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We develop two general approaches to characterising the manipulation of quantum states
by means of probabilistic protocols constrained by the limitations of some quantum resource
theory.
First, we give a general necessary condition for the existence of a physical transformation
between quantum states, obtained using a recently introduced resource monotone based
on the Hilbert projective metric. In all affine quantum resource theories (e.g. coherence,
asymmetry, imaginarity) as well as in entanglement distillation, we show that the monotone
provides a necessary and sufficient condition for one-shot resource convertibility under
resource–non-generating operations, and hence no better restrictions on all probabilistic
protocols are possible. We use the monotone to establish improved bounds on the performance
of both one-shot and many-copy probabilistic resource distillation protocols.
Complementing this approach, we introduce a general method for bounding achievable
probabilities in resource transformations under resource–non-generating maps through
a family of convex optimisation problems. We show it to tightly characterise single-shot
probabilistic distillation in broad types of resource theories, allowing an exact analysis of the
trade-offs between the probabilities and errors in distilling maximally resourceful states. We
demonstrate the usefulness of both of our approaches in the study of quantum entanglement
distillation.
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INTRODUCTION

Establishing precise conditions for the existence of a physical transformation between two
quantum states under different practical constraints has attracted a large body of work — from
the early contributions by Alberti and Uhlmann [1], to the characterisation of entanglement
transformations by Nielsen [2] and Vidal [3], to more recent efforts to generalise such conditions in
various ways [4–19]. Many problems of this type can be understood as instances of the question
of resource convertibility within the formalism of quantum resource theories [20, 21]. However,
most works that dealt with resource transformations, especially in the context of general quantum
resources, focused only on deterministic transformations [12, 14, 15, 18, 19, 22–29]. This places
strong limitations on the practical utility of such approaches.
In particular, probabilistic protocols — representing processes that depend on the outcome
of some measurements, and thus have a certain probability of failing to perform the desired
transformation — are ubiquitous in the exploitation of quantum resources in practice. They underlie,
for instance, the majority of the commonly used schemes for the distillation of entanglement [30, 31]
or magic (non-stabiliser) states [32, 33]. There are strong operational motivations to prefer such
protocols to deterministic quantum channels: it is known that probabilistic transformations
can be significantly more powerful than deterministic ones within the same resource-theoretic
constraints [3, 34–36]. This fact is often used in practice to ‘gamble’ with quantum resources [30, 34,
36–38]: although some desired performance thresholds might not be achievable deterministically,
one can often take a risk by sacrificing some success probability in the hopes of obtaining a better
performance stochastically. In some settings, this gap becomes quite extreme, as is the case in the
manipulation of pure multipartite entangled states, where deterministic transformations are almost
never possible [39–41], but probabilistic manipulation is nevertheless feasible [40, 41]. Therefore,
constraining only deterministic protocols does not provide complete information about our
capability to manipulate a given resource in practice — if no-go theorems that restrict deterministic
conversion are easy to circumvent by simply allowing a small chance of failure, can they really
be considered to place a meaningful limitation on practical transformation schemes? In order to
understand the ultimate limits of physically realisable transformations of a given resource, we argue
that it is necessary to know the extent of the advantage that probabilistic resource manipulation
can provide. The issue then is that most of the previous approaches were not suited to such a
problem, and no systematic way of constraining the performance of probabilistic transformation
protocols was known. Here we aim to bridge this gap and establish methods which allow for a
comprehensive characterisation of probabilistic convertibility between quantum states in general
quantum resource theories.
We approach the problem of understanding probabilistic convertibility in two different ways.
First, we aim to establish limitations on all possible probabilistic protocols — no matter how small
their probability of success is. Despite no general bounds of this type being previously known, we
show that the problem can be cast in a straightforward mathematical framework that allows us
to not only obtain very broadly applicable restrictions, but also prove that they are the best ones
possible under some assumption on the given resource theory. And although such a constraint
on all transformations might seem like overkill, we show that it leads to non-trivial bounds that
improve on and extend previously known restrictions in several cases. Nevertheless, should more
fine-grained constraints be desired, we consider also a complementary approach that allows for a
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deeper understanding of the trade-offs between the errors incurred in transformation protocols
and the probabilities with which they can be achieved.
Specifically, we first study the projective robustness ΩF , a resource monotone based on the Hilbert
projective metric [6, 42] that was recently introduced in [43]. We provide rigorous proofs of the
properties and applications of this quantity in constraining one-shot resource transformations,
expanding the results originally announced in [43]. We show in particular that ΩF is monotonic
under all resource transformations, deterministic or probabilistic, which means that it provides a
necessary condition for the existence of the most general physical conversion protocol between
any two quantum states. Under a suitably general type of transformations known as resource–
non-generating operations, we establish also a converse of this result, showing that the projective
robustness together with a closely related monotone called the free projective robustness ΩFF can give
sufficient conditions for resource convertibility. The latter result applies in particular to all affine
resource theories — a broad class that includes the theories of quantum coherence, asymmetry,
athermality, or imaginarity — as well as in the study of bi- and multi-partite entanglement
distillation. Focusing on the task of probabilistic distillation (purification) of quantum resources,
we show how ΩF can be used to establish strong limitations on the error achievable in such
manipulation, which become tight in relevant cases and yield significant improvements over
previous results of this type. The properties of ΩF allow us to extend such bounds to many-copy
distillation protocols, constraining the overheads required in probabilistic resource distillation. We
also use ΩF to show that in any convex resource theory there exist ‘isotropic-like’ quantum states
whose fidelity with a pure state cannot be increased by any one-shot transformation protocol.
Our results also shed light on recent no-go theorems for probabilistic resource manipulation in
Ref. [23]: we demonstrate that ΩF leads to a significant improvement over the quantitative bounds
on distillation errors shown in that work, and we prove that the restrictions derived there do not
actually establish any trade-offs between probability of success and transformation accuracy.
The second approach of this work is concerned with the question: when a probabilistic
transformation between given states is possible, what is the best achievable probability of success?
To address this, we introduce a family of convex optimisation problems that can precisely delineate
the trade-offs between transformation errors and the probability of successful conversion in general
quantum resource theories. We obtain upper and lower bounds on the maximal achievable
probability of resource transformations, as well as bounds on the least error achievable with given
probability. We further show that, for several types of resources, our bounds become tight in the
task of resource distillation, where one aims to purify a given state to a maximally resourceful
one. This allows us to obtain an exact quantitative characterisation of both exact and approximate
one-shot probabilistic resource distillation.
Throughout this work, we exemplify our results by applying them to distillation of quantum
entanglement, showing how our methods can both extend previously known insights as well as
provide new ones.
This paper is structured as follows.
• In Section II, we overview the formalism of quantum resource theories, probabilistic resource
conversion, and resource monotones, defining the notation and framework of the paper.
• Section III is concerned with defining the projective robustness monotones and establishing
their basic properties. Here we present our main results in the form of general no-go
theorems for resource transformations (Theorem 4), as well as establish conditions for their
tightness (Theorems 5 and 7).
• In Section IV we apply the projective robustness to resource distillation, establishing a general
lower bound for the error of any physical distillation protocol (Theorem 9). We derive
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corresponding upper bounds (Theorem 12) that are tight in relevant cases, and compare our
methods with previous state-of-the-art results.
(Sections III–IV thus also serve as a technical companion to and an extension of Ref. [43],
where the projective robustness was first announced.)
• Section V introduces our second approach, which allows for the study of trade-offs between
transformation error and achievable probability. Here we give in particular tight quantitative
constraints governing the probabilities and errors in probabilistic distillation protocols
(Theorem 20).
II.

PRELIMINARIES

Our discussion will pertain to self-adjoint operators acting on finite-dimensional Hilbert spaces.
We will be working in the real Hilbert space obtained by endowing the vector space of such
operators with the Hilbert–Schmidt inner product h𝐴, 𝐵i = Tr 𝐴𝐵. We use R+ (R++ ) to denote
the non-negative (positive) reals, H to denote all self-adjoint operators, and H+ to denote positive
semidefinite operators. We use D to denote the set of density operators (quantum states), i.e.
positive semidefinite operators of unit trace. Following conventions common in optimisation theory,
we take inf ∅ = ∞ and we will allow basic algebraic operations involving infinity, such as 𝑐 + ∞ = ∞
and 𝑐∞ = ∞ for any 𝑐 > 0. Quantities of the form 1/0 will be understood as the corresponding
limit over positive reals, i.e. 0−1 = ∞ and ∞−1 = 0.
A.

Resource theories and resource–non-generating operations

In a broad sense, the question that we concern ourselves with in this work is the (im)possibility
of achieving the transformation from a state 𝜌 to another state 𝜌0, with some physical constraints
imposed on the physical processes available to us. Such constraints can be naturally characterised in
the formalism of quantum resource theories [20, 21]. In this work, we always understand quantum
resource theories to mean theories of state manipulation, although more general formulations of
this formalism can also be made [14, 44–48].
We thus assume that a certain set of quantum states F is designated as the free states, dividing the
state space into states which carry no resources (𝜌 ∈ F) and states which are deemed resourceful
(𝜌 ∉ F). Throughout this manuscript, we make the basic assumption that the set F is topologically
closed; some of our results will also require that F be a convex set, which is also a natural assumption
in most settings, as it simply means that probabilistically mixing two free states cannot produce
a resourceful state. When studying transformations of states between different spaces, we will
implicitly understand that each space has its own associated set of free states F.
In addition to the free states, a basic ingredient of any resource theory are the free operations O —
these are the transformations available to us in the given restricted setting, the convertibility of
states under which we wish to understand. The choice of the free operations can be motivated
by physical considerations, representing the operations which are particularly ‘easy’ or ‘cheap’ to
implement without expending any resources. There can, however, be other motivations to study the
conversion of resources under various types of free operations. For instance, it may be the case that
enlarging the allowed operations even slightly, e.g. by supplying some additional resources for free,
can allow one to overcome the limitations that more restricted operations suffer from [22, 49–54].
In other contexts, it might be the case that natural choices of easily implementable operations
are actually extremely weak and trivialise the given theory, making almost all transformations
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impossible [40, 41, 55–57]. Depending on the resource theory, it might not even be clear what a
suitable choice of physical free operations should be [55]. In such cases, it is justified to look at
transformations under various types of operations, and in particular to seek to understand general
properties and restrictions shared by all feasible choices of ‘free’ channels.
The approach we take in this work is to consider all resource–non-generating operations, and
hereafter we use O to denote such maps. They constitute the largest set of free operations which is
consistent with F being the set of free states, in the sense that resourceful states cannot be created
for free. Focusing for now on deterministic transformations (i.e. quantum channels), we define a
channel ℰ to be resource non-generating if ℰ(𝜎) ∈ F for all free 𝜎 ∈ F.
These transformations have already found success in the description of resources such as
quantum entanglement [52, 58, 59], quantum coherence [55], or quantum thermodynamics [54, 60],
as well as in general resource-theoretic frameworks [15, 18, 21]. There are several reasons to study
the transformations of resources under such operations. First, their crucial property is that any
no-go result shown for the resource–non-generating operations O will necessarily apply to all other
physical types of free operations, by virtue of O being the most permissive free transformations.
Importantly, such restrictions can be considered to be robust: if a restriction is shown only for a
e ( O, then it might be the case that some other, larger type of free operations can transcend
subset O
it; however, a restriction valid for all transformations O cannot be overcome by any free operations.
In this sense, resource–non-generating operations are perfectly suited to characterise the ultimate
limitations of a given theory, applicable regardless of the specific choice of free operations.
An important reason for our choice of resource–non-generating operations is simply that they
can be defined in any resource theory: we do not need to assume almost anything about the
structure of the considered resources, yet we will be able to make meaningful physical statements
about their convertibility. From a technical standpoint, resource–non-generating operations are
straightforward to describe mathematically, allowing for a simplified description of the operational
aspects of theories where the more ‘natural’ choice of free operations may be very difficult to
describe. A trade-off for this mathematical simplicity is that such transformations might not have
a form which is easily implementable in practice, meaning that they might require additional
resources to be physically realised [21, 54]. Nevertheless, they can always be understood as an
‘upper bound’ on what is achievable in practice within the given resource-theoretic setting.

B.

Probabilistic resource manipulation

A general probabilistic protocol can be represented by a quantum instrument [61, 62] {ℰ 𝑖 }, that
Í
is, a collection of maps which are completely positive and such that the overall transformation 𝑖 ℰ 𝑖
is trace preserving. In this setting, Tr ℰ 𝑖 (𝜌) can be understood as the probability corresponding
to the 𝑖th outcome of the instrument, and thus the probability that the state 𝜌 is transformed
ℰ (𝜌)
into Tr ℰ𝑖 𝑖 (𝜌) .
In the context of resource transformations, deterministic conversion between 𝜌 and 𝜌0 is
equivalent to the existence of a quantum channel ℰ ∈ O such that ℰ(𝜌) = 𝜌0. The problem is more
involved in the case of probabilistic conversion. Since we are concerned with the transformation
between two fixed states, 𝜌 and 𝜌0, we can simply coarse-grain the outcomes of the instrument
into two: either the conversion succeeded, or it failed. For such an instrument {ℰ 𝑖 }1𝑖=0 to be
considered resource non-generating, we then impose that each constituent map ℰ 𝑖 must be resource
non-generating, but only in a probabilistic sense: we require that for all 𝜎 ∈ F, it holds that
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ℰ 𝑖 (𝜎) = [Tr ℰ 𝑖 (𝜎)] 𝜎0 for some 𝜎0 ∈ F.1
In fact, we will not need to consider instruments explicitly, and it will suffice to study the
action of sub-normalised (probabilistic) free operations ℰ. These are completely positive and
trace–non-increasing maps which are resource non–generating in the above sense. The equivalence
between transformations under such maps and more general instruments is thanks to the fact
that any probabilistic map can be understood as being part of a larger free instrument: given any
sub-normalised free operation ℰ, we can define ℰ 0(·) B [Tr(·) − Tr ℰ(·)]𝜎0 for some fixed 𝜎0 ∈ F, and
the instrument {ℰ, ℰ 0 } constitutes a valid free probabilistic instrument.
We thus use O to denote both deterministic and probabilistic resource–non-generating maps:


O = ℰ : H → H0 ℰ completely positive and trace non-increasing,
∀𝜎 ∈ F, ∃𝜎0 ∈ F, 𝑝 ∈ [0, 1] s.t. ℰ(𝜎) = 𝑝𝜎0 .

(1)

We then say that the transformation from 𝜌 to 𝜌0 is possible with probability 𝑝 if there exists an
operation ℰ ∈ O such that ℰ(𝜌) = 𝑝𝜌0. Here, the output space of the map can differ from its input
space, and we assume that a corresponding set F is defined in both spaces.
However, this is still not the most general way in which a probabilistic conversion can be realised.
There exist cases where the transformation ℰ(𝜌) = 𝑝𝜌0 is impossible with any non-zero probability
𝑝, but the state 𝜌0 can nevertheless be approached arbitrarily closely [36]. In particular, it is possible
𝑛 →∞
that there exists a sequence of operations (ℰ 𝑛 )𝑛 ∈ O such that Tr ℰ 𝑛 (𝜌) −−−−→ 0 but
ℰ 𝑛 (𝜌) 𝑛 → ∞ 0
−−−−→ 𝜌 .
Tr ℰ 𝑛 (𝜌)

(2)

That is, the transformation from 𝜌 to 𝜌0 might only be possible in the asymptotic limit where the
probability of success vanishes as the fidelity approaches 1. We hereafter use the notation 𝜌 →
−O 𝜌0
0
to denote the existence of a free probabilistic protocol transforming 𝜌 to 𝜌 , whether it takes the
form of a single operation ℰ ∈ O or a sequence of free operations satisfying (2). More precisely,
0

𝜌→
−O 𝜌



ℰ(𝜌)
⇐⇒ 𝜌 ∈ cl
Tr ℰ(𝜌)
0



ℰ ∈ O, Tr ℰ(𝜌) > 0 ,

(3)

where cl denotes closure. This form represents the most general physical transformation of a
quantum resource allowed in the framework of this work.
C.

Resource monotones

A resource monotone (or resource measure) 𝑀F : H+ → R+ ∪ {∞} is any function which
is monotonic under deterministic free operations, that is, 𝑀F (𝜌) ≥ 𝑀F (ℰ(𝜌)) for any channel
ℰ ∈ O [21, 63]. The crucial consequence of this definition is that any monotone can be used to
certify the impossibility of deterministic resource conversion: if 𝑀F (𝜌) < 𝑀F (𝜌0), then there cannot
exist a free channel which transforms 𝜌 to 𝜌0 deterministically. When it comes to probabilistic
transformations, a desirable feature of a resource monotone is its strong monotonicity [64, 65],
1 A slightly different way of defining free probabilistic protocols that is sometimes encountered in the study of specific
e = Í𝑖 ℰ 𝑖 (·) ⊗ |𝑖ih𝑖| and impose
quantum resources is to treat the instrument {ℰ 𝑖 } as a single trace-preserving map ℰ(·)
e belongs to O, where the resource theory has been extended to include the ancillary
that the overall channel ℰ
classical system. In all of the settings considered explicitly here and in [43]— in particular, in the resource theories of
entanglement, coherence, and magic — the two definitions are fully equivalent. However, the definition based on the
e can be different from ours e.g. in quantum thermodynamics, where pure classical states do not
‘flagged’ channel ℰ
come for free. The definition employed in this work, which only uses the instrument {ℰ 𝑖 }, has the advantage that it
can be applied to general resource theories, without having to explicitly consider how the ancillary classical states are
handled.
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which states that the monotone should, on average, decrease under the action of a free probabilistic
instrument {ℰ 𝑖 }:
𝑀F (𝜌) ≥

Õ

Tr ℰ 𝑖 (𝜌) 𝑀F

𝑖





ℰ 𝑖 (𝜌)
.
Tr ℰ 𝑖 (𝜌)

(4)

Such strong monotones can then be used to bound transformation probabilities of quantum
resources. Specifically, assume that there exists a probabilistic operation ℰ ∈ O such that ℰ(𝜌) = 𝑝𝜌0
with some probability 𝑝 > 0. Eq. (4) then gives
𝑝≤

𝑀F (𝜌)
,
𝑀F (𝜌0)

(5)

and so any strong monotone provides a restriction on probabilistic transformations. However,
most known monotones can never be used to completely rule out the possibility of probabilistic
resource conversion: this would require showing that the transformation cannot be realised with
any probability 𝑝 (or equivalently that 𝑝 must be 0), but this cannot be concluded from Eq. (5) for
finite and non-zero values of 𝑀F . Even in the cases when tight restrictions on resource conversion
can be obtained in such a setting, they typically require the optimisation over infinitely many
monotones [65], potentially limiting the practical applicability of such approaches.
Let us now introduce two resource measures that serve as inspiration for the concepts used in
this work. The (generalised) robustness [66, 67] is defined as
𝑅 F (𝜌) B inf 𝜆 𝜌 ≤ 𝜆𝜎, 𝜎 ∈ F ,



(6)

where the inequality is with respect to the positive semidefinite cone, in the sense that 𝐴 ≤
𝐵 ⇐⇒ 𝐵 − 𝐴 ∈ H+ . This monotone found a number of operational uses — it quantifies the
advantages of resources in channel discrimination problems [68], and can be applied to benchmark
the performance of resource distillation tasks [18, 28]. A quantity which is, in a sense, dual to the
robustness is the resource weight [69]
𝑊F (𝜌) B sup 𝜈



𝜌 ≥ 𝜈𝜎, 𝜎 ∈ F .

(7)

Note that this quantity is technically an antitone rather than a monotone — it satisfies 𝑊F (𝜌) ≤
𝑊F (ℰ(𝜌)) for free channels ℰ. The resource weight can also be used to study resource advantages
in a different type of channel discrimination problems [70, 71], and it has recently been applied to
establish strong bounds on deterministic resource distillation errors and overheads [28, 29]. The
similarity between the two measures is made precise by noticing that they can be both expressed in
terms of the max-relative entropy 𝐷max [67], which we define in its non-logarithmic form as
𝑅 max (𝜌k𝜎) B 2𝐷max (𝜌k𝜎) = inf 𝜆 𝜌 ≤ 𝜆𝜎 .



(8)

We then have
𝑅F (𝜌) = min 𝑅 max (𝜌k𝜎),
𝜎∈F



𝑊F (𝜌) = min 𝑅 max (𝜎k𝜌)
𝜎∈F

 −1

.

(9)

We also introduce a variant of the max-relative entropy 𝑅max as
𝑅Fmax (𝜌k𝜎) B inf 𝜆 𝜌 ≤F 𝜆𝜎 ,



(10)

where now ≤F denotes inequality with respect to the cone generated by the free set F; precisely,
𝐴 ≤F 𝐵 ⇐⇒ 𝐵 − 𝐴 ∈ cone(F), where
cone(F) B 𝜆𝜎 𝜆 ∈ R+ , 𝜎 ∈ F .



(11)
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This quantity can be used to define another monotone known as the standard robustness (or free
robustness) 𝑅 FF [66], given by2
𝑅FF (𝜌) B min 𝑅 Fmax (𝜌k𝜎).

(12)

𝜎∈F

Let us remark here that the robustness measures introduced here are not necessarily finite without
additional assumptions on the theory in consideration. It can be seen that 𝑅 F (𝜌) < ∞ for all 𝜌 if and
only if F contains a state of full rank, which is satisfied in most theories of practical interest. For the
standard robustness, it holds that 𝑅 FF (𝜌) < ∞ if and only if 𝜌 ∈ span(F), meaning that this monotone
will typically find use in resource theories such that span(F) = H, referred to as full-dimensional
theories.
We note also that robustness and weight quantifiers can be naturally defined not only for
quantum states, but also for unnormalised positive semidefinite operators; in such cases, we get
that 𝑅 F (𝜆𝜌) = 𝜆𝑅F (𝜌) for any 𝜆 ∈ R++ , and analogously for 𝑊F and 𝑅 FF .
III.

PROJECTIVE ROBUSTNESS

Our main object of study in this section will be the projective robustness ΩF [43], defined as
ΩF (𝜌) B min 𝑅 max (𝜌k𝜎) 𝑅 max (𝜎k𝜌)
𝜎∈F

𝜆
= inf
𝜈





𝜈𝜎 ≤ 𝜌 ≤ 𝜆𝜎, 𝜎 ∈ F .

(13)

The motivation for the introduction of this quantity is twofold. On the one hand, the robustness
and weight monotones are very useful in constraining deterministic resource transformations [18,
22, 28, 29], but their applicability in probabilistic cases is significantly limited [28, 29]; the idea
is then to exploit the complementary character of 𝑅 F and 𝑊F to introduce a monotone which
combines the properties of the two measures in order to establish much broader and tighter
limitations. On the other hand, the projective robustness can be thought of as a minimisation of the
Hilbert projective metric ln 𝑅 max (𝜌k𝜎) 𝑅max (𝜎k𝜌) [6, 42], a quantity which has already been used to
study transformations of pairs of quantum states [6, 11], but whose applications in more general
resource-theoretic settings have not been explored.
Analogously, the free projective robustness [43] is given by
ΩFF (𝜌) B min 𝑅Fmax (𝜌k𝜎) 𝑅max (𝜎k𝜌)
𝜎∈F

𝜆
= inf
𝜈





𝜈𝜎 ≤ 𝜌 ≤F 𝜆𝜎, 𝜎 ∈ F .

(14)

Notice that this quantity combines 𝑅 max , which is an optimisation with respect to the positive
semidefinite cone H+ , with 𝑅 Fmax , which is defined using cone(F). It is not necessary to use 𝑅Fmax
for both terms, and indeed this choice would trivialise the optimisation for all convex resource
theories. The inclusion cone(F) ⊆ H+ entails that ΩFF (𝜌) ≥ ΩF (𝜌) in general.
A geometric interpretation of the definition of the two measures is provided in Figure 1.
2 We note that there are different notational conventions when it comes to the robustness and weight monotones: the
original definitions of the generalised and standard robustness would correspond to 𝑅 F (𝜌) − 1 and 𝑅FF (𝜌) − 1 in our
notation, respectively, while the weight measure is often defined as 1 − 𝑊F (𝜌). We chose slightly different definitions
in order to more easily relate the measures with the max-relative entropy and to make their generalisations clearer.
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by not c ng that for any feas b e 𝜎 such that 𝜈𝜎 ≤ 𝜌 ≤ 𝜆𝜎 we can equ va ent y wr te 𝜌 + (𝜆 − 1)𝜔 = 𝜆𝜎 and
𝜌 − (1 − 𝜈)𝜏 = 𝜈𝜎 for some states 𝜏 𝜔 th s then g ves 𝜌 − 𝜔 = 𝜆(𝜎 − 𝜔) and 𝜌 − 𝜏 = 𝜈(𝜎 − 𝜏) from wh ch the
cross-rat o form fo ows
𝜌−𝜔
𝜎 −𝜏
The free pro ect ve robutness ΩFF (𝜌) s defined ana ogous y as the east va ue of
where
𝜎 −𝜔
𝜌−𝜏
now both 𝜎 and 𝜔 are constra ned to be free states It s not d fficu t to see that any opt ma cho ce of such a
decompos t on w have a po nts 𝜏 𝜎 𝜔 or 𝜏 𝜎 𝜔 y ng on the boundary of the correspond ng set (D or
F) s nce otherw se a better decompos t on cou d be chosen a ong the same ne
A

Properties

We begin with a study of the basic properties of the pro ective robustness ΩF For clarity we for
now only assume that F is a topologically closed subset of density operators
Theorem 1 The projective robustness ΩF (𝜌) of any state 𝜌 satisfies the following properties
(i) ΩF takes a finite value if and only if there exists a state 𝜎 ∈ F such that supp 𝜎 = supp 𝜌
(ii) It is invariant under scaling that is ΩF (𝜆𝜌) = ΩF (𝜌) for any 𝜆 ∈ R++
(iii) ΩF can be computed as the optimal value of the optimisation problem
ΩF (𝜌) = inf 𝛾 ∈ R 𝜌 ≤ e
𝜎 ≤ 𝛾𝜌 e
𝜎 ∈ cone(F)



(15)

where the nfimum s ach eved as ong as t s fin te When F s a convex set th s s a con c near
optimisation problem and it admits an equivalent dual formulation as
ΩF (𝜌) = sup


(

= sup

𝐴 𝜌
𝐴 𝜌
𝐵 𝜌

𝐵 𝜌 = 1 𝐵 − 𝐴 ∈ cone(F)* 𝐴 𝐵 ∈ H+
h𝐴 𝜎i
≤ 1 ∀𝜎 ∈ F 𝐴 𝐵 ∈ H+
h𝐵 𝜎i

(16)

)
(17)
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Here, cone(F) = 𝜆𝜎 𝜆 ∈ R+ , 𝜎 ∈ F is the cone induced by the set F, and cone(F)* =

𝑋 ∈ H h𝑋 , 𝜎i ≥ 0 ∀𝜎 ∈ F is its dual cone.



(iv) ΩF is faithful, that is, for any state 𝜌 it holds that ΩF (𝜌) = 1 ⇐⇒ 𝜌 ∈ F.
(v) If the set of free states is closed under tensor product, in the sense that 𝜎1 , 𝜎2 ∈ F ⇒ 𝜎1 ⊗ 𝜎2 ∈ F,
then ΩF is sub-multiplicative: for any states 𝜌 and 𝜔, it holds that
ΩF (𝜌 ⊗ 𝜔) ≤ ΩF (𝜌) ΩF (𝜔).

(18)

Alternatively, the weaker variant of sub-multiplicativity ΩF (𝜌 ⊗𝑛 ) ≤ ΩF (𝜌)𝑛 holds whenever
𝜎 ∈ F ⇒ 𝜎 ⊗𝑛 ∈ F ∀𝑛 ∈ N.
(vi) When F is a convex set, ΩF is quasiconvex: for any 𝑡 ∈ [0, 1], it holds that
ΩF (𝑡𝜌 + (1 − 𝑡)𝜔) ≤ max{ΩF (𝜌), ΩF (𝜔)}.

(19)

(vii) ΩF is lower semicontinuous, that is, ΩF (𝜌) ≤ lim inf ΩF (𝜌𝑛 ) for any sequence (𝜌𝑛 )𝑛 of states
𝑛→∞

converging to 𝜌.
(viii) It can be bounded as

𝑅 F (𝜌) 𝑊F (𝜌)−1 ≤ ΩF (𝜌) ≤ 𝑅 F (𝜌) 𝑅 max (𝜎★
𝑅 k𝜌)

(20)

−1

≤ 𝑅 F (𝜌) 𝜆min (𝜌) ,
★
ΩF (𝜌) ≤ 𝑊F (𝜌)−1 𝑅 max (𝜌k𝜎𝑊
),

(21)

where 𝜆min (𝜌) denotes the smallest eigenvalue of 𝜌, 𝜎★
is an optimal state such that 𝑅F (𝜌) =
𝑅
★
★
and
analogously
𝜎
is
an
optimal
state
such that 𝑊F (𝜌) = 𝑅max (𝜎𝑊
k𝜌)−1 ,
𝑅max (𝜌k𝜎★
),
𝑊
𝑅
whenever such states exist.
Let us comment on the unusual property (i) of ΩF : it always diverges for states which do not
share support with a free state. There are two immediate consequences of this fact: (1) as long as F
contains a state of full rank (which is the case in virtually all theories of interest), then ΩF (𝜌) < ∞
for all full-rank states; (2) for any pure state 𝜓 ∉ F, we have that ΩF (𝜓) = ∞. Although the latter
point might make the applicability of ΩF seem limited, we will see in Section IV that it can be easily
circumvented by allowing a small error in the conversion, making ΩF useful also in the study of
transformations involving pure states.
Proof. (i) A necessary and sufficient condition for 𝑅max (𝜌k𝜎) < ∞ can be seen to be supp 𝜌 ⊆
supp 𝜎 [73]. Applying the same reasoning to 𝑅max (𝜎k𝜌) then means that the supports must
be equal.
(ii) Follows from the fact that 𝑅max (𝜆𝜌k𝜇𝜎) = 𝜆−1 𝜇𝑅max (𝜌k𝜎), which can be easily verified from
the definition of 𝑅 max .
(iii) From the positivity of 𝑅max (𝜌k𝜎) for any states 𝜌 and 𝜎, we can see that
min 𝑅max (𝜌k𝜎) 𝑅max (𝜎k𝜌) = min inf 𝜆 𝜌 ≤ 𝜆𝜎 inf 𝜇 𝜎 ≤ 𝜇𝜌



𝜎∈F





𝜎∈F

= inf 𝜆𝜇 𝜌 ≤ 𝜆𝜎, 𝜎 ≤ 𝜇𝜌, 𝜎 ∈ F .





(22)
(23)

11
Observe that any feasible solution to the problem
inf 𝛾



𝜌≤e
𝜎 ≤ 𝛾𝜌, e
𝜎 ∈ cone(F)

(24)

gives a feasible solution to Eq. (23) as
𝛾
(25)
Tr e
𝜎
with objective function value 𝜆𝜇 = 𝛾. Conversely, any feasible solution {𝜎, 𝜆, 𝜇} to Eq. (23)
𝜎 = 𝜆𝜎, 𝛾 = 𝜆𝜇. The two problems are therefore
gives a feasible solution to Eq. (25) as e
equivalent.
𝜎=

e
𝜎
,
Tr e
𝜎

𝜆 = Tr e
𝜎,

𝜇=

To show that the infimum is achieved when ΩF (𝜌) < ∞, take any optimal sequence (𝛾𝑛 )𝑛 ∈ R+
𝑛 →∞
such that 𝛾𝑛 −−−−→ ΩF (𝜌) and 𝜌 ≤ e
𝜎𝑛 ≤ 𝛾𝑛 𝜌. Since ke
𝜎𝑛 k ∞ ≤ 𝛾𝑛 𝜌 ∞ ≤ 𝛾𝑛 , the sequence
(e
𝜎𝑛 )𝑛 is bounded, and so by the Bolzano–Weierstrass theorem it has a convergent subsequence
𝑘 →∞
(e
𝜎𝑛 𝑘 ) 𝑘 −−−−→ e
𝜎. The closedness of cone(F) (itself a consequence of the assumed closedness
of F) ensures that e
𝜎 ∈ cone(F). But then (e
𝜎𝑛 𝑘 − 𝜌) 𝑘 and (𝛾𝑛 𝑘 𝜌 − e
𝜎𝑛 𝑘 ) 𝑘 also converge as sums
of convergent sequences, and by the closedness of H+ they must converge to a positive
semidefinite operator. Hence 𝜌 ≤ e
𝜎 ≤ ΩF (𝜌)𝜌 as desired.
The dual form (Eq. (16)) is obtained through standard Lagrange duality arguments [74]. The
fact that strong duality (equality between the primal and the dual) holds can be ensured by
Slater’s theorem [75, Thm. 28.2], applicable since the choice of 𝐵 = 1, 𝐴 = 𝜀1 for 𝜀 ∈ (0, 1) is
strongly feasible for the dual.
Eq. (17) follows since any feasible solution to this program can be rescaled as 𝐴 ↦→ 𝐴/ 𝐵, 𝜌 ,
𝐵 ↦→ 𝐵/ 𝐵, 𝜌 to give a feasible solution to the dual, and vice versa. Here, we implicitly
constrain ourselves to 𝐵 such that 𝐵, 𝜌 ≠ 0 and h𝐵, 𝜎i ≠ 0 ∀𝜎 ∈ F to make the expressions
well defined; this can always be ensured by perturbing 𝐵 by a small multiple of the identity.
(iv) If 𝜌 ∈ F, then ΩF (𝜌) ≤ 𝑅max (𝜌k𝜌)2 = 1, and this is the least value that ΩF can take for any
state. Conversely, if ΩF (𝜌) = 1, then by (iii) we have that there exists a state 𝜎 ∈ F such that
𝜎 ≤ 𝜌 ≤ 𝜎, which is only possible if 𝜌 = 𝜎.
(v) If either of ΩF (𝜌) or ΩF (𝜔) is infinite, then the relation is trivial, so assume otherwise. Let
𝜎 ∈ F be an optimal state such that 𝜌 ≤ 𝜆𝜎 and 𝜎 ≤ 𝜇𝜌 with 𝜆𝜇 = ΩF (𝜌), and analogously let
𝜎0 ∈ F be such that 𝜔 ≤ 𝜆0 𝜎0 and 𝜎0 ≤ 𝜇0 𝜔 with 𝜆0𝜇0 = ΩF (𝜔), which all exist by (iii). Then
0 ≤ 𝜌 ⊗ (𝜆0 𝜎0 − 𝜔) + (𝜆𝜎 − 𝜌) ⊗ 𝜆0 𝜎0 = (𝜆𝜎) ⊗ (𝜆0 𝜎0) − 𝜌 ⊗ 𝜔

(26)

and analogously (𝜆𝜎) ⊗ (𝜆0 𝜎0) ≤ (𝜆𝜇𝜌) ⊗ (𝜆0𝜇0 𝜔), which shows that 𝜎 ⊗ 𝜎0 is a feasible solution
for the projective robustness of 𝜌 ⊗ 𝜔, yielding ΩF (𝜌 ⊗ 𝜔) ≤ 𝜆𝜇𝜆0𝜇0 = ΩF (𝜌) ΩF (𝜔). Weak
sub-multiplicativity can be shown analogously, first choosing 𝜔 = 𝜌 and then by induction
on 𝑛.
(vi) As in (v), we take 𝜎 ∈ F such that 𝜌 ≤ 𝜆𝜎 and 𝜎 ≤ 𝜇𝜌, and 𝜎0 ∈ F such that 𝜔 ≤ 𝜆0 𝜎0 and
𝜎0 ≤ 𝜇0 𝜔. We then have that
𝑡𝜌 + (1 − 𝑡)𝜔 ≤ 𝑡𝜆𝜎 + (1 − 𝑡)𝜆0 𝜎0 = [𝑡𝜆 + (1 − 𝑡)𝜆0]
where

𝑡𝜆𝜎 + (1 − 𝑡)𝜆0 𝜎0
𝑡𝜆 + (1 − 𝑡)𝜆0

(27)

𝑡𝜆𝜎 + (1 − 𝑡)𝜆0 𝜎0
∈ F by convexity of F. Now,
𝑡𝜆 + (1 − 𝑡)𝜆0
max{𝜆𝜇, 𝜆0𝜇0 } 𝑡𝜌 + (1 − 𝑡)𝜔
𝑡𝜆𝜇𝜌 + (1 − 𝑡)𝜆0𝜇0 𝜔
𝑡𝜆𝜎 + (1 − 𝑡)𝜆0 𝜎0
≤
≤
.
𝑡𝜆 + (1 − 𝑡)𝜆0
𝑡𝜆 + (1 − 𝑡)𝜆0
𝑡𝜆 + (1 − 𝑡)𝜆0





(28)
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Using this state as a feasible solution for ΩF gives
ΩF (𝑡𝜌 + (1 − 𝑡)𝜔) ≤ [𝑡𝜆 + (1 − 𝑡)𝜆0]

max{𝜆𝜇, 𝜆0𝜇0 }
= max{𝜆𝜇, 𝜆0𝜇0 }
𝑡𝜆 + (1 − 𝑡)𝜆0

(29)

as was to be shown.
(vii) Establishing lower semicontinuity is equivalent to showing that the sublevel sets 𝜔 ΩF (𝜔) ≤ 𝛾
𝑛 →∞
are closed for all 𝛾 ∈ R [75, Thm. 7.1]. Consider then a sequence 𝜔𝑛 −−−−→ 𝜔 such that
𝜎𝑛 ∈ cone(F) such that
ΩF (𝜔𝑛 ) ≤ 𝛾 ∀𝑛 for some 𝛾. By (iii), this entails that there exists e
𝜔𝑛 ≤ e
𝜎𝑛 ≤ 𝛾𝜔𝑛 for each 𝑛. Since (e
𝜎𝑛 )𝑛 then forms a bounded sequence, we can assume that it
𝑛 →∞
𝜎𝑛 −−−−→ e
𝜎, up to passing to a subsequence. The closedness of cone(F) ensures
converges as e
𝜎 ∈ cone(F). The convergent sequences (e
that e
𝜎𝑛 − 𝜔𝑛 )𝑛 and (𝛾𝜔𝑛 − e
𝜎𝑛 )𝑛 then must converge
to positive semidefinite operators by the closedness of the positive semidefinite cone. This
gives 𝜔 ≤ e
𝜎 ≤ 𝛾𝜔, showing that the sublevel set of ΩF is closed as desired. Since 𝛾 was
arbitrary, the desired statement follows.



(viii) The lower bound is obtained by noting that
ΩF (𝜌) = min 𝑅max (𝜌k𝜎) 𝑅 max (𝜎k𝜌)
𝜎∈F



≥ min 𝑅max (𝜌k𝜎)



𝜎∈F

min 𝑅 max (𝜎k𝜌)



𝜎∈F

(30)

= 𝑅 F (𝜌) 𝑊F (𝜌)−1 .
★
The upper bounds follow by using 𝜎★
and 𝜎𝑊
as feasible solutions in the definition of ΩF .
𝑅
The relation with the smallest eigenvalue follows from the fact that

ΩF (𝜌) ≤ 𝑅F (𝜌) 𝑅 max (𝜎★
𝑅 k𝜌)
≤ 𝑅F (𝜌) max 𝑅max (𝜔k𝜌)

(31)

𝜔∈D

= 𝑅 F (𝜌) 𝜆min (𝜌)−1 ,
where we relaxed the optimisation to all density matrices D and used Lemma 2 below.
We employed the following auxiliary lemma, first shown in [76].
Lemma 2. For any state 𝜌, it holds that max 𝑅max (𝜔k𝜌) = 𝜆min (𝜌)−1 .
𝜔∈D

Proof. If 𝜌 is not full rank, we can choose 𝜔 supported on ker(𝜌) so that 𝑅 max (𝜔k𝜌) = ∞ = 𝜆min (𝜌)−1 .
Assuming then that 𝜌 is full rank, for any 𝜔 ∈ D it holds that
𝜔 ≤ 𝜆max (𝜔) 1

(32)

≤ 𝜆max (𝜔)𝜆min (𝜌)−1 𝜌

where we used that 𝜆max (𝜔) = min 𝜆 𝜔 ≤ 𝜆1 and 𝜆min (𝜌) = max 𝜆 𝜌 ≥ 𝜆1 . This constitutes
a feasible solution to 𝑅 max (𝜔k𝜌), yielding





𝑅 max (𝜔k𝜌) ≤ 𝜆max (𝜔)𝜆min (𝜌)−1 ≤ 𝜆min (𝜌)−1 .

(33)

The proof is concluded by noticing that the bound is saturated by the choice of 𝜔 = |𝜓ih𝜓| with
|𝜓i being an eigenvector of 𝜌 corresponding to 𝜆min (𝜌).
The quantity ΩFF , defined in Eq. (14), obeys a similar set of properties. The proof is obtained in
complete analogy with the above.
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Corollary 3. The free projective robustness ΩFF (𝜌) satisfies the following properties.
(i) It is invariant under scaling, that is, ΩFF (𝜆𝜌) = ΩFF (𝜌) for any 𝜆 > 0.
(ii) When F is a convex set, ΩFF can be computed as the optimal value of a conic linear optimisation
problem:
ΩFF (𝜌) = inf 𝛾 ∈ R 𝜌 ≤F e
𝜎 ≤ 𝛾𝜌, e
𝜎 ∈ cone(F)



= sup



𝐴, 𝜌

(
= sup

𝐴, 𝜌
𝐵, 𝜌

(34)

𝐵, 𝜌 = 1, 𝐵 − 𝐴 ∈ cone(F)*, 𝐴 ∈ cone(F)*, 𝐵 ∈ H+

(35)

)

h𝐴, 𝜎i
≤ 1 ∀𝜎 ∈ F, 𝐴 ∈ cone(F)*, 𝐵 ∈ H+ .
h𝐵, 𝜎i

(36)

Furthermore, the infimum in (34) is achieved as long as it is finite.
(iii) ΩFF is faithful, that is, ΩFF (𝜌) = 1 ⇐⇒ 𝜌 ∈ F.
(iv) When F is a convex set, ΩFF is quasiconvex: ΩFF (𝑡𝜌 + (1 − 𝑡)𝜔) ≤ max{ΩFF (𝜌), ΩFF (𝜔)} for any
𝑡 ∈ [0, 1].
(v) ΩFF is lower semicontinuous, that is, ΩFF (𝜌) ≤ lim inf ΩFF (𝜌𝑛 ) for any sequence (𝜌𝑛 )𝑛 which
𝑛→∞
converges to 𝜌.
(vi) It can be bounded as
𝑅 FF (𝜌) 𝑊F (𝜌)−1 ≤ ΩFF (𝜌) ≤ 𝑅 FF (𝜌) 𝑅 max (𝜎★
𝑅 k𝜌),
≤
ΩFF (𝜌) ≤

𝑅 FF (𝜌) 𝜆min (𝜌)−1
★
𝑊F (𝜌)−1 𝑅 Fmax (𝜌k𝜎𝑊
),

(37)
(38)

★
where 𝜎★
is an optimal state such that 𝑅 FF (𝜌) = 𝑅 Fmax (𝜌k𝜎★
), and analogously 𝜎𝑊
is an optimal
𝑅
𝑅
★
−1
state such that 𝑊F (𝜌) = 𝑅max (𝜎𝑊 k𝜌) , whenever such states exist.

One could also establish the condition under which ΩFF is finite, although it does not take a
straightforward form as in the case of ΩF . Specifically, we have that ΩFF (𝜌) is finite if and only
if there exists a state 𝜎 ∈ F such that supp 𝜎 ⊆ supp 𝜌 and 𝜌 + e
𝜏 ∝ 𝜎 for some e
𝜏 ∈ cone(F). For
our purposes, it will suffice to make note of the fact that ΩFF (𝜌) ≥ ΩF (𝜌), meaning that diverging
projective robustness implies that the free projective robustness also must diverge.

Computability

We have seen in Theorem 1 and Corollary 3 that, in all convex resource theories, ΩF and ΩFF
are both given as the optimal values of convex optimisation problems. As long as the constraint
𝜎 ∈ cone(F) (or, equivalently, 𝑋 ∈ cone(F)*) can be expressed using linear matrix inequalities, the
two optimisation problems are computable as semidefinite programs (SDP).
An example is the resource theory of coherence, where F denotes the set of all diagonal
(incoherent) states in a given basis and
ΩF (𝜌) = inf 𝛾



𝜌≤e
𝜎 ≤ 𝛾𝜌, e
𝜎 ≥ 0, e
𝜎 = Δ(e
𝜎)

(39)
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Í

with Δ(·) B 𝑖 |𝑖ih𝑖| · |𝑖ih𝑖| denoting the completely dephasing channel (diagonal map) in the
incoherent orthonormal basis {|𝑖i}. A very similar expression can be obtained also, for instance, in
the theory of imaginarity, where the free states F are those that only have real coefficients in a given
basis — here, we simply replace Δ with the map 𝑋 ↦→ Re 𝑋. An SDP expression is also immediate
when the set F consists only of a single state — e.g. in the theories of athermality (thermodynamics)
and purity — or when F is a polytope, that is, a convex combination of a finite number of states,
which is the case e.g. in the resource theory of magic.
Another important case is the resource theory of non-positive partial transpose, in which case F
consists of bipartite states whose partial transpose is positive, and we have the SDP expressions
ΩF (𝜌) = inf 𝛾

𝜌≤e
𝜎 ≤ 𝛾𝜌, e
𝜎 ≥ 0, e
𝜎Γ ≥ 0

ΩFF (𝜌) = inf 𝛾

𝜌≤e
𝜎 ≤ 𝛾𝜌, 𝜌Γ ≤ e
𝜎Γ , e
𝜎 ≥ 0, e
𝜎Γ ≥ 0




(40)

with (·)Γ denoting partial transposition in any chosen basis.
B.

Necessary condition for probabilistic transformations

The usefulness of the projective robustness measures stems from their exceptionally strong
monotonicity, which can be used to establish much stronger limitations than commonly encountered
monotones. Recall that, in probabilistic transformations of resources, monotonicity is typically
required to hold on average. ΩF and ΩFF , however, cannot be increased even if we postselect on a
particular outcome of a probabilistic transformation.
Theorem 4 ([43]). If there exists a probabilistic free transformation 𝜌 →
−O 𝜌0, then
ΩF (𝜌) ≥ ΩF (𝜌0)

(41)

ΩFF (𝜌) ≥ ΩFF (𝜌0).

(42)

and

Proof. If there is no 𝜎 ∈ F such that supp 𝜌 = supp 𝜎, then ΩF (𝜌) = ∞ and the result is trivial, so
we shall assume otherwise. Then let 𝜎 ∈ F be a state such that 𝜌 ≤ 𝜆𝜎 and 𝜎 ≤ 𝜇𝜌 with ΩF (𝜌) = 𝜆𝜇.
Assume that there exists a sequence (ℰ 𝑛 )𝑛 ∈ O realising the transformation 𝜌 →
−O 𝜌0. Notice that it
necessarily holds that Tr ℰ 𝑛 (𝜎) > 0 ∀𝑛, since Tr ℰ 𝑛 (𝜎) ≥ 𝜆1 Tr ℰ 𝑛 (𝜌). We then have
ℰ 𝑛 (𝜌)
Tr ℰ 𝑛 (𝜎) ℰ 𝑛 (𝜎)
≤𝜆
Tr ℰ 𝑛 (𝜌)
Tr ℰ 𝑛 (𝜌) Tr ℰ 𝑛 (𝜎)

(43)

Tr ℰ 𝑛 (𝜌) ℰ 𝑛 (𝜌)
ℰ 𝑛 (𝜎)
≤𝜇
Tr ℰ 𝑛 (𝜎)
Tr ℰ 𝑛 (𝜎) Tr ℰ 𝑛 (𝜌)

(44)

and

using the positivity of ℰ 𝑛 . Since each ℰ 𝑛 is a free operation,


ΩF
ℰ (𝜌)

𝑛 →∞





ℰ 𝑛 (𝜌)
Tr ℰ 𝑛 (𝜎)
≤ 𝜆
Tr ℰ 𝑛 (𝜌)
Tr ℰ 𝑛 (𝜌)



ℰ 𝑛 (𝜎)
Tr ℰ 𝑛 (𝜎)

∈ F. This gives that



Tr ℰ 𝑛 (𝜌)
𝜇
= 𝜆𝜇 = ΩF (𝜌).
Tr ℰ 𝑛 (𝜎)

(45)

As Tr ℰ𝑛 𝑛 (𝜌) −−−−→ 𝜌0 by hypothesis, lower semicontinuity of ΩF (Theorem 1(vii)) implies that
ΩF (𝜌0) ≤ ΩF (𝜌) as desired.
The proof for ΩFF is completely analogous, using the fact that any ℰ 𝑛 ∈ O preserves the free cone
cone(F).
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This yields a general no-go result: it is impossible to transform any state 𝜌 into a state 𝜌0 such
that ΩF (𝜌) < ΩF (𝜌0) or ΩFF (𝜌) < ΩFF (𝜌0), even probabilistically.
As an immediate consequence, we see that no state 𝜌 with ΩF (𝜌) < ∞ can be converted into a
state 𝜌0 with ΩF (𝜌0) = ∞, where the latter type includes in particular all resourceful pure states.
Furthermore, the submultiplicativity of ΩF ensures that ΩF (𝜌 ⊗𝑛 ) is finite for all 𝑛, which means
that the transformation 𝜌 ⊗𝑛 →
−O 𝜌0 is impossible for any number of copies of 𝜌. In resource theories
where F contains a state of full rank, this precludes the transformation of any full-rank state into a
non-free pure state, recovering a result of Ref. [23]. However, the result here is strictly stronger, as
it extends to any transformation where the target state has a diverging projective robustness, which
goes beyond pure states. For instance, in the theory of quantum entanglement, rank-deficient
states 𝜌0 will have ΩF (𝜌0) = ∞ unless their support can be spanned by product vectors. Our
findings thus extend previous no-go results that dealt with the impossibility of entanglement
purification [36, 77–80]. Similarly, for quantum coherence, it holds that ΩF (𝜌0) = ∞ whenever the
support of 𝜌0 cannot be spanned by incoherent vectors, which also allows us to generalise known
restrictions on coherence distillation [38, 81].
We stress that Theorem 4 does not require the convexity of the set F and thus holds also for more
general types of quantum resource theories, with closedness of F being the sole requirement. A
weaker version of the result can be shown even without assuming closedness: in this case, we would
no longer be able to rely on the lower semicontinuity of ΩF , but ΩF would remain a monotone for
all probabilistic protocols that succeed with a non-zero probability 𝑝 (i.e., non-asymptotic ones).
We also note that we did not actually use the complete positivity of operations in O; the statement
of Theorem 4 applies also when O consists of maps that are merely positive.

C.

Sufficient condition for probabilistic transformations

In order to show that the non-increase of the projective robustness can serve as a sufficient
condition for resource convertibility, we will need to consider different types of resource theories
separately.
Hereafter in the manuscript, we make the assumption that F is convex; as seen in Theorem 1,
this is required to make ΩF and ΩFF convex optimisation problems, the strong duality of which
will be a crucial ingredient of our proofs. We define the following classes of quantum resource
theories [12, 18]:
(i) Affine resource theories are such that the set F is the intersection of some affine subspace with
the set of density matrices. In other words, F = aff(F) ∩ D, where aff denotes the affine hull

(
aff(F) =

)
Õ
𝑖

𝑐 𝑖 𝜎𝑖

𝜎𝑖 ∈ F , 𝑐 𝑖 ∈ R ,

Õ

𝑐𝑖 = 1 .

(46)

𝑖

Examples include the theories of quantum coherence [82], asymmetry [83], thermodynamics [8], or imaginarity [84, 85].
(ii) Full-dimensional resource theories are those in which span(F) = H; in other words, F has a
non-zero volume as a subset of D. Examples are the theories of quantum entanglement [31],
non-positive partial transpose [31], or magic (non-stabiliserness) [86, 87].
The two classes together encompass most known quantum resource theories of relevance.
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Affine resource theories

We begin with a characterisation of affine resource theories.
Theorem 5. In any affine resource theory, there exists a resource–non-generating probabilistic
transformation 𝜌 →
−O 𝜌0 if any of the following conditions is satisfied:
(i) ∞ > ΩF (𝜌) ≥ ΩF (𝜌0),
(ii) ∞ = ΩF (𝜌) and 𝑅 F (𝜌0) < ∞,
(iii) 𝑅F (𝜌) = ∞.
Let us clarify this result first. As long as 𝑅 F (𝜌0) < ∞ holds in the given affine resource theory,
then conditions (i) and (ii) together with Theorem 4 imply that
𝜌→
−O 𝜌0 ⇐⇒ ΩF (𝜌) ≥ ΩF (𝜌0),

(47)

as announced in [43]. As we remarked before, the condition 𝑅 F (𝜌0) < ∞ is actually satisfied for all
states in virtually every theory of interest, and we only consider it here explicitly to account for
pathological cases.
An important aspect of the above result is that the transformation 𝜌 →
−O 𝜌0 might only be possible
with asymptotically vanishing probability. Should this be undesirable, one can also study the
problem of when there exists a transformation which succeeds with a non-zero probability. We
will give a concise sufficient condition in Lemma 8 shortly: the existence of a transformation with a
non-zero probability of success can be guaranteed whenever 𝜌 is full rank or a pure state.
We begin with a useful lemma based on the methods of [18].
Lemma 6. In any affine resource theory, the projective robustness as well as its reciprocal can be expressed as
ΩF (𝜌) = sup
ΩF (𝜌)

−1

= inf

𝐴, 𝜌





𝐴, 𝜌

𝐵, 𝜌 = 1, h𝐵 − 𝐴, 𝜎i = 0 ∀𝜎 ∈ F, 𝐴, 𝐵 ≥ 0 ,
𝐵, 𝜌 = 1, h𝐵 − 𝐴, 𝜎i = 0 ∀𝜎 ∈ F, 𝐴, 𝐵 ≥ 0 .

(48)

Proof. Let us define Ωaff(F) as the projective robustness defined with respect to the set aff(F), that
is,
Ωaff(F) (𝜌) =

inf 𝑅max (𝜌k𝑍) 𝑅 max (𝑍k𝜌).

𝑍∈aff(F)

(49)

Importantly, for density operators, this makes no quantitative difference: any feasible 𝑋 ∈ aff(F)
which satisfies 𝜌 ≤ 𝜆𝑋 is necessarily positive, which means that all feasible 𝑋 actually belong to
F, and so Ωaff(F) (𝜌) = ΩF (𝜌). However, by taking the dual of the program (49) as in the proof of
Theorem 1, we get
Ωaff(F) (𝜌) = sup



𝐴, 𝜌

𝐵, 𝜌 = 1, 𝐵 − 𝐴 ∈ aff(F)*, 𝐴, 𝐵 ≥ 0 .

(50)

The dual cone aff(F)* B 𝑋 h𝑋 , 𝑍i ≥ 0 ∀𝑍 ∈ aff(F) can be shown to consist of operators 𝑋 such
that h𝑋 , 𝑍i is constant on the set aff(F), that is, h𝑋 , 𝑍i = 𝑘 for all 𝑍 ∈ aff(F) for some 𝑘 ∈ R+ . This
can be seen as follows. Assume that 𝑋 ∈ aff(F)* but 𝑋 is not constant on aff(F), that is, there exists
e = 𝑡𝑍0 + (1 − 𝑡)𝑍
𝑍, 𝑍0 ∈ aff(F) such that h𝑋 , 𝑍i = 𝑘 but h𝑋 , 𝑍0i = 𝑘 0 with 𝑘 > 𝑘 0. Let us then define 𝑍
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e belongs to aff(F) by definition. But, choosing 𝑡 >
for some 𝑡 ∈ R. Clearly, any such 𝑍
D

𝑘
𝑘−𝑘 0 ,

we get

E

e 𝑋 = 𝑡 𝑘 0 + (1 − 𝑡)𝑘
𝑍,
= 𝑡(𝑘 0 − 𝑘) + 𝑘
𝑘
<
(𝑘 0 − 𝑘) + 𝑘
𝑘 − 𝑘0
= 0,

(51)

which contradicts the assumption that 𝑋 ∈ aff(F)*. Thus, we have that
Ωaff(F) (𝜌) = sup



𝐴, 𝜌

𝐵, 𝜌 = 1, ∃𝑘 ∈ R+ s.t. h𝐵 − 𝐴, 𝑍i = 𝑘 ∀𝑍 ∈ aff(F), 𝐴, 𝐵 ≥ 0 .

(52)

Notice first that it suffices to impose that h𝐵 − 𝐴, 𝜎i = 𝑘 ∀𝜎 ∈ F, since this is equivalent to
h𝐵 − 𝐴, 𝑍i = 𝑘 ∀𝑍 ∈ aff(F). Now, let 𝐴, 𝐵 be feasible solutions such that h𝐵 − 𝐴, 𝜎i = 𝑘 ∀𝜎 ∈ F for
some 𝑘 > 0. Then 𝐴0 = 𝐴 + 𝑘 1 and 𝐵 are also feasible, but with a strictly larger objective function
value. Therefore, any optimal choice of 𝐴, 𝐵 (or an optimal sequence of such operators) must satisfy
𝑘 = 0. Putting everything together, we have shown that, for any state 𝜌,
ΩF (𝜌) = Ωaff(F) (𝜌) = sup



𝐴, 𝜌

𝐵, 𝜌 = 1, h𝐵 − 𝐴, 𝜎i = 0 ∀𝜎 ∈ F, 𝐴, 𝐵 ≥ 0

(53)

which is precisely the desired form.

For the reciprocal, we notice that 𝑅max (𝜌k𝜎)−1 = sup 𝜆 𝜆𝜌 ≤ 𝜎 . This allows us to express
Ωaff(F) (𝜌)−1 = sup 𝜆𝜇 𝜆𝜌 ≤ 𝑋 , 𝜇𝑋 ≤ 𝜌, 𝑋 ∈ aff(F)



= inf



𝐴, 𝜌

𝐵, 𝜌 = 1, 𝐴 − 𝐵 ∈ aff(F)*, 𝐴, 𝐵 ≥ 0 .

(54)

An analogous series of arguments leads us to the expression in the statement of the Lemma.
The main proof can be now shown by generalising an approach of Ref. [6] (cf. [11]).
Proof of Theorem 5. (i) Assume that ΩF (𝜌) > 1, since otherwise both states are free and the result
is trivial. By hypothesis, we have that there exists a state 𝜎 ∈ F such that 𝜌 ≤ 𝜆𝜎 and 𝜎 ≤ 𝜇𝜌
with 𝜆𝜇 = ΩF (𝜌), and analogously there exists 𝜎0 ∈ F such that 𝜌0 ≤ 𝜆0 𝜎0 and 𝜎0 ≤ 𝜇0 𝜌0 with
𝜆0𝜇0 = ΩF (𝜌0). Since 𝜆𝜇 ≥ 𝜆0𝜇0 by assumption, we can always choose a positive factor 𝑘 such that
𝑘𝜌0 ≤ 𝜆𝜎0 and 𝜎0 ≤ 𝜇𝑘𝜌0. To see this, notice that this is trivial if 𝜆 ≥ 𝜆0 and 𝜇 ≥ 𝜇0; if 𝜇 < 𝜇0, then
𝜇0
we take 𝑘 = 𝜆𝜆0 ; and in the case that 𝜆 < 𝜆0, it suffices to take 𝑘 = 𝜇 . Denoting 𝜌00 B 𝑘𝜌0, define the
sequence of maps
0

00

ℰ 𝑛 (𝑋) B h𝐵𝑛 , 𝑋i 𝜆𝜎 − 𝜌







1
+ h𝐴𝑛 , 𝑋i 𝜌 − 𝜎0 ,
𝜇
00

(55)

where (𝐴𝑛 )𝑛 and (𝐵𝑛 )𝑛 are optimal sequences of feasible operators for ΩF (𝜌) in Lemma 6, that is,
𝑛 →∞
ones such that 𝐴𝑛 , 𝜌 −−−−→ 𝜆𝜇. Because the Choi operator of such a map is given by
0

00

𝐽ℰ𝑛 = 𝐵𝑛 ⊗ 𝜆𝜎 − 𝜌







1
+ 𝐴 𝑛 ⊗ 𝜌 − 𝜎0 ,
𝜇
00

(56)

the positive semidefiniteness of all involved operators ensures that 𝐽ℰ𝑛 ≥ 0 and thus that the map
ℰ 𝑛 is completely positive [88]. For any 𝜋 ∈ F, the map furthermore satisfies





1
ℰ 𝑛 (𝜋) = 𝜆 −
h𝐵𝑛 , 𝜋i 𝜎0 ∝ 𝜎0 ∈ F,
𝜇

(57)

18
which means that it is a free operation. Crucially, it holds that
ℰ 𝑛 (𝜌) =

1
𝜇

𝜆𝜇 − 𝐴𝑛 , 𝜌

|{z} |
∈(0,1]

{z



𝜎0 +

}

𝑛→∞

𝐴𝑛 , 𝜌 − 1 𝜌00 .



|

−−−−→ 0

{z

(58)

}

𝑛→∞

−−−−→ 𝜆𝜇−1

That is, in the limit 𝑛 → ∞, the sequence of the output operators ℰ 𝑛 (𝜌) converges (up to
normalisation) to the target state 𝜌0, thus realising the desired free transformation. To complete the
proof, we need to ensure that the maps ℰ 𝑛 are valid probabilistic operations by rescaling them to
be trace–non-increasing maps as ℰ 𝑛0 B ℰ 𝑛 /[max𝜔∈D Tr ℰ 𝑛 (𝜔)]. The sequence of probabilistic free
operations (ℰ 𝑛0 )𝑛 is precisely our desired protocol which achieves the transformation 𝜌 →
−O 𝜌0.
𝑛 →∞

Remark. Noticing that Tr ℰ 𝑛 (𝜌) −−−−→ 𝑘(𝜆𝜇 − 1), which is non-zero for any 𝜌 ∉ F, one can wonder
whether there actually exists a possibility that the protocol only succeeds asymptotically, in the
sense of vanishing probability of success as in Eq. (2). That is indeed the case, and the culprit is the
renormalisation coefficient





1
𝐴𝑛
max Tr ℰ 𝑛 (𝜔) = (𝜆 − 𝑘)𝐵𝑛 + 𝑘 −
𝜇
𝜔∈D

(59)
∞

which is used to rescale the maps ℰ 𝑛 to be trace non-increasing. In general, we have no guarantee
that this quantity is bounded, and indeed it might be the case that both k𝐴𝑛 k ∞ and k𝐵𝑛 k ∞ diverge
𝑛 →∞
to infinity as 𝑛 → ∞; such divergent cases are precisely when we get Tr ℰ 𝑛0 (𝜌) −−−−→ 0 after
renormalising. On the other hand, when the supremum in the dual program for ΩF (𝜌) is achieved
by some operators 𝐴 and 𝐵, then we can choose
0

00

ℰ(𝑋) B h𝐵, 𝑋i 𝜆𝜎 − 𝜌





1
+ h𝐴, 𝑋i 𝜌 − 𝜎0
𝜇
00


(60)

as an optimal operation which satisfies ℰ ∈ O and ℰ(𝜌) ∝ 𝜌0. This is the case, for instance, when
there exists optimal sequences (𝐴𝑛 )𝑛 and (𝐵𝑛 )𝑛 which are both bounded: choosing (𝑛 𝑘 ) 𝑘 as a
sequence of indices such that both of the subsequences (𝐴𝑛 𝑘 ) 𝑘 and (𝐵𝑛 𝑘 ) 𝑘 converge, it suffices to take
𝐴 and 𝐵 defined as the limits of such subsequences. We will return to this problem in Lemma 8.
(ii) For the case ΩF (𝜌) = ∞ and 𝑅 F (𝜌0) C 𝜆0 < ∞, we will find it easier to work with the
reciprocal function ΩF (𝜌)−1 , as we have ΩF (𝜌)−1 = 0 and the optimal value of the dual optimisation
problem is finite. Using the dual form of ΩF (𝜌)−1 in Lemma 6, there exists sequences (𝐴𝑛 )𝑛 , (𝐵𝑛 )𝑛
𝑛 →∞
such that 𝐴𝑛 , 𝜌 −−−−→ 0, 𝐵𝑛 , 𝜌 = 1 ∀𝑛, and h𝐴𝑛 , 𝜎i = h𝐵𝑛 , 𝜎i ∀𝜎 ∈ F, 𝑛 ∈ N. This allows us to
construct the maps
ℰ 𝑛 (𝑋) B h𝐴𝑛 , 𝑋i (𝜆0 𝜎0 − 𝜌0) + h𝐵𝑛 , 𝑋i 𝜌0

(61)
𝑛 →∞

where 𝜎0 ∈ F is a state such that 𝜌0 ≤ 𝜆0 𝜎0, which exists by assumption. Clearly, ℰ 𝑛 (𝜌) −−−−→ 𝜌0 and
ℰ 𝑛 (𝜎) = h𝐵𝑛 , 𝜎i 𝜆0 𝜎0 for any 𝜎 ∈ F. Renormalising the operations to be trace non-increasing, we get
the desired transformation.
As before, when there exists a choice of 𝐴, 𝐵 optimal for ΩF (𝜌)−1 , then it suffices to take
ℰ(𝑋) B h𝐴, 𝑋i (𝜆0 𝜎0 − 𝜌0) + h𝐵, 𝑋i 𝜌0 .

(62)

(iii) The case of 𝑅F (𝜌) = ∞ implies that 𝜌 must have a non-trivial overlap with the subspace
orthogonal to all states in F, i.e., that there exists a vector |𝜓i such that 𝜓, 𝜌 > 0 but 𝜓, 𝜎 = 0
for all 𝜎 ∈ F. Were this not the case, by convexity of F we could take a free state whose support is
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the union of the supports of all free states, and the support of 𝜌 would have to be contained in this
subspace, contradicting the assumption that 𝑅 F (𝜌) = ∞. We then construct the map
ℰ(𝑋) B 𝜓, 𝑋 𝜌0 ,

(63)

which achieves the desired transformation with probability 𝜓, 𝜌 . The fact that 0 ≤ 𝜓 ≤ 1 implies
that 𝜓, 𝜌 ∈ [0, 1] for any state 𝜌, and together with the fact that ℰ(𝜎) = 0 for any 𝜎 ∈ F, we indeed
have that ℰ ∈ O.
General resource theories

Let us now consider the case of non-affine resource theories. Here, the issue we encounter is
that the simplified form of ΩF in Lemma 6 is no longer applicable, preventing us from following
the same approach. To circumvent this, we will employ the free projective robustness ΩFF .
Theorem 7. In any convex resource theory, there exists a resource–non-generating probabilistic
transformation 𝜌 →
−O 𝜌0 if any of the following conditions is satisfied:
(i) ∞ > ΩF (𝜌) ≥ ΩFF (𝜌0),
(ii) ∞ = ΩF (𝜌) and 𝑅 FF (𝜌0) < ∞,
(iii) 𝑅F (𝜌) = ∞.
Combining this with the monotonicity result of Theorem 4, as long as 𝑅 FF (𝜌0) < ∞ (which is true
for all states in any full-dimensional resource theory), we have the following:
𝜌→
−O 𝜌0 ⇒ ΩF (𝜌) ≥ ΩF (𝜌0), ΩFF (𝜌) ≥ ΩFF (𝜌0),

(64)

𝜌→
−O 𝜌0 ⇐ ΩF (𝜌) ≥ ΩFF (𝜌0).

We see here that this reduces to an ‘if and only if’ statement only when ΩF (𝜌0) = ΩFF (𝜌0). Although
this might not always be true, we will shortly see that states obeying this requirement can be
defined in relevant cases (such as the problem of resource distillation), allowing us to use this result
as a necessary and sufficient condition for resource conversion also in non-affine theories.
Proof. (i) The basic idea is very similar to Theorem 5. We construct the maps
0

00

ℰ 𝑛 (𝑋) B h𝐵𝑛 , 𝑋i 𝜆𝜎 − 𝜌







1
+ h𝐴𝑛 , 𝑋i 𝜌 − 𝜎0 ,
𝜇
00

(65)

where (𝐴𝑛 )𝑛 , (𝐵𝑛 )𝑛 are optimal sequences of operators for ΩF (𝜌) as before, but now 𝜎0 is a state
such that 𝜌00 ≤F 𝜆𝜎0 and 𝜎0 ≤ 𝜇𝜌00, with 𝜌00 being the state 𝜌0 which has been rescaled if needed.
The crucial difference now is that 𝜆𝜎0 − 𝜌00 ∈ cone(F). What this means is that, for any 𝜎 ∈ F,
0

00

ℰ 𝑛 (𝜎) = h𝐵𝑛 , 𝜎i 𝜆𝜎 − 𝜌
0

1
+ h𝐴𝑛 , 𝜎i 𝜌 − 𝜎0
𝜇

00



≥F h𝐴𝑛 , 𝜎i 𝜆𝜎 − 𝜌



= 𝜆−







00





1
+ h𝐴𝑛 , 𝜎i 𝜌 − 𝜎0
𝜇

1
h𝐴𝑛 , 𝜎i 𝜎0 ∈ cone(F)
𝜇

00


(66)
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which, by the convexity of cone(F), means that ℰ 𝑛 (𝜎) ∈ cone(F) and hence that ℰ 𝑛 ∈ O. Here, we
used that h𝐵𝑛 , 𝜎i ≥ h𝐴𝑛 , 𝜎i for any 𝜎 ∈ F, which is a property obeyed by any feasible dual solution
to ΩF (𝜌) (cf. Theorem 1). Clearly, we also have
ℰ 𝑛 (𝜌) =


1
𝜆𝜇 − 𝐴𝑛 , 𝜌 𝜎0 +
𝜇

𝑛 →∞

𝐴𝑛 , 𝜌 − 1 𝜌00 −−−−→ (𝜆𝜇 − 1)𝜌00 ∝ 𝜌0



(67)

as before. The operations (ℰ 𝑛 )𝑛 therefore realise the desired transformation, and with a suitable
rescaling they form a valid probabilistic transformation.
(ii) Taking the dual form of the reciprocal function ΩF (𝜌)−1 , we can write
ΩF (𝜌)−1 = inf



𝐴, 𝜌

𝐵, 𝜌 = 1, h𝐴 − 𝐵, 𝜎i ≥ 0 ∀𝜎 ∈ F, 𝐴, 𝐵 ≥ 0 .

(68)

Since ΩF (𝜌)−1 = 0 by assumption, we can take the optimal choice of such operators satisfying
𝑛 →∞
𝐴𝑛 , 𝜌 −−−−→ 0 and construct the maps
ℰ 𝑛 (𝑋) B h𝐴𝑛 , 𝑋i (𝜆0 𝜎0 − 𝜌0) + h𝐵𝑛 , 𝑋i 𝜌0

(69)
𝑛 →∞

where 𝜎0 ∈ F is a state such that 𝜌0 ≤F 𝜆0 𝜎0 with 𝜆0 B 𝑅 FF (𝜌0). We can see that ℰ 𝑛 (𝜌) −−−−→ 𝜌0 and
ℰ 𝑛 (𝜎) ≥F h𝐵𝑛 , 𝑋i (𝜆0 𝜎0 − 𝜌0) + h𝐵𝑛 , 𝑋i 𝜌0
= h𝐵𝑛 , 𝑋i 𝜆0 𝜎0 ∈ cone(F)

(70)

for any 𝜎 ∈ F, as was to be shown.
(iii) Exactly the same as in Theorem 5.
We now give sufficient conditions which strengthen the result to show that not only can
the transformation 𝜌 →
−O 𝜌0 be realised probabilistically, it is actually achieved with a non-zero
probability of success (that is, no asymptotic protocols are necessary).
Lemma 8. Let 𝜌, 𝜌0 be two states such that 𝜌 →
−O 𝜌0 is possible probabilistically (as per Theorem 5
or 7). If additionally either of the following is true:
(a) 𝜌 is full rank and ΩF (𝜌) < ∞ (i.e. there exists a full-rank free state), or
(b) there is no free state 𝜎 such that supp 𝜎 ⊆ supp 𝜌 (i.e. 𝑊F (𝜌) = 0),
then there exists ℰ ∈ O such that ℰ(𝜌) = 𝑝𝜌0 for some 𝑝 > 0.
Note in particular that condition (b) is satisfied for any resourceful pure state.
Proof. As discussed in the proof of Theorem 5, the existence of such a map ℰ ∈ O can be ensured
by showing that the dual optimisation problems for ΩF (𝜌) or ΩF (𝜌)−1 are achieved, in the sense
that there exist feasible 𝐴, 𝐵 such that ΩF (𝜌) (or ΩF (𝜌)−1 ) equals 𝐴, 𝜌 .
(a) When 𝜌 is a full-rank state with ΩF (𝜌) < ∞, then any 𝐴 ≥ 0 feasible for ΩF (𝜌) satisfies
h𝐴, 𝜔i ≤ 𝑅 max (𝜔k𝜌) 𝐴, 𝜌 ≤ 𝜆min (𝜌)−1 ΩF (𝜌) for any state 𝜔 by Lemma 2. This means that
k𝐴k ∞ = max𝜔∈D h𝐴, 𝜔i is upper bounded by a constant independent of 𝐴. Similarly, the condition
𝐵, 𝜌 = 1 ensures that k𝐵k ∞ ≤ 𝜆min (𝜌)−1 . Any optimal sequences (𝐴𝑛 )𝑛 , (𝐵𝑛 )𝑛 are therefore
bounded, and taking suitable convergent subsequences ensures that the supremum in the dual
form of ΩF (𝜌) is achieved.
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(b) Note first that 𝑊F (𝜌) = 0 implies ΩF (𝜌) = ∞, so we consider the quantity ΩF (𝜌)−1 . In this
case, we have that Π𝜌 , 𝜌 = 1 but Π𝜌 , 𝜎 < 1 ∀𝜎 ∈ F, where Π𝜌 denotes the projection onto
supp 𝜌. Let 𝜁 = max𝜎∈F Π𝜌 , 𝜎 and define
𝐴B

𝜁
(1 − Π𝜌 ),
1−𝜁

𝐵 B Π𝜌 .

(71)

We see that 𝐴, 𝜌 = 0, 𝐵, 𝜌 = 1, and h𝐴 − 𝐵, 𝜎i ≥ 0 ∀𝜎 ∈ F. This means that 𝐴 and 𝐵 are feasible
solutions for ΩF (𝜌)−1 which achieve the optimal value ΩF (𝜌)−1 = 0.
A general consequence of the results in Theorems 5 and 7 is that states with infinite projective
robustness can always be interconverted probabilistically; that is,
ΩF (𝜌) = ΩF (𝜌0) = ∞ ⇒ 𝜌 →
−O 𝜌0 , 𝜌0 →
−O 𝜌.

(72)

This includes, in particular, all pure resourceful states, and thus implies that no such state can be
isolated: any pure state can be obtained from another resourceful pure state with some non-zero
probability under resource–non-generating transformations. This contrasts with some more
restricted theories, such as entanglement manipulated by LOCC: in the bipartite setting, pure states
can be interconverted only if they share the same Schmidt rank [34, 89], and in the multipartite
setting, there exist inequivalent types of entanglement that cannot be interconverted [35]. We thus
see that using the operations O allows one to overcome such limitations in the regime of pure-state
transformations. In the context of entanglement theory, similar results about the convertibility of
pure states have been shown previously through other approaches [51, 58, 90]; our approach extend
this to general resource theories and to states beyond pure. Here we remark the rather interesting
fact that, when deterministic transformations are concerned, the operational capabilities provided by
the resource–non-generation operations O are not always significantly larger than those of smaller,
physically motivated operations — for example, in the concentration of entanglement from pure
states, the maximal operations O do not even outperform one-way LOCC [80].
D.

Projective robustness in channel discrimination

Another application of the projective robustness ΩF can be obtained by connecting it with the
advantage that the given resource provides in a class of channel discrimination tasks. This is
essentially an extension of similar properties that were recently shown to hold for the robustness [68]
and weight [70, 71] measures. Since this is not related to our main discussion concerned with the
uses of ΩF in constraining resource manipulation, we defer the details to Appendix A.

IV.

PROBABILISTIC RESOURCE DISTILLATION

We will now show how our results can be employed to establish strong bounds on the
performance of resource distillation tasks. In this setting, we aim to transform a given noisy state 𝜌
into some pure resource state 𝜙, often taken to be a maximally resourceful state or a particularly
useful state that is necessary in the practical utilisation of a given resource. The representative
example of such a task is entanglement distillation, whose probabilistic characterisation attracted
significant attention [3, 34, 36, 77, 79, 91].
However, we already know from Theorem 4 that transformations 𝜌 →
−O 𝜙 are never possible
when 𝜌 is a generic (full-rank) noisy state. This can be circumvented by allowing a small error in
the conversion, which means that we will instead aim to achieve a transformation 𝜌 →
−O 𝜏, where 𝜏
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√ √
is a state such that 𝐹(𝜏, 𝜙) ≥ 1 − 𝜀 with 𝐹(𝜌, 𝜎) B k 𝜌 𝜎k 21 being the fidelity. We then endeavour
to understand and bound the error 𝜀 necessarily incurred in such protocols.
Let us begin by recalling some bounds that have been previously established in this context
for general resource theories. The robustness 𝑅 F can provide both one-shot [18] and many-copy
bounds [28] for distillation, with the latter particularly applicable to asymptotic transformation
rates. When it comes to bounds on resource overheads — that is, the number of copies of a state
required to realise a desired distillation protocol — the resource weight 𝑊F was found to provide
strong constraints [28, 29]. However, such results were mostly concerned with deterministic
transformations, and probabilistic conversion protocols significantly complicate the characterisation
of distillation errors [28, 29]. We will see that the projective robustness ΩF , which can be thought
of as combining the properties of 𝑅F and 𝑊F , will allow us to establish broadly applicable bounds
that overcome the limitations of previous approaches.
Another approach to constraining the distillation of general resources, including in a probabilistic
setting, was introduced in Ref. [23] in the form of the eigenvalue bound. This restriction, applicable
to the distillation of pure states from full-rank input states, was claimed to establish a trade-off
relation between the errors and the probability of success of transformations — although there
are issues with this latter claim (as will be shown in Section IV B), the result can nevertheless be
used to lower bound transformation errors in general probabilistic protocols as considered here.
However, we will see in several examples that it typically does not yield good restrictions: the
bound obtained from the projective robustness ΩF can never be worse than the eigenvalue bound,
and in most cases it performs significantly better.

A.

Improved bounds on probabilistic distillation errors and overheads

We show that the projective robustness can be used to establish a tight bound on distillation
error in general probabilistic transformations, giving a non-trivial restriction for all full-rank states
as well as rank-deficient states that satisfy ΩF (𝜌) < ∞. The resourcefulness of the target state 𝜙
will be quantified using the overlap 𝐹F (𝜙) B max𝜎∈F h𝜙|𝜎|𝜙i, which effectively determines how
difficult a given state is to distill. Note that 𝐹F is a reverse monotone, in the sense that it gets smaller
the more resourceful a state is.
Theorem 9 ([43]). If there exists a free transformation 𝜌 →
−O 𝜏 such that 𝜏 is a state satisfying
𝐹(𝜏, 𝜙) ≥ 1 − 𝜀 for some resourceful pure state 𝜙, then
𝐹F (𝜙)
𝜀≥
ΩF (𝜌) + 1
1 − 𝐹F (𝜙)



 −1
(73)

where 𝐹F (𝜙) = max𝜎∈F 𝜙, 𝜎 . The statement is valid for all values of 𝜀 ∈ [0, 1] and all 𝐹F (𝜙) ∈ [0, 1)
as long as one understands 0∞ B ∞.
The result can be viewed either as a restriction on achievable distillation fidelity 1 − 𝜀 for a fixed
target state 𝜙, or as a constraint on how much of the given resource (quantified by 𝐹F (𝜙)) can be
distilled from 𝜌 up to given accuracy 𝜀.
We note that such thresholds were studied in the theory of quantum entanglement [36, 77], but
even in that case no general quantitative bound was previously known.
Proof. Assume first that 𝜀 > 0 and 𝐹F (𝜙) > 0. The stated relation is trivial when ΩF (𝜌) = ∞, so
assume otherwise. Then also ΩF (𝜏) < ∞ by Theorem 4, so let 𝜎 be a free state such that 𝜏 ≤ 𝜆𝜎 and
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𝜎 ≤ 𝜇𝜏 with ΩF (𝜏) = 𝜆𝜇. We then get
𝜏, 𝜙 ≤ 𝜆 𝜎, 𝜙 ≤ 𝜆𝐹F (𝜙),

(74)

1 − 𝐹F (𝜙) ≤ 𝜎, 1 − 𝜙 ≤ 𝜇 𝜏, 1 − 𝜙 .
Using the assumption 𝜏, 𝜙 ≥ 1 − 𝜀 and multiplying the above inequalities together gives
(1 − 𝜀) 1 − 𝐹F (𝜙)
ΩF (𝜌) ≥ ΩF (𝜏) = 𝜆𝜇 ≥
,
𝜀𝐹F (𝜙)



(75)

where we used the monotonicity of ΩF . Rearranging, we get the claimed relation.
To conclude, let us clarify the cases when one or both of 𝜀 and 𝐹F (𝜙) is zero. The Theorem is
consistent with the no-go result of Theorem 4 when 𝜀 = 0, as it implies that ΩF (𝜌) = ∞ is necessary
for the transformation to be possible. In the case 𝐹F (𝜙) = 0, when ΩF (𝜌) < ∞, we get 𝜀 ≥ 1 and the
transformation is not possible. If, however, 𝐹F (𝜙) = 0 and ΩF (𝜌) = ∞, then we can only give the
trivial bound 𝜀 ≥ 0; indeed, if also 𝑅F (𝜌) = ∞, then 𝜀 = 0 is actually achievable (see Theorem 7) so
no better bound that depends only on ΩF (𝜌) can be given.
Remark. The result can be alternatively seen by using the dual form of ΩF from Eq. (16). Taking
the feasible dual solutions
𝐴=

1 − 𝐹F (𝜙)
𝜙,
𝜀𝐹F (𝜙)

𝐵=

1−𝜙
𝜀

(76)

allows us to lower bound ΩF (𝜏) as in Eq. (75).
In probabilistic protocols used in practice, one is often able to improve the transformation accuracy
by ‘gambling’ with the resource. This idea stems from entanglement distillation [30, 34, 36, 37]
and is based on the fact that transformation probability can often be traded for accuracy: a higher
output fidelity can be obtained by sacrificing some probability. Since our bound holds for all values
of 𝑝 and even in the limit as 𝑝 → 0, it establishes restrictions which are impossible to beat through
such trade-offs.
The bound can tightly characterise the limitations of probabilistic transformation protocols. We
explicitly demonstrate this in Figure 2, where we plot bounds on the error incurred in entanglement
distillation. By choosing the set of positive partial transpose (PPT) states as the free states F,
the achievable performance of distillation protocols is computable exactly with an SDP (see the
forthcoming Section V; see also [37]), which we can then use to benchmark the performance of
our bound. Not only does the projective robustness bound of Theorem 9 significantly improve
over the eigenvalue bound (78), we will shortly prove (see Corollary 13) that ΩF gives the tightest
possible restriction on the achievable error of probabilistic distillation schemes — the whole region
in Figure 2 that is not forbidden by the projective robustness bound is actually achievable by
probabilistic protocols, and such a feature extends to more general resource theories. As detailed
in the Figure, the applications of our bound provide new insights into the advantages that can be
obtained by employing probabilistic protocols in entanglement transformations, strengthening and
extending previous results where entanglement manipulation under LOCC [34, 36, 77, 79, 91, 92]
was considered.
We remark here that yet another approach to bounding achievable error in probabilistic
transformations was introduced in Ref. [28] based on the strong monotonicity of the robustness and
weight measures. Although accurate for 𝑝 ≈ 1, these bounds quickly become trivial as 𝑝 decreases,
which is why we do not include them in our comparison.
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FIG. 2. Bounding achievable error in entanglement distillation. We consider the task of distilling a single
copy of a maximally entangled state |𝜙2 i under operations O, which in this case correspond to PPT-preserving
operations. The projective robustness bound of Theorem 9, which lower bounds the achievable error 𝜀 under
any physical transformation, is compared with the eigenvalue bound of [23] (see Eq. (78)) as well as with the
achievable performance of distillation protocols. The achievable error is plotted in both the deterministic
(𝑝 = 1) case and the probabilistic case for a choice of 𝑝 ∈ {0.75, 0.5} (from top to bottom, respectively).
We see in (a) that, for a single copy of an isotropic state, probabilistic protocols offer no improvement in
distillation error — the projective robustness bound is actually achievable deterministically, and indeed
it is achievable by simply leaving the state 𝜌 as it is and not performing any operations whatsoever. This
provides a strengthening of the result of [91], where it was shown that probabilistic LOCC cannot increase
the distillation fidelity of a single isotropic state; we extend this to all PPT-preserving (or non-entangling)
operations. (We will later see an analytical proof of this fact in Corollary 15.) Note that the eigenvalue bound
is too weak to reach the same conclusion.
In (b), where two copies of an isotropic state are used, we see that probabilistic protocols offer an enhanced
performance over deterministic ones. We also see that the protocol for 𝑝 = 0.5 achieves the projective
robustness bound, which means that no further improvement in fidelity can be obtained by choosing 𝑝 < 0.5.
The plot in (c), on the other hand, suggests that an improved distillation fidelity can be obtained by lowering
the probability below 𝑝 = 0.5. Note the extremely poor performance of the eigenvalue bound in comparison
with the projective robustness and the achievable protocols.
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An important consequence of the universal bound of Theorem 9 is that we can use the
subadditivity of the projective robustness to provide limitations on the overhead required in
many-copy transformations. Specifically, consider a protocol where one aims to minimise the
transformation error by using more input copies of the given state. Given access to 𝜌 ⊗𝑛 , we are
then concerned with the question of how many copies are required to achieve a desired accuracy.
Corollary 10. Assume that the given convex resource theory is closed under tensor product, in the
sense that 𝜎 ∈ F ⇒ 𝜎 ⊗𝑛 ∈ F. If there exists a free transformation 𝜌 ⊗𝑛 →
−O 𝜏 such that 𝜏 is a state
satisfying 𝐹(𝜏, 𝜙) ≥ 1 − 𝜀 for some resourceful pure state 𝜙, then
(1 − 𝜀) 1 − 𝐹F (𝜙)
.
𝜀𝐹F (𝜙)



𝑛 ≥ logΩF (𝜌)

(77)

Proof. Follows from Eq. (75) and the submultiplicativity of ΩF (Theorem 1(v)).
The practical performance of this bound has already been demonstrated in Ref. [43], where it was
shown in particular that ΩF significantly improves on the eigenvalue bound. We note that, although
we considered the target state to be a single system 𝜙, one can equivalently study the overhead in
transformations of the type 𝜌 ⊗𝑛 →
−O 𝜙 ⊗𝑚 . Importantly, the bound only depends on the overlap 𝐹F (𝜙)
of the target state, which in many resource theories satisfies 𝐹F (𝜙 ⊗𝑚 ) = 𝐹F (𝜙)𝑚 and is therefore
simple to compute for many-copy target states (this includes the theories of entanglement [93],
coherence, athermality, and magic when 𝜙 is a state of up to 3 qubits [94]).
Our bound
here shows
that the total overhead 𝑛 of any distillation protocol must scale as


1
=
Ω
log
Ω log 1−𝜀
,
even
if the transformation probability is allowed to vanish asymptotically.
𝜀
𝜀
This strengthens the previous observation of Ref. [23] where this was shown to hold for constant,
non-vanishing probability of success.
Let us comment briefly on the applicability and usefulness of the restrictions introduced
here. The key property of the bounds of this section is to constrain all possible probabilistic
transformations, regardless of their probability of success. In some cases, rather than a constraint
on all probabilistic protocols, one may wish to obtain bounds on transformations achievable for
a certain fixed probability — such restrictions are the subject of the forthcoming Section V. If
constraints only on deterministic protocols are desired, there is no need to consider the projective
robustness: in such a case, either the robustness- [18, 28] or the weight-based [28, 29] bound will
perform better than ΩF in the context of resource distillation.
B.

Comparison with the eigenvalue bound

The eigenvalue bound from Ref. [23] states that, for any full-rank input state 𝜌 and any 𝜀-error
probabilistic protocol that succeeds with probability 𝑝, it holds that
𝜆min (𝜌) 1 − 𝐹F (𝜙)
𝜀
≥
,
𝑝
𝑅F (𝜌)



(78)

where 𝜆min denotes the smallest eigenvalue. We have already seen in Figure 2 (cf. also [43]) that the
restrictions obtained using the projective robustness can significantly improve on this bound; we
now explicitly prove that the ΩF -based bounds are never worse than the eigenvalue bound. In fact,
we will also show that the dependence of the eigenvalue bound on the probability of success 𝑝 is
superficial — we can replace 𝑝 with the constant 1 and the bound still holds for any probabilistic
transformation, including protocols that succeed with asymptotically vanishing probability.
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Lemma 11. If there exists a probabilistic transformation 𝜌 →
−O 𝜏 such that 𝜏 is a state satisfying
𝐹(𝜏, 𝜙) ≥ 1 − 𝜀 for some resourceful pure state 𝜙, then
1 − 𝐹F (𝜙) 𝜆min (𝜌) 1 − 𝐹F (𝜙)
≥
.
𝜀≥
ΩF (𝜌)
𝑅 F (𝜌)



(79)

Proof. The first inequality is essentially a weaker version of Theorem 9; here, we write ΩF (𝜏) = 𝜆𝜇,
recall from Eq. (74) that
1 − 𝐹F (𝜙) ≤ 𝜇 𝜏, 1 − 𝜙 ≤ 𝜇𝜀,

(80)

and use the trivial lower bound 𝜆 ≥ 1 to obtain
ΩF (𝜌) ≥ ΩF (𝜏) ≥ 𝜇 ≥

1 − 𝐹F (𝜙)
𝜀

(81)

using the monotonicity of ΩF . Finally, the upper bound ΩF (𝜌) ≤ 𝑅 F (𝜌) 𝜆min (𝜌)−1 (see Theorem 1(viii)) gives the statement of the Lemma.
Let us discuss a consequence of this finding. One of the stated aims of the eigenvalue bound
was to understand trade-offs between the error 𝜀 and probability 𝑝 [23]; in this sense, it can be
viewed as a bound on the probability of success as
𝑝≤

𝜀𝑅F (𝜌)
𝜆min (𝜌) 1 − 𝐹F (𝜙)

 C 𝑣(𝜌, 𝜀),

(82)

However, our result implies that this bound is unable to give any non-trivial restrictions on the
probability, since it holds that 𝑣(𝜌, 𝜀) ≥ ΩF (𝜌) / ΩF (𝜏). What this means is that, when 𝑣(𝜌, 𝜀) < 1,
this implies that ΩF (𝜏) > ΩF (𝜌) and hence the transformation is actually impossible with any
non-zero probability (as per Theorem 4), while if 𝑣(𝜌, 𝜀) ≥ 1, then the bound trivialises. Indeed,
the stronger statement of the eigenvalue bound that we derived in Lemma 11, and the ensuing
superficiality of the dependence of Eq. (82) on the probability 𝑝, means that the eigenvalue bound
applies in the same way regardless of the probability of success of the distillation protocol.
Remark. Ref. [23] concluded from the eigenvalue bound that probabilistic transformations from
a full-rank state 𝜌 to a resourceful pure state 𝜙 is impossible in any resource theory. This is not
strictly correct, as can be seen from the example where F = {|0ih0|} and 𝜌 is any full-rank one-qubit
state. The state |1i can then be probabilistically obtained from 𝜌 by simply projecting onto it —
such a projection cannot generate any resource when acting on |0ih0|, so it is a free probabilistic
operation. The missing assumption in Ref. [23] is that the robustness 𝑅 F (𝜌) is finite. (Note also that
this no-go result is significantly strengthened by our Theorem 4, as we discussed previously).

C.

Achievable fidelity

We now investigate the tightness of the general bound of Theorem 9 by constructing achievable
protocols for the distillation of resources.
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Theorem 12. Let 𝜙 be a resourceful pure state in any convex resource theory. For any 𝜀 satisfying
ΩF (𝜌)

𝜀≥

𝑅 FF (𝜙) − 1

! −1
,

+1

(83)

there exists a resource non-generating protocol 𝜌 →
−O 𝜏𝜀 where 𝜏𝜀 is a state such that 𝐹(𝜏𝜀 , 𝜙) ≥ 1 − 𝜀.
If the resource theory is affine, it suffices to take



ΩF (𝜌)
𝜀≥
+1
𝑅 F (𝜙) − 1

 −1

.

(84)

Proof. If ΩF (𝜌) = ∞, then Theorems 5–7 already tell us that this transformation is possible with
𝜀 = 0, so we assume that ΩF (𝜌) < ∞. Let us then consider the two non-trivial cases: (i) 𝑅 FF (𝜙) < ∞,
and (ii) the resource theory is affine and 𝑅 F (𝜙) < ∞. Notice that the chosen value of 𝜀 in (i) Eq. (83)
or (ii) Eq. (84) entails that


1−𝜀 F
𝑅 F (𝜙) − 1 ,
𝜀

1−𝜀
𝑅 F (𝜙) − 1 .
(ii) ΩF (𝜌) ≥
𝜀
(i) ΩF (𝜌) ≥

(85)

Let 𝜎 ∈ F be a state such that (i) 𝜙 ≤F 𝜆𝜎 with 𝜆 = 𝑅 FF (𝜙) or (ii) 𝜙 ≤ 𝜆𝜎 with 𝜆 = 𝑅 F (𝜙), and define
the state
𝜆𝜎 − 𝜙
𝜆 − 1

1
𝜆
= (1 − 𝜀) − 𝜀
𝜙+𝜀
𝜎.
𝜆−1
𝜆−1

𝜏𝜀 B (1 − 𝜀)𝜙 + 𝜀

(86)

We then have
(i)

𝜏𝜀 ≤F



𝜆
1
𝜆𝜎 + 𝜀
𝜎
(1 − 𝜀) − 𝜀
𝜆−1
𝜆−1



= (1 − 𝜀)𝜆𝜎,
1
𝜆
𝜏𝜀 ≤ (1 − 𝜀) − 𝜀
𝜆𝜎 + 𝜀
𝜎
𝜆−1
𝜆−1



(ii)

(i), (ii)



(87)

= (1 − 𝜀)𝜆𝜎,
𝜆
𝜏𝜀 ≥ 𝜀
𝜎.
𝜆−1

This means that
(i)
(ii)

1−𝜀
(𝜆 − 1)
𝜀
1−𝜀
ΩF (𝜏𝜀 ) ≤
(𝜆 − 1),
𝜀
ΩFF (𝜏𝜀 ) ≤

(88)

which in particular implies that (i) ΩFF (𝜏𝜀 ) ≤ ΩF (𝜌) or (ii) ΩF (𝜏𝜀 ) ≤ ΩF (𝜌), as the right-hand sides
of (85) and (88) coincide. Invoking (i) Theorem 7 or (ii) Theorem 5 shows the existence of a
probabilistic transformation 𝜌 →
−O 𝜏𝜀 . Since 𝐹(𝜏𝜀 , 𝜙) ≥ 1 − 𝜀 by construction, we have thus shown
the desired achievability.
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Remark. Instead of going through Theorems 5–7, one can also directly construct the protocol
which performs the desired transformation. This transformation is given by
𝜆
ℰ 𝑛 (𝑋) B h𝐵𝑛 , 𝑋i [(1 − 𝜀)𝜆𝜎 − 𝜏𝜀 ] + h𝐴𝑛 , 𝑋i 𝜏𝜀 − 𝜀
𝜎
𝜆−1


𝜆(1 − 𝜀) − 1 
=
h𝐵𝑛 , 𝑋i 𝜆𝜎 − 𝜙 + h𝐴𝑛 , 𝑋i 𝜙 ,
𝜆−1




(89)

where (𝐴𝑛 )𝑛 , (𝐵𝑛 )𝑛 are optimal sequences of operators in the dual expression for ΩF (𝜌).
Combining Theorem 12 and Theorem 9 gives the bounds
1
ΩF (𝜌) + 1
F
𝑅 F (𝜙) − 1

! −1





ℰ(𝜌)
≥ inf 1 − 𝐹
,𝜙
Tr ℰ(𝜌)
ℰ∈O



𝐹F (𝜙)
≥
ΩF (𝜌) + 1
1 − 𝐹F (𝜙)

 −1

𝐹F (𝜙)
≥
ΩF (𝜌) + 1
1 − 𝐹F (𝜙)

 −1



,

(90)

,

(91)

which are valid in any convex resource theory, and



1
ΩF (𝜌) + 1
𝑅 F (𝜙) − 1

 −1





ℰ(𝜌)
≥ inf 1 − 𝐹
,𝜙
Tr ℰ(𝜌)
ℰ∈O





which hold for affine resources. We stress once again that the converse (lower) bounds are valid in
any resource theory with any set of free operations contained in O, while the achievable (upper)
bounds are valid specifically for resource–non-generating operations O.
A natural question then is: when can these bounds coincide, meaning that ΩF exactly characterises the least error achievable in distillation of 𝜙? Comparing the bounds in Eqs. (90)–(91), we
see that a necessary and sufficient condition for the upper and lower bounds to be equal is that
𝑅 FF (𝜙) = 𝐹F (𝜙)−1 , or 𝑅 F (𝜙) = 𝐹F (𝜙)−1 in affine resource theories. Remarkably, states satisfying the
latter equality exist in every convex quantum resource theory — these are the maximally resourceful
(so-called ‘golden’) states [18]. Throughout this paper, we understand ‘maximally resourceful’ to
mean specifically any state which maximises the robustness 𝑅 F , the motivation for this choice being
precisely that such states satisfy 𝑅 F (𝜙) = 𝐹F (𝜙)−1 . We formalise the consequences of such a choice
as follows.
Corollary 13 ([43]). Let 𝜙★ be a pure state which maximises the robustness 𝑅 F among all states of
the same dimension. Then, as long as either:
(i) the given resource theory is affine, or
(ii) it holds that 𝑅F (𝜙★) = 𝑅 FF (𝜙★),
then there exists a resource–non-generating protocol that achieves the bound of Theorem 9. Specifically,
for any input state 𝜌 it holds that





ℰ(𝜌)
inf 1 − 𝐹
, 𝜙★
Tr ℰ(𝜌)
ℰ∈O



𝐹F (𝜙★)
=
ΩF (𝜌) + 1
1 − 𝐹F (𝜙★)



 −1

.

(92)

The choice of a maximally resourceful state as the distillation target is a natural one in most
quantum resources. In the fundamental example of quantum entanglement, 𝜙★ can be understood
Í
√1
as any maximally entangled state 𝑚
𝑖=1 𝑚 |𝑖𝑖i of some dimension; indeed, these states satisfy
𝑅 FF (𝜙★) = 𝐹F (𝜙★)−1 [66, 93], and so we obtain an exact quantitative characterisation of probabilistic
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distillation of entanglement. The same property holds true in multi-level bipartite entanglement
of higher Schmidt rank [95], genuine multipartite entanglement [58], as well as in the resource
theory of multi-level quantum coherence [95]. For other theories such as magic-state quantum
computation, it is not always the case that 𝑅FF (𝜙★) = 𝐹F (𝜙★)−1 [96], but one can nevertheless find
examples of states for which the bounds in (90) coincide — for example, the three-qubit Hoggar
state, or the single-qutrit Strange and Norell states [97]. For any such target state, (92) is satisfied.
We also stress that Corollary 13 gives an exact expression for the least achievable distillation error
under resource–non-generating operations in any affine resource theory.
Proof. The key property that we use is that 𝑅 F (𝜙★) = 𝐹F (𝜙★)−1 [18, Theorem 4], which holds for any
state 𝜙★ that maximises the robustness in some dimension (noting that the input 𝜌 and the target 𝜙★
can act on spaces of different dimension). If the resource theory is affine, Theorem 12 immediately
gives us our desired achievability. For non-affine theories, before we invoke Theorem 12, we
additionally need to ensure that 𝑅FF (𝜙★) = 𝐹F (𝜙★)−1 in order to match the bound of Theorem 9,
which is why we require that 𝑅 F (𝜙★) = 𝑅 FF (𝜙★).
We can also give an alternative interpretation of the above bounds. For a fixed 𝜀 > 0, they can be
understood as establishing a limitation on the resourcefulness of any state |𝜙i that can be distilled
from 𝜌 up to the given error.
Corollary 14. If there exists a transformation 𝜌 →
−O 𝜏 such that 𝜏 is a state satisfying 𝐹(𝜏, 𝜙) ≥ 1 − 𝜀
for some resourceful pure state 𝜙, then
𝐹F (𝜙)−1 ≤

𝜀
ΩF (𝜌) + 1.
1−𝜀

(93)

Conversely, let 𝜙★ be as in Corollary 13. Then, for any 𝜀 such that
𝐹F (𝜙★)−1 ≤

𝜀
ΩF (𝜌) + 1,
1−𝜀

(94)

there exists a resource–non-generating protocol 𝜌 →
−O 𝜏 where 𝜏 is a state satisfying 𝐹(𝜏, 𝜙★) ≥ 1 − 𝜀.
To understand this interpretation of the bound, it is helpful to consider the explicit example of
the resource theory of entanglement. As mentioned previously, the maximally resourceful states
Í
F
−1 = 𝑚, which means that the two directions of the
√1
|Φ𝑚 i B 𝑚
𝑖=1 𝑚 |𝑖𝑖i satisfy 𝑅 F (Φ𝑚 ) = 𝐹F (Φ𝑚 )
above bound match, and we obtain that
sup 𝑚 ∈ N 𝜌 →
−O 𝜏, 𝐹(𝜏, Φ𝑚 ) ≥ 1 − 𝜀 =



j 𝜀
1−𝜀

k

ΩF (𝜌) + 1 ,

(95)

with the b·c needed because of the discrete character of the states {Φ𝑚 } 𝑚 . The above result, stated
first in [43], can be understood as the value of entanglement that can be distilled probabilistically up
to error 𝜀 — as we see, the projective robustness ΩF of the input state determines this value exactly.
The fidelity of an isotropic state cannot be improved

The construction in the proof of Theorem 12 allows us to show the following no-go result.
Corollary 15. Let 𝜙 be a pure state such that 𝑅 F (𝜙) = 𝐹F (𝜙)−1 C 𝜆, for example any maximally
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resourceful state. Fix 𝜀 ∈ (0, 1) and define 𝜌 𝜀 as the state
𝜌 𝜀 B (1 − 𝜀)𝜙 + 𝜀

𝜆𝜎 − 𝜙
,
𝜆−1

(96)

where 𝜎 ∈ F is a state such that 𝜙 ≤ 𝜆𝜎.
Then, there does not exist any free transformation protocol — probabilistic or deterministic — such
that 𝜌 𝜀 →
−O 𝜏, where 𝜏 is any state satisfying 𝐹(𝜏, 𝜙) ≥ 1 − 𝜀0 > 1 − 𝜀. In other words, the fidelity of
𝜌 𝜀 with the state 𝜙 cannot be increased by any free operation.

Proof. Following the proof of Theorem 12, we see that
ΩF (𝜌 𝜀 ) ≤

1−𝜀
(𝜆 − 1).
𝜀

(97)

Now, if there existed a transformation 𝜌 𝜀 →
−O 𝜏, then by Theorem 9 we would have
(1 − 𝜀0)(1 − 𝐹F (𝜙))
𝜀0 𝐹F (𝜙)
1 − 𝜀0
=
(𝜆 − 1)
𝜀0
1−𝜀
>
(𝜆 − 1),
𝜀

ΩF (𝜌 𝜀 ) ≥

(98)

which is a contradiction.
The class of states 𝜌 𝜀 constructed in (96) includes in particular the isotropic states [36] encountered
in the theories of entanglement and coherence, and indeed also more general ‘isotropic-like’
constructions that can be found in other resource theories [97]. Corollary 15 gives an explicit
proof of a fact that we have already seen in Figure 2 — namely, that the fidelity of entanglement
distillation of an isotropic state cannot be improved — and provides an extension of the results of
Refs. [77, 91] that showed an equivalent property for entanglement manipulation under LOCC.
States 𝜌 𝜀 satisfying the conditions of the Corollary exist in any convex resource theory, since
we can always take a maximally resourceful golden state 𝜙★ of any dimension. But note that
golden states are not the only ones for which it may hold that 𝑅F (𝜙) = 𝐹F (𝜙)−1 . For instance, in the
resource theory of magic, the so-called Clifford magic states [94] also satisfy this property; this
includes many relevant magic states of interest such as the 𝑇 state.
𝜆𝜎−𝜙
We remark that the assumptions on 𝜙 imply that 𝜙 and 𝜆−1 are necessarily orthogonal to each
other.
V.

BOUNDING PROBABILITY AND ERROR TRADE-OFFS

We have seen that the projective robustness can be used to establish general limitations on
probabilistic resource transformations. However, since ΩF is monotonic under all probabilistic
protocols, the restrictions obtained in this way can be considered too strong in some applications:
one might instead be interested in understanding the least error achievable with a high probability
of success, or in an exact quantification of the best achievable probability in a given transformation.
To address this, we consider a complementary approach for the characterisation of probabilistic
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transformations, with the explicit aim of tightly bounding the achievable performance in transforming two quantum states probabilistically under some constraints on the achievable probability
or error. Although seemingly different, we will see that the approach is in fact closely related to the
methods we used to study the projective robustness.

A.

General bounds on achievable probability

We first aim to bound the maximal probability of success in the transformation between two
states,
𝑃(𝜌 →
−O 𝜌0) B max 𝑝



ℰ(𝜌) = 𝑝𝜌0 , ℰ ∈ O .

(99)

As before, any protocol ℰ here can be thought of as being a part of a larger instrument {ℰ 𝑖 }, with
each ℰ 𝑖 a free operation.
Our main idea will be to construct measure-and-prepare maps that can perform a given
transformation 𝜌 →
−O 𝜌0, taking suitable care to exactly quantify the probability with which the
transformation is realised. Specifically, we will employ a class of transformations that we already
encountered in the proof of Theorems 5 and 7, namely, maps of the form
ℰ(𝑋) = h𝑊 , 𝑋i 𝜙 + h𝑄, 𝑋i

𝜆𝜎−𝜙
𝜆−1

(100)

for some operators 𝑊 and 𝑄. Using such operations, we will be able to provide tight bounds on the
achievable probability and fidelity of probabilistic transformations. Corresponding upper bounds
will then be used to verify the tightness of the achievable bounds for relevant cases.
The methods studied here will be particularly suited to target states 𝜌0 that satisfy ΩF (𝜌0) = ∞,
such as resource distillation or conversion into states of low rank. Whether the approach can be
extended also to other types of transformations, such as conversion between general states of full
rank, remains an open question.
To begin, we need to define another resource measure, the overlap
𝑉F (𝜌) B max Π𝜌 , 𝜎

(101)

𝜎∈F

with Π𝜌 denoting the projection onto supp 𝜌. This quantity is a non-logarithmic variant of the
min-relative entropy [67], and for pure states it reduces to the quantity 𝐹F that we encountered
before, that is 𝑉F (𝜙) = 𝐹F (𝜙). The second measure that we will use is the standard robustness
𝑅 FF (𝜌) = min𝜎∈F 𝑅Fmax (𝜌k𝜎) that we encountered before.
As a motivating example, define the map
0

ℰ(𝑋) B 𝜇Π𝜌 , 𝑋 𝜌 +

1 − Π𝜌 , 𝑋

𝑅 FF (𝜌0) 𝜎 − 𝜌0
𝑅 FF (𝜌0) − 1

,

(102)

where 𝜎 is a free state such that 𝜌0 ≤F 𝑅 FF (𝜌0) 𝜎, and 𝜇 is some suitable parameter. Notice that this is
a valid probabilistic quantum operation for any 𝜇 ∈ [0, 1]. In particular, choosing 𝜇 =

1−𝑉F (𝜌)
1
𝑅FF (𝜌0 )−1 𝑉F (𝜌)
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(or 𝜇 = 1, whichever is smaller) gives for any 𝜋 ∈ F with Π𝜌 , 𝜋 ≠ 0 that
F 0
0
1 1 − Π𝜌 , 𝜋 𝑅 F (𝜌 )𝜎 − 𝜌
ℰ(𝜋) ∝ 𝜌 +
𝜇
𝑅FF (𝜌0) − 1
Π𝜌 , 𝜋
0

F 0
0
1 1 − 𝑉F (𝜌) 𝑅 F (𝜌 )𝜎 − 𝜌
≥F 𝜌 +
𝜇 𝑉F (𝜌)
𝑅 FF (𝜌0) − 1
0

(103)

≥F 𝜌0 + 𝑅FF (𝜌0)𝜎 − 𝜌0

∝ 𝜎∈F

where we used that 𝑅 FF (𝜌0)𝜎 − 𝜌0 ≥F 0 by definition of 𝑅FF , and we note that the third line is
actually an equality when 𝜇 ≠ 1. In the case that Π𝜌 , 𝜋 = 0, we also get that ℰ(𝜋) ≥F 0 from the
aforementioned fact that 𝑅 FF (𝜌0)𝜎 − 𝜌0 ≥F 0. This means that ℰ ∈ O, implying that

(

)

1 − 𝑉F (𝜌)
1
𝑃(𝜌 →
−O 𝜌0) ≥ min 1, F
.
0
𝑅 F (𝜌 ) − 1 𝑉F (𝜌)

(104)

Note that the quantifier 𝑉F (𝜌) satisfies 𝑉F (𝜌) = 1 if and only if there exists a free state 𝜎 such
that supp 𝜎 ⊆ supp 𝜌; this is equivalent to 𝑊F (𝜌) > 0. This provides an alternative way to prove
a result that we have already seen in Lemma 8: for any state 𝜌 s.t. 𝑊F (𝜌) = 0 and any target
𝜌0 ∉ F such that 𝑅 FF (𝜌0) < ∞, it holds that 𝑃(𝜌 →
−O 𝜌0) > 0, and so any such state 𝜌0 is reachable
with some probability. The bound of Eq. (104) was recently shown in other works for the case
of pure-state inputs 𝜌 = |𝜓ih𝜓| (which always have vanishing 𝑊F ), first in the resource theory of
entanglement [58] and later extended to multilevel quantum coherence [98].
To approach this problem more generally, let us consider the optimisation program
Ξ(𝜌, 𝑡) B max

n

𝜌, 𝑊

0 ≤ 𝑊 ≤ 𝑍 ≤ 1,
𝑊 , 𝜌 = 𝑍, 𝜌 ,
o
1
h𝑊 , 𝜎i ≤ h𝑍, 𝜎i ∀𝜎 ∈ F ,
𝑡

(105)

where 𝑡 ∈ R+ ∪ {+∞} is some chosen parameter. The problem is clearly feasible for any 𝑡 (take
𝑊 = 𝑍 = 0) and the feasible sets are both compact, justifying the use of max instead of sup. Once
again, in many theories of interest this quantity can be computed as an SDP. A quantity of this
form previously appeared in [37] for the resource theory of entanglement and in [38] for the case of
quantum coherence, and a related optimisation problem was used in [11] in the characterisation of
transformations of pairs of quantum states. We then have the following.
Theorem 16. In any convex resource theory, the probability of transforming 𝜌 into another state 𝜌0
with resource–non-generating operations is bounded as
Ξ 𝜌, 𝑉F (𝜌0)−1 ≥ 𝑃(𝜌 →
−O 𝜌0) ≥ Ξ 𝜌, 𝑅 FF (𝜌0) .





(106)

The optimisation problem Ξ(𝜌, 𝑡) can therefore be used to provide both lower and upper bounds
on achievable probabilities. We will give a proof of this result shortly.
Note that the lower bound in Theorem 16 above relies on the standard robustness 𝑅 FF . An issue
which arises here is that this quantity is not guaranteed to be finite in all resource theories, and in
particular it is never finite for resourceful states in affine theories, trivialising Theorem 16. This
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suggests that another approach is needed for such resources. Indeed, we consider a modified
optimisation problem,
Ξaff (𝜌, 𝑡) B max

n

𝜌, 𝑊

0 ≤ 𝑊 ≤ 𝑍 ≤ 1,
𝑊 , 𝜌 = 𝑍, 𝜌 ,
o
1
h𝑊 , 𝜎i = h𝑍, 𝜎i ∀𝜎 ∈ F .
𝑡

(107)

Note that the only difference between Ξ and Ξaff is the equality in the last line of (107); similarly to
the case of Ωaff(F) encountered in the proof of Theorem 5, Ξaff (𝜌, 𝑡) can be understood as Ξ(𝜌, 𝑡)
where the optimisation over the set F is replaced with the affine hull aff(F). Using this modification,
we will be able to obtain a bound that uses the robustness 𝑅 F instead of the standard robustness
𝑅 FF , making it applicable to resources where 𝑅 FF diverges.
Theorem 17. In any convex resource theory, the probability of transforming 𝜌 into another state 𝜌0
with resource–non-generating operations is bounded as
−O 𝜌0) ≥ Ξaff 𝜌, 𝑅 F (𝜌0) .
Ξaff 𝜌, 𝑉aff(F) (𝜌0)−1 ≥ 𝑃(𝜌 →





(108)

Here, we defined
𝑉aff(F) (𝜌0) B sup

𝑋∈aff(F)

(
=

𝑐
∞

Π𝜌0 , 𝑋
if Π𝜌0 , 𝜎 = 𝑐 ∀𝜎 ∈ F
otherwise,

(109)

where the second line can be seen as in the proof of Lemma 6. The bounds of this Theorem are
useful particularly for affine resource theories, as they will typically trivialise when the theory is
not affine.
We will find it convenient to split the proofs of Theorems 16 and 17 into two Propositions that
establish upper and lower bounds.
Proposition 18. For any states 𝜌, 𝜌0, it holds that
𝑃(𝜌 → 𝜌0) ≤ Ξ 𝜌, 𝑉F (𝜌0)−1 ,



(110)

𝑃(𝜌 → 𝜌0) ≤ Ξaff 𝜌, 𝑉aff(F) (𝜌0)−1 .



Proof. Assume that there exists a probabilistic free operation such that ℰ(𝜌) = 𝑝𝜌0 for some
𝑝 ∈ (0, 1]. Then
𝑝 = Π𝜌0 , ℰ(𝜌) = ℰ † (Π𝜌0 ), 𝜌 ,

(111)

where ℰ † is the adjoint map of ℰ. Using that ℰ † (1) ≤ 1 since ℰ is positive and trace–non-increasing,
we have ℰ † (Π𝜌0 ) ≤ ℰ † (1) ≤ 1. Additionally, we can notice that ℰ † (1 − Π𝜌0 ), 𝜌 = 0. Now, for any
𝜎 ∈ F, it holds that
ℰ † (Π𝜌0 ), 𝜎 = Π𝜌0 , ℰ(𝜎)



ℰ(𝜎)
= Tr ℰ(𝜎) Π𝜌0 ,
Tr ℰ(𝜎)
≤ Tr ℰ(𝜎)𝑉F (𝜌0).


(112)
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Together with ℰ † (1), 𝜎 = Tr ℰ(𝜎), this gives
ℰ † (Π𝜌0 ), 𝜎 ≤ 𝑉F (𝜌0) ℰ † (1), 𝜎 ,

(113)

which means that the operators ℰ † (Π𝜌0 ) and ℰ † (1) are feasible solutions to the optimisation problem

Ξ 𝜌, 𝑉F (𝜌0)−1 with optimal value 𝑝, which is the stated result.
An analogous argument holds for Ξaff . If 𝑉aff(F) (𝜌0) < ∞, then
ℰ † (Π𝜌0 ), 𝜎 = Tr ℰ(𝜎)𝑉aff(F) (𝜌0),
ℰ † (1), 𝜎 = Tr ℰ(𝜎)

(114)

for all 𝜎 ∈ F due to the definition of 𝑉aff(F) , so we can use these operators as feasible solutions
for Ξaff . In the case that 𝑉aff(F) (𝜌0) diverges, we can understand this result as the trivial bound
𝑃(𝜌 → 𝜌0) ≤ 1.
Proposition 19. For any states 𝜌, 𝜌0, it holds that
𝑃(𝜌 → 𝜌0) ≥ Ξ 𝜌, 𝑅 FF (𝜌0) ,



𝑃(𝜌 → 𝜌0) ≥ Ξaff 𝜌, 𝑅 F (𝜌0) .



(115)

Proof. Consider
the case of Ξ first, and let 𝑊 , 𝑍 be optimal operators in the definition of

F
0
Ξ 𝜌, 𝑅 F (𝜌 ) . If 𝑅 FF (𝜌0) = ∞, then h𝑊 , 𝜎i = 0 ∀𝜎 ∈ F and the map ℰ(𝑋) B h𝑊 , 𝑋i 𝜌0 satisfies ℰ ∈ O
trivially, so we are done. Otherwise, define the completely positive and trace–non-increasing map
ℰ(𝑋) B h𝑊 , 𝑋i 𝜌0 + h𝑍 − 𝑊 , 𝑋i

𝜆𝜎 − 𝜌0
𝜆−1

(116)

where 𝜎 is an optimal state such that 𝜌0 ≤F 𝜆𝜎 with 𝑅 FF (𝜌0) = 𝜆. Then
ℰ(𝜌) = 𝑊 , 𝜌 𝜌0

(117)

= Ξ 𝜌, 𝑅 FF (𝜌0) 𝜌0



since 𝑍 − 𝑊 , 𝜌 = 0, and for any 𝜎 ∈ F it holds that
𝜆𝜎 − 𝜌0
𝜆−1
𝜆𝜎 − 𝜌0
≥F h𝑊 , 𝜎i 𝜌0 + (𝜆 − 1) h𝑊 , 𝜎i
𝜆−1
= h𝑊 , 𝜎i 𝜆𝜎 ∈ cone(F),

ℰ(𝜎) = h𝑊 , 𝜎i 𝜌0 + h𝑍 − 𝑊 , 𝜎i

(118)

where we used that 𝜆1 h𝑍, 𝜎i ≥ h𝑊 , 𝜎i by definition of Ξ. This shows that ℰ is a free probabilistic
operation achieving the desired transformation.
An analogous argument holds for Ξaff , where we now construct
ℰ(𝑋) B h𝑊 , 𝑋i 𝜌0 + h𝑍 − 𝑊 , 𝑋i
with 𝜌0 ≤ 𝜆𝜎, or ℰ(𝑋) B h𝑊 , 𝑋i 𝜌0 if 𝑅 F (𝜌0) = ∞.

𝜆𝜎 − 𝜌0
𝜆−1

(119)
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B.

Trade-offs in probabilistic resource distillation

The fact that both our upper and lower bounds for transformation probabilities are obtained
in terms of the same optimisation problem, Ξ(𝜌, 𝑡) or Ξaff (𝜌, 𝑡), raises the question: when can
the bounds be tight, characterising the achievable performance exactly? Similarly to how we
established the tightness result in Section IV, we will show that such an equality can be obtained in
the problem of resource distillation.
We can first consider the purifying transformation 𝜌 →
−O 𝜙 to be achieved exactly, and ask
about the best possible probability of success. Recall that any convex resource theory admits
a meaningful notion of a maximally resourceful state: a golden state 𝜙★, which maximises the
robustness 𝑅F among all states, also minimises the overlap 𝑉F and satisfies 𝑅 F (𝜙★) = 𝑉F (𝜙★)−1 [18].
We immediately see that, for such states, the upper and lower bounds of Theorems 16 and 17 can
become equal, establishing an exact expression for the probability 𝑃(𝜌 →
−O 𝜙★). Specifically, this
F
is the case when either 𝑅F (𝜙★) = 𝑅F (𝜙★) or 𝑉F (𝜙★) = 𝑉aff(F) (𝜙★), which are conditions obeyed in
theories such as quantum entanglement, coherence, or athermality.
We can extend this result to approximate distillation, which we encountered before in Section IV.
Here, the output of the protocol is a state 𝜏 that is not necessarily pure itself, but is close to the pure
distillation target 𝜙. We thus define
𝑃(𝜌 →
−O 𝜙, 𝜀) B max 𝑝 ℰ(𝜌) = 𝑝𝜏, ℰ ∈ O, 𝐹(𝜏, 𝜙) ≥ 1 − 𝜀 .



(120)

Alternatively, turning the problem around, we can ask: for a given probability 𝑝, what is the best
achievable distillation error 𝜀? Let us denote this quantity as
𝐸(𝜌 →
−O 𝜙, 𝑝) B min 𝜀 ℰ(𝜌) = 𝑝𝜏, ℰ ∈ O, 𝐹(𝜏, 𝜙) ≥ 1 − 𝜀 .



(121)

In order to characterise this setting, we will need to consider a modification of the quantities Ξ
and Ξaff . First, for a fixed 𝜀, we define

Ξ𝜀 (𝜌, 𝑡) B max

n

𝑍, 𝜌

0 ≤ 𝑊 ≤ 𝑍 ≤ 1,
𝑊 , 𝜌 = (1 − 𝜀) 𝑍, 𝜌 ,
1
h𝑊 , 𝜎i ≤ h𝑍, 𝜎i ∀𝜎 ∈ F ,
𝑡

Ξaff
𝜀 (𝜌,

𝑡) B max

n

𝑍, 𝜌

0 ≤ 𝑊 ≤ 𝑍 ≤ 1,

(122)

𝑊 , 𝜌 = (1 − 𝜀) 𝑍, 𝜌 ,
o
1
h𝑊 , 𝜎i = h𝑍, 𝜎i ∀𝜎 ∈ F .
𝑡
As expected, for 𝜀 = 0 we recover Ξ(𝜌, 𝑘) and Ξaff (𝜌, 𝑘). Optimisation problems of this form have
been previously used to characterise probabilistic distillation of entanglement [37] and quantum
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coherence [38]. The other family of programs that we will consider is defined, for a fixed 𝑝, as

(
Θ𝑝 (𝜌, 𝑡) B max

𝑊, 𝜌
𝑝

0 ≤ 𝑊 ≤ 𝑍 ≤ 1,
𝑍, 𝜌 = 𝑝,

)

1
h𝑊 , 𝜎i ≤ h𝑍, 𝜎i ∀𝜎 ∈ F ,
𝑡

(
Θ𝑝aff (𝜌, 𝑡) B max

𝑊, 𝜌
𝑝

(123)
0 ≤ 𝑊 ≤ 𝑍 ≤ 1,
𝑍, 𝜌 = 𝑝,

)

1
h𝑊 , 𝜎i = h𝑍, 𝜎i ∀𝜎 ∈ F .
𝑡
Both Ξ𝜀 and Θ𝑝 are, once again, convex optimisation problems, and they reduce to semidefinite
programs in resource theories of coherence, non-positive partial transpose, athermality, and similar.
Of note is the fact that, were we to constrain the considered operations to be deterministic
(trace-preserving), this would lead to fixing 𝑍 = 1 in our constructions, in which case (123) would
reduce to the quantity 𝐺(𝜌, 𝑡) previously defined in [18, 52] and closely related to the hypothesis
𝜀
testing relative entropy 𝐷𝐻
[99, 100].
Our final result then uses these quantities to provide tight bounds on the probability and error
of approximate probabilistic distillation in general resource theories.
Theorem 20. For any input state 𝜌, any resourceful pure state 𝜙, and any error 𝜀 ∈ [0, 1] in any
convex resource theory, the maximal probability achievable with resource–non-generating operations
is bounded as
Ξ𝜀 𝜌, 𝑉F (𝜙)−1 ≥ 𝑃(𝜌 →
−O 𝜙, 𝜀) ≥ Ξ𝜀 𝜌, 𝑅 FF (𝜙) ,




−1

Ξaff
𝜀 𝜌, 𝑉aff(F) (𝜙)



(124)

≥ 𝑃(𝜌 →
−O 𝜙, 𝜀) ≥ Ξaff
𝜀 𝜌, 𝑅 F (𝜙) .



(125)

On the other hand, the smallest achievable error for a given probability 𝑝 ∈ (0, 1] is bounded as
Θ𝑝 𝜌, 𝑉F (𝜙)−1 ≥ 1 − 𝐸(𝜌 →
−O 𝜙, 𝑝) ≥ Θ𝑝 𝜌, 𝑅 FF (𝜙)



Θ𝑝aff 𝜌, 𝑉aff(F) (𝜙)


−1



(126)

≥ 1 − 𝐸(𝜌 →
−O 𝜙, 𝑝) ≥ Θ𝑝aff 𝜌, 𝑅 F (𝜙) .



(127)

In particular, when 𝜙 = 𝜙★ is a golden state (i.e. it maximises 𝑅 F among all states of the same
dimension) and it holds that either
(i) 𝑅F (𝜙★) = 𝑅 FF (𝜙★), or
(ii) 𝑉F (𝜙★) = 𝑉aff(F) (𝜙★),
then the inequalities in (i) Eqs. (124), (126) or in (ii) Eqs. (125), (127) are all equalities.
This gives an exact expression for the best achievable probability 𝑃(𝜌 →
−O 𝜙★ , 𝜀) or error
𝐸(𝜌 →
−O 𝜙★ , 𝑝) of approximate one-shot distillation in all resource theories satisfying the specified
conditions. For coherence theory, we then recover a result of [38]; for quantum entanglement, we
establish a general expression for approximate distillation using all non-entangling operations (or,
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FIG. 3. Trade-offs in entanglement distillation. We plot the exact achievable error 𝐸(𝜌 → 𝜙3 , 𝑝) in the
probabilistic one-shot distillation under PPT-preserving operations, that is, the resource theory where the free
states F are all PPT states. We focus on two types of two-qutrit states that found use in the characterisation
of entanglement distillation in Refs. [36, 101]. The state 𝜌 𝑎 in (a) was found to be impossible to distill under
LOCC with error 𝜀 = 0 unless the probability 𝑝 goes to 0 [36]; here, we see that under PPT-preserving
operations, it suffices to take 𝑝 = 0.3 to achieve perfect distillation. The state 𝜌𝑏 in (b) is an example of a state
that is impossible to distill under LOCC, even probabilistically, in the sense that 𝜀 is bounded away from
0 [101]. However, it is already known that assisting the distillation process with PPT states (or, equivalently,
PPT operations) makes it possible to distill 𝜙3 from this state with 𝜀 = 0 [36]. We indeed see this to be
the case, but only when 𝑝 → 0. The state 𝜌𝑏 is thus an example of a state such that ΩF (𝜌𝑏 ) = ∞, but the
transformation 𝜌𝑏 → 𝜙3 is only possible with asymptotically vanishing probability, even under the class O
of all PPT-preserving operations.

similarly, all operations preserving the set of states with positive partial transpose (PPT), which
closely resembles a result of [37]).
The Theorem allows us to study exactly the trade-offs between the error 𝜀 incurred in distillation
and the probability 𝑝 with which the process is realised. We demonstrate this in Figure 3, where
we characterise the distillation of entanglement under PPT-preserving operations. Since condition
(i) is satisfied in this theory (see e.g. [18]), we have that 𝐸(𝜌 →
−O 𝜙 𝑚 , 𝑝) = Θ𝑝 (𝜌, 𝑚) for any input
state 𝜌 and 𝑚-dimensional maximally entangled state 𝜙 𝑚 . In the Figure, we show how the result of
Theorem 20 can lead to insights about the practical manipulation of quantum states by explicitly
studying the distillability of two states that were found to be difficult (or impossible) to distill under
LOCC in Refs. [36, 101].
Note that we have already encountered the quantity 𝐸(𝜌 →
−O 𝜙, 𝑝) in Figure 2, where we
plotted the best achievable error of entanglement distillation for fixed choices of probabilities. As
Theorem 20 applies to this theory, we were justified in using the quantity Θ𝑝 to exactly quantify the
performance of probabilistic distillation protocols there.
The proof of Theorem 20 will be established in a similar manner as before. We also split it into
two propositions.
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Proposition 21. For any input state 𝜌, any resourceful pure state 𝜙, and any error 𝜀 ∈ [0, 1], it holds that
𝑃(𝜌 →
−O 𝜙, 𝜀) ≤ Ξ𝜀 𝜌, 𝑉F (𝜙)−1



−1
𝑃(𝜌 →
−O 𝜙, 𝜀) ≤ Ξaff
𝜀 𝜌, 𝑉aff(F) (𝜙)

1 − 𝐸(𝜌 →
−O 𝜙, 𝑝) ≤ Θ𝑝 𝜌, 𝑉F (𝜙)−1


(128)



1 − 𝐸(𝜌 →
−O 𝜙, 𝑝) ≤ Θ𝑝aff 𝜌, 𝑉aff(F) (𝜙)−1 .



Proof. We begin by noting that the condition 𝑊 , 𝜌 = (1 − 𝜀) 𝑍, 𝜌 in the definition of Ξ𝜀 can be
relaxed to 𝑊 , 𝜌 ≥ (1 − 𝜀) 𝑍, 𝜌 without loss of generality, as the optimal value will necessarily be
the same. To see this, note that if there existed optimal 𝑍 and 𝑊 with 𝑊 , 𝜌 > (1 − 𝜀) 𝑍, 𝜌 , then
we could choose another feasible 𝑍0 with 𝑍0 , 𝜌 > 𝑍, 𝜌 , which would contradict the optimality
of 𝑍.
Now, let ℰ ∈ O be any protocol such that ℰ(𝜌) = 𝑝𝜏 for some 𝜏 such that 𝜙, 𝜏 ≥ 1 − 𝜀. This
gives
ℰ † (𝜙), 𝜌 ≥ 𝑝(1 − 𝜀) = ℰ † (1), 𝜌 (1 − 𝜀),

(129)

ℰ † (1), 𝜌 = 𝑝.
Using also the fact that



ℰ(𝜎)
ℰ (𝜙), 𝜎 = Tr ℰ(𝜎) 𝜙,
Tr ℰ(𝜎)
†


(130)

≤ Tr ℰ(𝜎)𝑉F (𝜙),
†
†
we then have that
Ξ𝜀 𝜌, 𝑉F (𝜙)−1  and
 𝑊 = ℰ (𝜙) and 𝑍 = ℰ (1) constitute feasible solutions for
−1
aff
Θ𝑝 𝜌, 𝑉F (𝜙) , as was to be shown. An analogous argument holds for Ξ𝜀 𝜌, 𝑉aff(F) (𝜙)−1 and

Θ𝑝 𝜌, 𝑉Faff (𝜙)−1 .



Proposition 22. For any input state 𝜌, any resourceful pure state 𝜙, and any error 𝜀 ∈ [0, 1], it holds that
𝑃(𝜌 →
−O 𝜙, 𝜀) ≥ Ξ𝜀 𝜌, 𝑅 FF (𝜌)



𝑃(𝜌 →
−O 𝜙, 𝜀) ≥ Ξaff
𝜀 𝜌, 𝑅 F (𝜙)
1 − 𝐸(𝜌 →
−O 𝜙, 𝑝) ≥ Θ𝑝 𝜌, 𝑅 FF (𝜌)


(131)



1 − 𝐸(𝜌 →
−O 𝜙, 𝑝) ≥ Θ𝑝aff 𝜌, 𝑅 F (𝜙) .



Proof. Let us begin with Ξ𝜀 and Θ𝜀 . Construct the operation
ℰ(𝑋) B h𝑊 , 𝑋i 𝜙 + h𝑍 − 𝑊 , 𝑋i

𝜆𝜎 − 𝜙
𝜆−1

(132)

where 𝜆 = 𝑅FF (𝜙) and 𝜙 ≤F 𝜆𝜎. This gives

"
ℰ(𝜌) = 𝑍, 𝜌

𝑊, 𝜌
𝑍, 𝜌

𝜙+ 1−

𝑊, 𝜌
𝑍, 𝜌

!

#

𝜆𝜎 − 𝜙
,
𝜆−1

(133)

where we can see that the right-hand side is of the form 𝑍, 𝜌 𝜏 for a normalised state 𝜏, explicitly
showing that the operation achieves the approximate transformation 𝜌 → 𝜙 with probability 𝑍, 𝜌
h𝑊 ,𝜌i
and error (at most) 1 −
. To verify that this is a free operation, we see that
h𝑍,𝜌i
ℰ(𝜎) ≥F h𝑊 , 𝜎i 𝜆𝜎 ∈ cone(F)

(134)
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for any 𝜎 ∈ F. Taking 𝑊 , 𝑍 optimal for Ξ𝜀 or Θ𝑝 shows the desired achievability result.
Alternatively, if 𝑅 FF (𝜙) = ∞, then Ξ𝜀 (𝜌, ∞) = Ξ(𝜌, ∞) and it actually suffices to use the operation
ℰ(𝑋) B h𝑍, 𝑋i 𝜙 which achieves the transformation exactly.
F
aff
The argument for Ξaff
𝜀 and Θ 𝑝 proceeds analogously, simply replacing 𝑅 F with 𝑅 F in the
definition of ℰ.
Some thoughts about the methods of Theorem 20

An interesting fact about the result of Theorem 20, closely related to known properties of isotropic
states in entanglement theory [36] and observed also in the resource theory of coherence [38], is
that the state 𝜏𝜀 that we already encountered in Section IV is always an optimal choice for the
approximate distillation of a golden state 𝜙★. Specifically, for 𝜙★ obeying either of the conditions
(i), (ii) of Theorem 20, it holds that
𝑃(𝜌 →
−O 𝜙★ , 𝜀) = 𝑃(𝜌 →
−O 𝜏𝜀 )

(135)

with 𝜏𝜀 defined as in Eq. (86). Intuitively, the conditions (i) and (ii) can be understood as ensuring
that the state 𝜙★ can be optimally distilled using measure-and-prepare operations as in (100), which
makes it sufficient to use the ‘isotropic’ state 𝜏𝜀 . This is a priori much less obvious in general
resource theories than in settings such as quantum entanglement, where the maximally resourceful
state enjoys a number of symmetries that naturally lead to the concept of an isotropic state. (We
refer the interested reader to Ref. [97] where the properties of such states are explained from the
perspective of a class of twirling maps applicable to more general quantum resources.) We note,
however, a difference between Theorem 20 and the finding of Section IV where the states 𝜏𝜀 also
appear — in Theorem 13, we only needed the resource theory to be affine to ensure the optimality
of 𝜏𝜀 , while (ii) here is a more demanding criterion.
Let us conclude by clarifying the connection between the optimisation problems considered in
𝜆𝜎−𝜙
this section and the projective robustness ΩF . Taking the map ℰ(𝑋) B h𝑊 , 𝑋i 𝜙 + h𝑄, 𝑋i 𝜆−1 as
before, recall that the main idea of the proof of Theorem 20 is to optimise the value of 𝑊 + 𝑄, 𝜌 = 𝑝
for a fixed error 𝜀, or 𝑊 , 𝜌 / 𝑊 + 𝑄, 𝜌 = 1 − 𝜀 for a fixed 𝑝. If, instead, one wishes to minimise
the error 𝜀 while disregarding the probability with which it is achieved, then this can be expressed
as a maximisation of
𝑊, 𝜌
𝑄, 𝜌

=

1−𝜀
𝜀

(136)

under the same constraints. We can then get rid of the constraint 𝑊 + 𝑄 ≤ 1, since any non-zero
feasible operators can be rescaled as 𝑊 ↦→ 𝑊/k𝑊 + 𝑄 k ∞ , 𝑄 ↦→ 𝑄/k𝑊 + 𝑄 k ∞ with the same
optimal value. The last constraint that we imposed in Ξ and Θ is (𝑘 − 1) h𝑊 , 𝜎i ≤ h𝑄, 𝜎i, so by
defining 𝑊 0 = (𝑘 − 1)𝑊 we end up with the optimisation problem

(
sup

𝑊 0, 𝜌
𝑄, 𝜌

)
𝑊 0 , 𝑄 ≥ 0, h𝑊 0 , 𝜎i ≤ h𝑄, 𝜎i ∀𝜎 ∈ F ,

(137)

which is precisely ΩF . This is consistent with our results in Section IV, where we identified ΩF with
the error 𝐸(𝜌 →
−O 𝜙, 𝑝) when 𝑝 is allowed to be arbitrarily small. Our upper and lower bounds in
Theorem 20 can then be understood to be analogous to the upper and lower bounds in Theorems
9–13. We thus see that the two approaches to characterising probabilistic distillation are closely
related.
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Note, however, that the simpler form of the projective robustness ΩF and its properties make
it useful as a bound even in settings where the approach of this section is difficult to apply: for
instance, bounding the probability of many-copy transformations 𝜌 ⊗𝑛 →
−O 𝜙 using Theorem 20
would require evaluating the quantities Ξ𝜀 or Θ𝑝 for the tensor product state 𝜌 ⊗𝑛 , while the
submultiplicativity of ΩF makes this significantly easier.
VI.

CONCLUSIONS

We introduced two general approaches to the characterisation of probabilistic resource transformations.
We first studied the projective robustness ΩF [43] — a monotone under all probabilistic
transformations of a given quantum resource. We proved that it yields broadly applicable no-go
theorems for the manipulation of quantum states in general resource theories. In many relevant
contexts, we established that the constraints obtained through ΩF are in fact necessary and sufficient,
endowing the projective robustness with a fundamental operational meaning as a single quantity
that fully determines the probabilistic convertibility between states with resource–non-generating
operations. In resource distillation tasks, we showed that ΩF gives tight thresholds on the
performance of all physical distillation schemes, expressed as universal bounds on the achievable
accuracy and overhead in purifying quantum resources under the most general probabilistic
manipulation protocols.
In our second approach, we developed precise quantitative restrictions on the achievable
performance of one-shot probabilistic transformations. The bounds are all expressed in terms of
convex conic optimisation problems, making them efficiently computable in many relevant cases.
We showed that our restrictions become tight in broad types of resources when applied to the
problem of distilling a maximally resourceful state, enabling us to provide an exact expression for
the efficacy of distillation schemes in theories such as entanglement and coherence.
The importance of probabilistic manipulation protocols, and in particular the purification of
noisy quantum resources, means that our results are bound to find use in many fundamental
problems that underlie the practical exploitation of quantum mechanical phenomena. Here and
in [43], we presented explicit applications of our methods in the distillation of quantum coherence,
entanglement, and magic states; we stress, however, that the bounds are fully general, and can be
applied in settings beyond the ones considered here. An understanding of the properties of ΩF in
any specific theory of interest will then provide additional insight into the manipulation of that
resource.
A point of note is that many of our methods straightforwardly extend to settings beyond quantum
theory. An examination of the proofs of the necessary (Theorem 4) and sufficient (Theorems 5
and 7) conditions for resource convertibility reveals that we did not actually use any properties
specific to quantum mechanics. Indeed, the results can be adapted exactly as stated to the broad
setting of general probabilistic theories (GPTs) [61, 102–104]. The study of resource theories can
indeed be formulated in such contexts [14, 45, 46], and we invite the interested reader to [14, 105]
for a discussion of how to define quantities such as 𝑅 F and 𝑅FF in GPTs. The principal idea here is
that the inequalities with respect to the cone of positive semidefinite operators are replaced with
inequalities with respect to a cone 𝒦 that defines the state space of the given GPT; for instance, the
projective robustness can be defined as
𝜆
ΩF𝒦 (𝜔) B inf
𝜈
𝒦





𝜔 − 𝜈𝜎 ∈ 𝒦 , 𝜆𝜎 − 𝜔 ∈ 𝒦 , 𝜎 ∈ F𝒦 ,

(138)

where F𝒦 is now a subset of states in the given GPT. For simplicity, our results have focused on
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applications to quantum resources, and we did not consider GPTs in more detail here. We note also
that the results concerning distillation, namely Sections IV and parts of Section V, appear to be
much more difficult to generalise to GPTs, as they make heavy use of the properties of pure states
in quantum theory. We expect the possibility of a complete extension of all our bounds beyond
quantum theory to be highly dependent on the specifics of the given GPT.
Returning to quantum resource theories, an intriguing open question is the possibility to
establish tighter bounds by exploiting known structures of the allowed set of free operations O,
since we know that the behaviour of probabilistic resource transformations can vary significantly
between different sets of operations (as evidenced, for instance, by LOCC in entanglement theory).
In particular, although our bounds are very suitable for the characterisation of high-rank noisy
states, one could hope that another approach could yield better results when pure input states are
considered — the price we pay for the generality of our results is that constraints such as those
based on the Schmidt rank [34, 106] are not recovered in our work. Another follow-up question is
how the phenomenon of catalysis [107] can improve achievable probabilities — it is known that
catalysts often enhance the operational capabilities in resource manipulation, and it would be
interesting to make this advantage precise in general probabilistic settings. Furthermore, following
methods considered in [28], one could extend our approach to establish analogous limitations on
the probabilistic manipulation of quantum channels, leading to a generalisation of the framework
considered here.
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APPENDIX A: Projective robustness in channel discrimination

Let us consider a setting in which an ensemble of quantum channels is given as {𝑝 𝑖 , 𝒩𝑖 }, and one
of the channels from the ensemble is randomly applied to a chosen input state 𝜌 with corresponding
probability 𝑝 𝑖 . By measuring the output of this process with a chosen POVM {𝐴 𝑖 }, we can attempt
to distinguish which of the channels was applied to 𝜌. For a given ensemble, input state, and
measurement, the average probability of successfully discriminating the channels is given by
𝑝 succ (𝜌, {𝑝 𝑖 , 𝒩𝑖 }, {𝐴 𝑖 }) =

Õ

𝑝 𝑖 Tr 𝒩𝑖 (𝜌)𝐴 𝑖 .





𝑖

(A1)

We then distinguish two scenarios. One is standard channel discrimination, in which our aim is to
choose a measurement {𝐴 𝑖 } which maximises the probability of successfully distinguishing which
channel was applied. The other scenario is channel exclusion (anti-distinguishability) [108], where
our aim is instead to exclude a channel, i.e. determine to the best of our ability which of the channels
was not applied; we then understand Eq. (A1) as the average probability of guessing incorrectly,
and we aim to minimise this quantity. In channel discrimination, the robustness 𝑅F (𝜌) is known to
quantify the advantage that a given input state 𝜌 can provide over all free states 𝜎 [68], while in
channel exclusion, it is the weight 𝑊F (𝜌) which quantifies the advantage [70, 71]. Combining the
two, we can show that ΩF (𝜌) quantifies the advantage when channel discrimination and channel
exclusion tasks are considered at the same time.
Theorem 23. The projective robustness quantifies the maximal advantage that a given state 𝜌 gives
over all free states 𝜎 ∈ F in simultaneous channel discrimination and exclusion of a fixed channel
ensemble, as quantified by the ratio
𝑝 succ (𝜌, {𝑝 𝑖 , 𝒩𝑖 }, {𝐴 𝑖 })

(A2)

𝑝succ (𝜌, {𝑝 𝑖 , 𝒩𝑖 }, {𝐵 𝑖 })

where we aim to perform channel discrimination with measurement {𝐴 𝑖 } and channel exclusion with
measurement {𝐵 𝑖 }.
Specifically,
𝑝 succ (𝜌, {𝑝 𝑖 , 𝒩𝑖 }, {𝐴 𝑖 })
sup
{𝑝 𝑖 ,𝒩𝑖 }
{𝐴 𝑖 },{𝐵 𝑖 }

𝑝 succ (𝜌, {𝑝 𝑖 , 𝒩𝑖 }, {𝐵 𝑖 })
max𝜎∈F

𝑝 succ (𝜎, {𝑝 𝑖 , 𝒩𝑖 }, {𝐴 𝑖 })

= ΩF (𝜌),

(A3)

𝑝 succ (𝜎, {𝑝 𝑖 , 𝒩𝑖 }, {𝐵 𝑖 })

where the maximisation is over all finite channel ensembles {𝑝 𝑖 , 𝒩𝑖 } 𝑛𝑖=1 and all POVMs
{𝐴 𝑖 } 𝑛𝑖=1 , {𝐵 𝑖 } 𝑛𝑖=1 for which the expression in Eq. (A3) is well defined.
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Proof. We begin by showing that ΩF (𝜌) always upper bounds the LHS of Eq. (A3), so let us assume
that it is finite and take 𝜌 ≤ 𝜆𝜎, 𝜎 ≤ 𝜇𝜌 such that ΩF (𝜌) = 𝜆𝜇. Let {𝑝 𝑖 , 𝒩𝑖 } be any channel ensemble,
and {𝐴 𝑖 }, {𝐵 𝑖 } be any feasible POVMs. Then
𝑝 succ (𝜌, {𝑝 𝑖 , 𝒩𝑖 }, {𝐴 𝑖 })
𝑝succ (𝜌, {𝑝 𝑖 , 𝒩𝑖 }, {𝐵 𝑖 })

≤

𝜆 𝑝 succ (𝜎, {𝑝 𝑖 , 𝒩𝑖 }, {𝐴 𝑖 })
1
𝜇

𝑝 succ (𝜎, {𝑝 𝑖 , 𝒩𝑖 }, {𝐵 𝑖 })

≤ 𝜆𝜇 max
0
𝜎 ∈F

𝑝 succ (𝜎0 , {𝑝 𝑖 , 𝒩𝑖 }, {𝐴 𝑖 })
𝑝succ (𝜎0 , {𝑝 𝑖 , 𝒩𝑖 }, {𝐵 𝑖 })

(A4)
,

where the first inequality follows by the positivity of 𝐴 𝑖 and 𝐵 𝑖 and linearity of 𝑝succ in 𝜌. Since this
holds for any feasible channel discrimination task, we get the desired inequality.
To show the other inequality, we will use a binary channel discrimination task based on a
construction of Ref. [14]. Let us then consider the channel ensemble {𝑝 𝑖 , 𝒩𝑖 }2𝑖=1 where 𝒩1 is the
identity channel and 𝒩2 is arbitrary, and the probabilities are chosen as 𝑝 1 = 1, 𝑝2 = 0. Now take
any operators 𝐴, 𝐵 feasible for the dual formulation of ΩF (𝜌) in Eq. (17), and define the POVMs
{𝐴 𝑖 }, {𝐵 𝑖 } as 𝐴1 = 𝐴/k𝐴k ∞ , 𝐴2 = 1 − 𝐴1 and analogously for 𝐵. This gives
𝐴, 𝜌
k𝐴k ∞
𝑝 succ (𝜌, {𝑝 𝑖 , 𝒩𝑖 }, {𝐴 𝑖 })
𝑝 succ (𝜌, {𝑝 𝑖 , 𝒩𝑖 }, {𝐵 𝑖 })
max𝜎∈F

𝑝 succ (𝜎, {𝑝 𝑖 , 𝒩𝑖 }, {𝐴 𝑖 })
𝑝 succ (𝜎, {𝑝 𝑖 , 𝒩𝑖 }, {𝐵 𝑖 })

𝐵, 𝜌
=

k𝐵k ∞
h𝐴, 𝜎i
max𝜎∈F

=

𝐴, 𝜌
𝐵, 𝜌

min
𝜎∈F

𝐴, 𝜌
h𝐵, 𝜎i
≥
,
h𝐴, 𝜎i
𝐵, 𝜌

(A5)

k𝐴k ∞
h𝐵, 𝜎i
k𝐵k ∞

where the last inequality holds since any feasible 𝐴, 𝐵 satisfy h𝐴, 𝜎i ≤ h𝐵, 𝜎i ∀𝜎 ∈ F. Here we have
constrained ourselves to operators 𝐴, 𝐵 such that 𝐴, 𝜌 ≠ 0 ≠ 𝐵, 𝜌 and h𝐴, 𝜎i ≠ 0 ≠ h𝐵, 𝜎i ∀𝜎 ∈ F
to ensure that Eq. (A3) is well defined. Since the supremum over all feasible 𝐴, 𝐵 is precisely ΩF (𝜌),
this establishes the projective robustness as a lower bound on the LHS of Eq. (A3), concluding the
proof.

