Transitions in Entanglement Complexity in Random Circuits
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Entanglement is the defining characteristic of
quantum mechanics. Bipartite entanglement is
characterized by the von Neumann entropy. Entanglement is not just described by a number,
however; it is also characterized by its level of
complexity. The complexity of entanglement is
at the root of the onset of quantum chaos, universal distribution of entanglement spectrum statistics, hardness of a disentangling algorithm and
of the quantum machine learning of an unknown
random circuit, and universal temporal entanglement fluctuations. In this paper, we numerically show how a crossover from a simple pattern
of entanglement to a universal, complex pattern
can be driven by doping a random Clifford circuit with T gates. This work shows that quantum complexity and complex entanglement stem
from the conjunction of entanglement and nonstabilizer resources, also known as magic.

1 Introduction
One of the most fundamental properties of nature is
the inevitable creation of disorder from order, leading to equilibration and thermalization. Classically,
such behavior arises from extreme sensitivity to initial conditions [1–4], that is, chaos. High sensitivity to initial conditions, also dubbed the “butterfly
effect”, is easily observed at the macroscopic level
[3, 4]. In quantum mechanics, the characterization
of chaos in quantum systems is an ongoing enterprise that is central in the field of quantum information and quantum many-body theory [5–10]. For example, studies in random matrix theory [5, 11–17]
have provided analytical means of identifying chaos
in quantum Hamiltonians and systems of entangled
qubits. Indeed, it is well known that the emergence
of chaos in quantum systems goes hand in hand with
entanglement [9, 18–24], a fact that has brought the
problem of creating sufficiently complex entanglement to the forefront of quantum computing [25, 26]
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as physicists endeavour to recreate the information
scrambling properties of nature’s most chaotic systems such as black holes [10, 13, 26–32].
In a quantum computer, qubits are entangled by a
circuit of unitary logic gates. Clifford gates represent an important subgroup of the unitary group because they can be efficiently simulated by a classical computer, and yet are still very effective in attaining maximum entanglement [9, 33–35]. However, while these gates are easily simulated on classical machines, they are only capable of producing
non-complex patterns of entanglement, and are therefore not sufficient for true chaotic behavior in quantum systems [9, 33, 35–40]. Including gates outside
the Clifford group provides a set that is universal for
quantum computation and induces complex entanglement and chaotic behavior [23, 24, 34, 41, 42]. The
expensive nature of such gates introduces yet another
problem, that of optimizing the use of non-Clifford
resources [37–40, 43–47]. As such, a greater understanding of what lies between Clifford and universal
entanglement is necessary not only in the development of quantum technology, but also in painting a
complete picture of the transition in quantum physics
from order to chaos. We therefore aim to study quantum circuits that induce different levels of complexity
between these two extremes.
In this paper, we study the onset of complex entanglement in systems of qubits by numerically simulating random Clifford circuits doped with a controlled
number nT of T gates – which do not belong to the
Clifford group – showing the full transition from nonchaotic to chaotic behavior and from non-complex
to complex entanglement by the emergence of typical entanglement properties belonging to random universal circuits. In particular, we monitor (i) the entanglement spectrum statistics, showing that, as the
T −doping increases, we obtain a crossover towards
the universal Wigner-Dyson distribution for the gaps
in the reduced density matrix spectrum, the so-called
Entanglement Spectrum Statistics (ESS) [11, 48–51].
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Figure 1: Color map representation of a 16-qubit state after 10N 2 random Clifford gates, then nT random T gates
(Top row: nT =5. Bottom row: nT =20), then another 10N 2 random Clifford gates are applied, starting with the initial
⊗N
state |ψ0 i = |0i . The image is arranged by partitioning the state into two equal subsystems and expanding one
along each axis. A pixel at some position (x, y) is mapped from the magnitude of the amplitude for the computational
⊗N/2
⊗N/2
basis state |σxy i = |σx i ⊗ |σy i (for example, the pixel at (0, 0) corresponds to the state |σ00 i = |0i
⊗ |0i
).
The action of a T gate, being a phase gate, does not change the color map representation at all. However, after
being spread around by the second Clifford circuit, the color map representation becomes more mixed for the circuit
with the larger number of inserted T gates, showing the interplay between the non-Clifford resources and the operator
spreading through Clifford-driven entanglement in the onset of quantum chaos.

We also compute (ii) the fluctuations of entanglement, showing how doping drives the transition towards universal fluctuations computed through the
Haar measure on the unitary group [23, 24, 37, 38].
Finally, we demonstrate (iii) that the quantum complexity conjured by entanglement and T gates is characterized by the hardness of the entanglement cooling
algorithm and find a quantitative relation between the
doping nT and the performance of the algorithm in
undoing any initial scrambling [48, 49]. As the disentangling algorithm allows the learning of a random
quantum circuit, these results show how the quantum machine learning of a random circuit increases
in complexity with the number of T gates.

2 Complexity as Revealed by the Entanglement Spectrum
2.1 Entanglement Heating Setup
In this section, we describe the setup of the problem. Each simulation begins with a process called entanglement heating, during which a random quantum
circuit is used to produce a highly entangled state.
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We begin with a system of N qubits initialized in the
zero state of the computational basis |ψ0 i = |0i⊗N .
The dimension of the Hilbert space will be denoted
by d=2N . The entanglement heating process involves applying a random unitary circuit U containing an assortment of 10N 2 quantum gates chosen
from a predetermined
set, either Clifford U 0 or uni
versal U U . The Clifford set includes the CNOT ,

Hadamard, and S gates P π2 . A universal
gate

set is created by including T gates P π4 along
with the Clifford set [33]. A doped Clifford+T circuit (U nT ) is a random Clifford circuit in which a
controlled number nT of non-Clifford resources – in
this case, T gates – are inserted. The actions of π/4phase shifts (T gates) alone have no effect on entanglement, as single qubit operations do not change the
Schmidt decomposition of a state. However, when
utilized in conjunction with the Clifford set (which
includes the two-qubit CNOT gate), a T gate applied
to some qubit acts as a seed of chaos. These seeds are
subsequently propagated by random Clifford gates,
resulting in operator spreading and growth [50, 52–
54], therefore unleashing chaotic behavior [55, 56].
This effect can be seen in Fig. 1, where a visualiza-
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tion of the bipartite weights of the wave function is
shown at three different stages of a circuit: first after a random Clifford circuit, then after a layer of T
gates, and finally after a second Clifford circuit. As
we can see, the complexity resulting from operator
spreading is evident already at the visual level, which
suggests a machine-learning approach to the detection of quantum chaos [50].
In the following simulations, we employ
Clifford+T circuits U nT designed by alternating single T gates and operator-spreading blocks
of 10N 2 Clifford gates for a total of nT T −layers
between nT +1 Clifford blocks, as shown in Fig.
2. The choice of T gate placement (i.e. which
qubit it acts on) is not a contributing factor during
this process [37], and so is chosen at random. We
perform exact numerical simulations of these circuits
ranging from N =8 to N =18 qubits, with various
values of nT ∈ [0, 40]. For every doping nT , 200
realizations are run to obtain an ensemble of states
{UinT |ψ0 i}200
i=1 . In addition, for each instance of
N , we generate states {UiU |ψ0 i}200
i=1 evolved with
random universal circuits U U .

Figure 2: Schematic of the Clifford+T circuit design
used for entanglement heating (U nT ) and entanglement
cooling (UC ). In the heating circuit, single T gates are
inserted between blocks of 10N 2 Clifford gates, thus nT
is also the number of T −layers. For example, nT =2 in
the circuit U 2 shown here. Regardless of the number
of layers in the heating circuit, the subsequent cooling
circuit always contains a single block of 40N 2 Clifford
gates (the exception to this is the case of infinite temperature cooling performed in section 3, during which
10N 2 gates are used).

2.2 Post-Heating Level Spacing Statistics
After heating, the output |ψi =U nT |ψ0 i of each
circuit is analyzed by characterizing entanglement
complexity in terms of the ratio of adjacent gaps
in the entanglement spectrum as defined in [50].
Given a composite state |ψi = |ψA i ⊗ |ψB i under
equal bipartition such that each subsystem conAccepted in

Figure 3: Gap distribution in the entanglement eigenvalues (ESS) for Clifford+T circuits with different doping
(nT =20, 22, 26) applied to the initial zero state |ψ0 i for
N =18 qubits, as well as an 18−qubit universal circuit.
Each plot is obtained with 200 realizations. As the doping increases, a stricter adherence to the Wigner-Dyson
distribution emerges.

tains NA =NB =N/2 qubits, let pi =λ2i be the eigenvalues obtained from the Schmidt decomposition
P
|ψi = i λi |iA i |iB i. The eigenvalues {pk }A of the
reduced density matrix ρA =trB (|ψi hψ|) form the
reduced density matrix spectrum. The level spacing
ratios are calculated as rk = (pk−1 −pk ) / (pk −pk+1 )
where the eigenvalues are ordered such that
pk >pk+1 . Any degeneracy is accounted for by including an additional instance of rk for each occurrence of pk . In the case of a random circuit with universal gates (or just for a random unitary operator on
the full space of N qubits), one obtains the universal
ESS {rk } exhibiting a Wigner-Dyson (W-D) distribution, following the surmise [11]


PW D (r)= r + r

2

β





/ Z 1+r+r

2

1+3β/2 

(1)
where the Gaussian√Unitary Ensemble PGU E (r) is
given by Z=4π/81 3 and β=2. Given this known
property, one way we characterize a state’s entanglement complexity is by the degree of similarity between the distribution P (r) of its entanglement spectrum and that of a Gaussian PGU E (r). We quantify
this statistical distance by calculating the KullbackLeibler divergence:
DKL [P (r)||PGU E (r)] =
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Note
that
DKL [P (r)||PGU E (r)] =0
when
P (r)=PGU E (r).
As the doping level nT in the heating circuit increases, we observe the emergence of the WignerDyson distribution for the ESS, see Fig. 3. The resulting calculations of Eq. (2) for each (N, nT ) pair
are shown in Fig. 4. We see that the divergence DKL
displays a non-trivial behavior: as nT approaches N ,
there is an extensive divergence DKL . This is the signature of a sudden change in the pattern of entanglement, which can occur despite the absence of other
typical critical behaviors (e.g. the change between
different patterns of entanglement across the factorization point in spin chains [57]). Above this critical
value, we can fit the data for nT ≥N with the formula
1



DKL = 24 d1.25(1−nT /N ) +

d0.6



+ 0.16 (3)

uni
≡ DKL
+ (nT )

For large nT , the error  ≡ 24d1.25(1−nT /N ) is exponentially suppressed and Eq. (3) yields the universal
uni = 24/d0.6 + 0.16, which is in perfect
value DKL
agreement with the numerical value of DKL computed for a random universal quantum circuit. This
result raises the question of how many T gates one
needs to add before the DKL crosses over and begins
to approach the universal limit. In other words, we
want to know the minimum value of nT such that the
error is smaller than the universal value, that is,
(nT ) <

24
+ 0.16.
d0.6

(4)

D
This minimum nmin
is calculated for a given system
T
size by plugging (nT ) ≡ 24d1.25(1−nT /N ) into Eq.
(4) and solving for nT , rounding up to the nearest
integer. In other words, given Eq. (4) rearranged
D
in the form nT > f (N ), we define nmin
(N ) :=
T
df (N )e. We perform this calculation for all N ∈
[0, 40] and fit the results, finding that
D
nmin
= N + 2.
T

(5)

This result, in addition to the collapse shown in
Fig. 4, demonstrates a linear scaling with N of the
number of T gates nT needed to attain the universal
Wigner-Dyson distribution. In other words, a finite
density of T gates drives the transition towards universal ESS. This result is to be compared with that
of [50], where it was shown that a single T gate on
a random product state was sufficient to obtain the
transition. However, a random initial product state
contains an O(N ) number of non-Clifford resources
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in the preparation of the initial state. It is remarkable,
though, that one seed of operator spreading is both
necessary and sufficient for the transition after initial
state preparation with a random product state.

Figure 4: Statistical distance DKL (Eq. (2)) from
W-D distribution plotted against nT /N for all system
sizes. All curves collapse to a universal scaling function
f (nT /N ) for nt ≥ N (Eq. (3)).

3 Fluctuations of Entanglement Entropy
In this section, we study the temporal entanglement
fluctuations under a random Clifford circuit following the entanglement heating process, schematized
with a blue block in Fig.2, the so-called cooling circuit. If the Clifford circuit is completely random, this
corresponds to an infinite temperature of the cooling
algorithm, see section 4.
We monitor the entanglement in the system during
both the heating and the cooling procedure as a function of time, that is, after every new gate in the circuit.
The entanglement between certain qubits at a particular point in time is determined again by partitioning the state into two subsystems |ψi = |ψA i ⊗ |ψB i
of dimensions dA =2NA and dB =2NB such that
N =NA +NB (note that it is no longer necessary that
NA =NB ). We then calculate the Von Neumann enP A
tropy of |ψA i by S (ψA ) =− di=1
pi log pi . In order
to fully consider the relative entanglement between
various subsystems, this entropy is calculated for all
N −1 possible bipartitions and averaged to obtain a final value S k , with k representing the number of gates
that have so far been applied. With this definition,
S k = 0 if and only if the state is completely factorized. At the end of the circuit U , all recorded S k
form a set S U := {S k }U . By performing these calculations after each gate, we observe the inevitable
increase in entanglement entropy that has come to
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be expected under random unitary transformations,
as well as its eventual saturation at a maximum value
[23, 24, 49, 58].
After the entanglement heating, the system has
typically reached an equilibrium, with a nearly maximal value for the entanglement entropy. If one then
continues to apply random Clifford operations, no
further drift will be observed; rather, only fluctuations around the equilibrium value will occur. We
analyze these fluctuations through further stochastic
evolution of the fully thermalized state U |ψ0 i with a
new random circuit UC of 10N 2 Clifford gates (this
is an example of the cooling algorithm at infinite temperature, see section 4). We continue to calculate the
entanglement entropy S(ψA ) at each step in the circuit, giving a new set of quantities S UC in addition to
our previously gathered data S U . The temporal variance of S UC is then calculated as
U

V ar := V ar(S

UC

)=



S

UC

D

− S

UC

E2 

(6)

where h. . .i denotes the temporal average of a single
realization. We then average across all realizations
for a final quantity V arU .
Studying the resulting variance calculations for all
circuit realizations, we find a direct relationship between the average variance V arU of entanglement
entropy in UC , the number of T gates nT added to
the heating circuit, and the dimension d of the full
system. In the case of a random universal circuit U U
where nT is not a fixed quantity, a fit of the results
shows that V arU decreases with d as 0.2/d1.25 . The
T −doped Clifford circuits likewise mimic this result
for large values of nT . Specifically, upon fitting the
data (Fig. 5), we find that
V arU =

0.1
−nT
0.2
exp
+ 1.25 ,
0.2
d
3.15
d




(7)

demonstrating a definitive rate of change in entropy
variance as more T gates are added to the circuit and
the system begins to approach universal behavior. As
with the process of calculating Eqs. (4)-(5), we obV
tain the minimum number of T gates nmin
needed
T
to approach the universal limit for each system size
( i.e. theh minimum
nT that satisfies the inequality
i
−nT
0.1
0.2
exp
<
), fitting the results to find
3.15
d0.2
d1.25
5
V
nmin
= 2.29N − .
T
3

(8)

Comparing this result with Eq. (5), we observe that
the crossover to universal fluctuations occurs with the
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same linear scaling as that of universal statistics. This
result is in agreement with that of [37, 38], where it
was shown that universal fluctuations of subsystem
purity in a doped random Clifford circuit also require
a doping scaling with N . In other words, universal
entanglement fluctuations are a good probe to the approach to universal entanglement spectrum statistics.

Figure 5: Sample average of the temporal variance
V arU (Eq. (6)) for circuits UC , which are applied to
fully entangled states U nT |ψ0 i (see Fig. 2). The variance of UC can be seen trending to zero as the initial
doping nT increases (fit by Eq. (7)).

4 Doping, Complexity, and Entanglement Reversibility
We have seen that the entanglement entropy of any
subsystem in |ψi is statistically guaranteed to increase and saturate over time under a random quantum circuit, a phenomenon we called entanglement
heating. If one knew everything about the heating
circuit U , one could reverse the evolution and return
to the initial factorized state |ψ0 i by simply acting
with U † , bringing us to the state U † U |ψ0 i = |ψ0 i. If,
however, we instead only have access to the entangled state U |ψ0 i and not any information about the
heating circuit, we must use other methods to find a
new circuit that will undo the original one. Previous works [48, 49] have shown that a Clifford circuit
can be reversed by a Metropolis-like entanglement
cooling algorithm. Unsurprisingly, though, a random
quantum circuit realized with a universal set of gates
cannot be reversed (except by exhaustive search). We
ask the question of how the crossover between these
two extreme behaviors is driven by the doping nT . If
we gradually dope the circuit with one seed of chaos
at a time, exactly how much is enough to make it
virtually impossible to reverse? More specifically, if
we dope the circuit with O(N ) non-Clifford gates,
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thereby obtaining the transition to universal ESS and
universal entanglement fluctuations, is this enough to
make the entanglement pattern so complex that – as
in a completely random state – no entanglement cooling is possible?

4.1 Entanglement Cooling Setup
Given the absence of an exact inverse circuit U † , we
implement a Metropolis-like algorithm to learn a sufficient entanglement cooling circuit UC . This algorithm is described below as in Ref. [49]:
Algorithm 1 Entanglement Cooling Algorithm
1: Sold ← entanglement entropy of ψ
2: while Sold > 0 do
3:
Apply gate at random: ψ ← ψnew
4:
Snew ← entanglement entropy of ψ
5:
if Snew > Sold then
6:
r ← x ∈ [0, 1]
7:
if r > exp [−β(Snew − Sold )] then
8:
Undo gate: ψ ← ψold
9:
end if
10:
end if
11:
Sold ← Snew
12: end while
Starting with a maximally entangled state U |ψ0 i,
the way the algorithm builds UC is by applying a
random gate, calculating the new entropy Snew , and
comparing it to the entropy of the previous state Sold .
In cases where Snew >Sold , the action is accepted
with a probability exp[−β(Snew −Sold )]. In this algorithm, the abstract inverse temperature β represents
the probability of accepting a gate that increases the
entropy. At infinite temperature β=0, every gate is
accepted, resulting in an algorithm equivalent to the
heating process outlined in section 2.1. For the cooling algorithm, we use β=1e4. If a gate is rejected, we
revert back to the previous state and try again. Any
action that decreases the entropy is automatically accepted. This process is continued until either zero entropy is reached or a maximum of 40N 2 gates have
been applied (Fig. 2). In the former case, any remaining steps become “do nothing” operations, keeping the state constant until the 40N 2 limit has been
reached. In the end, we are left with a new set of
entropy values S UC (as with the fluctuation analysis,
this set excludes the initial heating data S U ).
We now want to remark that the gates used to construct UC are chosen only from the Clifford group.
Although the exact inverse of a T −doped circuit must
Accepted in

include T gates, allowing the cooling algorithm to
choose non-Clifford operations ends up being counterproductive. The scrambling power of T gates that
features heavily during the heating process works
against us when attempting to undo the entanglement,
as we do not have the control necessary to direct that
power exactly where we need it to go. We therefore
work only with Clifford gates to improve the algorithm’s chance of success.
When implemented to reverse a random Clifford
circuit, this algorithm is known [48, 49] to successfully disentangle a system of qubits. Because the entanglement in this case is very easy to undo, we characterize it as being non-complex. If, however, U is
a random universal circuit, then the algorithm has no
effect on entanglement, and as such UC U |ψ0 i is just
as entangled as U |ψ0 i. In other words, U |ψ0 i has
complex entanglement [49]. We quantify the algorithm’s level of success in disentangling an N −qubit
state U |ψ0 i by comparing the final entropy after
U

U

cooling SfUC to Sf C,U , where Sf C,U is the average
final entropy over 200 realizations of disentangling a
random N −qubit universal circuit U U . We define the
reversibility RU of the initial heating circuit U using
the average (over the different realizations) difference
per qubit between these two quantities:
1
R :=
N
U



U
Sf C,U

−

SfUC



(9)

Given the algorithm’s ineffectiveness in disentangling Haar-random states – that is, any U U |ψ0 i obtained from a random circuit with universal gates [49]
– a relatively large RU would indicate that the complexity of entanglement present in U |ψ0 i is significantly lower than that of the universal case. On the
other hand, complex entanglement in U |ψ0 i would
cause RU to approach zero as the entanglement becomes just as hard for the algorithm to reverse as that
generated by U U . As noted in [50], factorizing the
state is equivalent to learning one column of the random circuit. The complexity of entanglement due to
the spreading of non-Clifford resources is thus also
connected to the hardness of the quantum machine
learning of a random quantum circuit.

4.2 Results and Analysis
As expected [48, 49], the cooling algorithm succeeds
in reversing all Clifford circuits U 0 , reaching a factorized state in every realization. Conversely, the algorithm has no effect on the universal circuits, failing
entirely to disentangle U U |ψ0 i even a small amount;
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instead, the system remains at its maximum entropy
during the entirety of the algorithm (Fig. 6). This behavior reiterates the role of the cooling algorithm in
characterizing entanglement complexity as described
above.
Turning to the results from our Clifford+T simulations (Fig. 7), we do in fact see confirmation of a
gradual transition from non-complexity to complexity as nT increases and the algorithm’s effectiveness
lowers. Such a transition can be seen in the inset of
Fig. 6; the more T gates added to the heating circuit,
the harder it becomes for the algorithm to lower the
entropy of the system, until eventually the entropy
cannot be lowered at all. It is important to note that
trials involving only a small number of T gates were
sometimes successful in disentangling U |ψ0 i, with
the likelihood of reaching a factorized state decreasing as nT increases until vanishing entirely for large
nT .

Figure 7: Reversibility RU (Eq. (9)) of Clifford+T circuits U nT as nT increases, fit by Eq. (10). As with the
analytical results of the variance V arU shown in Fig.
5, the reversibility of a random circuit can be seen approaching zero for circuits with high levels of doping.

As stated above, low reversibility corresponds to
an increase in entanglement complexity, eventually
approaching universal complexity as RU approaches
zero. Remarkably, we find that RU has the exact
same lower bound of 0.2/d1.25 with increasing nT
as V arU . We again calculate the minimum number
of T gates needed for Eq. (10) to approach this limit
and fit the results:
R
nmin
T

Figure 6: Average entanglement entropy of an 18−qubit
system vs. gate number of the applied heating (red)
and cooling (blue) circuits over 200 realizations. Solid
line: Clifford entanglement cooling. Dashed line: universal entanglement cooling. Inset: Average entropy vs.
gate number for multiple 18−qubit Clifford+T circuits,
this time showing only the cooling process, demonstrating a gradual transition from reversible (Clifford) to irreversible (universal) as the number of T gates in the
heating circuit increases.

In analyzing the relationship between nT and the
reversibility RU defined in Eq. (9), we find the following fit of our data:
RU =

γ
0.2
 √ 
+
3.36γ 1.04 + exp e nT × 10−3 + 1.78 d1.25
(10)

where γ = 4 log(d + 560) − 109/3. Here we see
that a circuit U does indeed become less reversible as
each T gate is added.
Accepted in

5
= 0.7 2.29N −
3


1.4

V 1.4
= 0.7(nmin
) .
T

(11)
An important remark is that the algorithm uses a
fixed number of accepted gates 40N 2 . This number is not the total number of gates tried in the algorithm (i.e. does not include the number of operations
that were rejected along the way). Additional trials
are necessary to obtain an accepted gate when nT increases, and thus Eq. (10) is not a universal scaling
function. The exact scaling is expected to depend on
the parameters of the algorithm, such as the cooling
schedule used. Nevertheless, the result above demonstrates that a circuit U does indeed become less reversible as each T gate is added.
Comparing all three calculated T gate minima, we
begin to paint a picture of the onset of the three characteristics of entanglement complexity analyzed in
this work. The number of T gates needed to induce this onset for a system of size N is shown below in Table 1, summarized for each characteristic.
We can therefore see that small temporal entanglement fluctuations and complexity of entanglement
are two aspects of the same thing, namely the entanglement complexity driven by the doping of nonClifford gates that are spreading in the system.
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nmin
T

Order of Growth

DKL

N +2

Θ(N )

V ar U

2.29N −

RU

h

0.7 2.29N −

5
3
5
3

Θ(N )
i1.4

Θ(N 1.4 )

Table 1: Number of T gates added to U before crossing
over into universal behavior of the ESS (DKL ), fluctuations (V arU ), and reversibility (RU ), as well as the order
of growth of nmin
with respect to N.
T

Additionally, one can draw a direct connection between the results put forth here and recent studies
of barren plateaus in quantum machine learning [59–
62]. In particular, the complexity transitions explored
in this work reveal that the flattening of our training landscape (i.e. small entropy fluctuations brought
on by adding non-stabilizer resources) significantly
hinders the learnability of a successful disentangling
circuit. The relationship between magic and barren
plateaus will therefore be an important topic for future studies.

5 Conclusions
In this work, we study the transition in entanglement complexity in random Clifford circuits driven
by the doping of local non-Clifford T gates. Operator spreading by Clifford blocks applied after each T
gate results in the emergence of universal entanglement spectrum statistics and temporal fluctuations,
typically associated with the onset of quantum chaos
[37, 38]. In addition, this transition directly affects
the performance of the entanglement cooling algorithm, a process which can be used to learn a disentangling circuit that will reverse the initial stochastic evolution. Irreversibility in a quantum circuit thus
gradually emerges as entanglement complexity increases.
These results put forth additional questions regarding chaos characterization, such as what impact (if
any) our choice of doping gate has on this complexity
transition. If, for instance, we instead simulate Clifford + Toffoli circuits, how quickly would we reach a
chaotic state? Additionally, other potential cost functions for the cooling algorithm may be explored in
future works. The 2-Rényi stabilizer entropy, for instance, can also be calculated to detect the presence
Accepted in

of chaos in quantum states [63–65]. From the point
of view of the theory of the Markov chain, it would be
a decisive step forward to be able to prove why large
fluctuations of the cost function ensure a greater performance of the entanglement cooling algorithm.
This work shows that entanglement complexity
arises from the interplay of magic and entanglement,
which has also been shown [37] to be at the root of
the onset of complex behavior as revealed by OTOCs
[9, 66]. We believe that the same mechanism is responsible for a more general transition to complex
quantum behavior, for instance in the retrieval of information (or lack thereof) from a black hole [67].
Since the undoing of entanglement is equivalent to
the learning of an unknown quantum circuit, the complexity of entanglement also has consequences for the
complexity of quantum machine learning algorithms,
which is the scope of further investigations.
Even more importantly, at the theoretical level, we
see that neither the non-stabilizerness (induced by the
T gates) nor entanglement (due to the two-qubit Clifford gates) is on its own responsible for the onset of
complex, universal entanglement. It is the marriage
of the two – that is, the operator spreading of nonClifford resources – that is responsible for the onset
of complex quantum behavior. While this transition
can be marked in terms of the adherence to universal ESS or the eight-point out-of-time-order correlation functions, one needs a more complete theoretical
framework to describe the spreading of such magical resources and what makes a quantum system truly
complex.
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F. Haake, S. Gnutzmann and M. Kuś, Quantum Signatures of Chaos, Springer International
Publishing, DOI: 10.1007/978-3-319-97580-1
(2018).
J. S. Cotler, D. Ding and G. R. Penington, Outof-time-order operators and the butterfly effect,
Annals of Physics 396, 318 (2018), DOI:
10.1016/j.aop.2018.07.020.
A. Bhattacharyya, W. Chemissany et al., Towards the web of quantum chaos diagnostics,
The European Physical Journal C 82(1) (2022),
DOI: 10.1140/epjc/s10052-022-10035-3.
S. Chaudhury, A. Smith et al., Quantum signatures of chaos in a kicked top, Nature
461(7265), 768 (2009), DOI: 10.1038/nature08396.
D. A. Roberts and B. Yoshida,
Chaos
and complexity by design,
Journal of
High Energy Physics 2017(4) (2017), DOI:
10.1007/jhep04(2017)121.
D. A. Roberts and B. Swingle, Lieb-robinson
bound and the butterfly effect in quantum field
theories, Phys. Rev. Lett. 117, 091602 (2016),
DOI: 10.1103/PhysRevLett.117.091602.
Y. Y. Atas, E. Bogomolny et al., Distribution of the ratio of consecutive level spacings in random matrix ensembles, Phys. Rev.
Lett. 110, 084101 (2013), DOI: 10.1103/PhysRevLett.110.084101.
J. Cotler, N. Hunter-Jones et al., Chaos, complexity, and random matrices, Journal of High
Energy Physics (Online) 2017(11) (2017), DOI:
10.1007/jhep11(2017)048.
J. S. Cotler, G. Gur-Ari et al., Black holes
and random matrices, Journal of High Energy Physics 2017(5), 118 (2017),
DOI:
10.1007/JHEP05(2017)118.
H. Gharibyan, M. Hanada et al., Onset of
random matrix behavior in scrambling systems,
Journal of High Energy Physics 2018(7), 124
(2018), DOI: 10.1007/JHEP07(2018)124.
S. F. E. Oliviero, L. Leone et al., Random Matrix Theory of the Isospectral twirling, SciPost
Phys. 10, 76 (2021), DOI: 10.21468/SciPostPhys.10.3.076.

Accepted in

[16] L. Leone, S. F. E. Oliviero and A. Hamma,
Isospectral twirling and quantum chaos, Entropy 23(8) (2021), DOI: 10.3390/e23081073.
[17] W.-J. Rao, Higher-order level spacings in random matrix theory based on wigner’s conjecture, Phys. Rev. B 102, 054202 (2020), DOI:
10.1103/PhysRevB.102.054202.
[18] X. Wang, S. Ghose et al., Entanglement as
a signature of quantum chaos, Phys. Rev.
E 70, 016217 (2004), DOI: 10.1103/PhysRevE.70.016217.
[19] X. Chen and A. W. W. Ludwig, Universal spectral correlations in the chaotic wave function
and the development of quantum chaos, Phys.
Rev. B 98, 064309 (2018), DOI: 10.1103/PhysRevB.98.064309.
[20] P. Hosur, X.-L. Qi et al., Chaos in quantum
channels, Journal of High Energy Physics 2016,
4 (2016), DOI: 10.1007/JHEP02(2016)004.
[21] Z.-W. Liu, S. Lloyd et al., Entanglement, quantum randomness, and complexity beyond scrambling, Journal of High Energy Physics 2018(7)
(2018), DOI: 10.1007/jhep07(2018)041.
[22] M. Kumari and S. Ghose, Untangling entanglement and chaos, Phys. Rev. A 99, 042311
(2019), DOI: 10.1103/PhysRevA.99.042311.
[23] A. Hamma, S. Santra and P. Zanardi, Quantum entanglement in random physical states,
Phys. Rev. Lett. 109, 040502 (2012), DOI:
10.1103/PhysRevLett.109.040502.
[24] A. Hamma, S. Santra and P. Zanardi, Ensembles
of physical states and random quantum circuits
on graphs, Phys. Rev. A 86, 052324 (2012),
DOI: 10.1103/PhysRevA.86.052324.
[25] R. Jozsa, Entanglement and quantum computation,
DOI: 10.48550/ARXIV.QUANTPH/9707034 (1997).
[26] J. Preskill,
Quantum computing and
the entanglement frontier,
DOI:
10.48550/ARXIV.1203.5813 (2012).
[27] Y. Sekino and L. Susskind, Fast scramblers,
Journal of High Energy Physics 2008(10), 065
(2008), DOI: 10.1088/1126-6708/2008/10/065.
[28] P. Hayden and J. Preskill, Black holes as
mirrors: quantum information in random subsystems,
Journal of High Energy Physics
2007(09), 120 (2007), DOI: 10.1088/11266708/2007/09/120.
[29] K. A. Landsman, C. Figgatt et al.,
Verified quantum information scrambling,

Quantum 2022-09-13, click title to verify. Published under CC-BY 4.0.

9

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

Nature 567(7746), 61–65 (2019),
DOI:
10.1038/s41586-019-0952-6.
B. Yoshida and A. Kitaev, Efficient decoding for the hayden-preskill protocol, DOI:
10.48550/ARXIV.1710.03363 (2017).
D. Ding, P. Hayden and M. Walter, Conditional mutual information of bipartite unitaries and scrambling, Journal of High Energy Physics 2016(12), 145 (2016), DOI:
10.1007/JHEP12(2016)145.
B. Swingle, G. Bentsen et al., Measuring
the scrambling of quantum information, Physical Review A 94, 040302 (2016),
DOI:
10.1103/PhysRevA.94.040302.
D. Gottesman, The heisenberg representation of quantum computers (1998),
DOI:
10.48550/ARXIV.QUANT-PH/9807006.
M. A. Nielsen and I. L. Chuang,
Quantum information theory,
p. 528–607,
Cambridge University Press,
DOI:
10.1017/CBO9780511976667.016 (2010).
A. W. Harrow and A. Montanaro, Quantum
computational supremacy, Nature 549(7671),
203–209 (2017), DOI: 10.1038/nature23458.
R. P. Feynman,
Simulating physics with
computers,
International Journal of Theoretical Physics 21(6), 467 (1982),
DOI:
10.1007/BF02650179.
L. Leone, S. F. E. Oliviero et al., Quantum
Chaos is Quantum, Quantum 5, 453 (2021),
DOI: 10.22331/q-2021-05-04-453.
S. F. Oliviero, L. Leone and A. Hamma, Transitions in entanglement complexity in random
quantum circuits by measurements, Physics
Letters A 418, 127721 (2021),
DOI:
10.1016/j.physleta.2021.127721.
S. Bravyi and D. Gosset, Improved classical simulation of quantum circuits dominated
by Clifford gates, Physical Review Letters
116, 250501 (2016),
DOI: 10.1103/PhysRevLett.116.250501.
J. Haferkamp, F. Montealegre-Mora et al.,
Quantum homeopathy works: Efficient unitary designs with a system-size independent number of non-clifford gates,
DOI:
10.48550/ARXIV.2002.09524 (2020).
P. Boykin, T. Mor et al., A new universal
and fault-tolerant quantum basis, Information
Processing Letters 75(3), 101 (2000), DOI:
10.1016/S0020-0190(00)00084-3.

Accepted in

[42] D. Gottesman, An introduction to quantum error correction and fault-tolerant quantum computation, DOI: 10.48550/ARXIV.0904.2557
(2009).
[43] N. J. Ross and P. Selinger, Optimal ancilla-free
clifford+t approximation of z-rotations, Quantum Info. Comput. 16(11–12), 901–953 (2016),
DOI: 10.26421/QIC16.11-12-1.
[44] D. Litinski, A game of surface codes: Largescale quantum computing with lattice surgery,
Quantum 3, 128 (2019), DOI: 10.22331/q2019-03-05-128.
[45] T. Bækkegaard, L. B. Kristensen et al., Realization of efficient quantum gates with a superconducting qubit-qutrit circuit, Scientific Reports
9(1) (2019), DOI: 10.1038/s41598-019-496571.
[46] Q. Wang, M. Li et al., Resource-optimized
fermionic local-hamiltonian simulation on a
quantum computer for quantum chemistry,
Quantum 5, 509 (2021), DOI: 10.22331/q2021-07-26-509.
[47] V. Gheorghiu, M. Mosca and P. Mukhopadhyay,
T-count and t-depth of any multi-qubit unitary,
DOI: 10.48550/ARXIV.2110.10292 (2021).
[48] C. Chamon, A. Hamma and E. R. Mucciolo, Emergent irreversibility and entanglement spectrum statistics, Physical Review Letters 112, 240501 (2014), DOI: 10.1103/PhysRevLett.112.240501.
[49] D. Shaffer, C. Chamon et al., Irreversibility and
entanglement spectrum statistics in quantum
circuits, Journal of Statistical Mechanics: Theory and Experiment 2014(12), P12007 (2014),
DOI: 10.1088/1742-5468/2014/12/p12007.
[50] S. Zhou, Z. Yang et al., Single T gate in a Clifford circuit drives transition to universal entanglement spectrum statistics, SciPost Phys. 9, 87
(2020), DOI: 10.21468/SciPostPhys.9.6.087.
[51] Z. Yang, A. Hamma et al., Entanglement complexity in quantum many-body dynamics, thermalization, and localization, Physical Review
B 96, 020408 (2017), DOI: 10.1103/PhysRevB.96.020408.
[52] A. Nahum, J. Ruhman et al., Quantum entanglement growth under random unitary dynamics, Physical Review X 7(3) (2017), DOI:
10.1103/physrevx.7.031016.
[53] A. Nahum, S. Vijay and J. Haah, Operator
spreading in random unitary circuits, Phys-

Quantum 2022-09-13, click title to verify. Published under CC-BY 4.0.

10

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

ical Review X 8, 021014 (2018),
DOI:
10.1103/PhysRevX.8.021014.
X. Mi, P. Roushan et al.,
Information scrambling in quantum circuits,
Science 374(6574), 1479–1483 (2021), DOI:
10.1126/science.abg5029.
D. A. Roberts, D. Stanford and L. Susskind,
Localized shocks,
Journal of High Energy Physics 2015(3), 51 (2015),
DOI:
10.1007/JHEP03(2015)051.
S. Moudgalya, T. Devakul et al., Operator
spreading in quantum maps, Physical Review B 99(9) (2019), DOI: 10.1103/physrevb.99.094312.
L. Amico, F. Baroni et al., Divergence of the
entanglement range in low-dimensional quantum systems, Phys. Rev. A 74, 022322 (2006),
DOI: 10.1103/PhysRevA.74.022322.
N. Linden, S. Popescu et al., Quantum mechanical evolution towards thermal equilibrium, Physical Review E 79, 061103 (2009),
DOI: 10.1103/PhysRevE.79.061103.
J. R. McClean, S. Boixo et al.,
Barren
plateaus in quantum neural network training
landscapes, Nature Communications 9(1), 4812
(2018), DOI: 10.1038/s41467-018-07090-4.
Z. Holmes, A. Arrasmith et al., Barren plateaus
preclude learning scramblers, Phys. Rev. Lett.
126, 190501 (2021),
DOI: 10.1103/PhysRevLett.126.190501.
M. Cerezo, A. Sone et al., Cost function dependent barren plateaus in shallow parametrized
quantum circuits,
Nature Communications
12(1), 1791 (2021), DOI: 10.1038/s41467-02121728-w.
R. J. Garcia, C. Zhao et al., Barren plateaus
from learning scramblers with local cost functions,
DOI: 10.48550/ARXIV.2205.06679
(2022).
L. Leone, S. F. E. Oliviero and A. Hamma,
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