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Negative quantum conditional entropy states are key ingredients for infor-
mation theoretic tasks such as superdense coding, state merging and one-way
entanglement distillation. In this work, we ask: how does one detect if a
channel is useful in preparing negative conditional entropy states? We answer
this question by introducing the class of A-unital channels, which we show
are the largest class of conditional entropy non-decreasing channels. We also
prove that A-unital channels are precisely the completely free operations for the
class of states with non-negative conditional entropy. Furthermore, we study
the relationship between A-unital channels and other classes of channels per-
tinent to the resource theory of entanglement. We then prove similar results
for ACVENN: a previously defined, relevant class of states and also relate the
maximum and minimum conditional entropy of a state with its von Neumann
entropy.

The definition of A-unital channels naturally lends itself to a procedure for
determining membership of channels in this class. Thus, our work is valuable
for the detection of resourceful channels in the context of conditional entropy.

1 Introduction

The myriad information-theoretic applications of entanglement [1| have elevated it from
being merely an interesting physical phenomenon to that of a resource. In the resource-
theoretic study of entanglement, the separable states (quantum states that can be written
as convex combinations of pure product states) are called the free states, and those outside
this set, the entangled states, are known as the resource states [2]. The resource theory also

Mahathi Vempati: mahathi.vempati@research.iiit.ac.in
Saumya Shah: shah18@iitg.ac.in

Nirman Ganguly: nirmanganguly@gmail.com

Indranil Chakrabarty: indranil.chakrabarty@iiit.ac.in

Accepted in { Yuantum 2022-02-01, click title to verify. Published under CC-BY 4.0. 1


https://quantum-journal.org/?s=\TitleFont%20A-unital%20Operations%20and%20Quantum%20Conditional%20Entropy&reason=title-click
mailto:mahathi.vempati@research.iiit.ac.in
mailto:shah18@iitg.ac.in
mailto:nirmanganguly@gmail.com
mailto:indranil.chakrabarty@iiit.ac.in

defines various classes of free operations, that is, quantum operations that cannot convert a
free state to a resourceful one. Local Operations and Classical Communication (LOCC) is
a physically defined class of free operations [1-3|, characterized by the practical difficulty
of communicating quantum information. A superset of LOCC is the class of separable
channels [2, 4|, which has a more appealing mathematical structure than LOCC and is
therefore used to prove properties of LOCC itself [4, 5]. Entanglement-breaking channels
form another important class of channels. These channels destroy all entanglement between
a system and its environment [6].

Once these classes of channels have been defined, it is important to be able to decide
whether or not a given channel belongs to any of these free classes. The quantum channel
detection problem asks: given a channel and a well-defined class of channels, does the
channel belong to the class [7-10]7 The channel itself maybe provided as a blackbox, as
in a laboratory setting, where it can be characterized by measuring its output on various
input states, or as a full description (for instance, via its Kraus decomposition or Choi
matrix). Unfortunately, for some classes defined with respect to entanglement, this problem
is notoriously difficult. For example, it is currently unknown how to decide whether a
given channel belongs to LOCC [2], and the problem of membership of a channel in the
entanglement-breaking class is NP Hard [11]. There have been witness-based probabilistic
approaches to deal with this problem, which are useful when some apriori information
about a channel is known [7].

The interest in defining free operations for entanglement and studying mechanisms
for detection of these operations is in part due to the resourcefulness of entanglement.
While entanglement is certainly important in the characterization of quantum states for
information-theoretic tasks, there are several phenomena for which merely possessing en-
tanglement is not a sufficient condition to determine usefulness of a quantum state. Often,
a state needs to have other properties beyond being entangled in order to be useful. One
such property is the negativity of the quantum conditional entropy (also known as the con-
ditional von Neumann entropy) of a quantum state [12|. The quantum conditional entropy
(henceforth referred to as conditional entropy where there is no ambiguity) of a quantum
state pap is defined as

Sap(pas) = S(pas) — S(pB); (1)

where S(p) is the von Neumann entropy (henceforth referred to as entropy where there is
no ambiguity) of the state p, given by S(p) = — Tr(plog p). All logarithms are taken to the
base 2. Conditional entropy is used to define the information-theoretic quantities coherent
information [13], which is just the negative of conditional entropy, and quantum discord
[14-16], which is a measure of non-classical correlations in a quantum state. While all
negative conditional entropy states are entangled, not all entangled states possess negative
conditional entropy. Negative conditional entropy states are important for the information-
theoretic primitive quantum state merging [17, 18], and provide quantum advantage in
superdense coding [19-21]. Negativity of conditional entropy is a necessary feature for
the one-way distillation of entanglement [22]. It is important in maximizing the rates of
distributed private randomness distillation [23], as well as in the reduction of uncertainty
in predicting the outcomes of two incompatible measurements [24]. Previously, the set of
states that are not useful for any of the above tasks, that is, the set of states possessing
non-negative conditional entropy (we refer to this set as F¢(A|B)) was characterized as
convex and compact [25, 26].! The set of states for which conditional entropy remains non-

!This is proven for the the case where dim A = dim B = d [25], but a similar argument can be used to
extend this proof to the case where dim A # dim B.
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negative even under the application of global unitary channels (referred to as F%(A|B) in
this work) was also similarly characterized [27].

In this work, taking F¢(A|B) to be a set of free states, we ask: what is the class of
free operations for F¢(A|B), and what are its properties? How does this class of opera-
tions relate to operations defined in the context of entanglement: separable channels and
entanglement-breaking channels? How does one detect if a given channel belongs to the
class of free operations for F¢(A|B)? These questions are important in the context of
preparation of quantum states for the aforementioned tasks, in order to determine if an
operation one has access to is capable of generating resource.

This paper is organized as follows: In Section 2, we introduce the notation, and recap
the relevant preliminaries. In Section 3, we define a class of free operations NCVE(A|B),
the largest class of conditional entropy non-decreasing channels. We prove that this class
is exactly equal to OF,,,.(A|B), the largest class of completely free channels for F¢(A|B),
and is elegantly characterized by a property we call A-unitality. We discuss properties
of A-unital channels in Section 4. In Section 5, we discuss the relation between A-unital
channels, separable channels and entanglement-breaking channels. While the set of sepa-
rable states and F¢(A|B) share a subset-superset relationship, we show that surprisingly,
this relationship does not hold for A-unital channels and separable channels—there exist
A-unital channels that are not separable, separable channels that are not A-unital, as well
as channels in the intersection. In Section 6, we extend the class F%(A|B), previously
characterized only for the 2 ® 2 case to the d ® d case, and prove that unital channels are
the largest class of completely free channels for F*“(A|B). Since both entropy and con-
ditional entropy are heavily discussed in this manuscript, in Section 7, we provide upper
and lower bounds for the conditional entropy of a state for a given entropy. We conclude
in Section 8 with some concrete open questions that emerge from our work.

2 Preliminaries

In this section, we review relevant definitions and concepts from literature. H4 denotes a
finite dimensional Hilbert space for physical system A. The dimension of the space H* is
given by d4. The set of bounded linear operators on the Hilbert space H* is denoted by
B(A). The set of bounded linear operators over Hilbert space H4 @ HP is B(AB). The
set of bounded linear operators that are Hermitian, positive semi-definite and have unit
trace, that is, the density matrices (or quantum states) over H* is denoted by D(A4). A
channel N : D(A) — D(B) is a linear map from D(A) to D(B) that is completely positive
and trace preserving (CPTP).

A quantum state pap is called separable if it can be written as a convex combination
of pure product states. That is, pap is separable if pap = >, pi|a;) (| where p; € [0,1],
Spi = 1 and |og) = |¢i)a @ |10;) g for some |¢;) € HA and |;) € HP. Separable states
are the free states in the resource theory of entanglement. We denote the set of separable
states in D(AB) by F°(A|B). The set of states pap € D(AB) for which Sy 5(pap) > 0,
that is, the set of states possessing non-negative conditional entropy (Eq. 1) is denoted by
Fe(A|B).

Free and completely free channels for a given set of free states were defined in [2]. We
define these here for F¢(A|B).

Definition 1. A channel N ap—cp : D(AB) — D(CD) is free for F¢(A|B) if for all
p € F(A|B), we have N ap—cp(p) € F(C|D). The class of all such free channels
mapping D(AB) to D(CD) is denoted by O%,,..(A|B — C|D). When the input and output

spaces are the same, the class is denoted by OF,,..(A|B) = 0%, ,.(A|B — A|B).

max
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Definition 2. A channel N ap_cp : D(AB) — D(CD) is completely free for F°(A|B)
if for all finite dimensional Hilbert spaces H* and H® and p € F(A'A|B'B), we have
(idarp @ N ap—cep) (p) € F(A'C|B'D). The class of all such completely free channels
mapping D(AB) to D(CD) is denoted by O%,,..(A|B — C|D). When the input and output

spaces are the same, the class is denoted by 0%, .. (A|B) = O%,,..(A|B — A|B).

cmax
The free and completely free channels for F*(A|B), denoted by Of ..(A|B — C|D)
and 02, ..(A|B — C|D) respectively are defined analogously, replacing F¢(A|B) in the
above definitions by F*(A|B).
Separable channels [4] form an important class of channels in the entanglement resource
theory. We define these channels here:

Definition 3. A channel N : D(AB) — D(CD) is called separable if and only if its action
on a state p € D(AB) can be expressed as
N(p) = (K ® Lig)p(Ky ® Li)" (2)
i=1
for some integer n > 1 and linear maps Ky : HA — HE and Ly HE — HP such that
" (KY @ L)K@ Ly) = Iap. The class of all separable channels mapping D(AB)
to D(CD) is denoted by SEP(A|B — C|D). When the input and output spaces are the
same, the class is denoted by SEP(A|B) = SEP(A|B — A|B).

It turns out that SEP(A|B) is exactly equal to O%,,..(A|B) [2]. That is, the class of
separable channels form the largest class of completely free channels for F*(A|B).

Entanglement-breaking channels constitute another relevant class of channels [13]:

Definition 4. A channel N : D(A) — D(B) is called entanglement-breaking if the quan-
tum state (idr @ N')(pra) is separable for all pra where R is a reference system of arbi-
trary dimension. The class of all entanglement-breaking channels mapping D(A) to D(B)

is denoted by EB(A — B). When the input and output spaces are the same, the class is
denoted by EB(A) = EB(A — A).

Unital channels play an important role in the context of entropy, as the class of unital
channels mapping D(A) to itself are exactly the ones that do not decrease the entropy of
any state p € D(A) [13]. We define them as

Definition 5. A channel N : D(A) — D(A) is called unital if N (%) = i—ﬁ. The class
of all unital channels mapping D(A) to D(A) is denoted by UNI(A).

Having reviewed the definitions, we now characterize the class of completely free oper-
ations for F¢(A|B).

3 Completely Free Operations for Conditional Entropy

Since the negativity of conditional entropy implies usefulness for various tasks, a natural
candidate for a class of operations that are free for F°(A|B) is the class of channels that
does not decrease the conditional entropy of any state. Conditional entropy non-decreasing
channels are defined as follows:

Definition 6. A channel N ap_,cp : D(AB) — D(CD) is said to be conditional von Neu-
mann entropy (CVE) non-decreasing, if for all p € D(AB), we have Scip (N ap—cp(p)) >
Sa(p). The class of CVE non-decreasing channels mapping D(AB) to D(CD) is denoted
by NCVE(A|B — C|D). When the input and output spaces are the same, the class is de-
noted by NCVE(A|B) = NCVE(A|B — A|B).
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Nug € UNI{A|B)

(c)

(a)
(b)
NAB S Oi‘ma:r: (AlB) . NA.H‘ € NCVE(A|B)
(d)
Figure 1: Equivalence of UNI(A|B),NCVE(A|B) and O%,),,.(A|B).

It turns out that this class of channels is exactly equal to OF,..(A|B) which was

introduced in Def. 2. We prove this equivalence by showing that both NCVE(A|B) and

O¢,0a(A|B) are in fact equal to a third class of operations, defined as follows:

Definition 7. A channel N : D(AB) — D(AB) is called A-unital if for all pp € D(B),
N satisfies
1 1
N (A oom) = e 3)
da da
for some plz € D(B). We denote the set of A-unital channels on D(AB) as UNI(A|B).
Likewise, the channel N is called B-unital if for all ps € D(A), N satisfies

I I
N(pA®B)=,0/A®B (4)
dp dp

for some p'y € D(A), and the set of B-unital channels on D(AB) is denoted as UNI(B|A).

Not only does the class of A-unital channels serve to show that both NCVE(A|B) and
O, ux(A|B) are equal, but its definition also makes this class amenable to detection, as
discussed in Section 4.3. We now prove the equivalence of these three classes.

Theorem 1. The classes UNI(A|B), NCVE(A|B) and O¢

¢ ax(A|B) are all equal to each
other.

Proof. The structure of the proof is depicted in Fig. 1. Let N': D(AB) — D(AB) be a
quantum channel. In Lemma 1, we show that ' € UNI(A|B) =— N € NCVE(A|B),
labelled as (a). In Lemma 2, we show that N' € NCVE(4|B) = N € UNI(4|B),
which is labelled as (b). In Lemma 3, we show that N' € UNI(A|B) = (idap @N) €
UNI(A’A|B'B). We then use Lemma 1 and Lemma 3 to prove Lemma 4, which is N €
UNI(A|B) = N € 05,,,.(A|B), labelled as (c) in the figure. Finally, we prove Lemma
5, which is N € O%,,,,.(A|B) = N € NCVE(A|B), labelled as (d) in the figure. These
lemmas establish the equivalence between the three classes.

O

Lemma 1. N € UNI(A|B) = N € NCVE(A|B).
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Proof. Let N' € UNI(A|B). Thus, for all pp € D(B), we have N' (d% ®p3) = % ® py-
To prove the Lemma, we require two results related to quantum relative entropy. The first
result is a characterization of the conditional entropy in terms of relative entropy [13, 28]:

I
Sap(pap) =logd — S <pAB de ® PB)
(5)
= logd — S —_—
UBTQ%?(B) og <PAB H & UB>

Next, we require the monotonicity of relative entropy, which is

SW(p) [ N(a)) <S(pllo). (6)

From Eq. 5, for all p € D(AB) and op € D(B), we have

Saip W (p) 2 logd = 5 (Vo) | 12 @a) (7)

In particular, we must have

Sap N(p) 2 logd = 5 (Vo) | £ @ sl ) ®)
where N (12 @ p) = 42 © py. Therefore,
Sap (V(p) 2 logd = 8 (W) | ¥ (@ pm) ). ©)
From Eq. 6, we have
logd—S< HN<®PB>) Zlogd—5<prli®pB> = Sap(p). (10

Thus, for all p € D(AB), we have Sy (N(p)) > Sap(p), which implies that N' €
NCVE(A|B).
O

Lemma 2. N € NCVE(4|B) = N € UNI(4|B).

Proof. For any pap € D(AB), the maximum value of Sy g(pap) is logd4 and is attained
if and only if pap = % ® op for some op € D(B) [13].

We use the above fact to prove the lemma by contradiction. Let N € NCVE(A|B).
Assume that N' ¢ UNI(A|B). Then, there exists some op € D(B) such that

N(% ®0'B) % é—ﬁ ® o for all o € D(B). This implies that SaB (% ®03) =
logds, but Sy (N (%@O’B)) < logds. However, this is a contradiction since

N € NCVE(A|B). Therefore, the assumption that AV ¢ UNI(A|B) must be false, and
we have N € NCVE(A|B) = N € UNI(A|B). O

Lemma 3. N ¢ UNI(A‘B) — (idA/B/ ®N) S UNI(A/A’B/B)

Proof. Let N ap € UNI(A|B). Then, for all pg € D(B), we have N (14 ® pp) = I4 ® plg
for some py € D(B). It is always possible to find a basis for any D(X), in which each
basis element is a density matrix, that is, each basis element also belongs to D(X) [13].
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Let {5} be such a basis for D(B’) and {;}; be such a basis for D(B). Thus, {3 ® 3;}i;
is a basis of density matrices for D(B’'B). We have,

(idarpr @ N aB) (IAA ® (6;® ﬁ])B’B)

da
) I I
— (ldA’B/ ®NAB) (dA/ X de ®5231 ®/BJB>

© 6n) (11)

I (I
_dA/®5¢B/®./\/'AB 4

Iy

= di ® Bip ®
A/

_ Tya

dara

14
a ® VB

® (B ®%)ps-

Now, for all 0 € D(B’'B), we have

(idarpr @ N ap) (

)

(ldA/B/ ®NAB) (Cli " (Z szﬁ; & ,8]) )
ij BB

. Ty
= by (idap @NaB) (djj ® (8, ® ,Bj)B/B> (12)
ij
= wa du ﬁ ®'YJ)B'B
_ IA/A ®Zbi,(ﬁ{®7,) .
dA’A - J 7 J)B'B
Thus, ida g ® N 4 € UNI(A’A|B'B). 0

Lemma 4. N € UNI(A|B) = N € 0%,,,.(A|B).

Proof. Let N ap € UNI(A|B). From Lemma 3, we have idagr @ N ap € UNI(A’A|B’'B).
Hence, using Lemma 1, we have idapr @ Nap € NCVE(A’A|B'B). Thus, for all
p € F(A'AB'B), we have Sy p((idap ®Nag)(p)) > Sap(p) > 0, which im-
plies (idarpr @ N ap) (p) € F(AAB'B). Now, using Definition 2, we have N ap €
O, ux(A|B). O

cmax

Lemma 5. N € O¢

cmax

(A|B) => N € NCVE(A|B).

Proof. In order to prove the lemma, we prove the contrapositive statement, that is N ap ¢
NCVE(A|B) = Nuap ¢ O%,4.:(A|B). Let Nap : D(AB) — D(AB) be a quantum
channel that does not belong to NCVE(A|B). Thus there exists p € D(AB) such that
Sas N (p)) < Sap(p). Consider Hilbert spaces HA and HP', with dy = da and dp =
dp. Now, we select a state o € D(A’'B’) such that

= SaB(p) < Sap(0) < =Sap N(p)). (13)
Note that because —Syp(p) < —SapN(p)) and both these values lie in
[—logda,logda] = [—logdar,logda], the state o always exists.
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Now, consider the state oap ® pap € D(A'B’AB). Using Eq. 13, we have
Swapploap @ pap) = Sap(o) + Saplp) > —Sas(p) + Sap(p) = 0. Thus,
oap @ pap € F(A'A|B'B).

We now apply the operation id 45 ® N s on the state 045 ® pap. Once again, using
Eq. 13, we have Sy pp(idap @Nap(oap ® pap)) = Saapploas @ Nap(pas))
= Sap(oap) + SapWNap(pap)) < —SapWNap(pag)) + SapNag(pap)) = 0.
This implies that ida g QN ap(ocap ® pap) ¢ F(A'A|B'B). Therefore, the chan-
nel ida g @ N ap takes a state from inside F¢(A’A|B'B) to outside, and using Def. 2,
NAB ¢ Ogmaz(A|B) O

Thus, Lemmas 1-5 prove all the implications depicted in Fig. 1, and Theorem 1 follows.

4 Properties of A-Unital channels

4.1 Serial and Parallel Concatenation

Since we have UNI(A|B) = 0%,,.(A|B), it follows that serial concatenation of two A-

unital channels is A-unital, and parallel concatenation of an A’-unital channel and an
A-unital channel is A’ A-unital [2]. However, this is also readily seen from the definition of
UNI(A|B). Let Map, N ap € UNI(A|B). Then, we have

MupoNap <§A®p3> = Mup ((§A®UB> ZifA@’YB- (14)
A A A

Thus, MapoN ap € UNI(A|B). Similarly, if M 45 € UNI(A'|B’), and N a5 € UNI(A|B),

from Lemma 3, we have (idap @ N ap), (Map @idap) € UNI(A'A|B'B). Then, from

the closedness under serial concatenation above, it follows that

(idarp N ag) o (Mup @idag) = Map QN ap € UNI(A’A‘B/B). (15)

4.2 Convexity

Theorem 2. A conver combination of A-unital channels is an A-unital channel.
Proof. Let N'1,N5 € UNI(A|B). Then we have,

(pN1+(1 —p) Na) (ii ®5B)

I I
=pNy (CZA@/BB) + (1 = p) N2 (dA®53>
A A
I I (16)
Ip(d ®W13) +(1—p) (d ®72B)
A A
1
= de ® (p71+ (1 = p)1e)p
A

Thus, pN71 +(1 — p) N2 € UNI(A|B). O

4.3 Detection

The characterization of both conditional entropy non-decreasing channels and completely
free channels for 7¢(A|B) as A-unital channels makes apparent how these channels can be
detected. For any D(B), it is always possible to find d% density matrices {f3;}; from D(B)
that form a basis for for D(B) [13]. For some unknown channel A/ given as a blackbox, a
necessary and sufficient condition for A-unitality is N (é—ﬁ ® Bs B) = é—g ® Bl for all the

d% states 3; from the basis. This follows using the same proof technique as in Lemma 3.
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id4 ® EB(B)

Figure 2: The relationship between UNI(A|B), SEP(A|B) and id4 ® EB(B) when d4 = dp.

5 Relationship between A-Unital Channels and Other Classes

We now turn our attention to the relationship between A-unital channels and other classes.
If we detect that a channel is A-unital (or not A-unital), can anything be said about
the membership of the channel in SEP(A|B)? It turns out that this is not the case, as
there exist A-unital channels that are not separable, separable channels that are not A-
unital, as well as channels in the intersection. We discuss this in the following subsections.
We also discuss the relationship between entanglement breaking channels and A-unital
channels. These relationships are depicted in Fig. 2. Throughout this section, we assume
dg =dp =d.

5.1 A-Unital Non-Separable Channels

We prove the existence of channels that belong to UNI(A|B) but not SEP(A|B) by con-
structing such a channel. Let {|i)}; be an orthonormal basis for #4, and {|j)}; be an
orthonormal basis for #5.

Definition 8. The Swap and Prepare channel, denoted by Pap : D(AB) — D(AB) is
defined as the composition of the following channels:

e The Swap Channel [Swap : D(AB) — D(AB)]. The unitary channel that swaps
systems A and B. Its Kraus decomposition contains just one Kraus operator which
is the unitary matriz Us = 3,; |7i) (ij]. We have

Swap(p) = UspULL. (17)

e The Partial Trace Channel [Trg : D(AB) — D(B)]. The Kraus operators for this
channel are {(i|, ® I};. We have

Tra(p) =Y ((il4 © I) (paB) (i), ® Ip) . (18)

%

e The Preparation of %‘ Channel [Pra : D(B) — D(AB)]. The Kraus operators for
this channel are {% i) 4 @ IB} . We have

%

Pra(pe) = 3 5 (1 12) (0) (G4 ® T) (19)
= e pp (20)
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Finally, we define the Swap and Prepare Channel:

Pap(pap) = (PraoTraoSwag) (paB) (21)
Theorem 3. There exist A-unital non-separable channels.

Proof. In Lemma 6, we show that the channel P4p € UNI(A|B), and in Lemma 7, we
show that P4p ¢ SEP(A|B). O

Lemma 6. P4p € UNI(A|B).
Proof. Let op € B(B). We have

I I 1
Pap (A ® JB> =PrpoTrpoSwap (A ® UB) = PryoTry (UA ® B)

d d d (22)
Cpea(l) 2T Io
“\G) T a v a
Thus, using Def. 7, Pap € UNI(A|B). O
Lemma 7. Psp ¢ SEP(A|B).
Proof. From the discussion following Def. 3, we have that SEP(A|B) = O%,,..(A|B).

Thus, it is sufficient to prove that Pap ¢ 02, ..(A|B). Consider Hilbert spaces H" and

cmax
HB' where da and dp are also equal to d. Take the state xy € D(A’AB'B) defined as y =
‘¢+><¢+ aA® \OO><OO]B/B, where ’¢+><¢+ 4 Is the entangled state é Eij ‘Z><J’A/ ® ‘2><]’A
The state y is a product state across the A’A|B’'B cut, and hence x € F*(A’A|B’'B). We
now apply id 4/ ® Pap to the state y.

X' = (idarpr ®Pag) (x)

ij

= (idap ®Pag) (; > i)l @ 10Xl 4 © [0)0] 5 © 0><0|B)

= (idarpr ® PryoTrpoSwap) (:l > liXila @ 1iXil4 © [0X0] 5 @ |0><O|B)

]

= (ida (; Ikl @ |o><0|3,)) ® (Prao TraoSwas) (i)l 4 ©10)0]))
ij
(23)

=[Sl e |o><0|3,> ® ((Pra o Tra) (0014 ® [i)il))
ij

- % ST il ® |0><0|B,> ® (Pra(liXilp))

ij

1 o Iga .
= 23 IiiLa ©10X0L ® 2 © )il
ij

14
© T ® 10%0| 5 -

— N 4t

B ’¢ ><¢ A'B
Observe that y’ is entangled across the A’A|B’B cut. Thus, x’ ¢ F5(A’A|B’'B). From the
definition of OF ,,..(A|B), this implies that Pap ¢ OF,,,.(A|B), hence Pap ¢ SEP(A|B).

The action of P 4p is depicted in Fig. 3. O

From Lemmas 6 and 7, we have that Pap € UNI(A|B) but Pap ¢ SEP(A|B), and
thus, Theorem 3 follows.
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Figure 3: Demonstration of P4p acting on . Subfigure (1) depicts the state x, which is separable
across the A’ A|B’ B cut. Upon applying id 4/ pr ® Sw 4 p, the states of subsystems A and B are swapped,
as shown in subfigure (2). Application of Tr 4 is depicted in subfigure (3), and finally, Pr4 prepares

the state %A and this is depicted in subfigure (4). Thus, P4p is A-unital, but not separable, as the

channel generates entanglement across the A’A|B’B cut.

5.2 Non-A-Unital Separable Channels

Examples of channels that are non-A-unital but separable are replacement channels [2]

: . I
R which trace out a given state and prepare a product state pa ® pp where p4 # 4.
Since for all op € D(B), we have R (%A ® UB> + %A ® vp for some v € D(B), R is not
an A-unital channel. However, since both tracing out as well as preparation of a product
state are separable channels, R is a separable channel. A specific example of a channel
which prepares the state |00)00] 45 is

Ro(pag) = >_ (10)il4 @ 0)jl ) (pan) ()04 © |iX0l ), (24)

where {|i)}; and {|j)}; are orthonormal bases for H* and H? respectively.

5.3 A-Unital Separable Channels

A trivial example of a channel that is both A-unital and separable is the identity channel.
A more non-trivial example is any channel of the form

Cas(p) = 3 (Kh @ Lp) p (K o I’ (2)

7
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where Y, (K% ® Lﬁé)T (K% ® L) = Iyp and each K is a unitary channel. Cyp is sepa-
rable by definition. It is also A-unital as shown below. Let 0 € D(B). We have

an (G 00) = X (40 15) (5 0 0n) (s00)

1 . A . , I , ,
=y gKfAIAKj ® LgopLth = FA © > LiopLi.
A %

5.4 A-Unital and Entanglement-Breaking Channels

Both UNI(A|B) and SEP(A|B) are concerned with correlations across the A|B split. Thus,
we relate both these classes with channels of the form id 4 ®® g where @ € EB(B), that is
®p is an entanglement-breaking channel (Def. 4), as they destroy all entanglement across

the A|B split. These channels are A-unital, as (idy P p) (%‘ ® O'B) = L1 o ®(0)p for all

op € D(B), as well as separable, as the Kraus operators for the channel are {I4 ® K}B}Z
where {K%}; are the Kraus operators for ®. This is depicted in Figure 2. On the
contrary, channels of the form ®4 ® idg where ®4 € EB(A) are not necessarily A-unital,
although they are separable. As an example, consider the following classical-quantum
channel M 4 : D(A) — D(A), that acts as

Ma(p) = _ (il p|i)[0X0] 4 - (27)

i
All classical-quantum channels are entanglement-breaking [13], however, the channel
M4 ®idp is not A-unital, as we have (M4 ®idp) (%A ® O‘B> = |0)0| ® op which is not

of the form %“ ® v for some vp € D(B).
A-unital channels are closely related to unital channels. Indeed, as given in Def. 5, while

A-unital channels map states of the form é—i ®op to é—;} ® o', unital channels map ézg to

iﬁ—g. In the next section, we explore this connection further. We show that while A-unital
channels are the largest class of completely free channels for F¢(A|B), unital channels form
the largest class of completely free channels for a previously defined, related set F%“(A|B),
the set of all states whose conditional entropy remains non-negative under global unitary
operations. The relationship between A-unital, B-unital and unital channels is depicted in

Fig. 4.

6 Unital Operations and Absolute Non-Negative Conditional Entropy

6.1 Absolutely Non-Negative Conditional Entropy States

Previously, the absolute version of F¢(A|B) (analogous to absolutely separable states [29,
30]) was defined and characterized for the case where d4 = dp = 2 [27]|. Here, we extend
the definition by characterizing it for the case where d4 = dg = d.

Definition 9. A quantum state p € D(AB), where dg = dp = d, which satisfies
SA‘B(UpUT) > 0 for all unitary channels U : D(AB) — D(AB) is called an absolutely

non-negative conditional entropy state. The set of absolutely non-negative conditional en-
tropy states in D(AB) is denoted by F*(A|B).

The set F9¢(A|B) is well-characterized in terms of the von Neumann entropy, as shown
in the following theorem.
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UNI(AB)

S—non-increasing
0oz (A1B)

’-—-—Fﬁﬁ

UNI(B|A)

Sp|a—non-increasing

Obmas(Bl4)

UNI(A|B)
SA‘B —non-increasing

0F, .. (AIB)

cmax

Figure 4. The relationship between A-unital, B-unital and unital channels when ds = dp.

Theorem 4. pap € F*(A|B) if and only if S(pag) > logd.

Proof. Let pap € D(AB) and S(pap) > logd. As the maximum von Neumann entropy
of the subsystem B is upperbounded by logd, we have YU, S(UpapU') = S(pap) >
logd > S ((UpapU')p). Therefore, ¥U, Sa5(UpUt) = S(UpUT) = S (Upans)s) > 0
and pap € F*(A|B).

To prove the “only if" part of the statement, consider the following set of vectors
{%nm) }rm which is a basis for the vector space HA @ HP [31]

[Ynm) = ZeQWij"/d ) ®1(j +m) mod d)/Vd. (28)

J

Notice that for each |¢nm), we have (|tnm) (Unml|)g = é. Now, let o4p € F*(A|B).
Let the set of vectors {|Ynm)}nm be the eigenbasis of o4p5. Consider the unitary chan-
nel U, = 32, [¥nm) (Yam|- The state U.o4pU] is diagonal in the |t,,,,) basis, hence,
(UeaABUg)B = 1, and § ((UoasU})5) = logd.

By definition, we have Sy p(UocapU ) > 0 for all U, in particular for U,. Therefore,
SA‘B(UeaABUeT) = S(UeUABUg) -8 ((UeUABUeT)B) > 0, which implies that S(oap) —
logd > 0. Thus, Yoap € F*(A|B), we have S(ocap) > logd. O

6.2 Completely Free Operations for Absolute Non-Negative Conditional Entropy States

Here, we define the class of completely free operations for F%(A|B), respecting the d4 =
dp = d condition in the definition of F*“(A|B).

Definition 10. A channel N'ap : D(AB) — D(AB) is completely free for F(A|B)
if for all finite dimensional Hilbert spaces HY and ’HB/, where dy = dg = d and
p € F*(A’AIB'B), we have (idap @ N aB) (p) € F*(A’A|B'B). The class of all such
completely free operations mapping D(AB) to itself is denoted by O% . (A|B).

cmax

We now prove that for the above definition of 0%, ,..(A|B), unitality is a necessary and
sufficient condition for complete freeness.
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S4a(P)

—logyd 1

0 log,d 2log,d
S(p)

Figure 5: Upper and lower bounds for S, 5(p) given S(p).

Theorem 5. A channel N € Q%

cmax

Proof. Let HA, M5, HA" and HP' be finite dimensional Hilbert spaces such that d4 = dp =
d and dy = dp = d'. Let N 4p be a unital channel mapping D(AB) to D(AB). Then,
notice that the channel N' = id s gr @ N ap is also a unital channel mapping D(A’AB'B)
to itself. This unitality implies we have S (N(p)) > S (p) Vp € D(A’AB’'B) [13]. Hence,
Vo € F*(A'A|B'B), we have S(N'(c)) > S (o) > logdd’, using Theorem 4. Thus,
N'(c) € F(A’A|B'B). This implies that A/ is a free operation, which in turn implies
that N ap € 0% (A|B).

Let M4p be a non-unital channel in D(AB). Hence, Myp <Ig—23> = oap where

(A|B) if and only if it is unital.

oAB # %‘—QB. Thus, S(ocag) < logd?, since the maximum entropy for p € D(AB) =
log d® and is achieved only at IZI‘TB. Consider the state x = yap ® %—QB where v is a
pure state and d = d. Hence S(x) = logd? which implies that y € F(A’A|B'B).
We have ' = (idarp @ Mag) (X) = Yarp' ® cap. Therefore, S(x') < logd? and x' ¢
Fa(A’A|B'B). This implies that idap ® Map is not a free operation, and therefore,
Mag ¢ O, (AIB).

]
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7 Upper and Lower Bounds for Conditional Entropy given Entropy

The characterization of F%(A|B) via entropy suggests that the entropy of a state can
determine the values of conditional entropy that the state can possess. In the following
section, we discuss upper and lower bounds for conditional entropy, given the entropy of a
state pap, where dy = dp = d.

Theorem 6. Let B, = {Sap(p) | S(p) =V p € D(AB)}. Then, the tight lower bound
of Ey is © — logd and the tight upper bound of E, is max(z,logd).

Proof. Fig. 5 depicts the bounds of the above theorem. The lower bound is proven in
Lemma 8 and the upper bound is proven in Lemmas 9 and 10. ]

Lemma 8. Vz € [0,2logd], the tight lower bound of E, = {Sag(p) | S(p) = x N p €
D(AB)} is x — logd.

Proof. Consider p € D(AB) | S(p) = =. Since S(pp) < logd (Theorem 11.8 in [28]), we
have Sy p(p) > = —logd. Thus,

a lower bound of E, is x — logd. (29)

It now remains to show that Va € [0,2logd|, = — logd € E,. Consider the function
R : [0,1] = D(AB) : p = plé™)(¢F]| + (1 — p)gz where [¢7) = S75) %. Note that
Vp € [0, 1], we have R(p)p = é. Thus,

S(R(p)) = logd. (30)

As S : D(AB) — [0,2logd] is a continuous function (Box 11.2 in [28]) and R can be shown
to be a continuous function ?, we have SoR : [0,1] — [0,2logd] is a continuous function.
We have S(R(0)) = 2logd and S(R(1)) = 0. Thus, by the intermediate value theorem,

Vz € [0,2logd], Ip, €[0,1] | S(R(pz)) = x. (31)

Using Eq. 30 and 31, we have

SaB(R(pz)) = S(R(pz)) — S(R(p2)B) = = — logd. (32)
S(R(pz)) = = (Eq. 31) implies that Sy p(R(p:)) = ¥ —logd € E; (Eq. 32). Thus, as
x — logd is a lower bound of E,, and x — logd € E,, it is the tight lower bound. O

Lemma 9. Vr € [0,logd], the tight upper bound of E, = {Sap(p) | S(p) = xAp €
D(AB)} is x.

Proof. Consider p € D(AB) | S(p) = x. Since S(pp) > 0, we have Sy p(p) < x. Thus, an
upper bound of E, is z. It now remains to show that Vz € [0,logd|, z € E,. For a given
x € [0,logd], consider states of the form ¢ = 04 ® op, where S(c4) = = and op is any
pure state. We have S(o) =z + 0 = x, which implies Syp(0) =2 -0 =2 € E,.
Therefore, since x is an upperbound of E, and x € E,, it is a tight upper bound. [

Lemma 10. Vz € [logd, 2logd], the tight upper bound of Ex = {Sup(p) | S(p) =xNp€
D(AB)} is logd.

2This can be shown using the € — § definition of continuity.
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Proof. From Theorem 11.4.1 in [13] and Theorem 11.8 in [28], we have Vp €
D(AB), Sup(p) < S(pa) < logd. Therefore, logd is also an upper bound for E,.
It now remains to show that Vo € [logd,2logd], logd € E,. Consider states of the
form 0 = £ ® op where S(op) = 2 —logd. We have S(¢) = z which implies that
Sap(0) = logd € E,. Therefore, since logd is an upper bound for E, and logd € E,, it
is a tight upper bound. ]

Theorem 6 follows from the lower bound proved in Lemma 8 and the upper bounds
proved in Lemmas 9 and 10.

8 Conclusion

In this paper, we introduce the class of A-unital channels, and show that this is equal
to the largest class of completely free channels for the set of states with non-negative
conditional entropy (F¢(A|B)). We also show that this is the largest class of channels
that do not decrease the conditional entropy of a state. We discuss the relation between
A-unital channels, separable channels and entanglement-breaking channels. Furthermore,
we extended the characterization of the set of states that possess non-negative conditional
entropy even under global unitary transformations (F%“(A|B)) from the 2 ® 2 case to the
d ® d case. We demonstrate that unital channels are the largest class of completely free
operations for this set. Finally, we provide upper and lower bounds for the conditional
entropy of a state as a function of the entropy of a state. We conclude with some questions
for further research that emerge from our work.

1. Characterization of 7%“(A|B) for the d4 ® dp case. In this work, we show that when
da = dp =d, F*(A|B) is the set of states in D(AB) for which S(pap) > logd. An
interesting problem is the extension of this characterization to the case d4 # dp. This
is important for the full characterization of completely free operations for F%¢(A|B).

2. Decomposition of A-unital channels and a Choi matrix representation. A necessary
and sufficient condition for the unitality of a channel is for it to be expressed as an
affine combination of unitary quantum channels [32]. Providing a similar decom-
position for A-unital channels is an open problem. Moreover, separable channels,
completely PPT-preserving channels and entanglement-breaking channels all have
elegant characterizations in terms of Choi matrices [4, 13, 33-36]. A similar charac-
terization remains to be given for A-unital channels.

3. State conversion under A-unital channels. According to Uhlmann’s theorem, a state
p can be converted to state o under unital channels if and only if o < p, that is p
majorizes o [37, 38]. What are the conditions for state conversion under A-unital
channels?

Note added: Also see related independent work by Brandsen et al. [39]
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