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A no-go theorem for superpositions of causal orders

Fabio Costa

Centre for Engineered Quantum Systems, School of Mathematics and Physics, The University of Queensland, St Lucia, QLD

4072, Australia

The causal order of events need not be
fixed: whether a bus arrives before or
after another at a certain stop can de-
pend on other variables—Ilike traffic. Co-
herent quantum control of causal order is
possible too and is a useful resource for
several tasks. However, quantum control
implies that a controlling system carries
the which-order information—if the con-
trol is traced out, the order of events re-
mains in a probabilistic mixture. Can the
order of two events be in a pure superposi-
tion, uncorrelated with any other system?
Here we show that this is not possible for
a broad class of processes: a pure super-
position of any pair of Markovian, unitary
processes with equal local dimensions and
different causal orders is not a valid pro-
cess, namely it results in non-normalised
probabilities when probed with certain op-
erations. The result imposes constraints
on novel resources for quantum informa-
tion processing and on possible processes
in a theory of quantum gravity.

1 Introduction

Quantum superpositions can be viewed as gener-
alisations of classical probabilities: if classically
we can be uncertain between two alternatives,
assigning to each a probability, quantumly we
should be able to consider a superposition of the
two, replacing probabilities with complex amp-
litudes. Feynman’s sum-over-histories approach
famously leverages this intuition |[1]. Despite this
view, one typically considers superpositions of
states, whereas classical probabilities can be as-
signed to any logical statement. To what ex-
tent is it possible to generalise the superposition
principle, beyond its original range of applicab-
ility? Providing a general, principled answer to
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Figure 1: The quantum switch. The state of a con-
trol system determines the order of two operations on a
target system.

this question appears problematic because, un-
like classical probabilities, quantum superposi-
tions have no clear interpretation in terms of sub-
jective lack of knowledge.

Of particular interest is the case of causal re-
lations. A main motivation comes from combin-
ing the principles of quantum theory and gen-
eral relativity. In a regime where spacetime itself
becomes subject to the laws of quantum mech-
anics, we expect that causal structure, too, will
become nonclassical [2-4|. A second, more prac-
tical, motivation is that quantum causal struc-
tures can also be realised experimentally (on a
classical spacetime background) [5-12| possibly
leading to an advantage in solving computational
and information-theoretic tasks [13-21].

Despite much recent research, the scenarios
considered so far do not support a direct inter-
pretation as superpositions of causal orders. The
most discussed example is the so-called “quantum
switch” [13], Fig. 1, where a control system de-
termines the order in which a set of operations act
on a target. Preparing the control in a superpos-
ition produces a nonclassical causal structure for
the order of operations. Although sometimes col-
loquially described as a “superposition of causal
orders”, the quantum switch is in fact more appro-
priately interpreted as ‘entanglement’ between
causal relations and the control system. Indeed,
if the control is discarded, the quantum switch is
indistinguishable from a probabilistic mixture of
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Figure 2: Pure superposition of causal orders. Is it
possible to superpose the causal order of two events,
without the aid of a control system?

causal orders. Only by measuring the control can
one verify the nonclassicality of the order of oper-
ations. Probabilistic protocols, where one obtains
a superposition of orders through postselection,
generally succeed with probability less than one,
making them not commensurable with determin-
istic resources.

Is a ‘pure’, deterministic superposition of
causal orders possible (Fig. 2), not relying on
any additional control system? Perhaps, this
would provide a novel resource, enabling tasks
not achievable by the quantum switch. It might
also suggest types of processes arising in a theory
of quantum gravity.

Here, we propose a definition of superpositions
of causal orders and present a negative result, rul-
ing out the most natural candidates. We show
that for unitary, Markovian processes where all
systems have equal dimension superpositions of
two different causal orders are not possible, in
the sense that they do not constitute valid, de-
terministic processes. In particular, the result ap-
plies to simple sequences of operations on a target
system—as in the switch—showing that an ad-
ditional system is necessary for performing such
operations in an indefinite causal order. It re-
mains an open question whether a superposition
is possible under weaker conditions.

2 Superpositions of unitaries

Before considering superpositions of different
causal orders, it is useful to look at a sim-
pler case: superpositions of unitary transform-
ations connecting an event in the past—a state
preparation—to one in the future—a measure-
ment. Given two unitaries Uj;, j = 0,1, it is
natural to define their superposition as a linear
combination alUy + BU; for some complex num-
bers «, [, interpreted as probability amplitudes.
However, such a ‘superposition’ is not necessarily
a unitary operator. For example, no linear com-

bination of Uy = 1 and Uy = U“”;%Uy (where oy,
oy, 0, denote the Pauli matrices) is unitary, for
any complex amplitudes « # 0, 3 # 0.

One could interpret arbitrary linear combin-
ations of unitaries in the following way [22]:
Introduce the ‘controlled unitary’ Uy ® [0] +
Uy ® [1], which acts on an additional ‘con-
trol’ system and where we use the shorthand
[¢] = ) (¢|. Starting from a state of the form
|) (@ ]0) + 5]1)), and postselecting the control
on ((0| + (1]) /v/2, the target system is left into
(aUp + BUL) |1 //2, which one can interpret
as resulting from a superposition of unitaries.
The problem with this interpretation is that the
postselection step requires obtaining one out of a
set of possible measurement outcomes, which in
general only succeeds with some probability that
depends on the initial state. As such a probabil-
ity can be very small, or even vanish, realising a
process through postselection can nullify the as-
sociated advantages. Furthermore, postselection
can induce apparent signalling, making postse-
lected processes unsuitable for studies of causal
relations’. For these reasons, here we are only in-
terested in processes that can be realised without
postselection.

We see that, for processes, superposition is not
a universal possibility, as it is for states. How-
ever, there are unitaries for which superpositions
are possible. For example, the Hadamard gate
H = L\E’Z is a rightful superposition of o,
and o,, not requiring any postselection. H is a
ubiquitous resource in quantum information and
computation, precisely for its ability to convert
basis states into superpositions. Therefore, even
if we do not expect to be able to superpose ar-
bitrary processes with different causal orders, we
can still ask whether any such a superposition is
possible.

3 General quantum processes

As we will see, superpositions of causal orders be-
come meaningful for processes connecting more
than two events. These can be described con-
veniently in the so-called “process matrix form-
alism” [23] (see also other closely related frame-

!For example, one can place bets on a roulette and
consider only the winning spins, effectively predicting the
roulette’s outcome in each of the postselected spins. This
is unlikely to be a remunerative strategy in any casino.
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works [24-28|). A simple example of a multi-
event process is one where a sequence of unit-
aries Uy, Us, . ..
t1,t2,... At each time ¢;, after unitary U;_; and
before unitary Uj, it is in principle possible to per-
form arbitrary measurements or transformations
on the system. The particular operation taking
place at a given time is what we call an ‘event’,
while the set of unitaries connecting the events
is the ‘process’. More generally, we consider a
scenario where the labels that identify possible
events are not necessarily associated with time
instants (for example, events might be delocal-
ised in time [29,30] or take place on a nonclas-
sical background [4]). A single ‘event location’
with label A (also referred to as “region”, “party”,
or “laboratory”) is therefore identified with the set
of possible operations from an input to an output
Hilbert space, 7-[‘14 and ”Hé, respectively.

The most general operation [31] is described by
a Completely Positive (CP) trace non-increasing
map MA : A; — Ao, where Ao = L'(?-lf{o)
are the spaces of linear operators over the re-
spective Hilbert spaces. A deterministic opera-
tion, i.e., one that happens with probability one,
is CP and trace preserving (CPTP): troM?4 = tr,
where tr and o denote operator trace and func-
tion composition, respectively. A collection of
CP maps {MZA},, where a labels the measure-
ment outcome, is called an instrument if 3°, M2
is CPTP, which implies that there is unit probab-
ility that at least one of the outcomes will occur.
It is convenient to represent CP maps as oper-
ators, using a version of the Choi-Jamiotkowksi
isomorphism [32,33], M4 — M4 € A; ® Ap:

T

MA =kl e MA KRN, (1)
ik

connects a set of events at times

where {|j)}; is a basis of H{! and 7 denotes trans-
position.

The local validity of quantum mechanics im-
plies that the joint probability for outcomes
ai,...,a,inregions A, ... A™is given by [23,34]

P(ai,...,ap) =tr {W (Mfll ®”'®M¢iﬂ)} ,
(2)
where W € A'®- - -®@ A" is called the process mat-
riz (or simply process) and we use the shorthand
Al = A} ® AL, W encodes all information rel-
evant to the possible events, such as initial state,

transformations, and causal relations. Positivity
of probabilities (and the possibility to extend the
local operations to additional systems) implies
that the process matrix is positive semidefinite,
W > 0, while normalisation requires

W (MY e oM =1 (3)

for all CPTP maps MAl, ..., MA" . Crucially,
Eq. (3) imposes on W more constraints than
the normalisation condition for states, trp = 1.
Therefore, whereas all positive semidefinite oper-
ators represent states (up to normalisation) the
same is not true for process matrices. As we will
see, it is this constraint that obstructs general
superpositions of processes. More general pro-
cesses, that do not satisfy the linear constraints
implied by Eq. (3), can always be realised prob-
abilistically, through postselection [25,27,35, 36].
However, as discussed earlier, we are only inter-
ested in processes that can be realised without
postslection. Therefore, in the following, we will
always assume processes to be deterministic (and
condition (3) to be satisfied).

The key property of the formalism is that it en-
codes signalling correlations: a choice of instru-
ment in a region can change the marginal probab-
ility for measurement outcomes in another region.
We say that a process is causally ordered if there
is a permutation o of n elements such that A7)
cannot signal to any group of parties {A"(k)}k

with o(k) < o(j). Conversely, we say that W is
incompatible with (the causal order induced by)
o if it possible to signal from some A°U) to a
group of parties {A"(k)}k, all with o(k) < o(j).
We say that two processes W1, Wy are differently
ordered if they are causally ordered relative to
permutations o1, g9, but incompatible with o,
o1, respectively. We are interested in superposi-
tions of differently ordered processes.

A related concept is that of causally nonsepar-
able process, which formalises the notion of indef-
inite causal order [23,37,38]. A process is causally
separable if it is causally ordered or a probabil-
istic mixture of causally ordered processes. A su-
perposition of differently ordered processes would
necessarily be causally nonseparable (because it
would be extremal and not causally ordered).
However, the existence of locally classical, caus-
ally nonseparable processes [39-42| indicates that
the opposite is not true, making causal nonsepar-
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ability unsuitable to characterise superpositions
of causal orders.

4 Superpositions of pure processes

Process matrices are a generalisation of density
matrices and, as such, cannot be directly su-
perposed. In analogy to states, we can define
superpositions for ‘pure’ processes, namely, for
rank-1 process matrices, with W = [w] for some
process vector |w) € HY @ HE © Given
two pure process |wi], [we], we define their su-
perposition through a linear combination |w) =
alwy) + Blwa), with a, 8 € C, if [w] is a valid
process matriz. That is to say, if and only if

(w] (MAI ®
¥ CPTP M4,

@M )W) =1 (4)
L MA"

If all parties have only input spaces (or, equi-
valently, if all output spaces are trivial, namely
they have dimension 1), the process matrix re-
duces to a state, and superposition of processes
reduces to superposition of states. Another spe-
cial case is a process that connects a region’s out-
put, Ap, to another region’s input, By, of equal
dimension. In this case, a pure process represents
a unitary transformation (see, e.g., Appendix A
of Ref. [43]), for which we use the notation

Z\J 40 g

U)Aoft = U (5)

(where {]j)}; is the same basis that defines the
Choi-Jamiotkowski isomorphism). Because of the
linearity of the representation (5), a ‘superposi-
tion of unitary processes’ reduces to the ‘super-
position of unitaries’ discussed earlier: a|U7)) +
BlUz)) = [alUy + BU2)).

More generally, a pure process defines an iso-
metry from all the output to all the input spaces:
if all parties prepare a pure state, they all re-
ceive a pure state, related to the prepared ones
through an isometry. In the particular case where
the total input and output dimensions are equal,
the process defines a unitary transformation from
outputs to inputs [44]. We will use the term unit-

ary process for such cases?.

“Ref. [44] used the term “pure process” for what we
call here unitary process.

5 Superpositions of causal orders

We are now in a position to discuss superposi-
tions of differently ordered processes. Let us first
analyse the quantum switch, to see what type of
superposition it represents.

There are two different versions relevant to the
present discussion. The first is a tripartite pro-
cess, where A’ = A and A? = B act on a target
system, while a third party, A3 = F (for “future”),
receives the target system resulting from A and
B’s operations, as well as a control system. In
this version, the initial state of the target is set
to some fixed state |¢), while the control is fixed
to |[+) = % (|0) +|1)). The resulting process

vector is [43]

Sv)ltch > f

+ 1)1 ) Py Porray Aoty (6)

W,

—_ (j0)% ) |01 1) P

where F. and Fi respectively denote the control
and target subsystems of F. Here, F' has only
input space, while its output is trivial, as no in-
fluence from F' to A and B is possible.

Expression (6) manifestly represents a super-
position of two differently ordered processes, with
the target system going first to A and then B or
vice versa. However, seen as an isometry, the
process maps the two-qubit space (ApBp) to the
larger four-qubit space (A;BrF.F;). This means
that the isometry does not describe a ‘pure trans-
formation’, but also the specification of a state.
The natural interpretation is that process (6) dis-
plays entanglement between the control system
F. and the causal order of A and B; therefore, it
does not represent a superposition of causal or-
ders alone. Indeed, if we trace out the control sys-
tem, the resulting reduced process is causally sep-
arable (i.e., a classical mixture of causally ordered
ones) [37,43].

The second version of the switch features an
extra laboratory, A = P (for ‘past’), where
both the control and target systems can be pre-
pared (corresponding to subsystems P, P, re-
spectively). As P does not receive any state, its
input space can be taken to be trivial. The res-
ulting unitary process is

Wby = (107 [0y [L) A Ao Pri) Polt

switch

+ [ ) By Pe Ay Aery (7
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This process is the sum of two vectors, each re-
sponsible for a different causal order. However,
the two vectors do not define individually valid
processes, as they are not normalised for arbit-
rary CPTP maps. Therefore, process (7) does not
represent a superposition of processes with differ-
ent causal orders, but rather describes quantum
control of the order of A and B.

As mentioned earlier, one can obtain a super-
position of valid processes through postselection:
By preparing P, in state |+) and postselecting Fe
in the same state, process (7) reduces to

|prSt> _ % (|]l>>PtAI’]l>>AOBI|1>>BOFt
HIEI LYo ) AeF) L (8)

This, however, is not a valid process vector (nor
is it proportional to one), meaning that the prob-
ability to get the desired outcome |+) depends on
the operations performed at A, B (and it can even
vanish, if the operations anticommute). There-
fore, |wpost) is not the superposition of orders we
were looking for either.

The above observations lead us to the follow-
ing:

Definition 1. A process vector |w) for parties
P A, ... A" F (where P and F have trivial in-
put and output space, respectively) is a pure su-
perposition of two causal orders if

o |w) represents a unitary process;

e there are two monvanishing complexr num-
bers a, B and two differently ordered, unitary
process vectors |wy), |we) for the same set of
parties as |w) such that

|w) = alwr) + B lw2) - (9)

The presence of a past (P) and future (F') party
in the definition follows from the fact that, in a
causally ordered process, there must be an ini-
tial party, which cannot receive signals from any
other, and a final party, which cannot signal to
the rest. If the process is unitary, such parties
must have trivial input and output space, respect-
ively. As such parties can only be respectively
first and last in any causally ordered process, the
simplest candidate superposition of orders has to
be four-partite, as in the unitary switch (7).

Although we do not know if a superposition of
causal orders is possible in general, we can rule

it out for the broad class of Markovian processes.
These describe evolution from each region to the
next, without any memory carried over through
an external environment across different steps. A
unitary, Markovian process is simply a sequence
of unitaries, as in the example discussed in Sec. 3.

A Markovian process matrix is the tensor
product of processes describing the individual
time evolutions from each region to the next
[45-47]. Therefore, a unitary, Markovian process
matrix compatible with the causal order ¢ has
the form

n . .
A‘T(J)AO'(]+1)
w) = [Uh e A (10)
J=0

where U; are unitary matrices, we identify A) =
P, A?‘H = F, and we assume that the permuta-
tion o leaves first and last parties unchanged,
0(0)=0,0(n+1)=n+1.

Note that, for such a process, each party can al-
ways signal to any future one (conditioned on the
intermediate parties performing appropriate op-
erations). Therefore, a process of this form com-
patible with o is necessarily incompatible with
any o' # o.

Our core result is that, for the simplest four-
partite case, a linear combination of two unitary,
Markovian processes with different orders can-
not satisfy the process vector normalisation con-
straints, Eq. (4). In particular, a CPTP map for
the output-only space P is an arbitrary density
matrix p©’ > 0, with tr p©’ = 1 (describing a state
preparation), while the only CPTP map for the
input-only space F' is 1 (describing an arbitrary
POVM measurement whose outcome is ignored).
For X = A, B, a CPTP map is represented by a
matrix £X7X0 > 0 such that trx, ¢X1Xo — 11,
The technical statement of our result, proved in
the Appendix’, is then as follows:

Lemma 2. For every set of unitaries
{Uj7‘/j}j:1,2,37 and complex numbers o, 3 # 0,
it is possible to find matrices p, £, n > 0,
with trp = 1, tra, ¢Ardo = 141, qgnd

FWhile completing the current manuscript, the author
was made aware of related results in Ref. [48]. In particu-
lar, Lemma 2 can be deduced from Corollary 5 in Ref. [48],
although the consequence as a no go theorem for super-
positions of orders is not discussed there. The argument
and the proof in the present manuscript were previously
presented at [49].
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trp, nP1Po = 151 such that

(w] (o7 @ 4140 @ nPrPo @ 17) ) £1, (11)
where |w) is defined by Eq. (9) and

wi) = [U) AN AP o) Por, (12)
wa) = (VNPT VR) oty Aot (13)

This result rules out the simplest, most intuit-
ive superpositions of causal orders. In particular,
it proves that the control system is necessary for
the quantum switch to be a valid process. Note
that, because each step is unitary, all input and
output spaces must have equal dimension?. This
is not guaranteed for arbitrarily many parties. As
it turns out, we need the additional assumption
of equal dimensions to prove our general result:

Theorem 3. Consider a set of parties
P A, ... A" F, where P has trivial input,
F' has trivial output, and all nontrivial input and
output dimensions are equal. For every pair of
differently ordered, unitary, Markovian process
vectors |w1), |wa), and complex numbers o, B # 0,
the linear combination |w) = alwi) + Blws) is
not a valid process vector.

Proof. We can prove the statement by reducing
the general case to the n = 2 one. Indeed,
let o1 # o9 be the permutations defining the
causal orders of |wi) and |we). As the two
permutations are different, we can find j # k
such that o1(j) < o1(k) and o2(k) < o2(j).
Inserting identity unitaries in all regions ex-
cept j, k, we obtain the bipartite reduced pro-
cesses [43] [@y) = (@ipy (111170 |wy), with
lwg) = |w),|w1),|w2). Now, we have |@) =
a|w1) + B ld2), where |@01) and |@2) are unitary,
Markovian, and differently ordered. Lemma 2
then implies that |@) cannot be a valid process,
which in turn implies that |w) cannot be a valid
process either. O

6 Conclusions

We have seen that superpositions of processes
with different causal orders are strongly con-
strained, if we require that the order of events

4The unitaries in Eq. (12) imply d¥ = d41, d4° = d®1,
and dP¢ = d¥, while from Eq. (13) we get d© = dP7,
dPo = d41 and d4° = d¥. Taken together, the two sets
of equations imply that all dimensions are the same.

is not correlated with any additional system. In
particular, it is not possible to superpose se-
quences of equal-dimension unitaries connecting
events in different orders—arguably the most nat-
ural candidate superposition of causal orders. Re-
laxing the assumptions in the no-go theorem leads
to some open possibilities: it is currently un-
clear whether it is possible to superpose unitary,
differently ordered processes that do not satisfy
Markovianity or where the local input and output
spaces do not have equal dimensions. Another in-
teresting direction is to consider superpositions of
more than two processes. Furthermore, it is an
intriguing possibility to develop a notion of ‘co-
herence’ of causal orders that applies to nonpure
processes, possibly generalising corresponding re-
source theories for states [50,51].
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A Proof of Lemma 2

Here we provide the proof of Lemma 2, which we reformulate for convenience:

Lemma. For every set of unitaries {Uj, V;} and complex numbers o, 8 # 0, it is possible to

find §=1,2,37
n
y i=pF @ gArdo g pBrBo @ 1F with (14)
trpl =1, tra, fAfAO =14, trp, nBIBO =15,
such that
(X) = (Wl x|w) # 1, (15)
where |w) = a|wi) + B |we) and
jwi) = [T AP U PO, (16)
jwa) = (Vi) |Va) ot [y Aot (17)

As |wi) and |w2) are normalised process vectors, we have (wi|x |wi) = (w2| x |w2) = 1 for all x of
the form (14), so that

(x) = lal* + 18I + 2Re (B {wi| x |w2)) - (18)

For |w) to be a normalised process, we need (x) = 1 for all x of the form (14), which requires
Re (o B (w1] x |wz2)) to be constant over x. Writing a*3 = e'? |a* 3|, we obtain that the cross term

Re (ei¢ (w1 x |wz>> should be constant for all .

In order to simplify the cross term, we restrict the CPTP maps to a pure state preparation [¢) for
P and unitaries R, S for A and B, respectively, so that

x = [¥]" e [[RNA4e @ [[57)PrPe @ 17, (19)

with the notation [[A]] = |A){(A| and where the complex conjugations in [¢*), R*, S*, result from
the transposition in our definition of the Choi representation for local operations, Eq. (1). After some
linear algebra, we arrive at

(wi] X |w2) = (| U RTUSSTUI VARV SVA [0) . (20)

The crucial step of the proof is to simplify this expression through an appropriate choice of local
operations. We can do this using the substitutions

S 8 = UIVsUIVL SV, (21)
R— R = UJVIRV] UyVi U3V, (22)

under which the cross term takes the form

e (wi| x|wa) = (Y| VT [¢) (23)
V = U VLUIVU WA, (24)
T = R'STRS. (25)

Now the normalisation of |w) reduces to the condition that, given V' as in Eq. (24), Re ((¢| VT |[¢))
has to be constant for all unitaries 7" of the form (25) and all [¢). This implies that VT +TTVT should
be proportional to the identity or, equivalently,

TVT + VT =T, (26)
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where A is a number that depends on « and g:

2 2
_ L—la]” = |A]

A= Tl (27)

To show that no unitary V can satisfy condition (26) for all R, S, it is sufficient to take block-diagonal
unitaries R, S of the form o & 1, where ¢ acts on a two-dimensional subspace spanned by eigenstates
of V' (so that the restriction of V' to that subspace is also unitary). In other words, it is sufficient to
show that condition (26) cannot be satisfied by any single-qubit unitary V. We will omit the &1 for
notational convenience.

Let us consider first the case where A\ = 0; that is, a superposition of processes with normalised
amplitudes |a|* 4+ || = 1. Condition (26) reduces to

TVT 4+ V=0, (28)

which has to hold for all T of the form (25). We have to find a set of unitaries 7" of that form such
that a single unitary V' cannot satisfy Eq. (28) for all of them. First, choose R =S5 =1 toset T' =1,
so that Eq. (28) gives

V+vi=o. (29)

Substituting this into condition (28), we now have
TVT = V. (30)

We can see that this is not possible by choosing R;, S; such that io; =T = R}S}Rij, with j = x,y, 2
Ltioy 5 )

labelling the three Pauli matrices. (For example, for j = x, we can choose R, = o0, S; = 7

Now, V has to satisfy
oiVo;=-V, j=x,y,z. (31)

This can only hold for V' = 0, which is not a unitary.
Let us now go back to the A # 0 case. As we have seen above, we can choose R and S such that
T = io,. But we can also set T' = —io, by choosing R = o,, S = 1‘%. Thus, we get the two

equations

—0,Vo,+ VI =ilog, (32)
—0,Vo, + V= —i)a,. (33)

These can be satisfied simultaneously only for A = 0, which brings us back to the previous case,
concluding the proof. O

The general construction is R; = o (with k # j) and S; = “52i. This gives R;S; = L\/’;’”m and RjSJT. =

V2
o+ €kil0 i
%. As (ok0;)? = =1 for k # j, we get R;S;Rij =3 (0j —orojo) =io;.
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