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In general, for a bipartite quantum system Cd ⊗ Cd and an integer k such that
4 ≤ k ≤ d, there are few necessary and sufficient conditions for local discrimination
of sets of k generalized Bell states (GBSs)
and it is difficult to locally distinguish kGBS sets. The purpose of this paper is
to completely solve the problem of local
discrimination of GBS sets in some bipartite quantum systems. Firstly three practical and effective sufficient conditions are
given, Fan, s and Wang et al., s results [Phys
Rev Lett 92, 177905 (2004); Phys Rev A
99, 022307 (2019)] can be deduced as special cases of these conditions. Secondly in
C4 ⊗ C4 , a necessary and sufficient condition for local discrimination of GBS sets is
provided, and a list of all locally indistinguishable 4-GBS sets is provided, and then
the problem of local discrimination of GBS
sets is completely solved. In C5 ⊗C5 , a concise necessary and sufficient condition for
one-way local discrimination of GBS sets
is obtained, which gives an affirmative answer to the case d = 5 of the problem proposed by Wang et al.

1 Introduction
In quantum mechanics, any set of orthogonal
quantum states can be discriminated globally. In
general, for a bipartite composite system Cd ⊗
Cd , local operations and classical communication
(LOCC) is not sufficient to distinguish sets of orthogonal quantum states [1, 2, 3, 4], that is, it
is a difficult task to locally distinguish sets of orthogonal states. Any two orthogonal states can
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be perfectly (or deterministically) distinguished
by LOCC [2], a complete set of orthogonal maximally entangled states (MESs) is locally indistinguishable (deterministically or probabilistically),
and d + 1 or more MESs in Cd ⊗ Cd are locally
indistinguishable [5, 6, 7, 8, 9], and any three generalized Bell States (GBSs) in Cd ⊗Cd (d ≥ 3) are
always locally distinguishable [10]. The nonlocal
nature of quantum information is revealed when
a set of orthogonal states of a composite quantum system cannot be perfectly distinguished by
LOCC. The study of local quantum state discrimination is widely applied to many fields such as
data hiding, quantum secret sharing, and quantum private query [11]-[15]. It is also helpful to
explore the power and limitations of LOCC which
is of inherent interest as a tool to understand entanglement and nonlocality.
According to the nature of classical communication, there is a special case of LOCC: one-way
LOCC. In one-way LOCC, the classical communication is originated by only one fixed part and no
information is allowed to move in the other direction. Similarly a general (full) LOCC means local operations and classical communication, that
is, Alice and Bob can communicate classically
as much as they like and iteratively adapt their
measurements as they go. It is natural to regard (full) LOCC protocol as superior to one-way
LOCC protocol in terms of state discrimination.
Since we can give an explicit mathematical description of one-way LOCC [16], but can’t give
a clear mathematical description of (full) LOCC,
most of known LOCC distinguishable sets of orthogonal states are one-way LOCC distinguishable sets.
It is natural to ask whether or not a set of
k(4 ≤ k ≤ d) orthogonal MESs in Cd ⊗ Cd can be
(perfectly) distinguished by LOCC [17]. Many
advances have been made in this field. The researchers have constructed many examples of lo-
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cally indistinguishable GBS sets [17, 18, 19, 20,
21, 22], for example, Bandyopadhyay et al. [17]
showed one-way LOCC indistinguishable 4-GBS
sets in C4 ⊗ C4 and C5 ⊗ C5 . On the other hand,
some sufficient conditions for local discrimination
of GBSs are obtained by using admissible solution
set and nonadmissible solution set [23, 25].
Although many advances have been made, they
are mainly concrete examples of local indistinguishability and sufficient conditions for local distinguishability. There are few necessary and sufficient conditions for local discrimination of orthogonal state sets, which makes it difficult to locally
distinguish a general GBS set. Even for a general
GBS set in a low dimensional bipartite system, it
is difficult to judge its local distinguishability.
Based on these advances, in this paper, the
local discrimination of GBS sets is considered.
Firstly, some practical and effective sufficient conditions for GBS sets in an arbitrary dimensional
system are given. These sufficient conditions are
easy to use and widely applicable, they cover the
previous conclusions including Fan, s and Wang
et al., s results [6, 23]. And then we show that
these sufficient conditions are also necessary for
local discrimination of all 4-GBS sets in C4 ⊗ C4 ,
and we give a table containing all the locally indistinguishable (standard) 4-GBS sets, which can
be used to judge the local distinguishability of a
4-GBS set quickly. In C5 ⊗ C5 , one of the sufficient conditions is proved to be necessary, thus
a necessary and sufficient condition for one-way
local discrimination of GBS sets is provided. The
necessary and sufficient condition is concise and
computable, and it gives an affirmative answer to
the case d = 5 of the problem proposed by Wang
et al. [23, 26].
The rest of this paper is organized as follows.
In Section II, we recall some relevant notions and
results. In Section III, we present three suffient

conditions for local discrimination of GBS sets
in Cd ⊗ Cd . In Section IV, for 4-GBS sets in
C4 ⊗ C4 , a necessary and sufficient condition for
local state discrimination is provided, and all locally indistinguishable (standard) 4-GBS sets are
found. Further, in Section V, for 4-GBS and 5GBS sets in C5 ⊗ C5 , we show a simple and direct
necessary and sufficient condition for one-way local discrimination, which gives an affirmative answer to case d = 5 of the problem proposed by
Wang et al. Lastly, in Section VI, we draw the
conclusions.

2 Preliminaries
Consider a d-dimensional Hilbert space, {|ji}d−1
j=0
is the computational basis and Zd = {0, 1, . . . , d−
1}. Let Um,n = X m Z n , m, n ∈ Zd be generalized Pauli matrices (GPMs) constituting a basis
of unitary operators where X|ji = |j + 1 mod di,
Z|ji = ω j |ji and ω = e2πi/d , which are generalizations of Pauli matrices. Denote the set of all
GPMs on a d-dimensional Hilbert space by P (d).
In a quantum system Cd ⊗ Cd , the canonical √maximally entangled state |Φi is |Φ00 i =
P
(1/ d) d−1
j=0 |jji. It is known that (I ⊗ U )|Φi =
(U T ⊗I)|Φi, where T means matrix transposition.
Any MES can be written as |Ψi = (I ⊗ U )|Φi
where U is unitary. If U = X m Z n , the states
|Φm,n i = (I ⊗ Um,n )|Φi
are called generalized Bell states (GBSs). Note
that there is a one-to-one correspondence between the MESs and unitaries, and the corresponding unitaries of GBSs are GPMs. It is convenient to denote a GBS set {(I ⊗ X mi Z ni )|Φi}
by {X mi Z ni } or {(mi , ni )}. For a given GBS set
S = {X mj Z nj |mj , nj ∈ Zd }, the difference set
∆S of the GBS set S means

∆S = {(mj − mk , nj − nk )|(mj , nj ), (mk , nk ) ∈ S, j 6= k}.

It plays an important role in local state discrimination [24, 21]. This section consists of
three parts: Wely commutation relation and congruence equation, Clifford operator, and LUequivalence.
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2.1 Weyl commutation relation and congruence equation
Two unitaries A and B are called Weyl commutative if AB = zBA where z is a complex number
[27].
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Lemma 1. [28, 29] For two unitary matrices A
and B, if they are not commutative and satisfy
Weyl commutation relation, then each eigenvector u of A satisfies hu|B|ui = 0. Especially,
for an arbitrary GBS set S, if there is a GPM
T which is not commutative to every GPM U
in ∆S, then each eigenvector |vi of T satisfies
hv|U |vi = 0 and the set S is one-way LOCC distinguishable.

where the entries are over Zd . It is known
that a 2 × 2 matrix W is symplectic if and
only if det(W ) = a1 b2 − a2 b1 ≡ 1 (mod
d). For a GBS (m, n), the Clifford operator
W maps (m, n) to (a1 m + b1 n, a2 m + b2 n), or
W
X m Z n ∼ X a1 m+b1 n Z a2 m+b2 n . Two basic Clifford
operators are quantum Fourier transform (QFT)
gate R and phase-shift gate P are as follows:
"

R=

0 −1
1 0

#

"

,P =

1 0
1 1

#

.

In order to locally distinguish a GBS set, according to Lemma 1, we need to find the GPM
T in Lemma 1. For two GPMs (m, n) and (s, t),
they are commutative if and only if ns − mt = 0
mod d. So we prepare the following result about
congruence equation to accomplish this task.

The phase-shift and QFT gates are a necessary and sufficient set of gates to generate (up
to global phase) the entire single-qudit Clifford
group in any finite dimension [33].

Lemma 2. Let m, n ∈ Zd , gcd(m, n) be the
greatest common divisor of m and n, and

2.3 LU-equivalence

nx − my = 0

mod d

(1)

be a congruence equation. Then there is always
m
n
a solution ( gcd(m,n)
, gcd(m,n)
) to the congruence
equation and the following assertions holds.
(1) If m = 0, n 6= 0, then solution set of
d
the equation is {( gcd(n,d)
t, k)|k ∈ Zd , t ∈
Zgcd(n,d) }.
(2) If m 6= 0, n = 0, then solution set of
d
t)|k ∈ Zd , t ∈
the equation is {(k, gcd(m,d)
Zgcd(m,d) }.
(3) If m =
6
0, n 6= 0,
set of the equation is
d
n
gcd(m,n,d) t, gcd(m,n) k
d
k = 0, · · · , gcd(m,n,d)

then solution
m
{( gcd(m,n)
k +

d
0
gcd(m,n,d) t )} where
1; t, t0 ∈ Zgcd(m,n,d) .

−

2.2 Clifford operator
A Clifford operator is defined as a unitary operator which maps the Pauli group to itself under
conjugation [32, 33]. The classical (or symplectic)
representation W of a single-qudit Clifford operator is a unique two by two symplectic matrix (up
to a global phase) over Zd , that is,
W =
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Definition 1 ([31]). Let {|φ1 i, |φ2 i, · · · , |φn i}
and {|ψ1 i, |ψ2 i, · · · , |ψn i} be two sets of MESs.
Their corresponding unitary matrix sets are M =
{M1 , M2 , · · · , Mn } and N = {N1 , N2 , · · · , Nn }.
If there exist two unitary operators UA , UB and a
permutation σ over {1, 2, · · · , n} such that |ψi i ≈
(UA ⊗ UB )|φσ(i) i, where ≈ denotes “equal up to
some global phase", then these two MES sets are
called LU-equivalent. Meanwhile the corresponding unitary matrix sets are called U -equivalent,
that is

+

For a given GPM (m, n) in Cd ⊗Cd , there are d·
gcd(m, n, d) solutions to the congruence equation
(1).

"

When discussing a large number of GBS sets, we
need the concept of local unitary (LU) equivalence. Let’s recall the LU-equivalence of two MES
sets.

a1 b1
a2 b2

#

LM R ≈ N,
where L = UB and R = UAT , denoted by M ∼ N .
Especially, when R = L† , the two sets M and
N are called unitary conjugate equivalent (UC
L
equivalent), denoted by M ∼ N .
In general we can study LU-equivalence of two
MES sets by studying the U -equivalence of their
unitary matrix sets. For convenience, we call a
GBS set containing the standard MES a standard GBS set, and a GPM set containing the
identity matrix a standard GPM set. Let M =
{M1 , M2 , · · · , Mn } and N = {N1 , N2 , · · · , Nn }
be two GPM sets. If M is U -equivalent to N ,
then there exist two unitaries L, R and a permutation σ over {1, 2, · · · , n} such that LMi R ≈
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Nσ(i) . Thus for a fixed i,
Nσ(j) ≈ LMj R = (LMi )(Mi† Mj )(LMi )† (LMi R)
= (LMi )(Mi† Mj )(LMi )† Nσ(i) (j = 1, 2, · · · , n).
Furthermore, if some Mi = I ∈ M , then we have
†
Nσ(j) ≈ (LMj L† )Nσ(i) , L† (Nσ(j) Nσ(i)
)L ≈ Mj .
(2)

The formula (2) tells us that, for any standard
GPM set M , if M is U-equivalent to N then M
consists of elements of the shape of L† (Nj Ni† )L.
In particular, if L is a Clifford transformation,
then the GPM set M = {L† (Nj Ni† )L} is Uequivalent to N . For a UC transformation that
maps one GPM set A to another GPM set B,
if the set A or B containing nondegenerate X s
and Z t , then the transformation must be a Clifford operator. These facts lead to the following
assertion.
Lemma 3. Let N = {Nj } be a GPM set, if
L is a Clifford transformation and σ is a permutation, then the standard GPM set M =
†
)L} is U-equivalent to N . Espe{L† (Nσ(j) Nσ(i)
cially, if N contains two nondegenerate GPMs
X s and Z t , then any standard GPM set M
that is U-equivalent to N has the form M =
†
{L† (Nσ(j) Nσ(i)
)L}, where L is a Clifford operator and σ is a permutation.
For a given GPM set N , Lemma 3 can be
used to construct lots of GPM sets which are U equivalent to N . Each U -equivalent set of N in
Lemma 3 only depends on Clifford operators and
N itself, and then it gives an effective way to find
lots of standard GPM sets that is U-equivalent to
N.

3 Sufficient conditions for arbitrary dimensional systems
In this section, we will show three sufficient conditions for local discrimination of GBS sets in arbitrary dimensional systems and some examples
which can not be determined by previous known
sufficient conditions.
In order to find the GPMs in Lemma 1, for a
GBS set S and a GPM (m, n) in the difference set
∆S, denote the solution set of the corresponding
Accepted in

congruence equation (1) by S(m, n), then every
element in the set
D(S) , P (d) \

[

S(m, n)

(m,n)∈∆S

satisfies the condition in Lemma 1 and can be
used to locally distinguish the set S. Therefore,
the set D(S) can be called a discriminant set of
S.
Theorem 1. Let S = {(mi , ni )|4 ≤ i ≤ l ≤ d} be
a GBS set in Cd ⊗ Cd , then the set S is local distinguishable when any of the following conditions
is true.
(1) The discriminant set D(S) is not empty.
(2) The set ∆S is commutative.
(3) The dimension d is a composite number, and
for each (m, n) ∈ ∆S, m or n is invertible
in Zd .
Since the commutativity of the set S ensures
the commutativity of its difference set ∆S, according to Theorem 1 (2), S is local disdinguishable when S is commutative. The condition (3)
in Theorem 1 only applies when d is composite.
It is easy to see that, when d is a prime number, the condition (2) is a special case of (1) in
Theorem 1.
Proof. From the previous discussion, the conclusion (1) is obvious. Let’s consider (2), since the
set ∆S is commutative, there exists a unitary matrix U which maps each GPM A in ∆S to a diagonal matrix U † AU . Let |βi , √1d |(1, · · · , 1)i be a
d-dimensional unit vector, then the vector |αi =
U |βi satisfies hα|A|αi = hβ|U † AU |βi = trA = 0,
thus the set S is one-way LOCC distinguishable.
Now consider the last condition, let d be a composite number and d = st be a decomposition.
For (m, n) ∈ ∆S and m is invertible in Zd , the
GPM Z t is not commutative to (m, n), then each
eigenstate |αi of Z t satisfies hα|X m Z n |αi = 0.
Similarly, if n is invertible in Zd , then each eigenstate |βi of X s satisfies hβ|X m Z n |βi = 0. Since
X s and Z t are commutative, they have common
eigenstates. Obviously, each common eigenstate
|γi satisfies hγ|X m Z n |γi = 0. Therefore the set
S is one-way LOCC distinguishable.
We give some examples to show that Theorem
1 has a wide range of applications.
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For a given GBS set L = {(mi , ni )|1 ≤ i ≤ l ≤
d} in Cd ⊗ Cd and the congruence equation
mi y + ni = mj y + nj

mod d

(3)

where i < j and (mi , ni ), (mj , nj ) ∈ L, let Sij be
the solution set of the equation (3), SLy be the
the union of all Sij , and SA be {0, · · · , d − 1, ∞}.
The two sets SA and SLy are called admissible
solution set and nonadmissible solution set for L
respectively [23, 25]. If the set SA \SLy is not
empty, then it is easy to check that, for each element y in SA \SLy , the GPM (d − 1, y) is also
an element of the set D(L), and then the set L is
local distinguishable. This shows that Theorem
1 (1) leads to Wang et al., s result which is an extension of Fan, s result [6, Theorem]. But Wang
et al., s result [23, Theorem 1] is not applicable to
the following three examples.
Example
1. Consider the 5-GBS set
L1
=
{(0, 0), (0, 1), (1, 0), (1, 4), (5, 5)} in
C6 ⊗ C6 . By using the congruence equation
(3), it is easy to check that the set SA \SL1y
is empty and Wang et al.’s result is not applicable. Now we apply Theorem 1 (1) to the
set L1 . By using congruence equation (1) and
simple calculation, the difference set ∆L1 =
{(0, 1), (1, 0), (1, 4), (5, 5), (1, 5), (1, 3), (5, 4), (0, 4),
(4, 5), (4, 1), (0, 5), (5, 0), (5, 2), (1, 1), (5, 1), (5, 3),
(1, 2), (0, 2), (2, 1), (2, 5)} and the GPM (2, 3)
belongs to the discriminant set D(L1 ), and then
the set L1 is local distinguishable.
Example 2. Consider the GBS set L2 =
{(1, 2), (1, 0), (3, 2), (3, 0)} in C4 ⊗ C4 and the set
L3 = {(2, 3), (2, 0), (5, 3), (5, 0)} in C6 ⊗ C6 . The
difference sets are ∆L2 = {(0, 2), (2, 0), (2, 2)}
and ∆L3 = {(0, 3), (3, 0), (3, 3)} respectively. By
Lemma 2 and the congruence equation (3), it
is easy to check that all four sets SA \SL2y ,
SA \SL3y , D(L2 ) and D(L3 ) are empty, and then
Wang et al.’s result and Theorem 1 (1) are not
applicable. Fortunately, both sets ∆L2 and ∆L3
are commutative. By Theorem 1 (2), L2 and L3
are local distinguishable.
Example
3. Consider
the
GBS
set
L4
=
{(1, 2), (1, 3), (2, 2), (0, 1)}
in
C4 ⊗ C4 .
The difference set are ∆L4 =
{(0, 1), (1, 0), (3, 3), (1, 3), (3, 2), (2, 3), (0, 3), (3, 0),
(1, 1), (3, 1), (1, 2), (2, 1)}. It is easy to check that
both sets SA \SL4y and D(L1 ) are empty, and
then Wang et al.’s result and Theorem 1 (1)-(2)
Accepted in

are not applicable. Obviously, Theorem 1 (3) is
applicable and L4 is local distinguishable.
It is interesting that all the three examples can
not be discriminated by Wang et al., s result. Example 1 can only be determined by Theorem 1
(1), Example 2 can only be determined by Theorem 1 (2), and only Theorem 1 (3) applies to
Example 3.
In this section, on the basis of Weyl commutation relation and congruence equation, we present
three sufficient conditions for local discrimination
of GBS sets in arbitrary dimensional systems.
The three conditions show that the problem of local discrimination of the GBS set S can be solved
by the properties of the difference set ∆S. For
example, the condition (2) says that the commutativity of the elements (m, n) in the difference
set of S leads to that the original set S is locally
distinguishable.

4 Necessary and sufficient conditions
for 4-GBS sets in C4 ⊗ C4
It is obvious that every GBS set is LU-equivalent
to a standard GBS set. In this section, we will
show that if a 4-GBS set in C4 ⊗C4 is local distinguishable then one of the three conditions in Theorem 1 is true, that is, the three sufficient conditions in Theorem 1 are also necessary. Moreover,
we will provide a list of all local indistinguishable
standard 4-GBS sets. The list and the necessary
and sufficient conditions allow us to quickly judge
the local distinguishability of any 4-GBS set in
C4 ⊗ C4 .
Theorem 2. Let S = {(mi , ni )|1 ≤ i ≤ 4} be a
GBS set in C4 ⊗C4 , then S is local distinguishable
if and only if one of the following conditions is
true.
(1) The discriminant set D(S) is not empty.
(2) The set ∆S is commutative.
(3) For each (m, n) ∈ ∆S, m or n is invertible
in Z4 .
Proof. Let S = {(mi , ni )|1 ≤ i ≤ 4} be a local
distinguishable 4-GBS set, we need to show that
the set S meets one of the three conditions. It is
known that all 4-GBS sets can be classified into
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ten locally inequivalent classes and the representative elements of these equivalence classes are
K = {I, X 2 , Z 2 , X 2 Z 2 },L = {I, X, X 2 , X 3 },
Γ120 = {I, X, Z, X 2 },Γ131 = {I, X, Z, X 3 Z},
Γ133 = {I, X, Z, X 3 Z 3 },Γ212 = {I, X, Z 2 , XZ 2 },
Γ230 = {I, X, Z 2 , X 3 },Γ112 = {I, X, Z, XZ 2 },
Γ220 = {I, X, Z 2 , X 2 },Γ232 = {I, X, Z 2 , X 3 Z 2 }.
The first 7 sets are one-way LOCC distinguishable, while the last 3 sets are one-way LOCC
indistinguishable (also two-way LOCC indistinguishable). Hence the local distinguishable set
S is LU-equivalent to one of the first 7 sets [30]:
K, L, Γ120 , Γ131 , Γ133 , Γ212 , Γ230 . By the formula (2)
and Lemma 3, the three conditions in Theorem
2 are invariant under LU-equivalence. Now we
only need to consider the above seven sets. The
two sets K and L are commutative, then their difference sets are also commutative and they meet
the condition (2). Since the difference set ∆Γ120 =
{(1, 0), (0, 1), (2, 0), (3, 1), (2, 3), (3, 0), (0, 3), (1, 3),
(2, 1)}, it is easy to check that (1, 1) ∈ D(Γ120 ),
and then Γ120 satisfies the condition (1). Similarly, it is easy to check that {(1, 1), (1, 2)} ⊆

D(Γ131 ), {(1, 1), (1, 3)}
⊆
D(Γ212 ), and
{(1, 1), (1, 3)} ⊆ D(Γ230 ), then the three
sets also meet the condition (1).
About
1
the set Γ33 , since the difference set ∆Γ133 =
{(1, 0), (0, 1), (3, 3), (1, 3), (2, 3), (3, 2), (3, 0), (0, 3),
(1, 1), (3, 1), (2, 1), (1, 2)}, it is clear that it meets
the condition (3).
Next we will use the LU-equivalence to give a
list of all local indistinguishable standard 4-GBS
sets. We first give a protocol according to Lemma
3 to determine the U-equivalence of two GPM sets
M and N .
Protocol.
Let M = {M1 , · · · , Ml } =
{(s1 , t1 ), · · · , (sl , tl )}
and
N
=
{(m1 , n1 ), · · · , (ml , nl )} be two sets of GPMs and
I, X s , Z t (s, t are invertible in Zd ) are contained
in N .
1. Do i = 1.
2. Let Li = {(s1 − si , t1 − ti ), · · · , (sl − si , tl −
ti )}.
3. "Use a program
to apply a Clifford operator
#
a1 b1
F =
to the set Li , then we obtain the
a2 b2
set

{(a1 (s1 − si ) + b1 (t1 − ti ), a2 (s1 − si ) + b2 (t1 − ti )), · · · ,
(a1 (sl − si ) + b1 (tl − ti ), a2 (sl − si ) + b2 (tl − ti ))}(mod d)

for all 0 ≤ a1 , a2 , b1 , b2 ≤ d−1 and a1 b2 −a2 b1 ≡ 1
(mod d).
4. For any 1 ≤ i ≤ l and Clifford operator F ,
print all the sets obtained in step 3, then we obtain all standard GPM sets that are U-equivalent
to N .
According to this protocol and the ten 4-GBS
sets in [30, Theorem 2], we get ten equivalence
g
g
g
g
g
g
g
g
2 .
1 ,Γ
2 ,Γ
2 ,Γ
1 ,Γ
2 ,Γ
1 ,Γ
1 ,Γ
e L,
e Γ
classes K,
20
32
31
33
12
30
12
20
See Table I for the number of standard GBS sets
in each equivalence class.
The ten 4-GBS sets are not LU equivalent to
each other, and the ten equivalence classes contain a total of 455 standard GBS sets. Since
3 (= 455) standard 4-GBS sets in
there are C15
C4 ⊗ C4 , the ten equivalence classes make up a
complete classification, and all 4-GBS sets in the
g
g
g
1 ,Γ
2 ,Γ
2 constitute
three equivalence classes Γ
12
20
32
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all local indistinguishable standard 4-GBS sets in
C4 ⊗C4 . That is, there are 156 local indistinguishable standard 4-GBS sets, see Table II for details.
Using Table II, we can immediately determine the
distinguishability of an arbitrary 4-GBS set.
In this section, we showed that, in C4 ⊗ C4 ,
the three sufficient conditions are also necessary conditions according to the following three
facts: (a) The three conditions are invariant under LU-equivalence (see formular (2)). (b) All
4 (=1820) 4-GBS sets are classified into ten
C16
equivalence classes [30] and every 4-GBS set is
LU-equivalent to one of the ten representative elements of these equivalence classes. Then we only
need to consider the ten 4-GBS sets. (c) The local
discrimination of the ten 4-GBS sets can be determined by [17, Corollary 1], Theorem 1 and Yu et
al., s result [34, Lemma]. Moreover we presented
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Table 1: Numbers of standard GBS sets in equivalence classes
e
K
1

Le
6

g
1
Γ
20
192

g
1
Γ
31
48

g
1
Γ
33
16

g
2
Γ
12
12

g
2
Γ
30
24

g
1
Γ
12
96

g
2
Γ
20
48

g
2
Γ
32
12

Total
455

Table 2: All local indistinguishable standard 4-GBS sets in C4 ⊗ C4 (156 items)
d
g
1
Γ

12

(96 items)

g
2
Γ
20
(48 items)

g
2
Γ
32
(12 items)

{(0,0),(0,1),(1,0),(1,2)},{(0,0),(0,1),(1,0),(2,1)},{(0,0),(0,1),(1,0),(2,2)},{(0,0),(0,1),(1,1),(1,3)},
{(0,0),(0,1),(1,1),(2,0)},{(0,0),(0,1),(1,1),(2,3)},{(0,0),(0,1),(1,2),(2,1)},{(0,0),(0,1),(1,2),(2,2)},
{(0,0),(0,1),(1,3),(2,0)},{(0,0),(0,1),(1,3),(2,3)},{(0,0),(0,1),(2,0),(3,1)},{(0,0),(0,1),(2,0),(3,3)},
{(0,0),(0,1),(2,1),(3,0)},{(0,0),(0,1),(2,1),(3,2)},{(0,0),(0,1),(2,2),(3,0)},{(0,0),(0,1),(2,2),(3,2)},
{(0,0),(0,1),(2,3),(3,1)},{(0,0),(0,1),(2,3),(3,3)},{(0,0),(0,1),(3,0),(3,2)},{(0,0),(0,1),(3,1),(3,3)},
{(0,0),(0,2),(1,0),(1,1)},{(0,0),(0,2),(1,0),(1,3)},{(0,0),(0,2),(1,0),(3,1)},{(0,0),(0,2),(1,0),(3,3)},
{(0,0),(0,2),(1,1),(1,2)},{(0,0),(0,2),(1,1),(3,0)},{(0,0),(0,2),(1,1),(3,2)},{(0,0),(0,2),(1,2),(1,3)},
{(0,0),(0,2),(1,2),(3,1)},{(0,0),(0,2),(1,2),(3,3)},{(0,0),(0,2),(1,3),(3,0)},{(0,0),(0,2),(1,3),(3,2)},
{(0,0),(0,2),(3,0),(3,1)},{(0,0),(0,2),(3,0),(3,3)},{(0,0),(0,2),(3,1),(3,2)},{(0,0),(0,2),(3,2),(3,3)},
{(0,0),(0,3),(1,0),(1,2)},{(0,0),(0,3),(1,0),(2,2)},{(0,0),(0,3),(1,0),(2,3)},{(0,0),(0,3),(1,1),(1,3)},
{(0,0),(0,3),(1,1),(2 0)},{(0,0),(0,3),(1,1),(2,1)},{(0,0),(0,3),(1,2),(2,2)},{(0,0),(0,3),(1,2),(2,3)},
{(0,0),(0,3),(1,3),(2,0)},{(0,0),(0,3),(1,3),(2,1)},{(0,0),(0,3),(2,0),(3,1)},{(0,0),(0,3),(2,0),(3,3)},
{(0,0),(0,3),(2,1),(3,1)},{(0,0),(0,3),(2,1),(3,3)},{(0,0),(0,3),(2,2),(3,0)},{(0,0),(0,3),(2,2),(3,2)},
{(0,0),(0,3),(2,3),(3,0)},{(0,0),(0,3),(2,3),(3,2)},{(0,0),(0,3),(3,0),(3,2)},{(0,0),(0,3),(3,1),(3,3)},
{(0,0),(1,0),(1,1),(3,1)},{(0,0),(1,0),(1,1),(3,2)},{(0,0),(1,0),(1,2),(2,1)},{(0,0),(1,0),(1,2),(2,3)},
{(0,0),(1,0),(1,3),(3,2)},{(0,0),(1,0),(1,3),(3,3)},{(0,0),(1,0),(2,1),(2,2)},{(0,0),(1,0),(2,2),(2,3)},
{(0,0),(1,0),(3,1),(3,2)},{(0,0),(1,0),(3,2),(3,3)},{(0,0),(1,1),(1,2),(3,0)},{(0,0),(1,1),(1,2),(3,1)},
{(0,0),(1,1),(1,3),(2,1)},{(0,0),(1,1),(1,3),(2,3)},{(0,0),(1,1),(2,0),(2,1)},{(0,0),(1,1),(2,0),(2,3)},
{(0,0),(1,1),(3,0),(3,1)},{(0,0),(1,1),(3,1),(3,2)},{(0,0),(1,2),(1,3),(3,0)},{(0,0),(1,2),(1,3),(3,3)},
{(0,0),(1,2),(2,1),(2,2)},{(0,0),(1,2),(2,2),(2,3)},{(0,0),(1,2),(3,0),(3,1)},{(0,0),(1,2),(3,0),(3,3)},
{(0,0),(1,3),(2,0),(2,1)},{(0,0),(1,3),(2,0),(2,3)},{(0,0),(1,3),(3,0),(3,3)},{(0,0),(1,3),(3,2),(3,3)},
{(0,0),(2,0),(2,1),(3,1)},{(0,0),(2,0),(2,1),(3,3)},{(0,0),(2,0),(2,3),(3,1)},{(0,0),(2,0),(2,3),(3,3)},
{(0,0),(2,1),(2,2),(3,0)},{(0,0),(2,1),(2,2),(3,2)},{(0,0),(2,1),(3,0),(3,2)},{(0,0),(2,1),(3,1),(3,3)},
{(0,0),(2,2),(2,3),(3,0)},{(0,0),(2,2),(2,3),(3,2)},{(0,0),(2,3),(3,0),(3,2)},{(0,0),(2,3),(3,1),(3,3)}.
{(0,0),(0,1),(0,2),(2,0)},{(0,0),(0,1),(0,2),(2,2)},{(0,0),(0,1),(0,3),(2,1)},{(0,0),(0,1),(0,3),(2,3)},
{(0,0),(0,1),(2,0),(2,2)},{(0,0),(0,1),(2,1),(2,3)},{(0,0),(0,2),(0,3),(2,0)},{(0,0),(0,2),(0,3),(2,2)},
{(0,0),(0,2),(1,0),(2,0)},{(0,0),(0,2),(1,0),(2,2)},{(0,0),(0,2),(1,1),(2,0)},{(0,0),(0,2),(1,1),(2,2)},
{(0,0),(0,2),(1,2),(2,0)},{(0,0),(0,2),(1,2),(2,2)},{(0,0),(0,2),(1,3),(2,0)},{(0,0),(0,2),(1,3),(2,2)},
{(0,0),(0,2),(2,0),(2,1)},{(0,0),(0,2),(2,0),(2,3)},{(0,0),(0,2),(2,0),(3,0)},{(0,0),(0,2),(2,0),(3,1)},
{(0,0),(0,2),(2,0),(3 2)},{(0,0),(0,2),(2,0),(3,3)},{(0,0),(0,2),(2,1),(2,2)},{(0,0),(0,2),(2,2),(2,3)},
{(0,0),(0,2),(2,2),(3,0)},{(0,0),(0,2),(2,2),(3,1)},{(0,0),(0,2),(2,2),(3,2)},{(0,0),(0,2),(2,2),(3,3)},
{(0,0),(0,3),(2,0),(2,2)},{(0,0),(0,3),(2,1),(2,3)},{(0,0),(1,0),(1,2),(3,0)},{(0,0),(1,0),(1,2),(3,2)},
{(0,0),(1,0),(2,0),(2,2)},{(0,0),(1,0),(3,0),(3,2)},{(0,0),(1,1),(1,3),(3,1)},{(0,0),(1,1),(1,3),(3,3)},
{(0,0),(1,1),(2,0),(2,2)},{(0,0),(1,1),(3,1),(3,3)},{(0,0),(1,2),(2,0),(2,2)},{(0,0),(1,2),(3,0),(3,2)},
{(0,0),(1,3),(2,0),(2,2)},{(0,0),(1,3),(3,1),(3,3)},{(0,0),(2,0),(2,1),(2,2)},{(0,0),(2,0),(2,2),(2,3)},
{(0,0),(2,0),(2,2),(3,0)},{(0,0),(2,0),(2,2),(3,1)},{(0,0),(2,0),(2,2),(3,2)},{(0,0),(2,0),(2,2),(3,3)}.
{(0,0),(0,1),(2,0),(2,3)},{(0,0),(0,1),(2,1),(2,2)},{(0,0),(0,2),(1,0),(3,2)},{(0,0),(0,2),(1,1),(3,1)},
{(0,0),(0,2),(1,2),(3,0)},{(0,0),(0,2),(1,3),(3,3)},{(0,0),(0,3),(2,0),(2,1)},{(0,0),(0,3),(2,2),(2,3)},
{(0,0),(1,0),(1,2),(2,2)},{(0,0),(1,1),(1,3),(2,0)},{(0,0),(2,0),(3,1),(3,3)},{(0,0),(2,2),(3,0),(3,2)}.

a protocol based on LU-equivalence (Lemma 3),
according to which all 156 standard 4-GBS sets
are found (see Table 2).

5 Necessary and sufficient conditions
for GBS sets in C5 ⊗ C5
In this section, we will show that if a GBS set
L in C5 ⊗ C5 is one-way LOCC distinguishable
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then the condition (1) in Theorem 1 is true. If
the dimension d is a prime, it is easy to check
that the condition (1) in Theorem 1 is equivalent to a simple conclusion: the cardinality of the
set {m−1 n|(m, n) ∈ ∆L, m−1 n , ∞ if m = 0} is
less than d + 1. The cardinality can be calculated
directly from the difference set without solving
the congruence equation (1), and then the necessary and sufficient conditions allow us to quickly
judge the one-way LOCC distinguishability of
any GBS set in C5 ⊗ C5 . For convenience, the
set {m−1 n|(m, n) ∈ ∆L, m−1 n , ∞ if m = 0}
can be called a discriminant index set of L.
Theorem 3. Let L = {(mi , ni )} be a 4-GBS or
5-GBS set in C5 ⊗ C5 , then L is one-way LOCC
indistinguishable if and only if the discriminant
set D(L) is empty, or equivalently the cardinality of the discriminant index set {m−1 n|(m, n) ∈
∆L, m−1 n , ∞ if m = 0} is 6.
Since the dimension 5 is a prime, it is easy to
check that each element m−1 n in Theorem 3 corresponds to a number y ∈ SLy , and each number
y ∈ SLy also corresponds to an equivalent class
of commutative pairs defined in [26]. So, we get
the conclusion as follows.
Corollary 1. Let L = {(mi , ni )|1 ≤ i ≤ 5} be a
4-GBS or 5-GBS set in C5 ⊗ C5 , then the following assertions are equivalent to each other.
(1) L is one-way LOCC indistinguishable.
(2) The
cardinality
|{m−1 n|(m, n)
−1
∆L, m n , ∞ if m = 0}| is 6.

∈

(3) The cardinality |SLy | of the nonadmissible
solution set SLy is 6.
(4) Let S be a maximal set containing the pairwise noncommuting pairs in deference set,
then the cardinality |S| is equal to 6.
Corollary 1 implies that the following case d =
5 of Wang et al’ problem [23, Problem] is true.
Problem 1. Let L = {X mi Z ni |1 ≤ i ≤ l} be a
l-GBS set of dimension d > 2. If SA \SLy = ∅, is
the set L indistinguishable by one-way LOCC?

Accepted in

If d is a prime, Problem 1 is equivalent to the
conjecture posed in [26].
Conjecture 1. Let d be a prime. If |S| = d + 1,
then the set L cannot be distinguished by one-way
LOCC.
When d is a composite number, it obvious that
Problem 1 is not true (see Examples 1-3). When
d is a prime, Wang et al. [23] disproved the case
d = 101 of Problem 1 or Conjecture 1 by finding
a counterexample in C101 ⊗ C101 . The counterexample suggests that Problem 1 (or Conjecture 1)
may not be true. But the necessary and sufficient
conditions (Theorem 3 or Corollary 1) show that
the case d = 5 of Problem 1 is true, so this is a
surprising result, and it suggests that the problem is more complex than expected. Now we give
a proof of Theorem 3.
Proof. Let L = {(mi , ni )} be a one-way LOCC
distinguishable 4-GBS or 5-GBS set, it is sufficient to show that the cardinality of the discriminant index set {m−1 n|(m, n) ∈ ∆L, m−1 n ,
∞ if m = 0} is less than 6.
4 (=12650) quadruples
It is known that all C25
of GBSs can be classified into eight locally
inequivalent classes and the representative
elements of these equivalence classes are
H = {I, Z, Z 2 , Z 3 }, K = {I, Z, Z 2 , X}, L =
{I, Z, Z 2 , X 2 }, Γ11,1 , Γ11,2 , Γ22,1 , Γ14,4 , Γ12,2 ,
where
a
a
s
t
Γst = {I, Z, X , X Z }. The first 6 sets are oneway LOCC distinguishable, while the last 2 sets
are one-way LOCC indistinguishable [29]. Since
the set L is a one-way LOCC distinguishable,
it is LU-equivalent to one of the six 4-GBS sets
H, K, L, Γ11,1 , Γ11,2 , Γ22,1 . Because of the difference
sets ∆H = {(0, 1), (0, 2), (0, 3), (0, 4)} and ∆K =
{(0, 1), (0, 2), (1, 0), (1, 4), (1, 3), (0, 4), (0, 3), (4, 0),
(4, 1), (4, 2)}, the cardinality of the corresponding
discriminant index sets is 1 and 4 respectively.
Similarly, the cardinality of the discriminant
index sets of L, Γ11,1 , Γ11,2 and Γ22,1 is 4, 4, 5 and
4 respectively. Therefore, the cardinality of the
six sets is less than 6.
5 (=53130) 5-GBS sets
It is known that all C25
can be divided into 21 locally inequivalent classes
and the representative elements of these equivalence classes are
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H1 = {I, Z, Z 2 , Z 3 , Z 4 }, H2 = {I, Z, Z 2 , Z 3 , X}; K1 = {I, Z, Z 2 , X, X 2 }, K2 = {I, Z, Z 2 , X, X 3 },
K3 = {I, Z, Z 2 , X, X 4 }, K4 = {I, Z, Z 2 , X, XZ}, K5 = {I, Z, Z 2 , X, XZ 2 }, K6 = {I, Z, Z 2 , X, X 2 Z},
K7 = {I, Z, Z 2 , X, X 2 Z 2 }, K8 = {I, Z, Z 2 , X, X 3 Z 2 }, K9 = {I, Z, Z 2 , X, X 3 Z 3 },
K10 = {I, Z, Z 2 , X, X 3 Z 4 }, K11 = {I, Z, Z 2 , X, X 4 Z}, K12 = {I, Z, Z 2 , X, X 4 Z 2 };
L1 = {I, Z, Z 2 , X 2 , X 2 Z}, L2 = {I, Z, Z 2 , X 2 , X 2 Z 2 }, L3 = {I, Z, Z 2 , X 2 , X 3 Z},
L4 = {I, Z, Z 2 , X 2 , X 3 Z 2 }; Γ1 = {I, Z, X, XZ 2 , X 2 Z}, Γ2 = {I, Z, X, XZ 2 , X 3 Z 2 },
Γ3 = {I, Z, X, XZ 2 , X 4 Z}.

Among
them
nine
sets
H1 , H2 , K1 , K2 , K4 , K12 , L1 , L4 , Γ2
are
oneway LOCC distinguishable (also two-way LOCC
indistinguishable, see [29]). If the set L is a
one-way LOCC distinguishable 5-GBS set, then
it is LU-equivalence to one of the nine 5-GBS
sets. Using a similar method as the 4-GBS
sets, we can deduce that the cardinality of the
discriminant index sets of the nine 5-GBS sets is
1, 5, 5, 5, 5, 4, 5, 4 and 5 respectively. So all of
the nine 5-GBS sets have cardinality less than
6.
In this section, we showed that, for each 4GBS or 5-GBS set L = {(mi , ni )} residing
in C5 ⊗ C5 , the one-way LOCC discrimination
of L is completely determined by the cardinality of discriminant index set (={m−1 n|(m, n) ∈
∆L, m−1 n , ∞ if m = 0}). This simple and
computable cardinality according to the following
three facts: (a) The cardinality is invariant under
4 (=12650)
LU-equivalence. (b) Each of the C25
4-GBS sets is LU-equivalent to one of the representative elements of eight equivalence classes,
5 (=53130) 5-GBS sets is LUand each of the C25
equivalent to one of the representative elements
of 21 equivalence classes [29]. (c) The local discrimination of the representative elements can be
determined by [17, Corollary 1], Theorem 1 and
Yu et al., s result [34, Lemma]. Since [17, Corollary 1] and Theorem 1 are used to deal with the
problem of one-way local discrimination, and Yu
et al., s result [34, Lemma] can only be used to
deal with the local discrimination of d-GBS sets
in Cd ⊗ Cd , the problem of LOCC discrimination
of 4-GBS sets in C5 ⊗ C5 still remains unsolved.
Based on the above achievements in local discrimination of GBS sets in C4 ⊗ C4 and C5 ⊗ C5 ,
we may wish to consider the problem of local disAccepted in

crimination of GBS sets in C6 ⊗ C6 , specifically,
according to the existing results, we only need to
consider the cases of 4-GBS, 5-GBS and 6-GBS
sets. But it is difficult for us to solve this problem according to two basic facts: (a) In C6 ⊗ C6 ,
4 (=58905) 4-GBS sets, C 5 (=376992)
there are C36
36
6 (=1947792) 6-GBS sets. The
5-GBS sets and C36
number of sets to be considered is very large, so
it is difficult to obtain comprehensive results. (b)
In order to deal with a large number of GBS sets,
in general, it is necessary to classify these sets by
using methods such as LU-equivalence. However,
such classification is difficult and has not been
completed. In short, this problem of local discrimination of GBS sets in C6 ⊗ C6 is interesting
and valuable, but it is difficult for us to solve it
for the time being.

6 Conclusions
It is well known that, for a bipartite quantum
system Cd ⊗ Cd , it is hard to locally distinguish
a k-GBS set (4 ≤ k ≤ d). In this work, firstly
by using Weyl commutation relation and difference set, three practical sufficient conditions are
given and several known results can be deduced
as special cases of these conditions. Based on LU
equivalence, it is shown that the three conditions
are also necessary for local discrimination of GBS
sets in C4 ⊗ C4 , and all 156 local indistinguishable standard 4-GBS sets are found (see Table II
for details). That is, the problem of local discrimination of GBS sets in C4 ⊗ C4 is completely
solved. In C5 ⊗ C5 , it is shown that a GBS set
L is one-way LOCC indistinguishable if and only
if the cardinality of the discriminant index set
{m−1 n|(m, n) ∈ ∆L, m−1 n , ∞ if m = 0} is
6. Since the cardinality of the discriminant in-
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dex set is easy to calculate, and a general LOCC
has no advantage over one-way LOCC in distinguishing the 5-GBS sets, the problem of LOCC
discrimination of 5-GBS sets in C5 ⊗ C5 also are
completely solved. The necessary and sufficient
condition also shows that the case d = 5 of the
problem proposed by Wang et al. (Phys Rev A
99:022307, 2019) has a positive answer. Despite
these advances, the problem of LOCC discrimination of 4-GBS sets in C5 ⊗ C5 still remains
unsolved. It is hoped that the problem will be
solved in the near future.
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