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We introduce the concepts of a symmetry-
protected sign problem and symmetry-protected
magic to study the complexity of symmetry-
protected topological (SPT) phases of matter.
In particular, we say a state has a symmetry-
protected sign problem or symmetry-protected
magic, if finite-depth quantum circuits com-
posed of symmetric gates are unable to trans-
form the state into a non-negative real wave
function or stabilizer state, respectively. We
prove that states belonging to certain SPT
phases have these properties, as a result of their
anomalous symmetry action at a boundary. For
example, we find that one-dimensional Z, x Zs
SPT states (e.g. cluster state) have a symmetry-
protected sign problem, and two-dimensional
Zs SPT states (e.g. Levin-Gu state) have
symmetry-protected magic. Furthermore, we
comment on the relation between a symmetry-
protected sign problem and the computational
wire property of one-dimensional SPT states.
In an appendix, we also introduce explicit deco-
rated domain wall models of SPT phases, which
may be of independent interest.
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1 Introduction

The concept of entanglement is an important tool for
diagnosing the complexity of quantum states and has
led to a deeper understanding of quantum phases of
matter and quantum phase transitions. However, en-
tanglement by itself does not fully capture the quantum
complexity of a state — some quantum states can be effi-
ciently simulated by classical systems, despite the pres-
ence of entanglement. This motivates using diagnostics
beyond entanglement to assess the quantum complex-
ity of many-body states and to further inform us of the
quantum information structures intrinsic to phases of
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matter. In this work, we focus on two means for evalu-
ating the complexity of a state: (i) its ‘magic’ and (ii)
its sign structure.

Magic is an assessment of the extent to which a state
can be expressed as a stabilizer state [1]. Since stabi-
lizer states can be efficiently stored and manipulated
on classical computers [2], magic can be regarded as a
measure of the complexity of a state. The sign structure
of a state, on the other hand, relates to the difficulty
in expressing a state as a non-negative state — i.e., a
state with real non-negative probability amplitudes in
a local basis [3, 4]. Complex probability amplitudes
are responsible for inherently non-classical phenomena,
such as quantum interference, so the sign structure can
be used to characterize the quantum nature of a state.

The sign structure of a state is, of course, basis de-
pendent, so to make a meaningful assessment of the
complexity of the state, we consider the sign structure
modulo local basis changes. Following Ref. [4], we say
the wave function has a sign problem if the amplitudes
cannot be made non-negative by any local basis trans-
formation. This notion of a sign problem implies that
any gapped parent Hamiltonian has a sign problem in
the stoquastic sense [4]. Therefore, the sign problem at
the level of the wave function also implies that there
is an obstacle to efficiently simulating the system using
Monte Carlo methods.

While the magic in a many-body state and the notion
of a sign problem are promising metrics for the quantum
complexity of states, they are notoriously challenging to
study analytically and numerically, although substan-
tial progress has been made [1, 4-20]. We therefore pro-
pose a simplification by imposing symmetry constraints.
In particular, we introduce symmetry-protected magic
and a symmetry-protected sign problem. These simpli-
fied diagnostics of the complexity of a state allow us
to make analytical statements about the structure of
quantum information in quantum phases of matter.

More specifically, we consider symmetry-protected
topological (SPT) phases of matter, whose properties
can be characterized by short-range entangled (SRE)
states. Despite the short-range entanglement, SPT
phases are responsible for a rich set of quantum phe-
nomena including the helical edge modes at the bound-
ary of topological insulators [21, 22] and symmetry-
protected degeneracies useful for measurement-based
quantum computing [23-29]. It is therefore valuable to
have a complete understanding of the quantum informa-
tion structures of SPT phases to be able to both sim-
ulate their novel behaviors and harness their resources
for quantum computing.

In this work, we contribute to the understanding of
the quantum complexity of SPT states, by showing that
certain SPT states have symmetry-protected magic and

that some possess a symmetry-protected sign problem.
The symmetry-protected magic implies that the SPT
states have magic that cannot be removed by making
local symmetry-preserving changes to the state. This
builds on the work of Refs. [30-32], in which particular
finely tuned SPT states are shown to have magic. The
symmetry-protected sign problem, in contrast, informs
us about the sign structure of SPT states and poses
an obstruction to finding a non-negative representation
through local symmetry-respecting basis changes. To
the best of our knowledge, this constitutes the first an-
alytic proof of a (symmetry-protected) sign problem at
the level of the wave function. We speculate that our
methods for evaluating symmetry-protected sign prob-
lems may also be valuable for diagnosing sign problems
in the absence of symmetry.

Structure of the paper:

Our main application of symmetry-protected magic
and a symmetry-protected sign problem are to SPT
states. Therefore, we begin by defining SPT states and
SPT phases in Section 2.1. For convenience, we work
with a definition of SPT phases phrased in terms of
finite-depth quantum circuits. Then, in Section 2.2, we
describe a characteristic feature of SPT phases — the
symmetry acts anomalously near a boundary. In the
following section, Section 2.3, we discuss how the effects
of the anomalous symmetry action can be detected us-
ing a strange correlator. To illustrate these concepts on
a concrete example, we apply them to the 1D cluster
state in Section 2.4.

We then move on to assess the complexity of SPT
states, starting with symmetry-protected magic in Sec-
tion 3. We first review the stabilizer formalism in Sec-
tion 3.1 before defining symmetry-protected magic in
Section 3.2. Subsequently, in Section 3.3, we use the
anomalous boundary symmetry action to show that
a subset of SPT states (belonging to group cohomol-
ogy SPT phases in spatial dimensions D > 2) have
symmetry-protected magic.

Next, we turn to the symmetry-protected sign prob-
lem in Section 4. In Section 4.1, we give a precise defini-
tion for a symmetry-protected sign problem, and then,
in Section 4.2, we argue that SPT states in dimensions
D = 1 have a symmetry-protected sign problem rela-
tive to local bases where the symmetry is diagonal. The
argument relies on the expected “strange correlations”
in SPT states. We also provide a second argument in
Section 4.2 based on the incompatibility between the
computational wire property of one-dimensional SPT
phases and bounds on measurement-induced entangle-
ment in non-negative wave functions [4].

We conclude by commenting on relations to previous
work and by proposing future directions for studying
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the quantum complexity of topological phases of mat-
ter. We also state a number of conjectures, and in par-
ticular, we conjecture that states defined on qubits and
belonging to the double semion phase have magic that
is robust to arbitrary unitary local operations.

2  Primer on SPT phases

To begin, we define SPT phases in terms of the cir-
cuit complexity of states, following Ref. [33]. We then
describe a characteristic property of (nontrivial) SPT
phases in Section 2.2: the symmetry acts on the system
in an anomalous fashion in the presence of a boundary.
In certain cases, the effects of the anomalous symmetry
action can be detected using strange correlators, which
we define in Section 2.3. In Section 2.4, we illustrate the
concepts of the anomalous boundary symmetry action
and strange correlators with an example of a well-known
SPT state - the 1D cluster state.

2.1 Definition of SPT phases

In this section, we define SPT states and SPT phases
using finite-depth quantum circuits (FDQCs). Recall
that a FDQC is any unitary operator that can be writ-
ten in the form:

u:g_f[l(l;[Uﬂ). (1)

Here, the first product runs over layers, up to a depth d,
and j, indexes unitary operators Uj, in the layer £. The
unitary operators Uj,, referred to as gates, are taken to
be local’ and to have non-overlapping supports within
a given layer. We note that the circuit is “finite-depth”,
if the depth d is both finite and constant in the system
size.

To define SPT states in D dimensions, we consider
Hilbert spaces of the form:

H= ®Hi7 (2)

€A

where i labels sites on a lattice A embedded in a D
dimensional manifold without boundary. FEach site i
hosts a finite-dimensional Hilbert space H;. For SPT
phases protected by a G symmetry, we assume the G
symmetry is represented by an onsite representation.2

IThroughout the text, by local, we mean that the support of
the operator can be contained in a ball of fixed finite diameter.

2Note that, unless otherwise stated, we take the symmetry to
be a unitary finite Abelian O-form symmetry.

That is, every ¢ in G is represented by an operator:

u(g) = [J ui(g). (3)

€A

with each wu;(g) forming a linear representation of G on
H;. With this, an SPT state is any state that satisfies
the following three conditions:

e Short-range entangled: It can be prepared from a
product state by a finite-depth quantum circuit.

e Symmetric: It is invariant under the onsite repre-
sentation of the G symmetry.

e SPT parent Hamiltonian: It is the unique ground
state of a symmetric local gapped Hamiltonian.

The SPT states are then organized into SPT phases
by imposing an equivalence relation. Two SPT states
are equivalent, or belong to the same phase, if one can
be constructed from the other by a FDQC composed
of symmetric gates — with the possible use of ancillary
lower-dimensional SPT states. We say an SPT state
is trivial if it belongs to the same equivalence class as
a product state, whereas a nontrivial SPT state has
entanglement that cannot be removed by making sym-
metry preserving local changes to the state. In other
words, a nontrivial SPT state cannot be disentangled
by applying a FDQC with symmetric gates.

2.2 Anomalous symmetry action at a boundary

Having defined SPT phases, an important question is:
what properties characterize an SPT phase? For non-
trivial SPT phases, the symmetry action near a bound-
ary is anomalous — i.e., there is an obstruction to finding
an effective boundary symmetry action that is onsite.”
In what follows, we give a heuristic description of the
effective boundary symmetry action, and we refer to
Ref. [34] for more details. In Appendix A, we outline
an argument that the obstruction gives a well-defined
quantized invariant of the SPT phase.

To describe the effective boundary symmetry action,
we first define the boundary Hilbert space. We con-
sider a choice of SPT state along with a parent SPT
Hamiltonian on a manifold N without boundary and
call the energy gap between the ground state and the
first excited state A. We then imagine truncating the
Hamiltonian to a submanifold M with boundary by re-
moving any terms whose support includes sites outside

Moreover, the effective boundary symmetry action cannot be
made onsite through a combination of taking the tensor product
with the effective boundary symmetry action of lower-dimensional
SPT phases and conjugation by a FDQC.
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Figure 1: To determine the SPT phase associated to a given
SPT state, we compute an effective boundary symmetry ac-
tion. This is done by truncating a corresponding SPT Hamil-
tonian defined on a closed manifold N to a submanifold M
with boundary. In the low-energy Hilbert space of the trun-
cated Hamiltonian, the onsite symmetry action uns(g) (green
dots) on M is equivalent to an effective boundary symmetry
action vaar(g) (striped green) supported near the boundary of
M. The symbol “~" denotes that uas(g) and van(g) are only
required to be equivalent in the low-energy Hilbert space. We
use the effective boundary symmetry action to show that cer-
tain SPT states have symmetry-protected magic in Section 3.3.

of M (Fig. 1).# Furthermore, we use the tensor prod-
uct structure to restrict the Hilbert space and onsite
symmetry to M.

After restricting to M, we expect the spectrum of the
truncated Hamiltonian to look qualitatively different —
states now possibly lie within the energy window A.
The boundary Hilbert space is defined as the Hilbert
space spanned by the states within the bulk gap A. We
assume that these low-energy states are similar to the
ground state of the un-truncated Hamiltonian in regions
far from the boundary.® Hence, the low-energy states
correspond to excitations localized near the boundary
or degenerate ground states.

With this, the effective boundary symmetry action
is any unitary linear representation of the G symmetry,
such that (i) its support is localized® near the boundary
of M and (ii) its action agrees with the global symme-
try on states within the boundary Hilbert space (Fig. 1).
While the symmetry on M is onsite, the effective bound-
ary symmetry action may be non-onsite.

4We assume M is large compared with the Lieb-Robinson
length of a FDQC that prepares the ground state of the Hamil-
tonian on N.

5More precisely, the reduced density matrices agree on regions
sufficiently far from the boundary. This is the TQO-2 assumption
in Refs. [35] and [36].

6In particular, we assume the effective boundary symmetry
action is supported on M and within a fixed distance from the
boundary of M.

Ref. [34] showed that certain SPT phases, known as
group cohomology phases [37], exhibit an obstruction to
an onsite effective boundary symmetry action captured
by group cohomology. In particular, in D-dimensions
with a G symmetry, the obstruction corresponds to an
element of HPT1[G,U(1)], i.e., the (D + 1) group co-
homology of G with coefficients in U(1). It is believed
that HP+L[G,U(1)] gives a complete classification of
(bosonic) SPT phases protected by unitary symmetries
in dimensions D < 4 [38-40]. We refer to SPT phases
characterized by a nontrivial element of HP+1[G, U(1)]
as nontrivial group cohomology phases.

We would like to point out that, according to the
Kinneth theorem [41], a partial classification of SPT
phases protected by a product group H x K is given
by:

HUH, HP[K,U(1)]]. (4)

The SPT phases characterized by the group cohomology
in Eq. (4) are the focus of Proposition 2 in Section 3.
These SPT phases can be described by decorated do-
main wall models [42], where the ground state is a su-
perposition of H domain configurations with (D — 1)-
dimensional K SPT states hosted on the domain walls.
In Appendix B, we argue that, for some element of H,
the corresponding effective boundary symmetry action
is implemented by a FDQC that prepares a (D — 1)-
dimensional K SPT state from a product state. The
effective boundary symmetry is notably not onsite be-
cause the (D —1)-dimensional K SPT state is entangled
(for D > 1).

2.3 Strange correlator

The anomalous symmetry action at a boundary, in the
previous section, enforces long-range entanglement in
states describing nontrivial SPT phases on a manifold
with boundary.” This has been shown carefully in one
and two spatial dimensions using a tensor network ap-
proach [43] and is believed to hold in higher dimensions.
We emphasize that on a manifold without boundary, the
states in an SPT phase are short-range entangled by
definition — the long-range entanglement only appears
explicitly when a boundary to a trivial SPT phase is
exposed.

One tool that has been developed to probe the long-
range entanglement of SPT phases in the presence of a
boundary is the strange correlator [45-48]. The strange

7We note that, by an SPT phase on a manifold with boundary,
we have in mind a collection of ground states, where the parent
Hamiltonians are truncated SPT Hamiltonians with an arbitrary
local symmetric Hamiltonian supported near the boundary.
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Figure 2: The overlap between (€| (light blue tensors) and |¢spt) (black tensors) takes the form of a Euclidean partition function
for a (D — 1)-dimensional system, for which, a spacetime configuration corresponds to a set of fixed indices on the virtual bonds.
The (D — 1)-dimensional system defined by (Q|¢spt) is invariant under an anomalous symmetry if |¢)spr) belongs to a nontrivial
SPT phase. This can be argued by first using the symmetry of (] to insert the symmetry action uas(g) (green circles) restricted
to a region M (shaded gray). By the arguments in Ref. [44], unr(g) applied to |spT) is equivalent to inserting a certain tensor
network operator (striped green) along the virtual bonds on the boundary of M. If |¢spr) is a nontrivial SPT state, then the
effective symmetry action on the virtual bonds is anomalous, and the (D — 1)-dimensional system has an anomalous symmetry.
|1bspr) denotes the state with the tensor network operator applied on the virtual bonds. This motivates the use of strange correlators

(Qunr(g)|Yspr)

(Qvspr)

to prove a symmetry-protected sign problem in certain SPT states (see Section 4.2).

correlator takes the general form:

(2|0;0;Yspr)
(Qvspr)

where (2| is a symmetric product state, |¢gpr) is an
SPT state on a manifold without boundary, and O; and
O; are operators localized near the sites ¢ and j. More
specifically, O; and O; are elements of a strange order
parameter, given by a set {O;, O;} consisting of a pair
of operators O;, O; for each pair of sites ¢,j. Further-
more, the pairs of operators O;, O; of a strange order
parameter must satisfy the following three properties:

()

e Local: There is a constant r, independent of i, j,
such that the support of O; and O; can be sepa-
rately contained within a ball of radius r.

¢ Bounded norm: O; and O; have bounded norm,
ie., [|Oil],1|0;]| <1 in the operator norm.

e Charged: O; and O; have nontrivial definite charge
under the symmetry. That is, for a finite Abelian
symmetry G and any g € G, Oy, satisfies:

u(g)Oru(g)’ = "9 0, (6)

where €(9) forms a nontrivial one dimensional rep-
resentation of G.

The general expectation is that, for a nontrivial SPT
state in either one or two dimensions, there exists a
strange order parameter such that the strange correlator
in Eq. (5) has a power law decay or is constant as the
separation between ¢ and j goes to infinity. This is based
on numerous examples as well as physical intuition from
a tensor network representation of (Q|spr).

Given a tensor network representation of the D-
dimensional SPT state |¢gpr), we can interpret the
overlap (Q|ispr) as a partition function for a (D — 1)-
dimensional system, as pictured in Fig. 2. The (D — 1)-
dimensional system is invariant under an anomalous
symmetry, similar to the anomalous boundary symme-
try action of an SPT phase. This can be seen by acting
with the symmetry restricted to a subregion M with a
boundary. Ref. [44] argued that the symmetry action
on M can be replaced with an effective symmetry ac-
tion on the virtual bonds of the tensor network along
the boundary of M (see Fig. 2).

For a nontrivial SPT state, the effective symmetry
action on the virtual bonds is anomalous, and hence,
the (D — 1)-dimensional partition function (Qyspr) is
invariant under an anomalous symmetry action. This
implies that (Qyspr) should be thought of as a parti-
tion function for a long-range entangled state, and the
strange correlator probes the correlations in this state.
Therefore, the strange correlator measures correlations
similar to those that arise on the boundary of a state
in an SPT phase. (See also Refs. [45] and [46] for a
physical interpretation of the strange correlator.)

The use of strange correlators can be rigorously jus-
tified for 1D SPT states using the notion of string-order
parameters. We illustrate this for the cluster state as-
suming the working definition of SPT phases, given in
Section 2.1. We claim that the argument can be general-
ized straightforwardly to other 1D SPT states following
Refs. [34, 49].

2.4 Example: cluster state

To make the discussion more concrete, we describe the
cluster state, an example of a nontrivial 1D SPT state
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with a Zy X Zs symmetry. The cluster state is defined
on a 1D lattice with 2N qubits and periodic boundary
conditions. We denote the Pauli X and Pauli Z operator
at the site ¢ by X; and Z;, respectively. The onsite
Zo X Zo symmetry is then generated by the operators:

u((g,1)) = HX% u((g,1)) = HX2j+1, (7)

where we have labeled the elements of Zy X Zy as:

Ly X Lo :{1’(971)3(179)7(979)}' (8)

The cluster state can be prepared from a product
state by the FDQC Ucg given as:

lecsE H CZi(i+1)~ (9)
(3,i+1)

Here, the product is over pairs of neighboring sites, and
the control-Z operator C'Z;(; 1) is the two qubit oper-
ator whose action on an arbitrary computational basis
state |a>i|b>i+1 is:

CZirnla)ilb)ivr = (=1)*|a)i[b)is1, a,b € {0,1}.
(10)
Explicitly, the cluster state is:
[Ycs) = Ucs|+ ... +), (11)

where |+ ...+4) is the simultaneous +1 eigenstate of all
Pauli X operators.
A parent Hamiltonian for the cluster state is:

2N
Hes = Ucs <— ZXz> Ul = — Z Zi1XiZi1-
i i=1
(12)

Hcs is gapped and has a unique ground state given that
it has the same spectrum as the paramagnet Hamilto-
nian: — >, X;. Further, it can be checked that each
term of Hcg is symmetric. Therefore, Hcg is an SPT
Hamiltonian.

To see that the ground state is in a nontrivial SPT
phase, we introduce a boundary and study the effective
symmetry action near the boundary, as described below.

Anomalous boundary symmetry action:

In dimension D = 1, SPT phases with a G symme-
try are classified by H2[G, U(1)], where the elements of
H2[G,U(1)] correspond to projective representations of
G [50, 51]. We compute an effective boundary symme-
try action for the cluster state model and show that it

forms a projective representation of Zs X Zs. This is
the nontrivial element of H?[Zg x Za, U(1)] = Zs.

To start, we truncate the Hamiltonian Hgg in
Eq. (12) to a lattice with 2M sites and open bound-
ary conditions. This gives us the Hamiltonian H2L:

2M—1

Hé\/é = — Z Zi,1X7;ZZ‘+1. (13)
1=2

Hé/ls has a 4-fold degenerate ground state subspace,
which follows from the fact that we have removed the
terms associated to the sites ¢ = 1 and ¢ = 2M. The
degenerate ground state subspace of H(% defines the
boundary Hilbert space.

We now derive an effective boundary symmetry ac-
tion. The states in the boundary Hilbert space are +1
eigenstates of the terms in H, évé, since the terms are mu-
tually commuting and un-frustrated. Therefore, in the
boundary Hilbert space, we have:

Zi_lXiZ,»_H ~1, Vie {2, e 2M — 1}, (14)
where ~ emphasizes that this holds in the boundary
Hilbert space. Note that products of the Hamiltonian
terms in Eq. (14) resemble the symmetry action away
from the endpoints:

M—1 M-1

H Z2j,1X2jZ2j+1 = Z1Zan—1 H X2jv (15)
j=1 Jj=1

M—1 M-1

H ZQjX2j+1Z2j+2 = ZQZQM H X2j- (16)
j=1 Jj=1

Consequently, using the relation in Eq. (14), the gen-
erators of the Zo x Zy symmetry can be written in the
boundary Hilbert space as:

uw((9,1)) ~ Z1(Zop—1Xonr),  u((1,9)) ~ (X1Z2) Zans-

(17)

We define the right-hand side of the equations in

Eq. (17) as the operators:

v((9,1)) = Z1(Zam—1Xam), v((1,9)) = (X122)Zom-
(18)

These define a Zo X Zs effective boundary symmetry
action, since they form a unitary linear representation
of Zo X Zs, are localized near the boundary, and, by
definition, agree with the global symmetry action in the
boundary Hilbert space.

The effective boundary symmetry action generated
by the operators in Eq. (18) is not onsite — i.e., it is not
in the form of a tensor product of linear representations
at each site (as defined in Section 2.1). Instead, the
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action at endpoints ¢ = 1 and 7 = 2M are independently
projective representations of Zo X Zs. For example, at
the endpoint ¢ = 1, we have:

Ui:l((97 ].)) = Zl, U¢:1((1,g)) = X1Z2. (].9)

These give a projective representation, as can be seen
by the commutation relations between v;—1((g,1)) and

vi=1((1,9)):

vi=1((g, 1))vi=1((1,9)) = —vi=1((1, 9))vi=1((g, 1))-
(20)

Thus, the effective boundary symmetry action is
anomalous.® In Appendix A, we show that the anoma-
lous symmetry action implies that the cluster state can-
not be disentangled by a FDQC composed of symmetric
gates.

Strange correlator:

For the cluster state, we can use the exactly solv-
able Hamiltonian Hcg to identify a suitable strange or-
der parameter. To see this, we consider the product of
Hamiltonian terms:

Jj—1 Jj—1
11 ZorXoni1Zarso = (| Xow1) %2205 (21)
k=i k=i

This gives us the identity:

j—1
(+... + [os) = (+... + (]| Xors1) Z2i Zoj vbcs)
k=i
= (+...+ |22 Z2j]tbcs),
(22)

where the first equality comes from the fact that |icg)
is a +1 eigenstate of each term of Hgs, and the second
equality uses that (+...+ | is a +1 eigenstate of every
Pauli X operator. From Eq. (22), we have:

(+... 4122225 ¢bcs)
<—|— oo+ |1/Jcs>

=1, (23)

for any choice of 7 and j. We see that the set {Zs;, Zo;}
can be used as a strange order parameter. Note that
the operators {Zs;, Zo;} are charged under the Zg X Zs
symmetry, as required for a strange order parameter.
Moreover, we have found a strange order parameter for
|)cs) such that the strange correlator is constant in the
separation of 2i and 2j, according to Eq. (23).

SImportantly, the projective representations at the endpoints
cannot be made into linear representations by conjugating by a

FDQC.

As for other states in the same phase as [t)cg), we can
use the operator in Eq. (21) to identify a strange order
parameter for which the strange correlator is constant
in the limit |¢ — j| — oo. For example, let |¢ig) be the
state prepared from [¢cg) by the FDQC Usyr, composed
of symmetric gates:

[Yes) = Usym|thcs). (24)
is invariant under the operator:
les) is i der the op

j—1

(TT Xor41)Z2: 25,
k=i

usym u;fym . (25)

Since Usym is built from symmetric gates, the operator
in Eq. (25) is equal to:

j—1
(H Xok+1)0;0;, (26)
k=i

for some unitary local charged operators O; and O;.
Following Eqs. (22) and (23), we can define a strange
order parameter from the collection of O; and O; for
varying endpoints ¢ and j. Thus, every state in the
SPT phase (as defined in Section 2.1) admits a strange
order parameter with a constant strange correlator.

We note that the operators in Eqs. (22) and (25) are
the more familiar string-order parameters that charac-
terize 1D SPT phases [49]. These naturally lead to
strange order parameters with a constant strange cor-
relation.

3 Symmetry-protected magic

In this section, we introduce symmetry-protected magic
and demonstrate that it is a feature of a large class of
SPT states. To start, we review the stabilizer formal-
ism and describe how it can be simulated efficiently on
a classical computer. The stabilizer formalism is insuf-
ficient for universal quantum computing, but leads to
the concept of magic — a resource that can be used to
help overcome the limitations of the stabilizer formal-
ism. We then define the notion of symmetry-protected
magic and use it to assess the magic in SPT states.
In particular, we show that SPT states belonging to
group cohomology phases in D > 2 dimensions have
symmetry-protected magic.

3.1 Review of the stabilizer formalism

The stabilizer formalism has been instrumental to our
understanding of the complexity of quantum phases of
matter and often provides simple, workable examples,
such as the cluster state model in Section 2.4. In this
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section, we summarize the key concepts of the stabilizer
formalism to ensure the text is self-contained. We refer
to Refs. [1, 52-55] for more thorough reviews.

To keep the discussion general, we describe the stabi-
lizer formalism on systems of ¢g-dimensional qudits (i.e.
g-dimensional Hilbert spaces), where ¢ is not necessar-
ily prime. We begin by generalizing the usual Pauli Z
and Pauli X operators to:

Z=3Y el X=Y li+nal @)

J€ZLq JEZg

where the computational basis states for a g¢-
dimensional qudit are labeled by j € Z,. If ¢ is odd,
the Pauli operators are generated by products of Z and
X, and if ¢ is even, the Pauli operators are generated
by products of Z, X, and the phase i.? For systems of
more than one qudit, we refer to a tensor product of
Pauli operators as a Pauli string. We say a Pauli string
is Z-type or X-type if, up to a phase, it consists of only
products of Z operators or X operators, respectively.

With this, we can introduce stabilizer states. Sta-
bilizer states are defined by the property that for any
stabilizer state |1)s), there exists a group G of mutually
commuting Pauli strings such that |¢s) is the unique
state satisfying:

Slys) = [¥s), VS €G. (28)

Importantly, the stabilizer state is uniquely specified by
the Abelian group G of Pauli strings. We refer to the
elements in G as stabilizers and call the group G a sta-
bilizer group. We say the stabilizer group G “stabilizes”
or “fixes” |1hs) to mean that |¢)s) is in the simultaneous
+1 eigenspace of all of the stabilizers. More generally,
any group of mutually commuting Pauli strings (which
does not include —1) is a stabilizer group, although it
may not fix a unique stabilizer state.

As a first example, the product state |+ ...+) is a
stabilizer state. |+ ...+) is uniquely stabilized by the
stabilizer group Gy generated by a Pauli X operator for
each site:

Go = (X, : i € sites). (29)

Similarly, the cluster state |ics) presented in Sec-
tion 2.4 is a stabilizer state. The corresponding stabi-
lizer group Geg is generated by the terms of the cluster
state Hamiltonian Hcs:

gcs = <Z7;_1XiZi+1 11 € sites). (30)

9The group generated by the Pauli operators is commonly
called the Heisenberg-Weyl group.

A useful class of unitary operators in the context of
stabilizer states are the Clifford unitaries. A Clifford
unitary is any unitary operator that maps Pauli strings
to Pauli strings by conjugation. Explicitly, for any Pauli
string P, a Clifford unitary U satisfies:

UPUT =Q, (31)

for some Pauli string ). Consequently, Clifford uni-
taries also map stabilizer states to stabilizer states. For
example, the FDQC Ucs, introduced in Eq. (9), is a
Clifford unitary. It maps Gy to Gog by conjugation and
maps |+ ...+) to |¢cs).

At this point, one can define a computational scheme
based on applying Clifford unitaries to stabilizer states
and making measurements of Pauli strings. However,
this restricted set of operations — the stabilizer opera-
tions — can be efficiently simulated by a classical com-
puter. This is the statement of the Gottesman—Knill
theorem [2] and a consequence of the fact that a sta-
bilizer state can be fully characterized by a stabilizer
group. Indeed, stabilizer groups that uniquely fix a sta-
bilizer state are generated by a number of Pauli strings
that grows linearly in the number of sites [56]. A sta-
bilizer state can therefore be efficiently specified by a
stabilizer group, and moreover, the effects of evolution
by a Clifford unitary and measurements of Pauli strings
can be determined by appropriately modifying the sta-
bilizer group. We see that the stabilizer operations are
no more powerful than a classical computer, and addi-
tional ingredients are needed to promote it to a univer-
sal set of operations.

Before describing how the stabilizer formalism can be
supplemented to achieve universal quantum computa-
tion, we remark that the generators of a stabilizer group
can be used to build a stabilizer Hamiltonian. More
specifically, given a stabilizer group G that uniquely sta-
bilizes a state [1)s), we can construct a Hamiltonian:

Hs=-)_ S+hc, (32)
Ses

where & denotes a set of stabilizers that generate G.
The unique ground state of Hg is |1)s), since it is a +1
eigenstate of each S € S and is uniquely fixed by G. We
note that Hs might not be local.

3.2 Definition of symmetry-protected magic

Stabilizer operations, reviewed in the previous section,
can be simulated efficiently on a classical computer, but
the full power of quantum computation can be recovered
by supplementing the stabilizer operations with ancil-
lary non-stabilizer states. In fact, any non-stabilizer
(pure) state can be used as ancillary states to promote
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the stabilizer operations to a universal set of operations.
In this context, the non-stabilizer states are referred
to as magic states. In a precise sense, the magic of a
state (or the “non-stabilizerness”) can be treated as a
resource, similar to viewing entanglement as a resource.
Consequently, resource-theoretical tools have been de-
veloped to quantify the amount of magic in a state (see
e.g., Refs. [1, 57-60]), however few analytical statements
have been made about magic in many-body systems.
To make progress in this direction, we define the fol-
lowing coarse measure of the magic to help understand
the large-scale structure of magic in a many-body state:

Definition 1 (Long-range magic) A state |1)) has long-
range magic, if, for any finite-depth quantum circuit U,
the state U[Y) is a magic state.

In other words, a state with long-range magic has
magic that cannot be removed by any FDQC. In this
sense, the state can serve as a robust source of magic.
We would like to point out that concepts similar to long-
range magic have been recently introduced in Ref. [13]
in the context of conformal field theories. We hope to
comment on long-range magic in future work, but in
the present text we focus on a restricted notion of long-
range magic.

In particular, we consider magic that cannot be re-
moved by any FDQC composed of symmetric gates. We
say such a state has symmetry-protected magic. This
is defined more precisely as:

Definition 2 (Symmetry-protected magic) A state |v))
has symmetry-protected magic, if, for any finite-depth
quantum circuit Usym composed of symmetric gates, the
state Usym|1)) is a magic state.

As a proof of concept, we show that certain SPT states
have symmetry-protected magic.

3.3 Symmetry-protected magic in SPT states

Our main objective in this section is to show that
SPT states, in particular those belonging to nontrivial
group cohomology phases in dimensions D > 2, have
symmetry-protected magic. This includes, for example,
the Zs SPT model introduced in Ref. [61]. We divide
our results into two propositions. Proposition 1 applies
to SPT states belonging to group cohomology phases
protected by a symmetry of the form Zg" (a product of
m copies of Z,) and assumes that the state is defined
on a system of g-dimensional qudits. This is a natu-
ral assumption, as for example, the group cohomology
models with a Zj' symmetry in Ref. [37] are defined
on a lattice with m g¢-dimensional qudits per site and
a symmetry represented by tensor products of X oper-
ators. Proposition 2 only applies to a subset of group

cohomology phases, but makes no assumption on the
dimension of the qudits. In both cases, the proof re-
lies on the anomalous boundary symmetry action char-
acteristic of nontrivial group cohomology SPT phases
(see Section 2.2). After proving the two propositions,
we comment on SPT states that fall outside of our argu-
ment — these correspond to SPT phases that can indeed
be described efficiently by the stabilizer formalism.

Proposition 1 Any SPT state belonging to a nontrivial
group cohomology phase in D > 2 dimensions protected
by a G = Zg" symmetry has symmetry protected magic,
if it is defined on q-dimensional qudits and the symme-
try is represented by tensor products of Pauli operators.

Proof of Proposition 1. We defined SPT phases as col-
lections of SRE states that are equivalent under FDQCs
composed of symmetric gates. Therefore, if an SPT
state has symmetry-protected magic, it implies that ev-
ery state in the SPT phase must be a magic state. To
prove the proposition, it is then sufficient to show that
there are no stabilizer states belonging to nontrivial
group cohomology phases in D > 2 dimensions with
a G symmetry represented by Pauli strings.

With this, we proceed by deriving a contradiction.
We assume that there is a stabilizer state |1)s) belong-
ing to a nontrivial group cohomology phase in D > 2
dimensions protected by a G symmetry represented by
a Pauli string P(g) for every g € G. We argue that this
is in conflict with the anomalous boundary symmetry
action expected in the nontrivial SPT phase.

The first step is to find a local symmetric stabilizer
Hamiltonian whose unique ground state is |¢)s). Since
[t)s) is an SPT state, it has a local parent Hamiltonian
(albeit possibly non-stabilizer), and it is invariant under
the G symmetry, i.e., P(g)|vs) = |¥s), for all g € G.
In Appendix C, we show that this, in fact, implies that
there exists a local symmetric stabilizer Hamiltonian
Hs whose unique ground state is |¢s) and which com-
mutes with the G symmetry (see Lemma 2).

We can now determine the SPT phase by using Hs
to compute the anomalous symmetry action at the
boundary (analogous to the calculation of the anoma-
lous boundary symmetry action for the cluster state in
Section 2.4). For this purpose, we introduce a boundary
by truncating the Hamiltonian Hg to a region M with
boundary. We define the truncated Hamiltonian H3! by
removing any term whose support is not entirely con-
tained within M.?? The global symmetry action P(g)

10To avoid pathologies, we require that M is large compared
to the size of the supports of the terms in Hg. More precisely,
we require dps > dg, where djs is the diameter of the largest
ball inscribing M, and dg is the minimum diameter such that the
support of each stabilizer term fits within a ball of diameter dg.
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Figure 3: We determine the effective boundary symmetry ac-
tion from Hs by first observing that the global symmetry P(g),
for any g € GG, can be expressed as a product of terms in Hgs
(the supports of the stabilizer terms are depicted with colored
ovals). The global symmetry action can be restricted to a sub-
manifold M (outlined in black) in two ways. Restricting to
M by using the tensor product structure of P(g) results in
Pri(g), while restricting to M using the product of stabilizer
terms gives Py;(g). Par(g) acts like the onsite symmetry away
from the boundary of M.

can also be restricted to M using that P(g) is a tensor
product of linear representations P;(g) of G:

P(Q)EHR(Q)%PM(Q)E II P (33

ieM

The truncated Hamiltonian has a G symmetry repre-
sented by the operators Pys(g), given above.

Similar to Hg, the truncated Hamiltonian is a sum of
symmetric commuting stabilizer terms, but unlike Hg,
it will generically have a ground state degeneracy, and
the degenerate ground state subspace forms the bound-
ary Hilbert space. The anomalous behavior of the sym-
metry, characteristic of the SPT phase, is revealed by
the effective symmetry action on the boundary Hilbert
space. We recall from Section 2.2 that the effective
boundary symmetry action is any operator localized
near the boundary of M, whose action is equivalent
to the symmetry action of Pys(g), within the boundary
Hilbert space.

The effective symmetry action at the boundary can be
computed by first observing that the global symmetry
action P(g) can be written as a product of the stabi-
lizer terms of the un-truncated Hamiltonian Hg. This
is because, Hs commutes with P(g) and has a unique
ground state. Therefore, P(g) is contained in the stabi-
lizer group generated by the terms of Hs (see Lemma 1

in Appendix C). Consequently, P(g) can be written as:

II s (34)

S;E€Sp(g)

P(g) =

where Spg) is defined as the set of terms in Hs whose
product is P(g). By using the expression for P(g) in
Eq. (34), P(g) can instead be truncated to M by re-
taining only the stabilizers S; whose support supp(S;)
is entirely contained in M (see Fig. 3):

Pug)=  [] S (35)

Sj€SP(g)
supp(S;)CM

We note that Py (g) is a product of terms in HA and as
such, acts as the identity on the boundary Hilbert space.
This implies, in particular, that Pys(g) is equivalent to
PM(g)PJJ{d(g) in the boundary Hilbert space. Further,
by comparing Eqs. (34) and (35), we see that the action
of Py(g) is equivalent to that of P(g) on sites in M
greater than a fixed distance from the boundary of M.
Therefore, the support of PM(g)PJJ{/I(g) is contained in
M and localized near the boundary of M. As a result,
we can take the effective boundary symmetry action to
be:

P(9) = Pu(9) Pl (g). (36)

The effective boundary symmetry action in Eq. (36)
forms a linear representation of G = Z7" in the bound-
ary Hilbert space. This means that it obeys the group
laws of G up to products of stabilizer terms in H gf .
In Appendix D, we show that, assuming the system is
defined on g-dimensional qudits, the effective boundary
symmetry action can be modified by stabilizers in H é”
to guarantee that the group relations are satisfied ex-
actly. We denote the modified effective boundary sym-
metry action by P’(g).

The characteristic group cohomology class of the SPT
order can be deduced from the modified effective bound-
ary symmetry action using the methods of Ref. [34],
where the group cohomology class manifests as an ob-
struction to realizing the effective boundary symmetry
action onsite (as a tensor product of linear represen-
tations at each site). From the definition of P’'(g) in
Appendix D, it can be seen that P’(g) is a tensor prod-
uct of Pauli operators:

P'(9) =[] Pilo), (37)
k

with the product over sites k in M close to the boundary
of M. While P’(g) forms a linear representation of G in
the boundary Hilbert space, the operators P}, (g) might
only satisfy the group laws projectively. In dimensions
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D > 2 this does not pose an obstruction to an onsite
representation of the effective boundary symmetry ac-
tion. The algorithm in Ref. [34] shows that the effective
boundary symmetry action in Eq. (37) corresponds to
the trivial element of HP TG, U(1)] (if D > 2).

To motivate this conclusion, we argue that any pro-
jective representations formed by P;(g) can be resolved
by modifying Hs with decoupled 1D SPT Hamiltoni-
ans acting on ancillary qudits. Importantly, the 1D
SPT Hamiltonians do not change the D > 2 SPT phase
described by Hs. Moreover, the 1D SPT Hamiltoni-
ans can always be chosen so that their projective effec-
tive boundary symmetry actions (see Section 2.4, for
example) compensate for the projective representations
formed by the P;(g). Then by locally redefining the
sites, the projective representation from P (g) and the
effective boundary symmetry of the 1D SPT phases
form a linear representation on the composite site.

Therefore, the effective boundary symmetry action
in Eq. (37) is non-anomalous, and by the universality
of the anomalous boundary symmetry action (see
Appendix A), |¢s) cannot be a member of a nontrivial
group cohomology SPT phase in D > 2. This con-
tradicts the initial assumption and implies that there
are no stabilizer states in nontrivial group cohomology
SPT phases in D > 2 dimensions protected by a
symmetry represented by Pauli strings. Thus, the
nontrivial SPT states described in the proposition have
symmetry-protected magic. [

Note that Proposition 1 assumes that the SPT state
is defined on a system of ¢g-dimensional qudits for a sym-
metry Zy'. For some SPT phases, we expect that the
restriction on the dimension of the qudits is necessary.
This restriction is important for ensuring that the effec-
tive boundary symmetry action forms a linear represen-
tation of the symmetry group outside of the boundary
Hilbert space. In future work, we will describe on a sta-
bilizer model for a nontrivial Z, SPT phase in D = 2
dimensions defined on a system of 4-dimensional qu-
dits [62]. In this case, the effective boundary symmetry
action is represented by a tensor product of Pauli op-
erators, but the Pauli operators do not form a linear
representation outside of the boundary Hilbert space.

At the same time, there are group cohomology phases
for which the restriction on the dimension of the qudits
in Proposition 1 is unnecessary. A stronger statement
can be made for SPT phases that can be described by
a decorated domain wall model, i.e., the SPT phase
is protected by a symmetry of the form H x K and
characterized by an element of H![H, HP [K,U(1)]]. We
formulate this as Proposition 2.

Proposition 2 Any SPT state belonging to an H x K
SPT phase in D > 2 dimensions characterized by a

nontrivial element of H'[H, HP[K,U(1)]] has symme-
try protected magic, if the symmetry is represented by
tensor products of Pauli operators.

Proof of Proposition 2. We let |1hs) be a stabilizer state
within an H x K SPT phase in D > 2 dimensions.
Following the proof of Proposition 1, we identify a local
stabilizer parent Hamiltonian Hg for |¢s) and define an
effective boundary symmetry action as in Eq. (36).

We argue that the effective boundary symmetry
action of the stabilizer model is unable to reproduce the
anomalous symmetry action of an SPT phase charac-
terized by a nontrivial element of H'[H, HP[K,U(1)]].
In Appendix B we prove that, the effective boundary
symmetry action for some element of H x K must be a
FDQC that prepares a nontrivial (D — 1)-dimensional
K SPT state from a trivial SPT state. The effective
boundary symmetry action of the stabilizer model,
however, is a Pauli string for every element of H x K.
Pauli strings are insufficient for constructing a non-
trivial (D — 1)-dimensional K SPT state from a trivial
SPT state if D > 2. Therefore, |t)s) cannot belong to
an SPT phase characterized by a nontrivial element of
HUH,HP[K,U(1)]]. O

The simplest example of an SPT phase that satisfies
the conditions of Proposition 2 is a Zg X Zo X Zg SPT
phase in D = 2 dimensions. In this case, H and K are
equal to Zs and Zo X Zo, respectively. As argued in
Appendix B, the effective boundary symmetry action
corresponding to the generator of H prepares a Zy X Zo
SPT state from a product state. Proposition 2 tells us
that every state belonging to this SPT phase has magic,
assuming the symmetry is represented by a Pauli string.

In Propositions 1 and 2, we have shown that a large
class of SPT states have symmetry-protected magic.
However, there are notable examples of SPT states
without symmetry-protected magic. For example, the
cluster state, described in Section 2.4, is a stabilizer
state. In this case, the anomalous boundary symmetry
action corresponds to projective representations, and
there is no obstruction to forming projective represen-
tations with Pauli strings. As another example, the
ground state of the 2D CZX-model in Ref. [43] is a sta-
bilizer state, but the onsite symmetry is not represented
by a product of Pauli operators.

There are also well-known examples of stabilizer
states in nontrivial SPT phases protected by subsystem
symmetries (e.g. the 2D cluster state) [63, 64] or pro-
tected by higher-form symmetries (e.g. the 3D cluster
state) [23, 65-69]. In our argument, we assumed that
the protecting symmetry is a O-form symmetry, i.e., it
is supported on a codimension-0 manifold. The assess-
ment of the anomalous nature of the effective boundary
symmetry action was specific to 0-form SPT phases.
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We expect that the proposition can be generalized by
accounting for the anomalies associated to subsystem
SPT phases and higher-form SPT phases, as described
in Refs. [63] and [70]. Evidently, in some cases, the
anomalous boundary symmetry action of these SPT
phases can be described by Pauli operators.

We have qualified that Propositions 1 and 2 apply
to SPT phases classified by group cohomology, but
our results may be more general. There are, in fact,
known SPT phases in dimensions D > 3 that are
outside of the group cohomology classification — aptly
named the beyond cohomology phases [39, 71]. In
dimension D = 3, there is a beyond cohomology phase
protected by time-reversal symmetry that admits a
stabilizer representation [72]. However, this SPT phase
falls outside of the purview of our argument, since
the symmetry is anti-unitary and is not represented
by Pauli strings. On the other hand, in D = 4,
there is a beyond cohomology SPT phase protected
by a unitary Zs symmetry represented by a Pauli
string [73], and we expect the proof of Proposition 1
applies in this case. Indeed, it was recently argued
that the effective boundary symmetry action of the
SPT phase corresponds to a nontrivial 3D quantum
cellular automaton [73, 74]. The operator in Eq. (37)
is certainly a trivial quantum cellular automaton.

4 Symmetry-protected sign problem

The sign problem is a notorious obstacle in efficiently
simulating many-body quantum systems using Monte
Carlo methods. Often, the sign problem refers to a
difficulty in writing the partition function of a quan-
tum system as a classical partition function with non-
negative Boltzmann weights. Here, however, our focus
is on a sign problem that manifests in the sign struc-
ture of a quantum state [4], i.e., in the complex ampli-
tudes of a wave function. To get started, we define the
sign problem in terms of quantum states. We then de-
scribe a symmetry-constrained variant of the sign prob-
lem, which we call the symmetry-protected sign prob-
lem. We illustrate this concept by showing that a subset
of SPT states exhibit a symmetry-protected sign prob-
lem.

4.1 Definition of symmetry-protected sign prob-
lem

Complex probability amplitudes are a key feature of
quantum states and are essential for describing non-
classical phenomena such as quantum interference. For
this reason, non-negative wave functions can be re-
garded as more classical. Indeed, the amplitudes of a

non-negative wave function correspond to (the square
root of) a classical probability distribution. Whether
a state has non-negative amplitudes, however, is basis
dependent, i.e., it may be possible to remove a complex
sign structure by making a local basis change. This mo-
tivates defining the following sign problem at the level
of probability amplitudes:

Definition 3 (Sign problem) A state |¢) has a sign
problem relative to a basis {|a)}, if, for any finite-depth
quantum circuit U, at least one amplitude of the state
Ul) in the basis {|a)} is outside of the set R>q.

It is natural to take the basis {|a)} to be the compu-
tational basis and to interpret the FDQC U as a local
basis change — then, a state has a sign problem if there
is no local basis in which the amplitudes of the state are
all non-negative. We make the basis {|a)} explicit here
to more readily generalize to a symmetry-protected sign
problem below.

It remains an open question as to whether any many-
body system exhibits a sign problem in the sense above.
We note that, in Refs. [16-18], it is shown that cer-
tain topological phases of matter have an obstruction
to finding a parent Hamiltonian that is stoquastic - i.e.,
where the off-diagonal matrix elements of the Hamil-
tonian are all non-positive [75, 76]. While a stoquas-
tic parent Hamiltonian is sufficient to guarantee that
the ground state is non-negative, it is not necessary.
Nonetheless, it is natural to conjecture that these same
phases of matter exhibit a sign problem related to the
sign structure of a ground state wave function.

Notably, SPT states do not have a sign problem. This
is because SPT states can be disentangled into a prod-
uct state by applying a FDQC (see also [77]). However,
we consider a symmetry-protected variant of the sign
problem, and show that certain SPT states indeed ex-
hibit a symmetry-protected sign problem, defined as:

Definition 4 (Symmetry-protected sign problem) A
state |¢) has a symmetry-protected sign problem rela-
tive to a basis {|a)}, if, for any finite-depth quantum
circuit Usym composed of symmetric gates, at least one
amplitude of the state Usym|t) in the basis {|a)} is
outside of the set R>.

In other words, relative to the reference basis {|a)},
there are no symmetry-preserving local basis changes
that make the wave function non-negative. ~With
this simplification of the sign problem to symmetry-
preserving basis changes, we are able to show that
particular SPT phases have a symmetry-protected sign
problem.
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4.2  Symmetry-protected sign problem for SPT
states

In this section, we argue that SPT states in dimension
D =1 have a symmetry-protected sign problem relative
to the symmetry-charge basis, i.e., the basis of product
states in which the symmetry is diagonal [78, 79]. We
provide two proofs. The first proof relies on strange
correlators, defined in Section 2.3, while the second
makes use of the quantum wire property of 1D SPT
states. Before stating the first proposition, we would
like to emphasize:

Remark: The SPT states considered in this work
(defined in Section 2.1) are assumed to have zero
correlation length. This means that, for every SPT
state |Yspr) there is a distance A, independent of sys-
tem size, such that the correlator (¥spr|O102|vspT)
vanishes for every pair of operators O;, Oy whose
supports are separated by a distance greater than .
In some contexts, SPT states may include states with
nonzero correlation length. The proof below holds for
the restricted class of SPT states considered in this text.

Proposition 3 Any state | spr) belonging to a nontriv-
tal 1D SPT phase protected by a finite Abelian symme-
try has a symmetry-protected sign problem relative to
the product state bases in which the symmetry is repre-
sented by products of diagonal Pauli operators.

Proof of Proposition 3. Without loss of generality, we
assume the symmetry is represented by X-type Pauli
strings. In this case, the symmetry-charge basis is the
X-basis. In what follows, we write the basis states as
{|z)}. Note that, in this basis, Pauli Z operators are
permutations with positive matrix elements.

We derive a contradiction by assuming that |spT)
does not have a symmetry-protected sign problem rel-
ative to the symmetry-charge basis. This implies that
there is a FDQC Usym composed of symmetric gates
with the property that |pspr) = Usym|tspT) has only
non-negative amplitudes in the X-basis. |pspr) can
then be written as:

lpser) = 3 Vp@)la), (38)

for some probability distribution p(z).
From the arguments in Appendix E; |¢gpr) must ad-
mit a strange order parameter {O;, O;} satisfying:

(z]0;0;pspr)
(z|pspT)

As shown below, the existence of the strange order pa-
rameter {O;, O;} leads to pairs of operators with long-
range correlations in the non-negative state |ospr).

=1, Vaz,i,j. (39)

This contradicts the assumption that |pspr) has zero
correlation length.

To start, we simplify the expression in Eq. (39) by
acting with the Pauli X operators in O; and O; on the
state (x|. This leaves us with:

(x|0;04lospr) (2| Z:Z;|pspr)

<$|<PSPT> B <$|<PSPT> ’ (40)

where Z; and Z; are charged operators generated by
sums of Z-type Pauli strings. To be explicit, Z; and Z;
are of the form:

Z;=Y Cp,P? Z;=) C},P?  (4)
Pz Pz

where the sums are over all Z-type Pauli strings PZ,
and C’Iig 2 and C’; » are some complex valued coefficients.
Due to the locality of the O; and Oy, Z; and Z; are lo-
calized near 7 and j, respectively. Moreover, there are
only finitely many nonzero coeflicients C},Z and C7,.
We use t; (t;) to denote the number of nonzero coeffi-
cients in the expansion of Z; (Z;), and we define ¢ to
be the product of ¢; and t;:

Furthermore, note that the coefficients C’;;Z and C’;Z
have bounded norm. This follows from the fact O; and
O; are local and have bounded norm. We also note that
neither Z; nor Z; is the identity, since O; and O; are
charged.

Next, we expand the right-hand side of Eq. (40) using
the expressions for Z; and Z;:

Z pZ
>3 ey, I
¢ i (z]pspT)

pPZ p?
i

(43)

There are at most ¢ nonzero coefficients in Eq. (47), all
of which are bounded from above. Since the magnitude
of the expression in Eq. (43) is equal to 1 [by Eq. (39)],
we see that, for every ¢, j, there must be a choice of PiZ
and PjZ such that:

<T/|Pz‘ZPjZ|WSPT>

T > ¢, (44)

for some constant ¢ > 0 independent of 7,j. Note
that the expression on the left hand side is always non-
negative, since |pspr) is a non-negative state and, in
the X basis, each PZ is a permutation. Let us denote a
choice of P# and PjZ that satisfies Eq. (44) by QZ (m)

3
and QjZ (m), respectively. Here, m indexes the t pairs of

P# and ij with nonzero coefficients in Eq. (43). Ex-

1
plicitly, for every pair of sites i,j and basis state |z),
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there exists an m such that:

(@lQF (m)Q (m)lpsrr) _
(z|espr)
Given a pair of sites i, j, let us label each basis state
|z) by an choice m for which Eq. (45) is satisfied. This
divides the basis states into t sets, labeled by m. We
denote the m'™ set of basis states by X,,.
We are now prepared to derive a contradiction by
considering the correlations of Q7 (m’) and Q7 (m/) (for
an arbitrary m’) in the state |pgpr):

(pspr|Q7 (MQZ (M) |pspr). (46)

We evaluate the correlator by expanding (@gpr| in the
X-basis. This gives us:

(pspr|QF (m)QZ (m')|pspr)

- Z \/@(ﬂQf(m’)Qf(m’)wSPT% (47)

(45)

which can be written in terms of strange correlators as:

(spr|Q7 (m)QF (m)]pspr)
— Zp(m) <Z|Qiz(m/)QjZ (m')|espr) .

s p— (48)

x

Next, we partition the basis states into the t sets X,,:

(pspr|QF (m)QZF (m')|pspr)

t T 4 m/ Z m/
_ Z Z p(x)< Q7 (m")QF (m”)|spr)

2 Goser) )
and substitute Eq. (45) for every x € X,/
(pspr|QF (m")QF (m)pspr) > Y pla)e
z€X,,/
(z|QF (m")QF (m/)lpspr)
F XY e MEE )

m#m/ x€X,,

Notice that each term in the second line of Eq. (50)
is non-negative. This is because p(z) > 0 for all z,
and the Z-type operators Q7 (m'), QJZ (m') preserve non-
negativity (in the X-basis). Consequently, the correla-
tor can be lower bounded by:

(pspr|QF (m')QF (m)lpspr) > ) pla)e.  (51)
reX,,

For some choice of m/, the right-hand side of Eq. (51)
is nonzero. Indeed, since p(x) is a probability distribu-
tion:

S =3 3 pa) =1, (52)

there must be a m such that:

> b= g (53)

TEX m

By taking m’ to be m in Eq. (51), we obtain:
(pspr|QF (m)QF ()| pspr) > ¢/t. (54)

This tells us that |pspr) has long-range correlations,
since, for every 4, j, we can find local operators Q7 (1)
and sz (m) satisfying the inequality above. Long-range
correlations contradict the assumption that |@gpr)
can be prepared from a product state by a FDQC.
Therefore, [spr) must have a symmetry-protected
sign problem relative to the X-basis (i.e., the symmetry
charge basis). OJ

Remark: It is tempting to extend Proposition 3 to
SPT states belonging to two-dimensional SPT phases.
Indeed, it is conjectured that every nontrivial SPT
state in 2D has a strange order parameter with strange
correlations that are either constant or decay as a
power law (see the argument in Section 2.3). With this,
it can be argued that at least one term in the expansion
of the correlator [Eq. (47)] decays slowly with |i — j].
This is sufficient for showing that any 2D SPT state
on a finite-sized system has a symmetry-protected
sign problem relative to the symmetry-charge basis.
However, it is unclear whether this holds in the limit
of infinite system size, where the amplitude /p(x) of
|spr) may tend to 0.

For a concrete application of Proposition 3, we can
consider the cluster state, discussed in Section 2.4. The
Zo X Zo symmetry of the cluster state is represented
by Pauli X operators, and therefore, the cluster state
has a symmetry-protected sign problem relative to the
X-basis. This is to say, in the symmetry-charge basis,
at least one amplitude of the cluster state is outside of
R>g, and moreover, there are no symmetry-preserving
local basis changes from the X-basis that make all of
the amplitudes of the cluster state non-negative.

We note that, although the cluster state has a
symmetry-protected sign problem relative to the X-
basis, there still exists product state bases in which
the amplitudes of the cluster state are non-negative.
In particular, the amplitudes of the cluster state are
non-negative if the Z-basis is used on even sites and the
X-basis is used on odd sites.”? Proposition 3 does not
apply in this case, because, in this basis, the symmetry

!Tn fact, it can be checked that the Hamiltonian is stoquastic
in this basis.
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is not diagonal, and it cannot be mapped to the X-basis
by symmetry-preserving local transformations.’?

To highlight the quantum nature of states with a
symmetry-protected sign problem, we would like to de-
scribe an alternative proof of Proposition 3 that applies
to 1D SPT states. The idea is to make use of the quan-
tum wire property, where, for certain 1D SPT states,
measurements in the symmetry-charge basis can be used
to generate long-range entanglement [24, 80, 81]. We ar-
gue that, if a state can serve as a quantum wire and it
is non-negative in the symmetry-charge basis, then it
contradicts the results of Ref. [4], in which a bound is
set on the entanglement created by making measure-
ments of a non-negative state. More formally, we show
the following:

Proposition 3’ Let |1)gpr) be a state belonging to a 1D
SPT phase protected by an Abelian symmetry and corre-
sponding to a maximally non-commutative cohomology
class.’®  Then |Yspr) has a symmetry-protected sign
problem relative to product state bases in which the sym-
metry is represented by products of diagonal unitaries.

Remark: Here, we make the technical assumption that
|spT) belongs to an SPT phase labeled by a maximally
non-commutative cohomology class to guarantee that
|¥spr) exhibits the quantum wire property [80]. In
fact, the proof below is sufficient if a subgroup H of the
symmetry G is represented by a product of diagonal
unitaries and the cohomology class is maximally non-
commutative when restricted to H. We note that we
are also working under the assumption that |¢gpr) is
defined on a lattice with periodic boundary conditions
and can be prepared exactly from a product state by a
FDQC, as established in Section 2.1.

Proof of Proposition 3’. First, we use the results of
Ref. [80] to show that long-range entanglement can be
generated from measurements of |)spr). To see this, we
consider a matrix product state (MPS) representation

of [¢spr):

[Yspr) = o (5)
ARREETRERRE

We then coarse grain the lattice by combining a con-
stant number of neighboring sites into super-sites, such

128pecifically, the bases are related by applying Hadamard
gates on the even sites. Hadamard gates do not commute with
the symmetry formed by products of Pauli X operators.

13A cohomology class [w] € H2[G,U(1)] is maximally non-
commutative if for every element g € G other than the identity,
there exists an h € G such that w(g, h) # w(h,g).

A © | B
D O 5 O
(b) : ;
\ SR BT R R AR
A c i
i i
[ |
(c) i i
I o
A c | B

Figure 4: (a) We partition the coarse grained MPS into regions
A, B, and C' by choosing super-sites A and B. (b) Applying
the isometry W4 ® Wg to |¢spr) splits it into two unentangled
MPS: |¢hipr) and |th2pr). (c) The measurement on the super-
sites in C' fixes the physical indices in the region C' according
to the measurement outcome |z) and leaves us with the state
|[¥4ag) on AUB. |[¢% ) is entangled between A and B through
the virtual bonds, as described in Ref. [80].

that, for each local tensor of the coarse grained MPS,
there exists an isometry W that graphically satisfies:

U

Here, W is an isometry that maps from the d-
dimensional physical Hilbert space to a pair of Hilbert
spaces of dimension x; and xgr, where xr and g
are the dimensions of the left and right virtual Hilbert
spaces, respectively. Importantly, W disentangles the
states in the left virtual Hilbert space from the states
in the right virtual Hilbert space. Heuristically, W4 at
the super-site A can be interpreted as first acting with
a unitary operator supported on A that locally disen-
tangles |spr) and then subsequently removing the un-
entangled degrees of freedom.

The next step is to choose well-separated super-sites
A and B and make measurements in the symmetry-
charge basis on the complement of AU B, denoted by C
(Fig. 4). We claim that measurements in the symmetry-
charge basis on C generate entanglement between A
and B lower bounded by a value that is independent
of the separation of A and B. To show this, we apply
the isometry W4 ® Wg to |tspr), with W4 and Wg
defined as in Eq. (56). The isometry splits |¢gpr) into
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two independent MPS, as shown in Fig. 4:

W4 ® Walyspr) = [¥pr) ® [$dpr)- (57)

Note that, after applying the isometry W4 ® Wy, the
degrees of freedom at A and B correspond to the virtual
bonds of the MPS, up to local positive diagonal opera-
tors (see Cororally 3.12 of Ref. [82]). This is important
given that the results of Ref. [80] show that measure-
ments of an SPT state create entanglement at the level
of the virtual bonds.

We now measure the sites in C' in the symmetry-
charge basis and with probability p, obtain the product
state |x) on C. We define |9)% ) to be the state on AUB
given by fixing the degrees of freedom of [dp1) @ [V2pr)
on C according to the product state |z). By the as-
sumption that |ispt) belongs to an SPT phase corre-
sponding to a maximally non-commutative cohomology
class, Theorem 1 of Ref. [80] tells us that [% 5) can be
written in the form:

W)z3> = ('ijlunk> ® Ug,l

,2
® <|<Pj2unk> ® U;

q)l

)
)

Here, \gojlunk>,\cpj2unk> are unimportant states that de-
pend on the details of [spr), |®L. ), |®2..) are /|G-

max max
dimensional maximally entangled states between A and
B, and Uf_f;,’l,Ufé’2 are some unitary operators supported
only on B. Note that the first and second lines of
Eq. (58) correspond to independent contributions from
|dpr) and [dpr). For any measurement outcome |z),
the entanglement entropy of |¢)% 5) between A and B is
therefore bounded below as:

S (p%) > 2log, VG, (59)

with p% denoting the reduced density matrix of |44 5)
on A. Since W4 ® Wpg has no affect on the entangle-
ment generated between A and B, we see that making
measurements of |¢pgpr) on C' induces entanglement be-
tween A and B with a constant lower bound, as claimed.
On the other hand, Proposition 4.1 of Ref. [4] implies
that, if [¢)spT) is non-negative in the symmetry-charge
basis, then the average entanglement entropy after the
measurements is bounded from above as:

> peS(ph) < F(L), (60)

(58)

where L is the distance between the super-sites A and
B, and f(L) is a function that decays rapidly to zero
(faster than any polynomial). For a sufficiently large L,
the bound in Eq. (60) conflicts with Eq. (59).
Therefore, |¢gpT) cannot be non-negative in the
symmetry-charge basis. Furthermore, the argument ap-
plies to any state constructed from [¢spr) by a FDQC

composed of symmetric gates, since the quantum wire
property is shared by states in the same phase. We can
thus conclude that |[¢spT) has a symmetry-protected
sign problem relative to the symmetry-charge basis. O

5 Discussion

We have introduced the concepts of symmetry-
protected magic and a symmetry-protected sign prob-
lem to facilitate the study of many-body magic and
the sign structure of wave functions. We have applied
these concepts to SPT states to assess their quantum
complexity. Using the universal properties of certain
nontrivial group cohomology phases in D > 2 dimen-
sions, we showed that the corresponding SPT states
have symmetry-protected magic, assuming the symme-
try is represented by products of Pauli operators. This
implies that there is no stabilizer state representative
in these SPT phases (with the restrictions on the di-
mensions of the qudits stated in the proposition). We
also argued that SPT states in 1D have a symmetry-
protected sign problem in bases where the symmetry is
diagonal. Consequently, in this basis, there is an ob-
struction to a description of the SPT phase by a non-
negative wave function.

By imposing symmetry constraints, we were able to
make analytic statements about the complexity of quan-
tum states, including the first verification of a sign prob-
lem at the level of probability amplitudes. We note that
a restriction to symmetric systems has also been ben-
eficial for studying the No Low-energy Trivial States
conjecture in Ref. [83]. We anticipate that, moving for-
wards, symmetry constraints will be a valuable tool for
addressing outstanding quantum information problems.

We would like to emphasize that our assessment of
the symmetry-protected magic in SPT phases applies
to systems with even-dimensional qudits. This is note-
worthy given that magic is more easily quantified and
better understood in systems of odd-dimensional qudits
(especially odd prime dimensions), thanks to the dis-
crete Wigner formalism [84, 85]. The associated discrete
Wigner function maps states to quasi-probabilities, and
for systems of odd-dimensional qudits, the negative
quasi-probabilities can be used to define a measure of
the amount of magic in the state [1].

In the case of odd-dimensional qudits, symmetry-
protected magic can be interpreted as a sign problem,
manifesting through the quasi-probability distribution
of the discrete Wigner function (known as the discrete
Hudson’s theorem [85]). Symmetry-protected magic
says that the signs in the quasi-probability distribution
cannot be removed by making symmetry-preserving
unitary local changes to the state. We point out that
this sign problem has appeared in the simulation of ran-
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dom quantum circuits as in Ref. [86]. Our work there-
fore deals with two different notions of a sign problem
— one relates to the quasi-probability distribution of a
discrete Wigner function, while the other corresponds
to the complex probability amplitudes of a state (Sec-
tion 4.1).

The precise relation between these two notions of
a sign problem is unclear. The cluster state in Sec-
tion 2.4, shows that a symmetry-protected sign problem
in the symmetry-charge basis does not imply symmetry-
protected magic. As for the converse, our results are
inconclusive — it is not clear whether every SPT state
with symmetry-protected magic also has a symmetry-
protected sign problem relative to the symmetry-charge
basis. However, more generally, symmetry-protected
magic does not necessitate a symmetry-protected sign
problem relative to arbitrary product state bases. For
example, the Zg X Zo X Zy SPT state defined in Ref. [87]
has symmetry-protected magic by Proposition 2, but it
does not have a symmetry-protected sign problem rel-
ative to the product state basis in which the X-basis is
used on the A sublattice and the Z-basis is used on the
B and C sublattices.

It should be noted that the sign problems in this
text are distinct from the usual notion of a sign prob-
lem related to the “stoquasticity” of a Hamiltonian,
discussed in the context quantum Monte Carlo meth-
ods. That being said, a sign problem at the level of
the wave function implies that the system suffers from
a sign problem in the stoquastic sense (assuming the
Hamiltonian is gapped, see Ref. [4] and Appendix A
of Ref. [18]). Thus, a sign problem, as defined in Sec-
tion 4.1, poses an obstruction to Monte Carlo simula-
tion. A symmetry-protected sign problem, in contrast,
does not imply any fundamental obstruction to Monte
Carlo simulation. In practice, one is free to use arbi-
trary local basis changes to find a basis in which the
system is amenable to Monte Carlo methods — there is
no reason to restrict to symmetry-preserving local basis
changes. Nonetheless, a symmetry-protected sign prob-
lem informs us about bases that are inefficient for Monte
Carlo simulation. Hence, the operational significance of
a symmetry-protected sign problem is as a no-go for
Monte Carlo simulation in certain bases.

To conclude, we would like to further comment on
related work, make a few conjectures, and discuss some
promising directions for future work.

Symmetry-protected magic:

Propositions 1 and 2 show that stabilizer operations
are insufficient for simulating certain SPT states. It
is important to note that this also implies that those
SPT states can be used as a source of magic for quan-
tum computing. It would be interesting if a quantized

universal property of the corresponding SPT phases -
say, their responses to probing with symmetry defects -
could be exploited to reliably produce a standard magic
state (e.g. a CCZ state), independent of the microscopic
details of the systems. We also speculate that there is a
series of adaptive measurements that produces a stan-
dard magic state on a large length scale, similar to how
a series of local measurements of 1D SPT states can
create entanglement between distant sites [81].

It is also interesting to consider the implications of
our work for the use of group cohomology SPT states
as resources for measurement-based quantum comput-
ing (MBQC). Remarkable progress has been made in
identifying computationally universal phases of mat-
ter protected by subsystem symmetries [25, 26], but
much remains to be understood about the MBQC util-
ity of SPT phases with global (0-form) symmetries. In
Refs. [30] and [31], it was recognized that a particular
“fixed point” wave function in a 2D Zgy X Zo X Zy group
cohomology SPT phase harbors magic. Furthermore, it
was shown that the state can be used as a resource for
universal MBQC using only Pauli measurements. It is
natural to wonder whether the entire phase can be used
for universal MBQC with Pauli measurements. Our
results are consistent with this conjecture and suggest
that other group cohomology SPT states may be able
to serve as universal resources as well. For a related
discussion on the quantification of magic, see Ref. [15].

According to Propositions 1 and 2, certain SPT states
must be non-stabilizer and, as such, cannot be prepared
from |0...0) by a Clifford unitary. Inspired by Ref. [32],
we speculate that the higher levels of the Clifford hierar-
chy may also be useful for understanding the complexity
of SPT states. The Clifford unitaries form the second
level of the hierarchy C,, and the higher levels of the
hierarchy are obtained recursively as:

Cpy1={U:UPU' eCp,VPeC},  (61)

where C; denotes the set of Pauli strings. The results of
Ref. [32] imply that particular finely tuned SPT states
in D-dimensions cannot be prepared from |0...0) by
any FDQC belonging to the D' level of the hierarchy.
It may be interesting to study the extent to which this
applies to other states in the SPT phase.

In this text, we focused on the magic in quantum
phases characterized by SRE states, but an important
avenue for future work is to study magic in systems with
long-range entanglement, such as in conformal field the-
ories (CFTs) and intrinsic topological orders. Refs. [13]
and [14] have made the first steps in numerically study-
ing the emergence of magic at a critical point, and
Ref. [13] conjectured that CFTs generically have magic
at large length scales, detectable by correlations.

Regarding the magic inherent in topologically ordered
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phases, Ref. [88] provided a classification of systems in
2D that can be described by a local stabilizer Hamil-
tonian, assuming the stabilizer Hamiltonian is transla-
tionally invariant and defined on a Hilbert space built
of prime dimensional qudits. These results place im-
portant restrictions on the phases of matter that admit
a representation by a stabilizer state. However, more
work is needed to lift the assumptions and better un-
derstand long-range magic (Definition 1) in phases with
intrinsic topological order. We conjecture that states
defined on qubits in the double semion phase, for exam-
ple, have long-range magic, and we look forward to com-
menting further on this conjecture in upcoming work.

Symmetry-protected sign problem:

We argued that nontrivial SPT states in dimension
D = 1 have a symmetry-protected sign problem rel-
ative to the symmetry-charge basis, where the sym-
metry is diagonal. It is unclear whether these SPT
states have a symmetry-protected sign problem rela-
tive to other bases, as our techniques are specialized
for the symmetry-charge basis. For instance, does the
cluster state have a symmetry-protected sign problem
relative to the Z-basis? A complete characterization
of the symmetry-protected sign problems might lead to
new tools useful for tackling the sign problem in the ab-
sence of symmetry constraints. New techniques are also
needed to study the symmetry-protected sign problem
in SPT states in dimensions D > 3, since the strange
correlations may no longer be a reliable way to diagnose
the SPT order.

In Section 3.3, we also argued that the quantum wire
property of nontrivial 1D SPT states is incompatible
with a non-negative wave function in the symmetry-
charge basis. This suggests a potential operational con-
sequence of a symmetry-protected sign problem. In par-
ticular, for nontrivial 1D SPT states, entanglement can
be generated between any two regions by making mea-
surements on the complement in the symmetry-charge
basis. We speculate that, more generally, a symmetry-
protected sign problem relative to a basis |[{«}) implies
that measurements in the |[{a}) basis can be used to
create entanglement between distant regions. In any
event, further work is needed to build off of the results
of Ref. [4] and to fully understand the connection be-
tween the sign structure of a quantum state and its
localizable entanglement [89].
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A Universality of the anomalous sym-
metry action

In Section 2.2, we stated that group cohomology SPT
phases can be characterized by anomalies —i.e., obstruc-
tions to finding an effective boundary symmetry action
that is onsite.’¥ The calculation of the anomaly, as
described in Section 2.2, (seemingly) depends on the
following choices: (i) a representative SPT state, (ii)
a parent SPT Hamiltonian for the SPT state, and (iii)
an effective boundary symmetry action derived from the
parent Hamiltonian. Following Appendix C of Ref. [34],
we sketch an argument below that the computation
of the anomaly ultimately does not depend on these
choices. In other words, we argue that the anomaly
is well-defined as an invariant of the SPT phase. The
strategy is to study the anomaly at the interface be-
tween two different possible choices of (i), (ii), and (iii).
To simplify the discussion, we assume that the parent
Hamiltonians are un-frustrated. (This is sufficient for
our purposes in the main text.) We expect that the ar-
gument can be generalized to show that the anomaly is
well-defined for any choice of parent SPT Hamiltonian.

We consider two states 1) and |¢3) belonging to
the same D-dimensional SPT phase along with a choice
of corresponding SPT Hamiltonians H; and H,. For
concreteness, we take [¢1) and |¢2) to be defined on a
D-sphere SP. Since |¢1) and |t)3) are in the same phase,
there exists a FDQC Usym composed of symmetric gates
such that:

Usym|th2) = [¢1). (62)

14More specifically, the obstructions are to finding an effective
boundary symmetry action that is onsite up to taking tensor prod-
ucts with effective actions of lower-dimensional SPT phases and
by conjugating the effective symmetry action with a FDQC.
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Figure 5: |¢1) and |¢2) are defined on a D-sphere SP. We
partition ST into overlapping regions L (union of blue and
purple) and R_ (union of red and purple). L, contains the
subregion L (blue), and R_ contains the subregion R (red).

We can then construct the SPT Hamiltonian Hs, de-
fined as:

Hy = Ugym Ha U, (63)

which has the unique ground state |¢1).

Now, we combine terms from H; and ]EIQ to form a
new SPT Hamiltonian H on S” whose ground state
is also [¢)1). Roughly speaking, H is comprised of the
terms in H7 on the left half of the sphere and the terms
in Hy on the right half. More specifically, we divide
the D-sphere into two overlapping regions L, and R_,
as shown in Fig. 5. L, and R_ cover the D-sphere,
and their intersection is a thickened (D — 1)-sphere.
We take the “width” of the intersection to be large
compared with the Lieb-Robinson length of some (ar-
bitrary) FDQC that prepares [¢1). To construct H, we
truncate Hy to L4, to define Hf*, and we truncate Ho

to R_, to define f{QR’. The SPT Hamiltonian H is then:
H=H" +H,", (64)

with the unique ground state |t1). The fact that |¢);) is
the ground state follows from the assumption that H;
and H, are un-frustrated.

Next, we study the possible anomaly at the inter-
face between H; and flg. In particular, we introduce a
boundary by truncating H to the region L U R, where
L and R are defined as:

LEL+—L+HR,, RER,—L+QR,7 (65)

as depicted in Fig. 5. In other words, we remove any
term in H that is supported (in part) on the overlap
between L, and R_. We are left with the truncated
Hamiltonian HFVE:

HIO = HE 4 A (66

where H{ is the truncation of H; to L and HI is the
truncation of Hs to R. Importantly, we consider H*VF
as a Hamiltonian on the full Hilbert space of S.

The boundary Hilbert space of H'VF® can be de-

composed into a tensor product of the following three
Hilbert spaces: (i) the low-energy Hilbert space of HE
on L, (ii) the full Hilbert space on the intersection
LyNR_, and (iii) the low-energy Hilbert space of H5 on
R. Accordingly, we can construct an effective symmetry
action near the boundary of L U R by multiplying an
effective action on L, an onsite symmetry on Ly N R_,
and an effective action on R. More explicitly, we can
choose the effective boundary symmetry action repre-
senting g € G to be v’(g) on L and vf*(g) on R, so that
an effective boundary symmetry action v(g) on LU R
is:

vig)=vi) | JI wle) | o).  (67)

i€LLNR_

We note that the effective boundary symmetry action
in Eq. (67) is localized near Ly N R_.

The algorithm defined in Ref. [34] can now be applied
to v(g) to identify potential obstructions to making v(g)
onsite. The obstruction corresponds to an element [w] €
HPTYG,U(1)], and one can show that it can be divided
into a contribution [w”] € HPT[G,U(1)] from v’ (g)
and a contribution [w¥] € HPHG,U(1)] from v (g),
so that:

[w] = (W] [w]. (68)

The last step is to argue that [w] calculated from v(g)
using the procedure in Ref. [34] must correspond to the
trivial class in HPH1[G,U(1)]. Therefore, regardless of
the choices made in determining v*(g) and vf(g), we
have [w!] = [wf]~!. This constraint implies that the
anomaly is well-defined, since v*(g) and vf(g) can be
chosen independently. For simplicity, we show that [w]
is the trivial class for only the 1D case. We note that the
2D case can be found in Appendix C of Ref. [34], and
we fully expect that the argument can be generalized
straightforwardly to higher dimensions.

To show that [w] must be trivial in the 1D case, we
consider the state |11). Since |11) belongs to the bound-
ary Hilbert space of HYVF | the symmetry action u(g),
for any g € G, can be replaced by v(g) when acting on
|t)1). Therefore, we have the equality:

v(g)|Pr) = [¢1), VgeG. (69)

In 1D, the support of v(g) can be partitioned into
two connected components, which we label as A and
B. Consequently, v(g) can be split’® into an operator

15The operator can be split unambiguously up to a g dependent
phase.
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va(g) supported on A and vg(g) supported on B. From
Eq. (69), we have:

va(g)ve(g)|Y1) = Y1),

Furthermore, we can always define v4(g) and vg(g) so
that:

Vg € G. (70)

va(g)ln) = ),

Tt follows that v4(g) forms a linear representation of G

on [t1):
va(g)va(h)[P1) = [¢1) = valgh)|ir),

Vg € G. (71)

Yg,h € G.
(72)

Since v4(g) forms a trivial projective representation
(i-e., a linear representation), the associated element of
H2[G,U(1)] must be the trivial class.

Cluster state example:

Using the ideas above, we argue that the cluster
state belongs to a nontrivial SPT phase. In particu-
lar, the projective representation satisfied by the effec-
tive boundary symmetry action poses an obstruction to
finding a FDQC with symmetric gates that can disen-
tangle the cluster state. We show this by deriving a
contradiction.

Suppose that |cs) can be disentangled by a FDQC
Usym composed of symmetric gates:

usym|wcs> = |+ S +> (73)

Then the Hamiltonian Heg = UsymHcs Z/{Jym has the
unique product state ground state |+ ...+). Further,
we can identify an effective boundary symmetry action
for Hcs by conjugating the effective action computed

using Hcg [copied from Eq. (18)]:

v((9,1)) = Z1(Zopr—1 Xom),

’U((l,g)) = (Xle)ZQM’ (74)
by the FDQC Usypm:
v = 5 v T
((9:1)) = Usymv((9, 1)) Uy )

’6((179)) = usymv((l’g))usTym'

Similar to the effective action in Eq. (74), when 9((g, 1))
and 0((1, g)) are restricted to a region near either the
endpoint 1 or 2M, they form a projective representation
of Zo X Zso, corresponding to the nontrivial element of
Hz[ZQ X ZQ, U(l)]

We compare Hcg to the paramagnet SPT Hamilto-
nian Hy:

HO = _ZXi’ (76)

which also has |+ ...4) as its unique ground state.
An effective boundary symmetry action computed with
respect to Hy is given by:

v%((9:1)) = X2 Xoum
’UO((l,g)) = X1X2M71.

The restrictions of v%((g,1)) and v°((1,g)) to an end-
point forms a linear representation of Zs X Zso, corre-
sponding to the trivial element of H?[Zy x Za, U(1)].

We see that the quantized invariant for the SPT phase
containing |+ ...4) computed using Hcg differs from
the quantized invariant computed using Hg. This con-
tradicts the fact the anomaly is well-defined. Therefore,
the cluster state |1)cs) cannot be disentangled using a
FDQC composed of symmetric gates.

(77)

B Decorated domain wall models

In this section, we define decorated domain wall mod-
els corresponding to D-dimensional H x K SPT phases
characterized by an element of H![H, HP[K,U(1)]]. To
illustrate the construction, we consider an example of a
1D SPT phase protected by a Zy X Zo symmetry. We
then demonstrate that the decorated domain wall mod-
els have an effective boundary symmetry action that
prepares a (D — 1)-dimensional K SPT state from a
trivial SPT state. This property of the decorated do-
main wall models allows us to complete the proof of
Proposition 2.

Review of H'[H, HP[K,U(1)]]:

Our decorated domain wall models are constructed
directly from the data of the group cohomology group
HH,HP[K,U(1)]]. Therefore, before describing the
decorated domain wall models, we review the essential
details of H[H,HP[K,U(1)]]. We refer to Ref. [37] for
more information on group cohomology.

We start by reviewing the relevant data of the
group cohomology HP[K,U(1)]. The elements of
HP[K,U(1)] are equivalence classes (see Ref. [37])
of functions from KP*! to U(1) that satisfy cer-
tain constraints. More specifically, an element [v] in
HP[K,U(1)] is labeled by a function v : KP+1 — U(1)
that is closed and homogeneous. By closed, we mean
that v satisfies the condition:

D
[Tvtkon ko) =1, (78)
=0

where l;l denotes that k; is omitted. By homogeneous,
we mean that v satisfies:

v(ko,. .. kp) = vikko, ... kkp), (79)
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for all k € K.

The elements of HP[K,U(1)] form a finite Abelian
group under multiplication with the product of [v] and
[v'] in HP[K,U(1)] given by:

] - [V] =[] (80)

Accordingly, the group HP[K,U(1)] takes the general
form:

HOK,U )] = [] 2, (51)

where p gives the number of generators of HP[K, U(1)].
We label the j*" generator of the cohomology by the
function v;.

With this, we can describe the data of the group coho-
mology H[H,HP[K,U(1)]]. The elements of the group
H[H,HP[K,U(1)]] can be labeled by functions of the

form:

p
n=[[v)  KP x H2 - U(1). (82)
j=1

Here, ¢; is a function from H? to Zy; that is closed
and homogeneous. In this case, closed means that ¢;
satisfies:

®j(h1, ha) — ¢;(ho, h2) + ¢;(ho, k1) = 0, (83)

and homogeneous means that ¢; satisfies:

(bj(ho, hl) = qu(hho, hhl), Vh € H. (84)

Explicitly, n evaluated on the group elements ko, ..., kp
in K and hg, hy in H is:

p
T](k‘o, ey k?D; ho, h1) = H Vj(k‘o, ey ]{iD)d)j(hO’hl).
j=1
(85)

In the next section, we show that the function n above
can be used to construct a model belonging to the SPT
phase characterized by [n] € H'[H, HP[K,U(1)]].

Construction of the decorated domain wall models:

We define our decorated domain wall models on
an arbitrary triangulation of an orientable closed D-
dimensional manifold N. The triangulation specifies a
decomposition of N into simplices (e.g., vertices, edges,
faces, etc.), and we denote d-dimensional simplices (d-
simplices) by Ag. We also require that the triangulation
is equipped with a branching structure, i.e., an assign-
ment of an orientation to each edge so that there are no

3 4
. 3
1 2 1 9
Oa, =+1 Op, =+1
2 4
A . 2
1 3 1 3
OAz =-1 OAs =-1

Figure 6: The branching structure induces an ordering of the
vertices of a simplex according to the number of edges pointing
towards a vertex. It also defines an orientation of d-simplices
in a d-manifold relative to the orientation of the manifold. We
denote the {+1}-valued orientation of a d-simplex Ag by Oa,.

cycles around any face. The branching structure defines
a local ordering of the vertices and an orientation of the
d-simplices (for d > 1), as shown in Fig. 6. We occa-
sionally write a d-simplex in terms of its vertices, such
as: Ag = (1,...,d+ 1), where the vertices 1,...,d+ 1
are ordered according to the branching structure.

To construct a model for an SPT phase protected
by H x K symmetry, we place an |H |-dimensional qu-
dit at each D-simplex and a |K|-dimensional qudit at
each vertex. We label the basis states of a qudit at a
D-simplex by elements of H and the basis states of a
qudit at a vertex by elements of K. A basis for the
full Hilbert space is then given by product states of the
form [{ha,},{ka,}), where the state at A, is |ha,)
and the state at A, is |ka,) (Fig. 7). Furthermore, we
define the H x K symmetry to act as left multiplication,
so for any element (h, k) € H x K, the onsite symmetry
action u((h, k)) is defined by:

u((h k)){hap}s tkaot) = {hhay ) {kkao }).  (86)

Next, we introduce an H x K paramagnet Hamil-
tonian with a ground state in the trivial SPT phase.
We construct the decorated domain wall models start-
ing with the paramagnet Hamiltonian. The paramagnet
Hamiltonian is:

Hy=-> Ta, - T4, (87)
Ap Ao

where IIa,, and IIn, are projectors onto symmetric
states at Ap and A, (tensored with the identity on all
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Figure 7: In 2D, the decorated domain wall model for an H x K
SPT phase is defined on a triangulation of a 2D lattice with an
| H |-dimensional Hilbert space (blue) at each 2-simplex and a
| K |-dimensional Hilbert space (red) at each vertex. A product
state basis for the total Hilbert space is given by states labeled
by (H x K)-configurations {ha,}, {ka,}. For the basis state
{has},{ka,}), the state at the 2-simplex Ay is |ha,) and the
state at the vertex Ag is |ka,)-

other sites):

o = (X hhan) ) (Zssl). 59

ha hap
M, = |j(|<z ) (kZ<kAo|). (9)

The ground state of Hy is the symmetric product state:

o) = Z

{haptilkagy}

{hapt {Fao}), (90)

with the sum over {ha,} and {ka,} configurations and
with the normalization suppressed. To simplify the no-
tation, we use C to denote a configuration of {ha , } and
{ka,}- |%o) can then be written as:

o) = > _1C). (91)
c

The decorated domain wall models are constructed
from the H x K paramagnet Hamiltonian by conjugat-
ing with a FDQC U,,. The FDQC is built from a choice
of n in Eq. (82) and takes the form:

U, = H Uap_ys (92)
Ap_1

where Ua,,_, are the local gates:

Unp_, = Y _iie(Ap0)[C)(C]. (93)
C

Liay)”

Figure 8: The D-simplices L[Ap_;] and R[Ap_,] are the two
D-simplices that neighbor the (D —1)-simplex Ap_;. The nor-
mal vector of Ap_; (orange) is determined by the orientation
of Ap_; (Fig. 6) and points from L[Ap_;] to R[Ap_4].

Here, ¢ (Ap_,) is a U(1)-valued phase that depends on
the configuration C in the vicinity of A,_,. For a (D —
1)-simplex A,_, = (1,...,D), fe(Ap_,) is explicitly:

fe(Ap_1) =n(1, ki, ..

p

kpihriap 1, PRIAL_1])

) kD)¢] (hL[AD71]7hR[AD71]) )

Vj(Lkl; e
1

<

(94)

where k1,...,kp_1 are the K labels at the vertices of
Ap_; in the configuration C, and L[A,_,] and R[A,_,]
are the D-simplices on either side of A,_, as depicted
in Fig. 8.

We are now able to define the decorated domain wall
Hamiltonian H, corresponding to the element [] in the
group cohomology H'[H, HP[K,U(1)]]. We define H,,
to be the Hamiltonian:

H,, = U} Holky,. (95)

H,, is local due to the finite Lieb-Robinson length of I/,
and it is symmetric due to the fact that i/, commutes
with the global symmetry u((h, k)), for every (h, k) in
H x K. The symmetry of U, can be checked by using
that v; and ¢; are closed and homogeneous for every j.
Note that the local gates Ua,,_, are not symmetric for
nontrivial 7, however. The ground state of H,, can be
constructed by applying U, to the ground state of Ho;
this defines:

[on) =tnlvo) =3 [T e(n-)IC). (g5

C Ap_

The ground state |¢,,) can be understood in terms of
H domain walls decorated by (D — 1)-dimensional K
SPT states. To see this, we expand the amplitude in
Eq. (96) using the expression for f¢c(Ap_;) in Eq. (94).
The amplitude corresponding to the configuration C is:

p
H H Vj(l, k‘l, Cey kD)¢j (}LL[ADfl]v}LR[ADil]) ) (97)

Ap-_1j=1
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) ZN

. H domain /\/ K SPT state ;s

Figure 9: The ground state |i,) is a superposition of deco-
rated domain wall configurations, where H domains (blue) are
decorated with K SPT states (red) along the domain walls.

decorated domain
wall configuration

The functions ¢; count the H domain walls between
the D-simplices L[A,_,] and R[A,_,] bordering A,_,.
Factors of v; are assigned to the (D — 1)-simplices ac-
cording to the number of H domain walls. The prod-
uct of v; along an H domain wall gives a (D — 1)-
dimensional K SPT state defined in Ref. [37]. The
ground state [¢,,) is depicted in Fig. 9.

Cluster state example:

To make the construction of the decorated domain
wall models less abstract, we consider a 1D example
with a Zy X Zo symmetry. We show that the decorated
domain wall model reproduces the cluster state model
in Section 2.4.

For D = 1 with a Zy X Zs symmetry, the decorated
domain wall model is characterized by an element of the
group cohomology H'[Zs, H'[Zs,U(1)]]. In this case,
H1[Zs,U(1)] forms a Zy group, and the generator can
be represented by the function v : Z3 — U(1) defined
by:

v(ko, k1) = (—1)kotkr, (98)

The nontrivial element of the group cohomology group
HYZa, H [Z2,U(1)]] = Zz can be labeled by the func-
tion:

n=v?:72x72 - U(l), (99)

where ¢ : Z3 — Zy is:

¢(ho, h1) = ho + h1. (100)

More explicitly, i is defined by:
n(ko, ks ho, ha) = v(ko, ky)?o M) = (1) ok (hothn),
(101)

We can now build the decorated domain wall model
on a periodic 1D lattice with a qubit at each edge A;
and at each vertex A,. To make contact with the

cluster state model in Section 2.4, we label edges by
even integers (A; = 2j) and vertices by odd integers
(A, = 2j 4+ 1). The symmetry action corresponding to

(h,k) in Zg x Zs is:
u((h, k) [{hos} {k2je1}) = [{h + hoj}, {k + k2j+z}>» |
102

where the addition is modulo 2. This can be represented
by the product of Pauli X operators:

u((h,k)) = (HX2j>h(HX2j+1>k,

in agreement with the symmetry action in Section 2.4.
We construct the Hamiltonian for the decorated do-
main wall model starting with the Zs x Zy paramagnet
Hamiltonian Hy:
.
i

Note that the paramagnet Hamiltonian above only dif-
fers from the Hamiltonian described in Eq. (87) by a
constant shift of energy. The ground state of the para-
magnet Hamiltonian is the product state:

o) =D _IC) =+ +).
c

The last step in the construction is to conjugate Hy
by the FDQC U,,. Here, U, is given by:

(103)

(104)

(105)

Uy = H Z keihzthaeic)(cl,  (106)
which can be written using Pauli Z operators as:
U, =[] 22577 (107)

J

The exponent in Eq. (107) detects domain walls be-
tween the sites 25 and 2j + 2. The operator Z5;,1 then
creates a charge at 2j + 1 if there is a domain wall be-
tween the neighboring even sites. The charge can be
interpreted as a nontrivial O-dimensional SPT state.

U, can equivalently be expressed as a product of con-
trol Z operators:

Uy =1 C22525+1)C Z2541) 25+2)

= H CZi(i1)-

In this form, one can see that U4, is precisely the FDQC
Ucs from Section 2.4. Furthermore, the Hamiltonian
H, = Z/{UHOL{); is the same as the cluster state Hamilto-
nian Hcg in Eq. (12).

(108)
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Effective boundary symmetry action of the decorated
domain wall models:

Our decorated domain wall models are designed so
that the effective boundary symmetry action corre-
sponding to some element (h,1) in H x K is a FDQC
that prepares a nontrivial K SPT state from a trivial
SPT state. In fact, the effective boundary symmetry
action prepares the representative group cohomology K
SPT states constructed in Ref. [37]. For simplicity, we
assume that H is Abelian. The computation can be gen-
eralized to non-Abelian symmetries straightforwardly.

As described in Section 2.2, the first step in comput-
ing the effective boundary symmetry action is to define
the boundary Hilbert space. To do so, we truncate the
Hamiltonian H,, to a manifold M with boundary by
removing any terms in f,, that are supported on sites
outside of M. The boundary Hilbert space 'H%OW is then
the low-energy Hilbert space of the truncated Hamilto-
nian H. 717\/[ .

We also define a truncation of the FDQC U, to M.
U, is truncated by removing all of the gates supported
on sites outside of M. This gives the FDQC:

u'= 11

Ap_1EM\OM

Ua, s, (109)

where the product is over (D —1)-simplices in M that do
not belong to the boundary of M. Importantly, for any
state |11ow) in the low-energy Hilbert space of H,I]VI , the
FDQC (U)")T disentangles [¢)10y) away from the bound-

ary of M. More specifically, the action of (Ll,]]w )T on
|z/}low> is:

(urjl\/[)”wlow> = |¢>AI\A{O X |1/}prod>1\40'

Here, M, is a submanifold of M that contains the
sites greater than two Lieb-Robinson lengths from the
boundary of M but does not contain any sites within
one Lieb-Robinson length of the boundary. Further-
more, in Eq. (110) [¥)a\ar, is some state defined on
the sites in M outside of M,, and |¢proa) is a symmet-
ric product state on the sites in M,. Eq. (110) agrees
with the intuition that states in the boundary Hilbert
space resemble the ground state of H,, far away from
the boundary of M.

We now define the effective boundary symmetry ac-
tion corresponding to (h, k) in H x K to be:

(110)

U((hvk)) EuM((h7k))uyuifo((h7k))(urij)T7 (111>
where uy, ((h, k)) and ul, ((h,k)) are the onsite sym-
metry actions restricted to M and M., respectively. To
show that this is an appropriate choice for the effec-
tive boundary symmetry action, we consider acting with

v((h,k)) on an arbitrary state |1)jow) in the boundary
Hilbert space:

v((h’ k)) WJIOW> = UM((hv k))z’lr]]wujuo ((hv k))(uf]w)t|wlow>'
(112)

Using Eq. (110) and that |¢prod) s, is symmetric, we
find:

O((hs k) [Wrow) = e (s U (19) a1, © [proa )i, )

= uM((h, k‘))|¢low>'
(113)

Therefore, the action of v((h, k)) on states in the bound-
ary Hilbert space is the same as the action of u,, ((h, k)).
This implies that v((h, k)) forms a linear representation
of the symmetry on the boundary Hilbert space. The
support of v((h,k)) is also localized to the boundary
of M. This is because U, is symmetric, and Z/{% com-

mutes with ul, ((h,k)) up to an operator supported
within three Lieb-Robinson lengths of the boundary of
M.

Finally, we compute the effective boundary symmetry
action for an element (h,1) in H x K using Eq. (111).
We start by conjugating L{é‘/[ by the symmetry action
restricted to M,:

war, ((hs D))Uy ul,, (R, 1))

The FDQC Z/lflw only depends on the |H|-dimensional
qudits through the functions ¢; in Eq. (94). Given that
each ¢; is homogeneous [Eq. (84)], U is only affected
by the symmetry action near the boundary of M,. In
particular, one can use that ¢; is closed [Eq. (83)] to
show:

(114)

uMo((h’ 1))“%”110((}17 1)) = V((ha 1))1/[7]7\4’ (115)

where V((h, 1)) is the operator:

vith))= [T Doaeas-)%e=—eycl.
C

Ap_1€0M,
(116)

In the expression above, the product is over (D — 1)-
simplices in the boundary of M., Oa,_, is the {+1}-
valued orientation of the simplex A,_, relative to the
boundary of M,,’% and for A, , = (1,...,D — 1),
ﬁéh)(AD,l) is the U(1) phase:

p
’F]éh)(AD—l) = Hl/j(laklw'ka)(bj(l,h)' (117)
j=1

16Tf D = 1, then Op, is +1if Ag is a left endpoint of Mo and
—1if Ay is a right endpoint of M.
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If ¢;(1,h) is nontrivial, then V((h,1)) is precisely the
FDQC described in Ref. [37] that prepares a K SPT
state characterized by the element of HP[K,U(1)] la-
beled by v;.

To finish the calculation of the effective bound-
ary symmetry action, we substitute Eq. (115) into
Eq. (111). This gives us:

o((h, 1)) = wanare (R, 1))V (R, 1)),

where wy ar, ((h, 1)) is the restriction of the onsite sym-
metry to the sites in M that are outside of M,. We
now see that, for any (h, 1) in H x K for which ¢;(1,h)
is nontrivial, the effective boundary symmetry action
prepares a (D — 1)-dimensional K SPT state corre-
sponding to v; along the boundary of M,. If the dec-
orated domain wall model corresponds to a nontrivial
element of the group cohomology H![H, HP[K,U(1)]]
then ¢;(1, h) is nontrivial for some group element (h, 1)
and v; characterizes a nontrivial K SPT phase.

(118)

Completing the proof of Proposition 2:

Thus far, we have shown that the decorated domain
wall models characterized by a nontrivial element of the
group cohomology H'[H, HP[K,U(1)]] have an effec-
tive boundary symmetry action that prepares a non-
trivial SPT state in (D — 1)-dimensions. We now use
the decorated domain wall models to complete the proof
of Proposition 2. In particular, we argue that a stabi-
lizer state |1s) in dimension D > 2 cannot belong to
the same SPT phase as a nontrivial decorated domain
wall model (assuming the symmetry is represented by a
product of Pauli operators). The key observation is that
the effective boundary symmetry action of the stabilizer
model cannot prepare a nontrivial (D — 1)-dimensional
K SPT state for D > 2.

To derive a contradiction, suppose |[¢s) belongs to
the same SPT phase as the ground state |¢,) of a non-
trivial decorated domain wall model. Then there exists
a FDQC Uy, composed of symmetric gates with the

property:

Usym|s) = |tby). (119)
With this, we can define a Hamiltonian ﬁn as:
Hy = Usyn HsUJ . (120)

where Hs is the local stabilizer parent Hamiltonian for
|ts). Notably, H, has the same ground state as the dec-
orated domain wall Hamiltonian H,. In what follows,

we use f[,, to compute an alternative effective bound-
ary symmetry action V((h, k)) for the decorated domain
wall model. We then show that V((h, k)) is inconsistent

with the effective boundary symmetry action V((h, k))
derived using H,,.

The first step in deriving an effective boundary sym-
metry action for the decorated domain wall model us-
ing H, is to truncate H,, and define the corresponding
boundary Hilbert space. Given a manifold with bound-
ary M, we truncate H,, to the submanifold M,, with M,
defined below Eq. (110). By truncating to M,, we en-
sure that the low-energy Hilbert space ﬁilow of the trun-
cated Hamiltonian fNIéW ° contains the low-energy Hilbert
space /Hi]"w of the Hamiltonian Héw, ie., Hi,ow C ﬁi,ow.
Therefore, any effective boundary symmetry action de-
fined on H};)W gives an effective boundary symmetry ac-
tion on H};’W.

Recall that, in the proof of Proposition 1, we ar-
gued that an effective boundary symmetry action for
|s) with a local stabilizer parent Hamiltonian Hg is
given by a tensor product of Pauli operators denoted as
P((h,k)). Using P((h,k)) constructed on the subman-

ifold Mo, we define V((h, k)) as:

V((h, k) = UsymP ((h k)U . (121)

V((h,k)) gives an effective boundary symmetry action
on ﬁ%ow, and thus, it gives an effective boundary sym-
metry action on the boundary Hilbert space ’Hi,ow. This
means that, for any (h,k) € H x K and any state
[V1ow) € 'H%’W, we have:

V((h, k) [thiow) = V((h, k) [thiow)-

We argue below that Eq. (122) leads to a contradic-
tion. The main idea is that V((h, k)) prepares a nontriv-
ial (D — 1)-dimensional K SPT state, while V((h, k))
is unable to prepare a nontrivial (D — 1)-dimensional
K SPT state from a trivial SPT state. To make this
explicit, we use dimensional reduction, as described in
Ref. [90].

We consider the decorated domain wall model on a
D-dimensional torus 7”. We then construct a submani-
fold M with boundary, by thickening a non-contractible
(D —1)-dimensional torus embedded in TP (see Fig. 10
for an example). The boundary of M has two com-
ponents, each of which is topologically equivalent to a
(D—1)-dimensional torus. We truncate to the submani-
fold M in the usual way and define the effective bound-
ary symmetry actions V((h,k)) and V((h,k)). Since
the boundary of M has two disconnected components,
the effective boundary symmetry actions split as:

V((hv k)) = Va((hv k))vb((hv k))
ﬁ((hv k)) = 9&((}17 k)){}b((hv k))v

where a and b denote the two components of the bound-
ary of M.

(122)
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Figure 10: (a) The submanifold M of the torus is topolog-
ically equivalent to a thickened 1-dimensional torus, and the
boundary of M has two components (dashed lines). (b) We
compactify the 2-dimensional torus to a (quasi) 1-dimensional
torus by making the meridian of the torus (orange) finite. Note
that the component of the boundary of M (dashed line) forms
a non-contractible submanifold of the compactified torus.

We focus on the operators V, ((h, k)) and V,((h, k)).
These create a symmetry branch cut (or symmetry de-
fect [91]) along a, and can intepreted as inserting sym-
metry flux through the D-torus. It is important to note
that, for some group element (h, 1), V,((h,1)) prepares
a nontrivial (D — 1)-dimensional K SPT state on the
non-contractible submanifold a. Also note that, for ev-
ery (h,k) in H x K, V,((h, k)) takes the form of a ten-
sor product of Pauli operators P, ((h, k)) conjugated by
Usym, as in Eq. (121):

fja((ha k)) = UsymPa((h, k))“iym' (124)
Assuming the components a and b are well separated in
terms of the Lieb-Robinson length of U, the action of
Va((h,k)) and V,((h, k)) agree on any state belonging
to HIo:

Va((h’k))|wlow> = ]7a(<h’k))‘wlow>- (125)

In particular, the ground state |¢,) on TP is in the
low-energy Hilbert space 7—[170“’, so the operators satisfy:
Val(he kD) = Vu((h D[, (126)

Finally, we consider a compactification of TP to a
(quasi) (D — 1)-dimensional torus 7P~! by making one
of the directions in TP finite, as shown in Fig. 10. In
particular, we compactify TP to TP~! in such a way
that a forms a non-contractible submanifold of TP~1.
The equality in Eq. (126) also holds on the (D — 1)-
dimensional torus.

On the (D — 1)-dimensional torus, we can argue that
Eq. (126) gives a contradiction. It can be checked us-
ing the methods of Ref. [34] that V,((h, 1)) prepares a
nontrivial (D — 1)-dimensional K SPT state for some

choice of h, while V,((h,1)) cannot change the (D —1)-
dimensional SPT phase of the compactified state |i;,)
for any h. The latter is made explicit by writing
V. ((h,1)) as:

ﬁa((h‘> 1)) = usympa((ha 1))ugym‘ (127)

Since Usym and Ugym are FDQCs composed of symmet-
ric gates, they do not change the SPT phase. Further-
more, the tensor product of Pauli operators P, ((h, 1)) is
able to create charges, but it is unable change the SPT
phase of a (D — 1)-dimensional SPT state, for D > 2.
Therefore, the states V,((h,1))[1,) and V,((h, 1))[¢,)
belong to distinct K SPT phases for some h € H.

We have shown that Eq. (126) is inconsistent. This
implies that the stabilizer state |¢)s) cannot belong to
the same phase as the ground state |¢,) of a nontrivial
decorated domain wall model, assuming the symmetry
is represented by a Pauli string. In other words, the
stabilizer state must belong to an SPT phase character-
ized by the trivial element of H'[H, HP[K,U(1)]]. This
completes the proof of Proposition 2.

C Existence of a local stabilizer parent
Hamiltonian

In the proof of Proposition 1, we claimed that a sta-
bilizer SPT state admits a local symmetric stabilizer
Hamiltonian. Here, we justify this claim. We start by
proving a lemma regarding stabilizer groups that stabi-
lize a unique state.

Lemma 1 Let G be a stabilizer group that uniquely fizes
the stabilizer state |¢s). If a Pauli string P satisfies
one of the following, then P is contained in G:

(i) P commutes with every element of G
(ii) P stabilizes |1¢s), i.e., Plps) = |vs).

Proof of Lemma 1: We first prove that condition (i)
implies condition (ii). Assuming (i), then P commutes
with every element of G, and we have:

SP|ys) = PSlps) = Plhps),

This implies that Plis) is stabilized by G. Since G
stabilizes a unique state, it must be that Plys) = |[¢s).

With this, it suffices to prove condition (ii) of
Lemma 1. We do so by considering a Pauli string F
with the property that E commutes with every S € G,
but fails to commute with P by a root of unity (not
equal to +1). The existence of such a Pauli string fol-
lows from a straightforward generalization of Proposi-
tion 10.4 in Ref. [52]. Consequently, the state E|¢s)

VS eg. (128)
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satisfies:

SEys) = Elys), VSe€g

PE|ys) # Els).

(129)
(130)

Since G stabilizes a unique state, Eq. (129) implies
that Els) = |¢s). Substituting Elis) for |¢s) in
condition (ii), we find that PE|¢s) = Elis). However,
this contradicts Eq. (130). Hence, P must belong to G.
O

Now, we can prove the following statement about the
existence of a local symmetric stabilizer Hamiltonian.

Lemma 2 Let |¢s) be a stabilizer state which is a
unique ground state of a geometrically local Hamilto-
nian Hjoe.!? Then, there exists a local stabilizer Hamil-
tonian Hs such that |1)s) is the unique ground state of
Hgs. Furthermore, if |s) is invariant under a Pauli
string P, i.e., Pls) = |vs), then Hs commutes with
P.

Proof of Lemma 2. Since |1)s) is a stabilizer state, there
is a stabilizer group G that uniquely fixes |¢s). We
claim that the generators of G can always be chosen to
be geometrically local. To see this, we imagine min-
imizing the largest support of the generators over all
possible choices for generators of G. We let dg denote
the minimum length such that each stabilizer term can
be contained in a ball of diameter dg. We argue that
dg is constant, i.e., independent of the system size.

If there exists a generator S that is not contained in
a constant size ball, then there is a stabilizer state |¢s)
that has a +1 eigenvalue for all the generators except S,
for which the eigenvalue is some root of unity (not equal
to +1). |¢s) and |¢s) are orthogonal, and yet they have
the same reduced density matrices on any constant-size
region. The latter follows from the fact that S is not
contained in any constant-size region and that the re-
duced density matrices of stabilizer states on a region
M depend solely on the stabilizer group elements whose
support is contained in M [92, 93]. (Note that if there
is another generator T such that ST is supported in a
constant-sized region M, then we can use ST as a gen-
erator instead of S. This contradicts the assumption
that we have minimized the maximum support of the
generators.)

Since |¢s) and |¢s) have the same reduced density
matrices on constant-sized regions, |¢s) gives another
ground state of Hjo.. This conflicts with the assump-
tion that Hj,. has a unique ground state. Thus, the

I"We recall that a geometrically local Hamiltonian is a sum of
terms such that the support of each term can be contained within
a ball of fixed finite diameter.

support of S must be contained in a constant-size ball,
and dg can be chosen independent of the system size.
Therefore, it is possible to find a set of generators for G,
which are geometrically local. We define Hs to be the
negative sum of the local generators (with their Hermi-
tian conjugates). |¢s) is the unique ground state of Hg,
since the terms of Hg span G.

Lastly, if |1)s) is invariant under a Pauli operator P,
then P is an element of G, according to Lemma 1. Since
G is a commuting group, P commutes with Hg. [

D Modified effective boundary symme-
try action

To prove Proposition 1, we derived an effective bound-
ary symmetry action P(g) for the stabilizer state |¢s)
using a stabilizer parent Hamiltonian Hgs. While the
effective boundary symmetry action forms a linear rep-
resentation of the G = Z" symmetry in the boundary
Hilbert space, it is only guaranteed to satisfy the group
laws of G’ up to products of stabilizer terms belonging
to the truncated Hamiltonian H é% . Here, we complete
the proof of Proposition 1 by showing that the effective
boundary symmetry action can be modified so that is
satisfies the group laws exactly. This assumes that the
state [1s) is defined on a Hilbert space composed of
g-dimensional qudits.

To begin, we verify that the effective boundary sym-
metry action satisfies the group laws up to elements of
GM | where GM is the stabilizer group generated by the
terms in H3. Recall that the effective boundary sym-
metry action derived in the proof of Proposition 1 is:

Plg) = Pulg) P, (9),

where ¢ is in G, Py(g) is the restriction of the onsite
symmetry to M, and PIJ{/I (g) belongs to GM. The prod-
uct of P(g) and P(h) for arbitrary elements g, h in G is
then:

Plg)P(h) = [Pui(9)Pls(9)] [Par(m) P, (1)

(131)

(132)

This can be simplified by commuting 15;/[(9) past
Pys(h). These commute because Pps(h) is the onsite
symmetry action restricted to M, and ]5;{/[ (g) is a prod-
uct of symmetric stabilizer terms whose supports are
contained in M. This gives us:

P(9)P(h) = Par(gh) Py (9) Py (h).  (133)

The product P&(g)ﬁ&(h) agrees with P}\L/[(gh) away
from the boundary of M [see the definition in Eq. (35)].
Moreover, it only differs from pL(gh) by elements of
GM that are supported near the boundary of M. We
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define S(g,h) to be the product of stabilizer terms in
GM near the boundary of M such that:

Pli(9)Pis(h) = S(9, )P} (gh).
Substituting Eq. (134) into Eq. (133), we arrive at:
P(g)P(h) = S(g,h)P(gh), (135)

(134)

which implies that the effective boundary symmetry ac-
tion obeys the group laws up to elements of GM sup-
ported near the boundary of M.

We note that the operators in Eq. (134) are mutually
commuting. This is a consequence of the fact that, for
any g € G, ]5);[ (g) is a product of symmetric stabilizer
terms whose supports are contained in M. We also
point out that the effective boundary symmetry action
P(1), corresponding to the identity in G, can be taken
to be the identity. This implies that S(g,1) = S(1,9) =
1, for any g € G.

The extra stabilizer terms S(g, h) in Eq. (135) can be
eliminated by modifying the effective boundary sym-
metry action. In particular, we are free to modify P(g)
by any product of stabilizers in H gf supported near
the boundary of M. We define P’(g) to be the effective
boundary symmetry action modified by stabilizer terms

T(g), i.e.
P'(9) = T(9)P(9)-

In what follows, we describe a particular choice of T'(g)
for every g € G such that the modified effective bound-
ary symmetry action P’(g) satisfies the group laws ex-
actly.

To specify our choice of T'(g), we introduce some no-
tation for the elements of G = Z;*. We denote the m
generators of Zg" as k1,. .., kn, and the product of two
generators k;, k; as k;kj. A general element g of Z
can then be written as:

(136)

g = ki ky? - klm, (137)
where a1, . .., a,, are integers belonging to {0, ...,¢—1}.

Using this notation, we take T'(k{" k52 - - -
product of stabilizer terms given by:

H H S (i, kT gl k).

i=1 ¢;=1
aﬁéo

k%m) to be the

T(kS ks? - - k)

(138)

To motivate the expression above, we first consider
T(k;) for a generator k;. According to Eq. (138), T'(k;)
is equal to S(k;, 1), which simplifies to T'(k;) = 1, since
S(g,1) is the identity for any g € Z*. Thus, P'(k;) is
defined as:

(139)

Further, we consider T'(k;k;) with k;k; # 1. In this
case, T'(k;k;) is equal to S(k;, k;), and P’ (k;k;) is given
by:

P'(kik;) = S(ki, kj)P(kiky). (140)

Combining Egs. (139) and (140), we see that the group
laws are satisfied by P’(k;) and P’(k;):

P'(ki)P' (k;)

|
e,

(ki)P(k;)
= S(ki, k;)P(kik;)

(141)

More generally, the product in Eq. (138) is designed so
that:

P! (k)2 P! (k)22 -+ P (ki) = P! (k§1RS? - - k).

m

(142)

The general expression in Eq. (142) allows us to ver-
ify the group laws for the modified effective bound-
ary symmetry actions defined using the choice of T'(g)
in Eq. (138). The product of P’(g) and P’(h) for
general group elements g = k{'k5?---kZm and h =
Kbrkbe . gbe s

2 ",Pl(km)am}

D] (143)

where we have used the identity in Eq. (142). Since
the operators on the right hand side of Eq. (143) are
mutually commuting, we can write P’(g)P’(h) as:

P'(g)P'(h) = P’ (k1) T01P! (kg) 202 - .. P (K, )2 Tom.

(144)

We evaluate the expression in Eq. (144) further by writ-
ing a; + b; as:
a; +b; = (ai +b; — [ai + bi}q) +
=n;q + [a; + bi]q»

lai +bil, (145)

where [-], denotes addition modulo ¢, and n;q is an inte-
ger multiple of ¢. Substituting Eq. (145) into Eq. (144),
we find:

P'(g)P'(h) = P’ (k1)1 9P’ (kg)"20 - - P’ (k)"
X P/(kl)[a1+b1]‘177/(k2)[a2+b2]q . ’P/(km)[am‘i‘bm]q.
(146)
According to Eq. (142), this is equivalent to:

P'(g)P'(h) = [P'(k1)"9P" (k)" - - P’ (k)" P’ (gh).

(147)
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Lastly, we argue that the pre-factor on the right hand
side of Eq. (147) is the identity. To see this, we ex-
pand each factor of P’(a;) using the definition of P(g)
in Eq. (131) and use that Pys(g) forms a linear repre-
sentation of Zg":

P (k)" 9P (k)29 - - P (k)"0 =
Pl (k)™ 9P} (k)29 - - P ()™ (148)

Since the system is defined on g-dimensional qudits, any
product of stabilizer terms raised to the power of ¢, such
as P]J{/I(ai)"”, must be the identity. Therefore, we have:

P (k1) 9P (ko)™ - P (k)"0 = 1, (149)

and according to Eq. (147), the modified effective
boundary symmetry action satisfies the group laws ex-
actly:

P'(9)P'(h) = P'(gh),

Vg,heG.  (150)

E Strange order parameters for 1D SPT
phases

We show that every 1D SPT state |ispT) protected
by a finite Abelian symmetry admits a strange order
parameter {O;, O;} with the property:

‘ (10:0;|¢spr)
(QfYspr)

for every 4, j and unentangled eigenstate |€2) of the sym-
metry. This is accomplished by finding a representative
SPT state, for each SPT phase, that satisfies Eq. (151).
We then show that this property can be extended to
every state in the SPT phase.

More specifically, we show that the ground state |¢,)
of a 1D decorated domain wall model in Appendix B
satisfies:

=1, (151)

UR(Q)TOaOb|¢n> = |wn>;

where ur(g) is the symmetry action restricted to an ar-
bitrary interval R, and O,,0; are charged unitary op-
erators localized near the endpoints a and b of R. This
implies that O, and O, can be used to form a strange
order parameter. For an arbitrary tensor product eigen-
state |Q2) of the symmetry, Eq. (152) leads to:

o ‘ (Qun(g) )| _ ’<Q|oaob|wn>
(Qepn) (Qepn)
Therefore, if a state satisfies Eq. (152) for every interval

R and a pair of operators O,, Op, then it will satisfy
Eq. (151).

(152)

(153)

Given a state |gpr) in the same SPT phase as |1,),
|spT) must satisfy:

usym (uR(g)TOaOb) Z/{s]Lyrn|’L/)SPT> = |¢SPT>7 (154)

where Uy, is the FDQC composed of symmetric gates
that maps [¢,) to |[¢spr):

Usym|ty) = |¥spr). (155)

Since Usym is composed of symmetric gates, ur(g) com-
mutes with Usym up to operators near the endpoints a
and b. Thus, we have:

ur(9)'0LO|Yspr) = [spr), (156)

for some local unitary operators O, O;. |¢spr) then
satisfies Eq. (151) using O, Oy as a strange order pa-
rameter.

Now, we only need to show that the ground state |¢,,)
of a 1D decorated domain wall model obeys Eq. (152).
To do so, we freely use the notation introduced in Ap-
pendix B. By replacing M with the full 1D system and
M, with the interval R, Eq. (115) gives us:

ur((h,1))|ty) = OuOy|thy), (157)
with O, Oy defined as:
p
Oa=> [ k)P C)(C| (158)
c j=1
p
Oy => v k)~ *Me) ). (159)
c j=1
O, and O, are charged local unitaries. One can

check that they are charged by using that v; is closed
[Eq. (78)].

Therefore, [i),) satisfies Eq. (152), and it follows
that every SPT state belonging to the same SPT
phase as |¢,,) admits a strange order parameter obey-
ing Eq. (151). It follows from the Kunneth theorem
that the decorated domain wall models provide a repre-
sentative SPT state for all 1D SPT phases protected by
finite Abelian symmetries. Indeed, let G be an arbitrary
finite Abelian group of the form G = [[}_, Z,,. Since
H?[Z,,,U(1)] is trivial for all i, the Kiinneth theorem
gives:

H (G, U] =[] H' Zn,, H'[[[ Zn,, UD)]].  (160)

i=1 i>i

Hence, all 1D SPT states (as defined in Section 2.1)
protected by a finite Abelian symmetry satisfy Eq. (151)
for some choice of strange order parameter.
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