Eigenstate entanglement in integrable collective spin models

arXiv:2108.09866v3 [quant-ph] 25 Apr 2022

Meenu Kumari1 and Álvaro M. Alhambra2
1

Perimeter Institute for Theoretical Physics, Waterloo, ON N2L 2Y5, Canada

2

Max-Planck-Institut fur Quantenoptik, D-85748 Garching, Germany

The average entanglement entropy (EE)
of the energy eigenstates in non-vanishing
partitions has been recently proposed as
a diagnostic of integrability in quantum
many-body systems. For it to be a faithful characterization of quantum integrability, it should distinguish quantum systems with a well-defined classical limit in
the same way as the unequivocal classical integrability criteria. We examine the
proposed diagnostic in the class of collective spin models characterized by permutation symmetry in the spins. The wellknown Lipkin-Meshov-Glick (LMG) model
is a paradigmatic integrable system in this
class with a well-defined classical limit.
Thus, this model is an excellent testbed
for examining quantum integrability diagnostics. First, we calculate analytically the
average EE of the Dicke basis {|j, mi}jm=−j
in any non-vanishing bipartition, and show
that in the thermodynamic limit, it converges to 1/2 of the maximal EE in the
corresponding bipartition. Using finitesize scaling, we numerically demonstrate
that the aforementioned average EE in the
thermodynamic limit is universal for all
parameter values of the LMG model. Our
analysis illustrates how a value of the average EE far away from the maximal in the
thermodynamic limit could be a signature
of integrability.

1 Introduction
While the notion of integrability in classical mechanics is well understood through the connection
between degrees of freedom and constants of motion (in the sense of Liouville integrability) [1, 2],
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a fully consistent and rigorous notion remains elusive for quantum systems [3]. Quantum integrability is usually associated with the existence of
an exact solution of the model, for instance based
on Yang-Baxter equation [4, 5], such as the Bethe
ansatz [6], or with other features, such as a set of
simple conserved quantities, or Poissonian level
statistics [7]. However, none of these features
provide an unambiguous characterization of integrable quantum systems and distinguish them
from nonintegrable quantum systems. Since the
quintessential goal is to characterize quantum dynamics, a good criterion or measure should be
able to unequivocally split all quantum models
into two distinct classes - integrable and nonintegrable - each with fundamentally distinct dynamical behaviour [3].
Quantum entanglement has the potential of
constituting a defining measure that can characterize integrability in the class of quantum systems with an underlying tensor product structure. This is supported by numerous studies that
has directly linked entanglement with dynamical
features [8]. A prominent example is the qualitative behavior of the spread of entanglement
in different types of spin systems. This includes
integrable and non-integrable chains [9, 10, 11,
12, 13], many-body localized systems [14, 15, 16]
or quantum scars [17, 18], or other models such
as the Dicke model [19] and the quantum kicked
top [20, 21]. Another possibility to explore this
connection is through the study of entanglement
in the energy eigenstates, and how this directly
affects quantum dynamics. A succinct way of
studying entanglement entropy (EE) of all the energy eigenstates in bipartite systems is to look at
their uniform average
d
1X
S̄A ≡
S(TrB |Ek i hEk |),
d k=1

(1)

where S(ρ) = −Trρ log ρ refers to the von Neumann entropy [22] which is a measure of entan-
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glement in bipartite pure states. The sum is
over all the eigenstates of the total Hamiltonian
P
HAB = k Ek |Ek i hEk |.
The average EE has been recently studied
in a number of lattice models in the context
of eigenstate thermalization hypothesis (ETH)
[23, 24, 25, 26]. These works have verified that the
EE of the eigenstates (and hence their average) in
chaotic systems is close to the maximum possible
EE, such that, for a bipartite system of dimension dA × dB with dA ≤ dB , S̄A ' Smax ' log dA
in the thermodynamic limit. This suggests that
the eigenstates of these models resemble random
states, for which their EE is near maximal on average S̄A /Smax → 1 [27].
This average has been shown to be very different in a few known integrable models in one
A
dimension. At half bipartition p ≡ NAN+N
= 12
B
(where NA and NB are the number of qubits
in the respective subsystem), it has been anaA
lytically shown that 0.52 < SSmax
< 0.59 for
translation-invariant free fermions [28], for the
1
XY chain [29] and in [30] to be 2− ln(2)
∼ 0.557 for
random quadratic (integrable) models. Perhaps
more surprisingly, the finite-size scaling analysis
in [31] showed that the average EE of the interacting integrable XXZ model converges to the freefermionic value in the thermodynamic limit.
Importantly, this departure from maximal
arises for bipartitions proportional to the system size NA ∝ NA + NB . On the contrary,
the average EE for small bipartitions NA  NB
has been shown to coincide for both integrable
and nonintegrable lattice systems [32, 26, 31]
(with the exception of localized ones [33, 16]).
Studies of connections between chaos or integrability and entanglement in small (vanishing)
bipartitions have led to conflicting conclusions
[34, 35, 36, 37, 38, 39] demonstrating the importance of the choice of the bipartition.
The aforementioned studies suggest that a
fixed average EE far from the maximal for large
(non-vanishing) bipartitions may be determined
by the integrability of the model. Here, we study
this conjecture in integrable systems of collective
spin models, whose Hilbert space is the symmetric subspace of N -spins [40, 41]. In particular,
we focus on the paradigmatic integrable LipkinMeshkov-Glick (LMG) model [42, 43, 44, 45].
We show that the half-bipartition average EE in
LMG converges to a universal value, which we
Accepted in

calculate analytically for specific parameters in
the LMG Hamiltonian as the average EE over the
Dicke basis. We find that the average value of the
entanglement entropy greatly diverges from the
maximal, as is the case for other previously studied integrable models [28, 29, 30, 31]. We expect
that the LMG model captures the average entanglement behaviour of a larger class of collective
spin models, as is the case for their ground states
[46], as well as nonlinear LMG models [47, 48].
Collective spin models have a well-defined classical limit where they can be categorized as integrable or nonintegrable as per the unequivocal
integrability criteria of classical physics. This
makes them excellent testbeds for the diagnostics related to quantum integrability. Being a
collective spin model, the LMG model also has
such a well-defined classical limit in which it is
integrable [49, 50]. This is a relevant difference
with respect to previous results based on lattice
models [28, 31, 30]. Additionally, the LMG is
also known to be quantum-integrable using Bethe
ansatz [51, 52] which is one of the main integrability definitions used in quantum mechanics.
Moreover, we analytically compute the thermodynamic limit of the average EE in the Dicke
basis for any non-vanishing bipartition p > 0, in
addition to p = 1/2. We show that it converges to
half the value of maximal EE in the corresponding bipartition irrespective of the value of p when
it is nonzero. We also show numerically that this
holds in the LMG model. This is in stark contrast
to other integrable lattice models previously studied [29, 53, 30, 31]. For these, the coefficient of
the leading term in volume law of entanglement
has been shown to be dependent on the fraction
of the bipartition.
We also go beyond the average EE and study
the entanglement distribution over the eigenstates. We find that it displays a variety of structures depending on the specific parameters, with
singular points which correspond to singularities
in the density of states [54, 55]. Given these
very different EE distributions, it is noteworthy
that the average EE always converges to the same
value.
The paper is structured as follows. First, in
Sec. 2, we calculate the average EE of the Dicke
basis, which is the eigenbasis of the LMG model
for certain parameter sets. In Sec. 3 we introduce
the model and show the numerical calculations of
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Figure 1: Normalized average entanglement for the complete Dicke basis and the basis consisting of equal superposition of conjugate Dicke states as a function of
1/Smax (≡ 1/ log(N/2 + 1)) at half bipartition. The linear fits correspond to a + b/Smax with intercept a fixed
to 1/2. N ∈ [104 , 6 × 104 ] for the Dicke basis, and
[4 × 103 , 2.8 × 104 ] for the superposition basis for the
shown data points. Inset shows log(1 − R2 ), where R2
is the coefficient of determination of the linear fit, for
different fixed values of the intercept a. At a = 1/2,
the values of (1 − R2 ) are 10−10 and 10−5 for the Dicke
basis and the superposition basis, respectively.

N
1X
σi ,
2 k=1 k

λq =

NA 
NB 
q
j−m−q
,
2j 
j−m

|j, mi =

2j
!−1/2 (j−m
)
X

2j
j−m

l=1

P̂l |0..0
1..1 i , (2)
|{z} |{z}
j+m j−m

2j
where {P̂l } represent the j−m
non-trivial permutations, and (j − m) represents the number of
1’s in any term in the |j, mi state [56, 57]. In
terms of the collective spin operators, the Dicke
basis is the simultaneous eigenbasis of the total angular momentum squared operator, J 2 =
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q ∈ 0, 1, ..., j − m.

(4)

This allows us to analytically compute their entanglement entropy using approximations to the
entropy of the hypergeometric distribution [59],
SA (|j, mi) = −

X

λq log λq

(5)

q

'

1
log(4πejp∗1 p∗2 ),
2

(6)

2

−m
NB
where p∗1 = j 4j
and p∗2 = NA
, and e is Eu2
4j 2
ler’s number. In all our analytical and numerical
calculations, log implies log base 2. We use this
approximation to obtain a bound on the average
EE over all Dicke states

2 Average entanglement entropy of
Dicke basis
Let us consider a system of N =2j spin-1/2 qubits
whose Hilbert space is 2N dimensional. The subspace corresponding to the maximum total spin
j is an N + 1 dimensional “symmetric" subspace
(under permutation of the qubits). It is spanned
by the Dicke basis {|j, mi}jm=−j (≡ {|N, ki}N
k=0 )
which can be written in the computational basis
as

(3)

where σ i ’s are the single qubit Pauli matrices, and
obey the commutation relation [Jj , Jj ] = iijk Jk .
For any bipartition NA :NB of N qubits in a
Dicke state, there exists a simple closed-form expression of the Schmidt coefficients, in terms of
the hypergeometric distribution [58, 57]

2

the average EE. In Sec. 4 we study the distributions of EE as a function of the energy, and then
conclude in Sec. 5.

i ∈ {x, y, z},

j

X
1
S̄A =
SA (|j, mi).
2j + 1 m=−j

(7)

Without loss of generality, we assume NA ≤
NB . For any non-vanishing finite fraction p =
NA
1
N ≤ 2 of the system, the average entropy in
subsystem A is upper bounded by
SA ≤



1
log (πejp(1 − p)) + O j −1 .
2

(8)

This follows from the fact that the Dicke state
with m = 0 is the one with the largest EE, SA ∼
1
2 log(πejp(1 − p)), and thus upper bounds all the
other terms in the sum.
On the other hand, the average EE is lower
bounded by


j
π
log
jp(1 − p) + O j −1/2 .
(2j + 1)
2e
(9)
To prove this, we approximate the EE of most
eigenstates with Eq. (6), and then evaluate the




SA ≥
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average with the Euler-McLaurin formula. This
allows us to approximate the sum over integers
{m} with a simple integral in a way that the error is controlled and decreasing with j. The lower
bound comes from the fact that this approximation does not apply to Dicke states with |m| ∼ j,
which we simply omit in the sum over m. We
see that both bounds Eq. (8) and (9) match up
to subleading terms in the limit j → ∞. The
detailed proofs can be found in Appendix A.1.
These values of the EE are far from maximal.
Subsystems of permutation-symmetric multiqubit systems are also permutation-symmetric,
and hence the dimension of their local Hilbert
space A is NA + 1 (as opposed to 2NA ). This
means that the maximum possible EE in the bipartition A:B is Smax = log(NA + 1) = log(pN +
1) (given NA ≤ NB ) [41]. From this, we see that
the average EE over Dicke states converges to exactly half of the maximum possible EE in the
thermodynamic limit, as
SA
1
1
lim
= lim
+O
j→∞ Smax
j→∞ 2
Smax






1
= . (10)
2

Moreover, this value is independent of p. HenceA
as ‘normalized average
forth, we will refer to SSmax
EE’, where the normalization is provided by maximum possible EE in the corresponding bipartition Smax = log(pN + 1). Notice that this type of
entanglement scaling is much slower than what is
found in generic states in the whole Hilbert space,
for which the entanglement entropy can take values up to SA = NA log 2.
We now also study the numerical behavior of
the convergence of normalized average EE over
Dicke basis in the thermodynamic limit. We
carry out a numerical finite-size scaling analysis, and show the results for p = 1/2 in Fig. 1
where we see the numerical convergence to 1/2
(with negligible finite-size effects as measured by
the coefficient of determination, as explained in
the next section). We have observed the same
to be numerically true for the quarter bipartition
p = 1/4 as well.
In addition to the Dicke basis {|j, mi}jm=−j ,
we carry out the finite-size scaling analysis of the
following basis formed out of equal superposition
of conjugate Dicke states, that is, {{ √12 (|j, mi ±
|j, −mi)}jm=1 , |j, 0i}. Such a superposition basis
(up to a global rotation) as well as the Dicke basis
are eigenbases of the LMG model for special sets
Accepted in

of parameter values as explained in the next section. For p = 1/2 and |m| > 2j , the reduced state
of subsystem A, ρA , can be diagonalized into two
blocks with the same eigenvalues, and hence the
half-bipartition EE can be computed analytically
as
1
SA ( √ (|j, mi±|j, −mi)) = SA (|j, mi)+1. (11)
2
For p = 1/2 and m ≤ 2j , ρA cannot be diagonalized analytically in such simple form, and hence
analytical EE calculation seems intractable. The
finite-size scaling analysis of normalized average
EE for the equal superposition Dicke basis for
p = 1/2 and p = 1/4 yields convergence to 1/2
in the thermodynamic limit. The p = 1/2 case is
shown in Fig. 1.
Besides non-vanishing bipartitions, we also
study the average EE in a special case of vanishing bipartition, when subsystem A is a single
lim S A
qubit. For the Dicke basis, we obtain j→∞
Smax =
log e
' 0.7213 (derived in Appendix A.2). On
2
the other hand, for the equal superposition Dicke
basis, the 1-qubit average EE is always 1 (Appendix A.2). Since the thermodynamic limits of
the 1-qubit average EE do not coincide for two
different bases, both of which are eigenbasis of the
integrable LMG model for specific choice of parameters, the possibility of identifying integrable
collective spin models using average EE in vanishing bipartitions is ruled out.

3 Average Entanglement Entropy in
Lipkin-Meshkov-Glick model
We now introduce the LMG model, and then
present our main result on its average EE: that
the uniform normalized average of the halfbipartition EE of all eigenstates converges to a
fixed value of 1/2 in the thermodynamic limit,
irrespective of the choice of parameters.
The Hamiltonian of a long-range (anisotropic)
interacting system of N spin-1/2 qubits in the
presence of a transverse magnetic field of strength
h can be given by
H =−

N
1 X
γy
γx
(
σkx σlx +
σky σly )
α
α
4N k,l=1 |k − l|
|k − l|
k6=l

−

N
X

h
σz .
2 k=1 k
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Figure 2: (a) Normalized average entanglement SS̄max
entanglement 1/Smax = 1/ log(N/2 + 1), given parameters (γx γy h) in the LMG model. The linear fits correspond
to a + b/Smax with intercept a fixed to be 1/2. The inset shows a zoomed in version of the linear fit. (b) Plot of
log(1 − R2 ) for all the parameter sets in (a), when the intercept a is fixed at different values in [0.48, 0.52]. Here, R2
is the coefficient of determination of the linear fit for different intercept values. For a = 1/2, (1 − R2 ) varies between
10−3 and 10−6 . The number of qubits N ∈ [2×103 , 104 ] for the data points in this figure, and the average EE is over
the eigenstates from only the positive parity sector of Rzπ . Also, the eigenbasis of HLMG for (γx γy h) = (0, 0, −1)
plotted here is the Dicke basis.

For the case of infinite-range interaction, that
is, α = 0, the system reduces to the well known
LMG model [54, 60, 61]. The Hamiltonian can
then be written as
HLMG = −

1
(γx Jx2 + γy Jy2 ) − hJz ,
N

(13)

in terms of the collective spin operators (3) where
γx and γy are real value parameters determining
the respective interaction strengths. The square
of the total angular momentum operator, J 2 ,
commutes with HLMG . This implies that the
eigenvalues of J 2 , j(j + 1) and hence j, are constants of motion. The LMG model is integrable
irrespective of the choice of the parameter set
(γx , γy , h).
The LMG Hamiltonian commutes with the rotation operator Rzπ = exp (−iπJz ) whose eigenvalues are ±1. Thus the Hamiltonian can be
block diagonalized into positive and negative parity sectors of Rzπ . All our numerical results for
HLMG are in the corresponding positive parity
sector .
We numerically study the average EE corresponding to the N/2:N/2 half bipartition (p =
1/2) in the LMG model. We compute this average EE for several values of N and parameter
sets (γx , γy , h). For the special case of γx =γy =γ,
Accepted in

HLMG = − Nγ J 2 + Nγ Jz2 − hJz , which commutes
with both J 2 and Jz . Hence the Dicke basis is the
eigenbasis of HLMG for γx = γy = γ. This eigenbasis is nondegenerate for h 6= 0. This, together
with Eq. (10) implies that for γx = γy = γ and
h 6= 0, the normalized average EE of the eigenbasis of HLMG converges to 1/2 for p > 0. Moreover,
the equal superposition Dicke basis (introduced
in Sec. 2) is the eigenbasis of the LMG model
(up to a global rotation) for the following choices
of parameter sets (γx , γy , h) = (γ, 0, 0), (0, γ, 0),
and (γ, γ, 0) where γ is a real nonzero number.
Hence the EE analysis of the equal superposition
Dicke basis in Sec. 2 applies to the LMG model
with these parameter sets.

For the more general case of γx 6= γy and h 6= 0,
we compute S̄A numerically for half-bipartition,
and analyze its thermodynamic limit using finitesize scaling for various choices of parameters
(γx , γy , h). The results are shown in Fig. 2(a),
where we see that the normalized average EE
decreases with increasing system size, and that
finite-size scaling shows that it always approaches
a thermodynamic limit value of 1/2. This corresponds to the “Dicke" value S A /Smax → 12 . More-
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over, the linear scaling in Fig. 2(a) implies that
1
1
SA
' +O
Smax
2
Smax




,

(14)

(15)

where Smax (p) = log(pN + 1). This establishes
an interesting difference with other integrable latAccepted in

[Dicke States
[5 -3 1]
Maximum

11
10
9

consistent with the sub-leading term in Eq. (10).
This is confirmed by an analysis of the coefficient
of determination measuring the quality of the fit,
shown in Fig. 2(b) (similar to the analysis of
[31]). We see that the best linear fits occur when
the intercept (that is, the value in the thermodynamic limit) is fixed near 1/2. The results shown
in the figure are for number of qubits N up to
104 .
In Fig. 2(a), the data from (γx , γy , h) =
(0, 0, −1) corresponds to the Dicke basis (in the
positive Ryπ sector) for N ∈ [2000, 10000]. We
observe that the finite-size scaling behaviour of
the Dicke basis EE is similar to that of other parameters of the LMG model. Also, the intercept
that gives the best fit, as measured by the coefficient of determination (see the minima in Fig.
2(b)), deviates from 1/2 due to finite-size effects.
The deviation shown is very similar to that of
the LMG model. This evidence further supports
our conclusion that the normalized average EE
for the LMG is the same as the Dicke basis in the
thermodynamic limit.
The results shown here are all for eigenstates
within the symmetric subspace. Since HLMG
2
commutes with Jtotal
, the dynamics in different
total spin j sectors (j ranging from 0 to N2 for
even N ) will be decoupled to each other. Thus,
in principle, it is possible to calculate average EE
in different total spin j sectors. However, numerical computations in other sectors will be much
more computationally costly.
We also carried out the numerical analysis for
another bipartition p = 1/4, for which we have
A
observed that SSmax
→ 21 . This, together with the
Dicke basis result in Eq. (10), strongly suggest
A
that for the LMG the ratio SSmax
is fixed for any
non-vanishing bipartition. We confirm this with
our results in Fig. 3, where we plot the average EE as a function of the subsystem size p for
N = 213 , and find an almost linear growth consistent with a fixed ratio. Mathematically, this
implies that c0 (p) is a fixed value independent of
the choice of p > 0, where c0 (p) is defined by
S A (p) = c0 (p)Smax (p),

12
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Figure 3: Plot of the average EE for different bipartitions p = NA /N , of the eigenstates in LMG model corresponding to (γx , γy , h) = (5, −3, 1) and for the Dicke
basis. The maximum EE in the given bipartition is also
plotted for comparison. N = 8192 (≡ 213 ) for this plot.
Up to close to the half bipartition p = 1/2, all the curves
are roughly straight lines.

tice systems where it has been found that c0 (p),
that is, the coefficient of the leading term in the
volume law of entanglement, does depend on p
[29, 53, 30, 31] (unlike in chaotic systems [24]). In
fact, that dependence can be calculated exactly
for random quadratic systems [30].

4 Entanglement distribution in the
spectrum
In order to further understand the universality
of the average EE shown in Sec. 3, we study
the entanglement distribution in the spectrum,
plotted in Fig. 4. We also explore the properties
of the LMG model in order to better understand
the features of this distribution.
The density of states (DOS) in the LMG model
exhibits singularities (logarithmic divergences)
and discontinuities [54, 55]. These are known to
be caused by the so-called Excited-state quantum
phase transitions (ESQPTs) [62]. These ESQPTs
have been seen in many models with finite degrees of freedom, and are most often associated
with unstable fixed points of the corresponding
classical system [62, 60].
To better understand ESQPTs in the LMG
model, and their effect on the entanglement distribution, we study the classical LMG in Appendix B. We first derive the classical equations
of motion. Then, we find a list of fixed points
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and analyze their stability. Based on the existence and stability of these fixed points (or equivalently, on the qualitative behavior of DOS), the
parameter space can be divided into 4 different
“zones” as described in Appendix B [54, 55, 63].
The plots in Fig. 4 correspond to each of these
zones.
There is an ESQPT in the quantum LMG
model corresponding to every unstable fixed point
in the classical LMG model. For finite-j values, the energy at which these ESQPTs occur in
the quantum case are very close to the classical
Hamiltonian value at these unstable fixed points.
In Fig. 4, we study half-bipartition EE as a function of the eigenenergy for different parameter
sets in all the four zones. We observe that the
behavior of EE has significant differences across
different zones. Specifically, the entanglement in
the eigenstates close to the ESQPT energy deviates from the entanglement in the bulk of the
spectrum in all the four zones. These small deviations are in addition to the more significant
deviations in the EE at the edges of the spectrum.
Nonetheless, ESQPTs do not seem to significantly affect the EE in the bulk of the
spectrum. The thermodynamic limit of the
normalized average EE converges to the same
value for parameter sets across different zones,
likely due to the much higher number of eigenstates in the bulk. This is evident from Fig.
2 where we have shown results with parameter choices in all the four zones. Specifically,
(γx , γy , h) = (1/2, 1/3, 1), (2, 1/2, 1), (5, −3, 1),
and (5, 3, 1) correspond to zones 1,2,3, and 4, respectively, as studied in [55]. In all cases, the
convergence to the value of 1/2 is similar, from
which we deduce that the thermodynamic limit
of the normalized average EE is independent of
the DOS zone.

5 Conclusion
We have studied the entanglement entropy in the
eigenstates of a collective spin integrable model,
that is, the LMG model. We have numerically
shown that the average EE in non-vanishing bipartitions converges to a value in the thermodynamic limit which corresponds to that of the
Dicke basis. We have also analytically calculated
this Dicke value to be half of the maximal posAccepted in

8
(a) Zone 1

(b) Zone 2

6
4
2
0
-1.5
-1
8
(c) Zone 3

-0.5

0

0.5

1 -1.5

-1

-0.5

0

0.5

1

(d) Zone 4

6
4
2
0
-3

-2

-1

0

1

2 -3

-2

-1

0

1

Figure 4: Distribution of entanglement entropy at
half-bipartition for all the eigenstates of the LMG
model in the positive parity sector, as a function
of their eigenenergy. Zones 1 to 4 correspond to
the choice of four sets of parameters (γx , γy , h) =
(1/2, 1/3, 1), (2, 1/2, 1), (5, −3, 1), and (5, 3, 1) in the
model [54, 55]. There are dips in the entanglement
distribution at eigenenergies corresponding to the singularities in the density of states. For this plot, we have
N = 104 .

sible EE. This shows that the LMG eigenstates
have EE that is far from maximal, in contrast to
random permutation-symmetric states for which
S̄A /Smax ' 1 [41, 64]. This behavior of the average EE in the LMG model is dramatically different to that of chaotic collective spin models,
such as the quantum kicked top [65]. A similar
picture has been observed in the context of integrable versus chaotic models in one dimension.
This suggests that this quantity being far away
from the maximal could serve as a good indicator
of the absence of quantum chaos in many-body
quantum systems.
The system studied here belongs to one of
the various classes of solvable/integrable models known in the literature.
This includes
free fermions, interacting models in 1D such as
(nearest-neighbor) XXZ and Fermi-Hubbard, and
long-range interacting models such as HaldaneShastry and Calogero-Sutherland models. Each
of these classes is very different from the others,
both in their physical features and in the method
to solve them. Our results, together with previous ones for 1D systems [28, 29, 30, 31], suggest
that integrable systems have an average entanglement value that is far from maximal (with a
normalized average value much smaller than 1)
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and this characteristic could be used to distinguish them from chaotic systems. Nonetheless,
different classes of integrable models can have different values of average EE in the thermodynamic
limit while still being far away from the maximal.
This also opens up the possibility that the exact
value of the average EE characterizes the class of
integrable models. Beyond the results of this paper, the best evidence we currently have for this
is the analysis in [31], which shows that different 1D models have a very similar average EE.
It would be interesting to explore this idea further via analytical and numerical calculations in
different known integrable models.
This potential measure of integrability in terms
of average EE in the eigenstates has some other
advantages over other widely studied indicators.
Firstly, it does not require any initial quantum
state for its study. This contrasts with the entanglement growth in integrable versus chaotic
quantum systems, whose analysis depends on the
choice of initial quantum state in the system
[34, 37, 20, 21]. Secondly, integrable systems may
have a few instabilities insufficient to render the
system chaotic, such as those that lead to ESQPTs in the LMG model [54, 55]. The average
EE value in the thermodynamic limit does not
seem to be affected by them in integrable systems, as we observed in the present model. This
is an advantage over measures that are significantly affected by those few instabilities, for example, out-of-time-ordered correlators (OTOCs)
that have been shown to exhibit chaos-like behavior in the LMG model despite it being integrable
[66].
We have also computed the distribution of entanglement across the energy spectrum for various system parameters. Despite the average being constant, we found that the distributions display different singular points that correspond to
the ESQPTs. This could stimulate further work
connecting entanglement with ESQPTs, in a way
similar to what happens with ground state phase
transitions [67, 58].
The LMG model, as well as other collective
spin models, are currently the subject of quantum simulation studies [68, 69, 70], in particular,
with optical lattices [71]. It is expected that their
integrability will have an impact on the efficiency
of their simulation [70]. We hope that the present
results help us in understanding the physical feaAccepted in

tures that have direct consequences on the efficiency of quantum simulators.
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A Entanglement of Dicke states and the LMG model
Here, we prove Eq. (8), (9) and (10) in the main text. In order to do this, we need to estimate the
entanglement entropy of the Dicke states |j, mi. For a bipartition in which w.l.o.g the smallest subsystem size is NA they have Schmidt coefficients {λq } which can be written in terms of the hypergeometric
distribution as [58, 57]
λq =

NA 
NB 
q
j−m−q
2j 
j−m

q ∈ 0, 1, ..., j − m.

(16)

A.1 Regions proportional to system size
For NA ∝ N = 2j the entropy of the hypergeometric distribution (and the EE of Dicke states) is
approximated by [59]
1
log e
4
4
1
1
log(2πeN p∗1 p∗2 )+
−10 + ∗ + ∗ − ∗ ∗ +O
,
2
12N
p1 p2 p1 p2
N2
(17)
where p∗i = pi (1 − pi ), p1 = (j − m)/N and p2 = NA /N and the logs are in base 2. This approximation
is useful when both p1 , p2 are o(N ), so that the second term is not too large.
Let us now calculate upper and lower bounds to the average entanglement entropy, averaged over
all m. First, notice that the largest value at any p2 occurs at p1 = 1/2, so that








S(TrB [|j, mi hj, m|]) ≡ S(N, p1 N, p2 N ) =

πeN p∗2
log e
1
1
S(N, p1 N, p2 N ) ≤ S(N, N/2, p2 N ) = log(
)−
+O
.
2
2
2N
N2




(18)

This is thus an upper bound for the average
X
m

1
1
πeN p∗2
log e
1
S(N, j − m, p2 N ) ≤ log(
)−
+O
.
N +1
2
2
2N
N2




(19)

Substituting N = 2j proves Eq. (8). We now compute the lower bound by eliminating a number of
positive terms from the average, such that the expression above can be used without too large an error.
Let us write
j
X
m=−j

N (1−/2)

X
1
1
S(N, j − m, p2 N ) ≥
S(N, j − m, p2 N )
N +1
N + 1 j−m=N/2


N (1−/2)

1

≥
2(N + 1)

X
k=N/2



(20)

k
log e
1
log(2πep∗2 k(1 − )) −
10 + ∗
N
12(N + 1)
p2






+O

1
.
N2


(21)
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In the last line we have replaced k = j − m for simplicity. We now calculate the sum over k using the
Euler-McLaurin formula, which states that
l1
X

f (k) −

Z l1
l0

k=l0

where |ρ(f ; l0 , l1 )| ≤

1 R l1
120 l0

1
1
f (x)dx = (f (l0 ) + f (l1 )) + (f 0 (l1 ) − f 0 (l0 )) + ρ(f ; , l0 , l1 ),
2
12

(22)

|f 000 (x)|dx. Using Eq. (22), we can identify

x
x
N

(1 − )), l0 =
, l1 = N (1 − )
N
N
2
2


f (N /2) = f (N (1 − /2)) = log (1 − )
2  2

2
1
2
0
0
f (N (1 − /2)) − f (N /2) =
−
log e N (1 − /2) N 


Z l1
1
|f 000 (x)|dx ≤ O
.
N
l0
f (x) = log(

(23)
(24)
(25)
(26)

The leading order correction is given by the term 21 (f (N /2) + f (N (1 − 2 )), so we can write
N (1−/2)

X
k=N/2

k
k
log[ (1 − )] = N
N
N

Z 1−/2

log[y(1 − y)]dy + O(log ).

(27)

/2

After calculating the integral we obtain
N (1−/2)

X

log[

k=N/2



k
k
(1 − )] = N 4( − 1) log 4e2 + (2 − ) log(2 − ) −  log  + O(log )
N
N

≥ −N (1 − ) log 4e2 − N  log  + O(log ).

(28)
(29)

Thus we get that
N (1−/2)

log(2πep∗2 k(1 −

X
k=N/2

k
) ≥ N (1 − ) log(2πep∗2 N ) − N (1 − ) log 4e2 − N  log  + O(log )
N
πN p∗2
≥ N (1 − ) log
2e


(30)



− N  log  + O(log ).

(31)

Now, let us choose an  ∝ N −1/2 . In that case, the last term above is
πN p∗2
N log
2e




+ O(N 1/2 log N ).

(32)

Putting everything together, and accounting for all the errors, we obtain the lower bound Eq. (9)
N
X

1
N
πN p∗2
S(N, k, p2 N ) ≥
log
+ O((p∗2 )−1 N −1/2 ) + O(log(N )N −1/2 ).
N
+
1
2(N
+
1)
2e
k=0

(33)

We see that in the limit of large N it converges to the same value as the upper bound in Eq. (19).
Thus in this thermodynamic limit, given that Smax = log(p2 N + 1), it is easy to see that
N
X
1
S(N, k, p2 N )
1
= ,
N →∞ (N + 1)
S
2
max
k=0

lim

(34)

which is independent of p2 (defined as p in the main text).
Accepted in

Quantum 2022-04-12, click title to verify. Published under CC-BY 4.0.

13

A.2 Single qubit subsystem
Dicke basis
For a single qubit bipartition, that is, NA :N = 1:(N − 1), we have a simple closed expression of the
entanglement of any Dicke state |N, ki [57]
k
k
S(TrB [|N, ki hN, k|]) ≡ S(N, k, 1) = − log
N
N




k
− 1−
N




k
log 1 −
N




.

(35)

We now want to calculate the average over all k
N
X
S(N, k, 1)

N +1

k=0

.

(36)

Let us write f (k) = S(N, k, 1). We use again the Euler-McLaurin formula from Eq. (22). First,
notice that f (x) is not differentiable at x = {0, n}, so we will instead choose l0 = 1, l1 = N − 1, since
PN
PN −1
k=0 f (k) =
k=1 f (k). We then have the following expressions
x
x
x
x
− 1−
log 1 −
log
N
N
N
N
1
(log(1 − x/N ) − log(x/N ))
f 0 (x) =
N
!
1
1
000
f (x) =
−
log e.

N x2 N 3 1 − x 2












f (x) = −

(37)
(38)
(39)

N

We can calculate every term of Eq. (22) straightforwardly as
N
(N − 1)2
f (x)dx =
− 1 (2 log N + log e) −
log(N − 1)
2
N
l0
  



1
1
1
1
− 1−
log 1 −
f (N − 1) = f (1) = − log
N
N
N
N


2
1
1
f 0 (N − 1) − f 0 (1) =
log( ) − log(1 − )
N
N
N
Z N −1
2
2(N − 2)
2
|f 000 (x)|dx = 2
log e ≤
log e.
N
(N
−
1)
N
1
Z l1





(40)
(41)
(42)
(43)

This way we see that as N large enough this approximates
N
1 X
log e
log N
S(N, k, 1) =
+O
N + 1 k=0
2
N





,

(44)

so in the limit, since Smax = 1,
N
X
1
log e
log e
lim
S(N, k, 1) =
=
' 0.72.
N →∞ (N + 1)Smax
2S
2
max
k=0

(45)

Equal superposition Dicke basis
For any N −qubit permutation symmetric pure state |ψi, the 1-qubit reduced state, %A is given by
[72, 73]
"
#
v+ + w x∗+ + x∗−
%A =
(46)
x+ + x− v− + w
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H0
FP±
XZ

r

=

± 1−



h
γx

r

FP±
YZ

=

FP±
Z

=

0, ± 1 −



2

h
γy

!

, 0, γhx

2

2

(0, 0, ±1)

2

x
− h 2γ+γ
x

|h| < |γx |

h2 +γy2
2γy

|h| < |γy |

!

, γhy

Existence conditions (if any)

−

∓1

Table 1: Fixed points and periodic orbits of the classical LMG model [in the form (X, Y, Z)]. H0 denotes the value
of the classical LMG Hamiltonian at the corresponding FP (X, Y, Z).

where
N 2 − 2N + 4hJz2 i ± 4hJz i(N − 1)
(N − 1)hJ+ i ± h[J+ , Jz ]+ i
N 2 − 4hJz2 i
, x± =
, and w =
(47)
.
4N (N − 1)
2N (N − 1)
4N (N − 1)
√ 2
hJz i +|hJ+ i|2
1
The two eigenvalues of %A are calculated to be λ± = 2 ±
using (47). For any state in
N
the equal superposition Dicke basis, {{ √12 (|j, mi ± |j, −mi)}jm=1 , |j, 0i}, hJz i = 0 and hJ+ i = 0. This
implies that both the eigenvalues of %A are 1/2, making the 1-qubit EE of every state in this basis
equal to the maximal value of 1.
v± =

B Classical analysis of LMG model
Here, we derive the classical equations of motion for the LMG Hamiltonian (13), and study the fixed
~ is a cross product of position
points of the classical LMG model. The angular momentum vector, J,
~
and momentum vectors, that is, J = ~r × p~. In terms of the components of the vectors, Jx = ypz − zpy ,
Jy = zpx − xpz , and Jz = xpy − ypx . Thus, the LMG Hamiltonian (13) can be re-expressed as
H=−


1 
γx (ypz − zpy )2 + γy (zpx − xpz )2 − h(xpy − ypx ).
N

Using the Hamilton’s equation of motion, q˙i =
ẋ = −

∂H
∂pi

2
γy zJy + hy,
N

and p˙i = − ∂H
∂qi , we obtain
ṗx = −

2
γx zJx − hx,
N
2
ż = −
(γx yJx − γy xJy ) ,
N

(48)

2
γy pz Jy + hpy ,
N

2
γx pz Jx − hpx ,
N
2
ṗz = −
(γx py Jx − γy px Jy ) .
N

ṗy =

ẏ =

Using these equations, the classical equations of motion for the components of the angular momentum
vector can be derived as
2
J˙x = Jy h − γy Jz ,
N




J˙y = Jx



2
γx Jz − h ,
N


2
J˙x = Jx Jy (γy − γx ) .
N

~2
~
J|
~ = j is a constant of motion for the LMG model
Furthermore, d|dt
= J~ · ddtJ = 0 implying that |J|
and the classical evolution is on a sphere of radius j. Motivated from the quantum study of the
LMG model, we substitute the constant N = 2j in the Hamiltonian (13). Additionally, substituting
X = Jx /j, Y = Jy /j and Z = Jz /j, we get the rescaled equations of motions to be

Ẋ = Y (h − γy Z) ,

Ẏ = X (γx Z − h) ,

Ż = XY (γy − γx ).

(51)

±
We obtain 6 fixed points (FPs) listed in Table 1 using Ẋ = 0, Ẏ = 0, and Ż = 0. FP±
XZ and FPYZ ,
are degenerate, respectively. The existence and stability of these FPs vary across the parameter space
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(γx , γy , h). Based on the behavior of the DOS, the parameter space (γx , γy , h) can be divided into 4
“zones" [54, 55, 63], each with a qualitatively different DOS. Here, we follow the numbering of the
zones of [55]. Without loss of generality, we assume h > 0 in the following.
• Zone I: |γx | < h and |γy | < h. Only the Z-pole FPs FP±
Z exist and both these FPs are stable.
Hence, there is no divergence in DOS.
• Zone II: (a) |γx | < h < |γy |, (b) |γy | < h < |γx |. One of FP±
Z is stable and the other is unstable.
There is a divergence in the DOS at H0 value corresponding to the unstable z-pole FP. Additionally,
±
FP±
YZ and FPXZ exist in (a) and (b), respectively, and are stable.
• Zone III: (a) h < −γy and h < γx , (b) h < −γx < and h < γy . Both Z-pole FPs FP±
Z are unstable
fixed points. There are two divergences in the DOS at H0 values corresponding to these FPs, that
±
is, H0 = ±1. Additionally, FP±
XZ as well as FPYZ exist in this zone and are stable.
• Zone IV: (a) h < γx and h < γy , (b) h < −γx and h < −γy . Both the Z-pole FPs FP±
Z are stable.
±
Both FP±
and
FP
exist
in
this
zone,
and
one
of
these
two
pairs
are
stable
and
the other is
XZ
YZ
unstable. There is a divergence in the DOS at H0 value corresponding to the unstable pair.
The qualitative behavior of the entanglement distribution across the spectrum (Fig. 4 in the main
text) can be inferred from this classical analysis of the model, and in particular, from the knowledge
of fixed points, their stability and their degeneracy.
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