-
orized to benefit from quantum algorithms in var-
ious ways. In the near-term, the so-called noisy
intermediate-scale quantum (NISQ) [7] era, these
theoretical benefits are hard to realize, because the
canonical quantum algorithms that are used in many
of the domains, such as quantum phase estima-
tion [8], require gate depths that are expected to
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be realized only with fault-tolerant, error-corrected
quantum computers [9]. Variational quantum al-
gorithms (VQAs) attempt to lower gate depth re-
quirements by replacing some of the requirements
with the need to perform optimization using clas-
sical computers [10]. Such algorithms have shown
success on NISQ hardware in eigenvalue estima-
tion [11], dynamical evolution [12, 13, 14], machine
learning [15, 16], and many other problems [10]. The
variation quantum eigensolver (VQE) is perhaps
the best-known example, with many demonstrations
performed on a variety of physical and chemical sys-
tems [14, 17]. One of the key bottlenecks in VQAs
is the optimization step; the functions being opti-
mized, as well as their higher-order derivative in-
formation, need to be estimated via a limited num-
ber of samples, necessitating the use of stochastic
optimization algorithms. A simple way of quanti-
fying the total cost would be through the number
of shots: for each function evaluation, the quantum
computer needs to be queried many times to get an
estimate of the function to be used in a classical
optimization routine. These sampling queries are
in addition to the need to run many different sets of
parameters along the optimization trajectory, which
introduces a “circuit switching” latency. Given that
many of today’s quantum computers are available
in a cloud setting, there can be additional overhead
due to network latency [18]. These latencies can also
vary among different architectures; for example, a
superconducting transmon quantum processor has
measurement times on the order of a few microsec-
onds [19], while a trapped ion system can take hun-
dreds of microseconds [20, 21]. This is, of course, in
addition to gate times and reset times, all of which
increase the time to take a single sample. Design-
ing optimization algorithms that take these various
times into account is important for minimizing the
total amount of potentially expensive quantum com-
puter time used.
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A few stochastic gradient methods have been de-
veloped specifically for the quantum regime that
attempt to minimize the number of shots [22], as
well as those that attempt to minimize total wall
time [18]. However, stochastic gradient methods,
including the popular Adam optimizer [23], are typ-
ically deployed in applications where accuracy does
not matter much. In quantum chemistry, where
VQE is used extensively, there is a standard level of
accuracy, known as “chemical accuracy,” that is de-
sirable because it is the minimum accuracy required
to allow for chemically relevant predictions [24].
Many stochastic gradient methods also require care-
ful hyperparameter tuning [25, 26], particularly in
the selection of a step-size parameter. In VQAs,
each sample (or observation) can be expensive be-
cause quantum computer time is highly limited. Do-
ing extensive hyperparameter sweeps is, therefore,
untenable.

1.1  Our Contributions

Given these circumstances, we suggest a new op-
timization algorithm, SHOt-Adaptive Line Search
(SHOALS). In each iteration, SHOALS computes a
stochastic estimate of the gradient of the cost func-
tion, computes a trial step, and evaluates the cost
function at both the current set of parameters and
the trial step. If sufficient decrease within a con-
fidence interval is detected, the step is accepted,
and the trial step becomes the current set of pa-
rameters for the next iteration. In every itera-
tion, SHOALS updates certain accuracy parameters
that, when coupled with conservative concentration
inequalities, determine sample sizes for computing
function and gradient values.

The convergence theory behind SHOALS is de-
rived from ALOE [27], which in turn is an ex-
tension of previous work in [28, 29, 30]. These
works in adaptive optimization consider the quanti-
ties involved in deterministic methods of optimiza-
tion (in particular, trust region methods and line
search methods) and replace these quantities with
random variables to yield an analyzable stochastic
process. As a result, one derives stochastic vari-
ants of deterministic methods that yield, up to con-
stants, the worst-case iteration complexity guaran-
tees of the deterministic methods with high proba-
bility; SHOALS achieves this by mimicking the dy-
namics of gradient descent with a line search. These
results are significant because the iteration complex-
ities of deterministic methods are of a different order
than those of stochastic methods. For instance, in
the worst case, given Lipschitz continuous f, the

number of iterations that a deterministic gradient
descent method requires to attain ||V f(6F)| < € is
on the order of 1/¢2; this bound is known to be tight
[31, 32].7 In the same class of problems, the num-
ber of iterations for a first-order method based on
the classical Robbins-Monro stochastic gradient it-
eration to achieve the same degree of stationarity is
on the order of 1/e* [36], which is strictly worse.” In
the quantum computing setting, adopting an algo-
rithm like SHOALS translates to significantly lower
total time, since certain large parts of the latency
costs are paid per iteration, rather than per shot,
at the expense of potentially higher (but dynamic)
numbers of shots. We note that a recent paper
on another classical optimizer for VQAs employs a
Bayesian line search [39], which is fundamentally dif-
ferent from the line search considered in this paper.

We stress that SHOALS is not a new algorithm,
but is a practical extension of ALOE [27]. Specif-
ically, SHOALS allows for per-parameter sampling
of directional derivatives, enabled by parameter shift
gradients. However, we do note that this is the first
work to explicitly consider adaptive stochastic meth-
ods for use in VQAs, and we illustrate - in terms of
latency cost and shot execution tradeoffs - why such
algorithms are extremely promising in this setting,
even though they were not explicitly designed for
this setting.

We provide numerical experiments demonstrat-
ing the efficacy of SHOALS on a variety of chem-
ical molecules. Depending on the specifics of a sim-
ulated quantum computing environment, SHOALS
can reduce the time needed to reach chemical accu-
racy by several orders of magnitude compared with
other state-of-the-art optimization algorithms, such
as iCANS [22] and Adam. In particular, our com-
parisons employ various measures of latency, show-
ing how the effect of circuit switching and network
latency costs affect the comparisons. As suggested
by the theory on which we elaborate in this paper,
we find that SHOALS frequently outperforms pop-

IIn general, the worst-case iteration complexity for any
unconstrained deterministic first-order optimization method
to attain |V £(0%)|| < e given a Lipschitz continuous gradient
and Hessian is on the order of €1-75 [33]. Such a theoretically
best worst-case rate is indeed attained by accelerated gradient
descent (34, 35].

2In general, the theoretical best worst-case iteration com-
plexity for any unconstrained stochastic first-order optimiza-
tion method to attain ||V f(6%)|| < € - the definition of which
must be more carefully provided than in this footnote - is
on the order of 1/€3 [37]. Such a theoretical best rate is
attained, for instance, by SPIDER [38], at the cost of eval-
uating two stochastic gradients per iteration (as opposed to
one stochastic gradient per iteration required by the classical
Robbins-Monro iteration).
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ular methods based on the stochastic gradient itera-
tion, especially in settings where latency cost is high
compared with shot cost. Our algorithm and numer-
ical experiments highlight the importance of making
more efficient use of limited quantum resources, al-
lowing for further exploration of more interesting
problems.

1.2 Variational Quantum Eigensolver

In the VQE, a standard example of a VQA [10], we
seek to find an approximation of the lowest eigen-
value of a Hermitian matrix, H, which is often
known as the Hamiltonian. VQE relies on what is
known as the “variational principle,” which states

(V(0)|H|¢(8)) = Eo, (1)

where Ej is the true value of the lowest eigenvalue
(often known as the ground state energy) and |4 (6))
is any parameterizable function (typically known
as an ansatz). The variational principle, Eq. (1),
states that an upper bound for the true ground state
energy can be obtained by measuring the energy
(that is, computing (»(0)|H|(9))) for any function,
[(0)). A flexible, expressive wavefunction |¢(6))
and efficient, effective optimization are key to real-
izing high-quality approximations of the true ground
state energy. Because of their natural ability to ex-
press quantum mechanics, quantum computers are
excellent candidates for preparing various ansatzes.

For standard quantum chemistry problems, we
can write the Hamiltonian, H, after preprocessing
through a fermion-to-spin transformation such as
the Jordan-Wigner transformation [40], as a sum
of terms,

N
H = Zaij, (2)
j=0

where a; is a (typically real-valued) constant prefac-
tor and P; is a Pauli string. Note that the N here is
often expressed as O(NZ), where N, is the number
of orbitals used (and is often equal to the number
of qubits). Each Pauli string can be measured effi-
ciently on a quantum computer. The VQE problem
can thus be expressed as an optimization problem,

N
min > a; (4(0)|P;[(6))- 3)

Each of the terms in the sum in (3) is indepen-
dently estimated stochastically by repeatedly query-
ing the quantum computer for some number of
shots.

For convenience of notation in discussing an opti-
mization algorithm, we will, in the remainder of this
paper, abuse notation and rewrite (3) as

N
min XJ: a; P;(6) = min f (), (4)

where P;(0) denotes ((6)|P;]¥(6)). By using the
parameter shift rule [41], partial derivatives for the
types of ansatzes used in this work can be calculated

as

0 + Eei - 0 — 161'
where e; represents the unit vector in the direc-
tion of parameters i. We utilize a Trotterized,
unitary coupled cluster, singles doubles (UCCSD)
ansatz [42, 43] for this work, which is defined as

d

w0) = (T ewosts )0 ()

LR

where d represents what we term depth, which is
the number of times to repeat the basic Trotterized
UCCSD ansatz with unique parameters (similar to

the k parameter in Ref. [42]), and #; is either a sin-

gles (t; = dldl) or doubles (#; = didjam&n) cluster

operator. We note that our theory should extend
to any ansatz, such as those generated in qubit cou-
pled cluster [44] or hardware-efficient ansatzes [14],
and can be embedded within methods to generate
more compact ansatzes, such as ADAPT-VQE [45]
and unitary selective coupled cluster [46].

1.3 Single-Shot Estimators

A gradient-based optimization algorithm for solv-
ing (4) will require the ability to compute f(6) and
Vf(0). However, because each term P;(6) in (4)
is in fact a random variable for which a shot ex-
ecution on a quantum computer gives an estimate
valued in {—1, 1}, we cannot directly compute f(6).
Instead, we obtain what we call a single-shot estima-
tor f(6;€) of f(#), which is computed by taking one
observation of each Pauli string P;(#) and returning
the linear combination specified by the prefactors
{a;}. We note that although we call f(6;¢) a single-
shot estimator, it does not cost one shot to obtain
a single-shot estimator; rather, a single-shot estima-
tor costs one shot per circuit necessary to evaluate
every Pauli string, which is typically O(N, ;‘), where
N, is the number of qubits used. Using operator
grouping, one potentially can reduce this number to
O(N?) [47]. The random variable £ in f(6;¢) is in-
tended to encapsulate all the randomness inherent
in estimating f(#) with a quantum computer.
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Analogously, using the parameter shift gradient,
Eq. (5), we can compute a single-shot estimator
9i(0; &) of each partial derivative 0;f(0). When we
assemble the single-shot estimators of partial deriva-
tives into a full gradient vector, we denote this latter

quantity g(6;¢).

2 Shot-Adaptive Line Search

Our method is fundamentally based on a stochas-
tic line search method proposed over several papers
[29, 30] but is closest to one referred to as Adaptive
Linesearch with Oracle Estimations, or ALOE [27].
To disambiguate from the use of the word “oracle”
in quantum computing, we instead use the name
SHOt-Adaptive Line Search, or SHOALS. We de-
scribe this method in Algorithm 1 and discuss key
elements of the algorithm.

Algorithm 1: SHOt-Adaptive Line Search
(SHOALS)

1 Initialization: Choose constants
v>1,c€(0,1), and amax > 0.

Choose accuracy level ef > 0.

Input: initial point §° € R™, initial step size
ag > 0.

for k=0,1,2,... do

Compute an estimate g* of V f(0%) (in
practice; ¢* will be assembled
coordinate-wise from averages of N,
samples of g;(6%;&); see (7)).

6 Set a trial point s* < 6% — ay,g*.

Compute function estimates f§ and f¥ of
F(6%) and f(s*), respectively (in
practice, f¥ and f¥ will be computed as
averages of Ny samples of f(6%;¢) and
f(sF:6); see (9)).

if f& < fb — caul|g®||*> + 2¢; then

gk+1 L gk

w N

BN

9
10 Q41 4 MIn{ Omax, Yo
11 else

12 Or+1 gk
13 Qpp1 & Y tag,

We note that Algorithm 1 would be a classical line
search method with an Armijo line search with the
notable differences that

e Line 10 would be replaced with oy < 1;

e the estimates ¢*, f¥, and f¥ would be replaced
with the respective true values Vf(6%), f(6%),
and f(s*); and

e ¢; would always be initialized to 0.

Under particular conditions on the estimates
g*, fk, and fF, as well as the determination of €f
in Line 7, Jin et al. [27] demonstrate a special kind
of convergence result concerning the iterates of Al-
gorithm 1. We now elaborate on these conditions,
which will be enforced in SHOALS.

2.1 Gradient Estimation

In our setting, a directional derivative estimate gf ~
0; f(6%) (see (5)) is computed by averaging a num-
ber Ny, i of single-shot estimates of the directional
derivative, gF(6%;¢). As a result, the gradient esti-
mate ¢g¥ can be written g¥(6%; ¢¥), where ¢¥ denotes
a realization of the random variable ZF representing
all possible shot sequences that could be observed
when obtaining Vg, , many single-shot estimates of
each 0;f(6%), and concatenating the estimates into
a n-dimensional gradient vector. We stress that in
our notation, whenever £ has a superscript (k), there
is an implied (set of) sample size(s) Ny, r to distin-
guish it from the atomic random variable £ involved
in the single-shot estimator.

We give reasoning in the appendix, but we ulti-
mately require, for each ¢ =1,...,n

\Y [gi(9k§ f)]
p<maX{Liak9i(9k§fk>7€g})2 ,

for some p € (0, %n) and some €, > 0. In (7), L;
denotes a global Lipschitz constant of 9;f(f) and
A% [gi(Qk ; 5)] denotes the variance of the single-shot
estimator g;(0%; ). Loosely speaking, enforcing (7)
will guarantee that, with high probability (1 — p),
the error in the estimate g;(0%; %) of 9; f(6%) will be
bounded in such a way that that it does not interfere
with the gradient descent dynamics.

As in [22], we note that we can yield an up-
per bound on each L; due to the parameter shift
rule and the expression of the cost function as a
prefactor-weighted sum of Pauli matrices. In partic-
ular, given an expression for the non-mixed partial
second derivative 0;0; f(6%), we can yield an upper
bound on each L; by the sum of the absolute values
of prefactors obtained after applying a parameter
shift (5) twice.

To make practical use of (7), it remains to han-
dle the unknown variance term in the numerator.
The variance of the estimator g;(0%;¢) is unknow-
able because computing a population variance re-
quires knowing the expectation V f(6%). In our im-
plementation we simply compute the sample vari-
ance of the sample of size N, before the end of the

Ngi,k =

(7)
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kth iteration to use as an estimate of the variance
in the (k + 1)st iteration. It is theoretically reason-
able to believe that the variance V [g(6*%; )] should
not change too rapidly in 6%, justifying this choice.
We have also verified this assumption empirically
through experiments. To summarize, our practical
sample size is

2

2 (8)

p(maX{Liakgi(0k§€k)aeg})Q 7

where ngu . is the sample variance estimate of

S

Ngnk -

gi(0%; €) obtained in the previous iteration.

2.2 Function Value Estimation

Similarly to the gradient estimation, we average a
number Ny of single-shot estimates of f(6%) and
f(s*) to yield estimates f(6F;&%) and f(s*;€F).
Vuwhaw

Npw = 9)

2
pey

where €7 > 0 is a parameter, and p € (1,1). Formal
reasoning is given in the appendix, but intuitively,
averaging Ny many samples guarantees with high
probability that the error incurred by f(0%;¢F) is
bounded by a constant € that dictates the accuracy
to which we would intend to reduce the optimality
gap of our final solution.

In our practical implementation, to avoid over-
sampling, we additionally employ a criterion resem-
bling past work and the criterion in (8) (see [48, 29])
and compute

82 82
ka = min Ik ’ Lk )
’ p(agllg(0™; &R | 7| €
(10)

where s7, is the sample variance estimate of

V[f(6%;€)], which would have been computed in the
previous iteration.

2.3 Theoretical Results concerning SHOALS

In [27], a more formal statement of the following
result is proven.

Theorem 2.1. Suppose f is bounded below. that
is, there exists f. = f(0%) so that f. < f(0) for all
0, and suppose V f(0) is Lipschitz continuous with
constant Ly. Fix e, > 0 and ¢ > 0. Suppose the
estimators g(0%; &%) and {f(0%;€F), f(s*:€F)} em-
ployed in each iteration of Algorithm 1 satisfy Con-
dition A.1 and Condition A.2 with ¢, and €5, re-
spectively. Let

€ > dmax{eg, (1 + Lyamax)y/3Lges}.

Then, with high probability, the number of iterations
of Algorithm 1, Te, required to attain

IV£(0")

| <e (11)

satisfies

L2 90 _ o*

ﬂeo<go(>2ﬂ »>. )
€

The probability in this result is with respect to the

o-algebra of the realizations of £F observed over the

run of the algorithm.

We remark on some important aspects of Theo-
rem 2.1. First, as indicated by the big-O notation,
this result provides a worst-case guarantee. Virtu-
ally never in practice is a stopping time on the order
of 1/€? many iterations realized. However, the result
of Theorem 2.1 recovers up to small constants the
worst-case iteration complexity result for determin-
istic gradient descent algorithms, which is known to
be tight [31].

2.4 Comparison with Stochastic Gradient
Methods

The result in Theorem 2.1 should be contrasted
with known results for the worst-case performance
of stochastic gradient methods. We provide a proto-
typical stochastic gradient method in Algorithm 2.
Results in Corollary 2.2 of Ref. [36] and Theorem 4.8

Algorithm 2: Generic Stochastic Gradient
Method
1 Initialization: Choose step size «, initial
point 69 € R”
2 for k=0,1,2,... do
3 L Compute an estimate g of V f(6%).
gF+1 gk _ Oégk.

4

of Ref. [49] show essentially that in order to guaran-
tee

E

T,
1 I
crE]WﬂWH]Sa (13)
€ k=0
one must run a stochastic gradient method for

ﬂeo(%uw%—ﬂm»> )

4

many iterations, provided the step size « is chosen
sufficiently small, typically satisfying a bound like

a < L%, For ease of presentation, we deliberately
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ignored in (13) and (14) an additional dependence
on the variance of g*, which decreases linearly with
the sample size or “batch size” b. This is a signifi-
cant oversight because in the worst case one requires
b € ©(T.), where T, is as in (14) in order for theo-
retical results such as (13) to hold. This is certainly
concerning in settings where accuracy matters (e.g.,
chemical accuracy in the problems we are consider-
ing), but in many machine learning applications it
is considerably less concerning. In light of this in-
tentional oversight, we remark that the worst-case
results we are presenting for SG methods are, in fact,
erring on the side of optimism.

The bound in (13) can be interpreted as saying
that, given a fixed number of iterations of T, the
expected value (over the o-algebra of all sources of
randomness) of the average value (averaged over
k=1,...,T) of |[Vf(6*)| is bounded by e. As a
corollary, one can show that if one selects uniformly
at random R € {1,...,T.}, then

E[IVF09)] < (15)

These results have been shown to be tight in the
general case [50] and improvable to O (%) in spe-
cial cases [51]. Popular variants of SG algorithms
like Algorithm 2, such as Adam, have been shown
to have virtually the same type and quality of error
bounds as that in (13); see Theorem 1 of Ref. [52].
Methods such as iCANS [22] are also based on the
stochastic gradient iteration and thus are suscepti-
ble to the same worst-case performance.

The trade-off between a O (%) worst-case com-
plexity for algorithms of the class in Algorithm 1
and the O (}4) worst-case complexity for algorithms
of the class in Algorithm 2 is that the estimates in
Algorithm 1 require more samples (or, in the context
of our parameter shift problems, shots) per iteration
to satisfy Condition A.1 and Condition A.2. The ap-
propriate metric for comparing these algorithms is
measured by the total work, namely, a function of
latency and shot acquisition times.

We consider the following simplified setting. We
note that similar analyses (see [53] and [49, Section
4.4]) have been done to explain the apparent em-
pirical dominance of stochastic gradient methods in
empirical risk minimization settings, but the con-
clusions we will draw are very different because the
quantum computing setting is very different from
general machine learning settings in terms of over-
head costs. We denote the shot acquisition time by
c1, the latency time of circuit switching by ¢y, and
the communication cost time by c3. All times vary
from architecture to architecture. Shot acquisition
time includes the time to reset the circuit to the ini-

tial state, the time to run the circuit, and the time
to record a single measurement, which can from a
around 100 ps in superconducting qubits [54] and
around 200 ms in neutral atom systems [55]. Circuit
switching time includes the time needed to compile
a circuit and then to load it on to the quantum com-
puter’s control system. For superconducting qubits,
compilation can take 200 ms, while interacting with
the arbitrary waveform generator can take around
25 ms [54]. Communication cost includes the time
needed to communicate between the computer run-
ning the classical optimization algorithm and the ac-
tual quantum computer. This can range from nearly
zero when the two devices are in the same room to
many seconds when instructions need to be sent over
the Internet [18]. We note that every iteration of Al-
gorithm 1 requires two communications between the
quantum and classical devices: one communication
to obtain g(6%;¢*) and a second communication to
obtain estimates f(6%;¢*) and f(s*,¢&F). Every it-
eration of Algorithm 2 requires only one commu-
nication to obtain g(6*;¢*). Thus, denoting by t!
and t the number of circuits required to evaluate
the one-shot estimators f(6%;¢) and g(6*; ¢), respec-
tively, we can summarize the overhead per-iteration
latency cost of each iteration as in Table 1.

Now, denote by t{ and ¢ the number of shots re-
quested per iteration. By Theorem 2.1, if we choose
e=¢€ <land e = €2, then in the worst case, and
up to constants, Algorithm 1 will require on each
iteration 6% samples of g(0*;¢) and %4 samples of

f(6%:€), yielding t9 < % and tf < 22 On the other
15 s — € s — ¢4

hand, each iteration of Algorithm 2 will require only
a constant number of samples, b, of g(6*;¢). That
is, without loss of generality, and up to constants,
t9 = btg. All of these costs are summarized in Ta-
ble 1.

We note that SHOALS incurs only the commu-
nication cost, c3, on the order of 1/€? many times,
whereas the cost is incurred on the order of 1/e*
many times for SG methods. Additionally, the la-
tency switching cost cy is present only on the 1/e2
term for SHOALS, whereas it appears on the or-
der of 1/e! many times in SG methods. On the
other hand, we note that SHOALS has an unfor-
tunate 1/€% dependence; however, if ¢; is small—
that is, if the cost of shot acquisition is small rel-
ative to the total latency and communication costs
¢34 co(t] +t9))—then the 1/€® term may not dom-
inate.

To quantify this trade-off a bit more, we make
simplifying assumptions that tJ = 2ntl, where n
is the dimension of the parameter vector 6, which
is likely correct up to constants in the parameter
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Iterations x  (Per-Iteration Latency Cost + Per-Iteration Shots Cost)

Ly U g 2t

SHOALS O ( ( ))> 02(21%0 + tg) + 2¢3 c1 <t2 + t4>
€ €

L) — £6) [eal2el +80) 4 2es]  120767) — 10 )entt | 28 LA(0°) — £0°))

= o 5 + I + 5
€ € €

sa o LM IC) cott + 4 pert!

4

o < bClt‘q + Cgtg + 63]
€

o(f(0°) — f(9*))>

Table 1: Summary of total worst-case costs of SHOALS and a stochastic gradient (SG) method to achieve e-stationarity.
The total worst-case cost is computed as the number of iterations to achieve e-stationarity multiplied by the sum of the
per iteration costs. We recall that t and t¢ denote the number of circuits needed to compute f(6*;¢) and g(6%;¢),
respectively. For an SG method, we denote a constant batch size parameter by b.

shift setting [41], and that the batchsize employed
by the SG method is b = 1, which is correct up to
constants in practice. Then, in this setting and per
Table 1, one can derive that a sufficient condition
for the total cost of SHOALS being less than the
total cost of an SG method is the satisfaction of

2(2ntlcy + c3)

: 16
20 L, (16)

c1 <

still assuming without loss of generality that Ly, > 1.
That is, roughly speaking, if the cost of obtain-
ing a single shot is smaller by a factor of €2 than
the overhead latency cost of one iteration of an SG
method, normalized by both the number of circuits
needed to evaluate f(6%;¢) and the gradient Lips-
chitz constant, then SHOALS is expected to yield
better worst-case guarantees in terms of total costs
than an SG method does. Thinking to the future
of the deployment of VQAs, as n becomes large, L,
ought to increase linearly in IV in (4) and hence lin-
early in n; therefore, (16) asympotically amounts to
c1 < €2co.

In our experiments we will examine this trade-
off empirically; but to summarize, these theoretical
insights suggest that, asymptotically, when shot ac-
quisition time is less than a factor of €? times the la-
tency switching time, we expect SHOALS to outper-
form methods based on the iteration in Algorithm 2.

3  Numerical Results

We note that, similar to stochastic gradient meth-
ods, SHOALS is remarkably simple to implement.
It has also been documented in past work that
adaptive methods like SHOALS are far less sensi-
tive to changes in hyperparameters (such as step

sizes) than stochastic gradient methods are, virtu-
ally eliminating the need for tuning hyperparame-
ters. In our implementation of SHOALS, we chose
¥ =2,c=0.2,amax = 1, and oy = 1.

In our implementation, when computing sample
sizes via (8) and (10) we set p = 0.1. Motivated by
Theorem 2.1, we ignore constant terms and set €, =
V/€f» where in turn motivated by chemical accuracy
[24], we set €, = 0.0016. We note that because
€ € O(ey) per Theorem 2.1, this essentially means
that the factor of €2 that played a critical role in the
end of our discussion in Section 2.4 is effectively ;.

We first consider a hypothetical, forward-looking,
superconducting hardware environment outlined in
Ref. [18]; in particular, we set ¢; = 1.0 x 107° s
co = 0.1 s, and ¢3 = 4.0 s. Before showing any re-
sults, we remark that in this setting, ¢; < €fcp; and
so, from our discussion in Section 2.4, the theory
suggests that in worst-case settings and for larger n,
we expect SHOALS to outperform all of the stochas-
tic gradient methods. Using these hardware times,
we will display in our figures the total simulated
time on the z-axis, where ¢/ and tJ (the numbers of
shots requested by a method per iteration) are the
actual values requested in the simulations.

We consider three quantum chemistry problems,
for which we give relevant statistics in Table 2. For
all molecules we use parity fermion-to-spin mapping
with two-qubit reduction [56] to reduce the number
of qubits, as implemented in Qiskit [57]. We simu-
late Ho with two qubits at an equilibrium distance
of 0.74 A. For LiH, we use an equilibrium distance
of 1.595 A, and we freeze core orbitals (as in [14]),
leading to only four qubits. We use a square geome-
try for Hy, with each side having equilibrium length
1.23 A [42], and comprising six qubits.
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Figure 1: Comparison of SHOALS, iCANS, Adam, and LBFGS. Numbers next to Adam and LBFGS denote the shot size
employed for each circuit. The x-axis shows the cost of the optimization in time in the simulated superconducting envi-
ronment, while the y-axis shows the distance of the value of f(6) to the known global minimum f, after the corresponding
number of budget units is spent on an optimizer. The solid horizontal line denotes chemical accuracy. For each solver,
we show median performance over 30 runs with randomly generated initial points §° (common to all solvers) with the line
indicated in the legend. We remark again that LBFGS made negligible progress on H4, and hence it is omitted from the

rightmost figure.

Ansatz n t td

Hy, UCCSD, Depth 1 3 5 40
LiHl, UCCSD, Depth 2 16 104 8320
Hy, UCCSD, Depth 2 70 85 106080

Table 2: Relevant statistics for tested problems. As in
preceding sections, n denotes the number of parameters in
the ansatz, t{ denotes the number of circuits that must be
evaluated to obtain an evalution of f(0%;¢), and t denotes
the number of circuits that must be evaluated to obtain an
evaluation of g(6*; £).

3.1 Comparison of SHOALS with Other
Solvers

We first compare the performance of SHOALS with
two stochastic gradient methods: an implementa-
tion of iICANS and an implementation of Adam. For
iCANS, we used the same hyperparameter settings
described in [22], with a minimum sample size set
equal to 30, and implemented what the authors re-
ferred to as “iCANS1.” For Adam, we employed a
constant step size of 1.0/Ly, momentum hyperpa-
rameters of 0.9 and 0.999, and a denominator offset
hyperparameter of 10~®. These settings are stan-
dard in practice. We experimented with a batch
size (in the quantum setting, average of a num-
ber of single-shot estimators g(6%;¢)) of both 100
and 1000. We remark that one could tune all of
the hyperparameters of both iCANS and Adam to
yield variations in practical performance, but one
intention of these experiments is to demonstrate

that standard settings of SHOALS’ hyperparam-
eters yield relatively good performance compared
with standard settings of other solvers. Further-
more, we remark again that in actual NISQ settings,
one would not want to expend budgets performing
hyperparameter tuning.

Additionally, we compare the performance of
SHOALS with a deterministic first-order method,
an implementation of L-BFGS [58]. This implemen-
tation is the standard one provided in Scipy and
Qiskit and was not designed to handle stochasticity
in the function evaluation. Therefore, such a com-
parison is not particularly fair, since an L-BFGS op-
timizer has no guarantee of first-order convergence
in such a setting. We experiment with L-BFGS em-
ploying both a batch size of 100 and 1000. We re-
mark that there is ongoing work on the development
of L-BFGS optimizers capable of handling stochastic
estimates of function and gradient values [59, 60]. In
fact, Pacquette and Scheinberg [29] discuss how to
incorporate approximate second-order information,
such as that provided by L-BFGS techniques, into
the adaptive line search framework We leave the in-
corporation of such second-order information into
SHOALS as future work, since it is not the focus of
this current paper.

Results are illustrated in Figure 1, and additional
statistics are given in Table 3. We see that, in
this superconducting setting, the median wall-clock
time performance of SHOALS is consistently better
than any of the compared stochastic gradient and
L-BFGS methods. As expected, on all of the tested
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Figure 2: For each of the tested molecules, we display the ratio of the wall-clock time needed for SHOALS to achieve
chemical accuracy over the wall-clock time needed for Adam-100 to achieve chemical accuracy. The dashed line denotes
the median value of the ratio, while the transparent band shows the 25th through 75th percentiles of the ratio. We also
display in each plot the value of ¢1/cz where the median ratio equals 1, that is, where the wall-clock time of the two solvers

is equal.

problems, the median performance of L-BFGS with
a fixed batchsize fails to attain chemical accuracy.
For this reason, we chose not to present that solver
for the largest tested molecule, Hy.

In light of our discussion in Section 2.4 and the
inherent uncertainty in the specific timings of the
superconducting setting, we additionally present in
Figure 2, for the same molecules, the median (and
first and third quantiles) of the ratio of the wall-
clock time needed for SHOALS to attain chemical
accuracy to the wall-clock time needed for Adam-
100 to attain chemical accuracy when we fix ¢ = 0
(i.e., we completely disregard cloud communication
time) and vary the ratio of ¢1/ca.

As expected by our discussion in Section 2.4, for
each tested molecules, as ¢1/co tends to 0, the ad-
vantage of using SHOALS over a stochastic gradient
method is clear. What merits further investigation,
but requires testing significantly larger molecules,
is whether the trend that the value of ¢;/co at the
breakeven point is decreasing with n. One expla-
nation would be that our predictions are based on
worst-case behavior and the optimization problems
we are testing are certainly not exhibiting worst-case
behavior. In any case, it would be foolhardy to ex-
trapolate any trend from three datapoints; testing
molecules that require orders of magnitudes more
circuits to compute a single gradient will involve an
extensive computational campaign, which is a sub-
ject for future work.

4 Conclusions and Future Work

In this paper we demonstrate a new optimization
algorithm, SHOt-Adaptive Line Search (SHOALS).
We provide theoretical arguments and numerical ev-
idence that SHOALS should outperform other state-
of-the-art optimization algorithms when the shot ac-
quisition time is much less than the circuit switching
time. This is because the dynamics of the deter-
ministic line-search method that SHOALS stochas-
tically approximates requires fewer iterations but
more shots per iteration, to reach a given level of sta-
tionarity. Standard stochastic gradient methods, on
the other hand, can utilize smaller numbers of shots
per iteration to make expected improvement in the
cost function. The latency regime in which SHOALS
is expected to perform better than stochastic gra-
dient methods is realized by today’s superconduct-
ing qubit quantum computers [18]. However, when
the circuit switching time and shot acquisition time
are closer in magnitude, such as in trapped ion
systems [20], we show, theoretically and numeri-
cally, that stochastic gradient methods are expected
to outperform SHOALS. Because quantum devices
have a non-negligible per-iteration overhead (from
the need to switch between many circuits), these la-
tency considerations are important in determining
which algorithm to use in variational quantum al-
gorithms, whereas in optimization of classical func-
tions, such as those encountered in machine learn-
ing, these considerations are considerably less im-
portant.

In future work we intend to investigate the
possibility of tighter worst-case complexities for
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SHOALS, in terms of the wall-clock time metric,
than those presented in Table 1. Indeed, as a
simplifying assumption, we assumed that SHOALS
required O(1/€?) many samples of g(6%;¢) and
O(1/€*) many samples of f(0%:¢), f(sF;€) per it-
eration, but this is in fact necessary only when k is
near the stopping time T,. A more rigorous analysis
would consider the total work of SHOALS, such as
in the analysis performed in Ref. [61].

We also intend to pursue multiple directions in the
practical implementation of SHOALS. In one direc-
tion, we are interested in the incorporation of (ap-
proximate) second-order information into SHOALS
in order to further decrease the iteration complexity
and hence relax further the total accumulated per-
iteration latency switching costs. As suggested pre-
viously, we are inspired by work in Refs. [59, 60, 29].
We also intend to investigate an operator-sampling
variant of SHOALS, in the style of Ref. [62], in order
to further reduce both latency and shot acquisition
costs. In particular, we may choose on certain iter-
ations, based on sample variance estimates, to eval-
uate only a subset of Pauli strings in (4), or perhaps
to evaluate only a subset of directional derivative
estimates g;(6%;¢*) when forming a gradient esti-
mate g¥. Such approaches would resemble doubly
stochastic coordinate descent methods, which have
been studied in the optimization literature [63].

Moreover, and as suggested in our numerical ex-
periments, we intend to conduct a larger computa-
tional campaign to look at larger molecules in or-
der to ascertain our belief in the asymptotic perfor-
mance of SHOALS.
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A Appendix

A.1 Derivation of (7)

We require g*(0%; ) to satisfy the following prop-
erty.

Condition A.1. For some p' € (0,1/2) and for
some accuracy level €5 > 0,

Per [eq (6" €") < max{ey, Loaullg(6*; €M)} (17)
> 1- p/7

where ey (0%;€F) denotes ||g(0%; &%) — Vf(0%)| and
L, denotes a local Lipschitz constant of the gradient

v £(6%).

In other words, Condition A.1 requires that, with
sufficiently high probability, the error in the esti-
mator be bounded by the Lipschitz constant times
s — 6%||, an upper bound on the change in the
gradient size.

Applying Chebyshev’s inequality, we can guaran-
tee a gradient estimate ¢g¥ satisfying Condition A.1
provided we choose each Ny, ; according to (7). In-
deed, (7) is the number of independent observations
needed to attain

Per [eg, (6%;€") < max{eg, Lio|g:(6%;€")|}]
21 - D,

where eg, (0%; %) = |gi(0%;€") — 9;f(6%)|. Then, by
a union bound, with probability 1 —p™ > 1 — p/,

eq(0";€") < max{ey, Lyarl|lg(0™;€")]}.
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A.2  Deriving Ny,

We now state our condition on f(6*;¢*). The con-
dition for f(s¥;¢%) is analogous.

Condition A.2. Define the estimation error as
e(0%;€¥) == | fF(0%) — f(0%;€F).

The  estimation  error is a  one-sided
subexponential-like random wariable with mean
bounded by a constant €y > 0. That is, there exist
parameters (v, 8) such that

Egr [e(@k;gk)] <ef (18)
and

Eer [exp {X (e(8%; &%) — Eex [e(0%;¢7)])}]
< exp (AQV ) VA € {0, ;} . (19)

When (18) and (19) are satisfied, we say that
e(6%; €%) is (v, B)-subexponential.

The following corollary demonstrates that, for any
ey > 0, a sufficiently large sample size exists such
that Condition A.2 holds.

Corollary A.l. For any given ¢; > 0 we may
choose a sample size Ny such that

L _ |V
f= Nf,k

(where V' is as in Proposition A.1) in order to guar-
antee e(0%; €F) is (v, B)-subezponential with

v=3= 86Xp(2)max{ 2Ve[e(0%: )]

(20)

and
Eex[e(6%:6%)] < ¢y,

where C' is as in Proposition A.2.

We now prove Corollary A.1.  We first record a
result that was proven in [27, Proposition 1].

Proposition A.1. Suppose e(0%:¢) is a (
subezponential random variable and V¢[f (0%

V. Then
1%
Eer[e(0%; )] < (| —
er[e(07€7)] < ”Nf,k

and e(0%; &%) is (v, 3)-subexponential, with v = 8 =

0, 5)-
;€] <

~

v
\/Nf,k

A

]

8 exp(2) max

22 2(C + e ,
N r ( f)}

Because of the form of the single-shot estima-
tors f(0%;€) in the parameter shift setting (a fi-
nite weighted sum of Bernoulli random variables),
we have that |e(0%;¢)| < C deterministically, where
C=2 Z |a;|. Thus, we can show the following re-

sult.

Proposition A.2. e(6F;¢) is a
(V2V [e(0%:6)],2(C +  €5))-subexponential — ran-
dom variable.

e(™;¢) —E [e(0":8)]
C+ef

(as in Condition A.2) that E [e (9’C f)] < ¢s. By def-
inition of variance, E [Y?] = (C+6 V [e(6%;¢)] ==

V. Moreover,

Proof. Let Y =

, and suppose

e(6%:9) + E[e(6:0)] _ |

Y| <
| ‘_ C+€f -

Thus, bounding the moment generating function,

kYR o AP
E[exp(A\Y)] = E T LR > v
k=0 k=2
= N2V
<1 P el

For all A < 1, the geometric series on the right will
converge; moreover, for A < %,

2

E[exp(AY)] < exp <W> :

That is, é T ) isa (V2V, 2)-subexponential random
variable. The result follows. O

Because the variance Vg [f(@’“;{)} is bounded in
the parameter-shift setting, (f(6%;¢) can be ex-
pressed as a finite weighted sum of Bernoulli random
variables), Proposition A.1 and Proposition A.2 to-
gether give us Corollary A.1.
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