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Topology in general but also topological objects such as monopoles are a central
concept in physics. They are prime examples for the intriguing physics of gauge theories and topological states of matter. Vector monopoles are already frequently discussed such as the well-established Dirac
monopole in three dimensions. Less known
are tensor monopoles giving rise to tensor gauge fields. Here we report that tensor monopoles can potentially be realized
in superconducting multi-terminal systems
using the phase differences between superconductors as synthetic dimensions. In a
first proposal we suggest a circuit of superconducting islands featuring charge states
to realize a tensor monopole. As a second
example we propose a triple dot system
coupled to multiple superconductors that
also gives rise to such a topological structure. All proposals can be implemented
with current experimental means and the
monopole readily be detected by measuring the quantum geometry.

1 Introduction
The concept of monopoles was initially introduced in the framework of electrodynamics to
prove the quantization of the electric charge [1].
This idea of the electrodynamic monopoles was
later translated to condensed matter using the geometrical properties of Bloch states [2]. Here, the
central object describing the geometry of these
quantum systems in parameter space is the Berry
connection with its physical observable: the geometric Berry phase [3]. As the Berry connection
has the form of a gauge potential in parameter
space one can define a corresponding gauge invariant vector field, that is nothing else than the
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Berry curvature. Similar as in the electrodynamic
case, monopoles can be defined in the parameter
space of these quantum systems. Monopoles are
sources of the gauge invariant vector field, the
Berry curvature, and, hence, a quantized charge
can be related to a topological invariant. For
instance, in the case of the 3D Dirac monopole
the corresponding topological invariant is the first
Chern number determining the quantized topological charge [4]. This topological invariant classifies also a wide spectrum of topological states of
matter as in topological insulators [5], topological superconductors [6], or in the quantum Hall
effect [7, 8]. Indeed the topology emerges in these
cases from artificial Dirac monopoles in momentum space. This idea of monopoles can be also
extended to higher dimension, for instance in 5D
the non-Abelian Yang monopole [9] gives rise to
a non-Abelian Berry curvature [10] with its topological charge determined by the second Chern
number. Interestingly, such a Yang monopole was
realized experimentally in ultracold atoms [11].
More generally the charge of monopoles in 2n + 1
dimensions can be described by the n-th Chern
number [12]. As these monopoles in odd dimensions give rise to vector gauge fields, they are classified as vector monopoles.
Another class are tensor monopoles [13, 14, 15]
being sources of tensor gauge fields which are
for instance crucial in string theory [16, 17, 18].
The elementary case is the Abelian 4D tensor
monopole with its topological charge defined as
Dixmier-Douady invariant [19, 20]. It was shown
that similar as the Berry curvature one can define
a tensor Berry curvature [21, 22] to realize fictitious tensor monopoles in quantum systems. As
such tensor monopole require an higher dimensional phase space they can only exist in synthetic dimensions. For instance, it was shown
that using the coupling parameters of a superconducting qudrit as artificial dimensions the
4D tensor monopole could be experimentally observed [23]. In a similar experiment a single
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NV center was used to create this topological
structure of a tensor monopole [24]. Another
prominent approach to topology in synthetic dimensions are multiterminal Josephson junctions
[25, 26, 27, 28, 29, 30, 31, 32, 33, 34] or topological
superconducting circuits [35, 36, 37], where the
topology is defined in the space of superconducting phases. Due to the scalability, superconducting Josephson circuits are the most promising
candidate for realistic implementations of quantum technologies, see for example the reviews
[38, 39]. In the context of topology various topological states of matter can emerge in these systems without dimensional limitations, thus they
provide a promising tool to explore the physics of
more exotic topological states of matter such as
the one of tensor monopoles.
The goal of this work is to show that tensor
monopoles can emerge in such superconducting
systems with the monopole defined in the space
of the superconducting phases. In the first section we recall the concept of the tensor Berry
curvature and tensor monopoles in quantum systems following Ref. [21, 22]. In the second section, we describe the superconducting circuit using three superconducting islands to realize a synthetic tensor monopole in the lowest charge states
of the circuit. In the last part, we study a system
with three dots coupled through superconducting
leads.

mentioned example the Berry curvature takes the
qλ
analytical form Fµν = µνλ 2|q|
3 . Here the Berry
curvature has a singularity at q = 0 when the two
eigenstates with E± = ±|q| are degenerate which
defines the position of the vector monopole in parameter space. Similar as in the electromagnetic
case the quantized charge of the monopole can be
determined by a closed 2D surface integral of the
gauge invariant vector field defined
as the first
R
Chern number C (1) = 1/(2π) S 2 F .
This idea of fictitious monopoles in parameter
space can be expanded to even dimension with
a generalized tensor Berry connection/curvature
[21, 22]. Again the idea is best illustrated by a
simple example


H4D

with q = (qx , qy , qz , qw ) and λ = (λ1 , λ2 , λ6 , λ∗7 )
being four out of eight Gell-Mann-matrices [40]
with tr(λi , λj ) = 2δij analogously to the lower dimensional Pauli-matrices in the case of the Dirac
monopole. This Hamiltonian has in general three
eigenstates with E0 = 0, and E± = ±|q|. We
can see that we have an exceptional Weyl-like
point when |q| = 0. The generalized (abelian)
tensor Berry
√ connection for the lowest eigenstate
|ψE− i = 1/ 2(v1 , −1, v2 ) with v1 = (qx −iqy )/|q|
and v2 = (qz − iqw )/|q| can be defined as [21, 22]

2 Concept of tensor monopoles
Bµν =
To explain the concept of tensor monopoles we repeat the idea of the better known Dirac monopole
in quantum systems. Here the most simple example has the form H3D = qσ with q = (qx , qy , qz )
and the Pauli matrices σ = (σx , σy , σz ). This
Hamiltonian has two eigenstates with energy
E± = ±|q|. Analogously to the electromagnetic
gauge potential one can define the Berry connection Aµ = i hψ(q)| ∂qµ |ψ(q)i with |ψ(q)i being
the lower eigenstate. The Berry connection here
plays the role of a gauge potential in parameter
space q, whereas the gauge invariant vector field
is then the Berry curvature Fµν = ∂qµ Aν −∂qν Aµ .
To verify this property of gauge invariance one
can define the gauge transformation |ψi → eiγ |ψi
which transforms the Berry connection as Aµ =
i hψ| ∂qµ |ψi − ∂qµ γ, whereas the additional term
cancels out in the Berry curvature. For the above
Accepted in



0
qx − iqy
0


0
qz + iqw 
= qλ = qx + iqy
0
qz − iqw
0
(1)

3

i X
jkl αj ∂qµ αk (∂qν αl )
3 j,k,l=1

(2)

with α1 = −i log(v2 ) and α2 = α3∗ = v1∗ and the
corresponding tensor Berry curvature
Hµνλ = ∂qµ Bνλ + ∂qν Bλµ + ∂qλ Bµν .

(3)

One can verify that under the gauge transformation |ψE− i → eiγ |ψE− i the tensor Berry connection transforms as Bµν → Bµν + Λµν with Λµν
being a function of the fields αi and γ, whereas
the tensor Berry curvature Hµνλ is invariant under a gauge transformation. For the example of
Eq. 1 the tensor Berry curvature takes the anaq
lytical form Hµνλ = µνλγ |q|γ4 indicating the position of the tensor monopole at |q| = 0 when
the three states are degenerate. The quantized
charge of the tensor monopole can be calculated
by the Dixmier-Douady invariant [19, 20, 21] by
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Figure 1: (a) Superconducting circuit with three superconducting islands (black dots) that simulates a tensor
monopole using the lowest charge states. The middle superconductor is the reference node, whereas left and right
island are described by their offset charge ngL/R . These islands are coupled by several Josephson junctions JL/R i
(black boxes). The four loops appearing in this circuit are threaded by the magnetic fluxes ϕx , ϕy , ϕz , ϕw . (b) Parameter region where tensor monopoles can appear depending on the Josephson energies of the left Josephson junctions.
The condition for the right Josephson junctions is equivalent. (c) Energies in the topological region (upper graph
at EJL3 = 0.5EJL1 and EJL2 = 1.3EJL1 ) with the topological charge of the emerging tensor monopoles QT = ±1
and in the gapped region (lower graph at EJL3 = 0.5EJL1 and EJL2 = 1.6EJL1 ) with EJR1 = EJR2 = EJR3 at
ϕz = −1/2ϕw = 2π/3.

integrating the tensor Berry curvature over a 3D
hyper surface enclosing the tensor monopole

QT =

1
2π 2

Z
S3

Hµνλ dq µ ∧ dq ν ∧ dq λ

(4)

with ∧ being the wedge product. This results
in QT = 1 for the discussed example of a single
tensor monopole.

3 Tensor monopoles in a superconducting circuit
The system illustrated in Fig. 1(a) is a superconducting circuit with three superconducting
islands (left, middle, and right), whereas the
middle island is grounded and connected by six
Josephson Junction to the left and right island.
We assume that the Josephson Junctions JL/R i
with i = 1, 2, 3 are characterized by their capacitance CL/R i and their respective Josephson energy EJL/R i . Additionally the circuit loops are
threaded by the magnetic fluxes ϕx , ϕy (left) and
ϕz , ϕw (right) which are also used to construct the
artificial phase space for the tensor monopoles.
Following Ref. [41] the Hamiltonian for this system can be in general expressed as

 




(2e)2
(n̂ − ng )T C −1 (n̂ − ng ) + EJL 1 cos φ̂L + EJL 2 cos φ̂L − ϕx + EJL 3 cos φ̂L − ϕx − ϕy
2



 

(5)
+ EJR 1 cos φ̂R + EJR 2 cos φ̂R + ϕz + EJR 3 cos φ̂R + ϕz + ϕw

Hcirc =

with n̂ = (n̂L , n̂R ) the number operator of
Cooper pairs on the left and right islands, ng =
(ngL , ngR ) are the offset charges of each island
Accepted in

controlled by gate voltages, φ̂L/R are the superconducting phase operators of the left and
right superconductors island in respect to the
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(a)

(b)

Figure 2: (a) Energy of the three lowest energy levels at ϕy = ϕw = − 4π
3 with a tensor monopole (QT = −1) at
ϕx = ϕz = 2π
for
equal
Josephson
energies
E
=
E
.
(b)
Tensor
Berry curvature Hxyz near the the tensor
J
J
L/R i
3
monopole from (a).

grounded island in the middle, and EJL/R i are
the Josephson energies of the respective junctions. Note that a specific gauge has been chosen here for the magnetic fluxes. The inverse capacitance matrix
C −1 takes the diagonal

 form
1
1
−1
C
= diag CL1 +CL2 +CL3 , CR1 +CR2 +CR3 . For
the sake of simplicity we will assume in the following that all junctions have the same capacitance C ≡ CL/R i .
In the charging limit when EC = (2e)2 /(2C) 
EJ the number of charges on the islands is a well
defined quantity. Hence, the lowest energy states
are the three charge states with zero Cooper pairs
on the islands |0i ≡ |0, 0i (with |nL , nR i), one
Cooper pair on the left island |Li ≡ |1, 0i, and
one Cooper pair on the right island |Ri ≡ |0, 1i.
These charge states can be used to construct the
low energy Hamiltonian in this limit

space (|Li , |0i , |Ri) as
H0 =<(fL (ϕx , ϕy ))λ1 − =(fL (ϕx , ϕy ))λ2
+ <(fR (ϕz , ϕw ))λ6 + =(fR (ϕz , ϕw ))λ∗7 .
(6)

The
q energies are E0 = 0, and E± =
± |fL (ϕx , ϕy )|2 + |fR (ϕz , ϕw )|2 . Thus it allows
for triply degenerate points in the phase space
(ϕx , ϕy , ϕz , ϕw ) similar to the example in Sec. 2.
The degenerate points can be determined by the
condition |fL (ϕx , ϕy )| = |fR (ϕz , ϕw )| = 0 which
depends on the Josephson energies of the individual junctions. In general the condition for EJL i
and (ϕx , ϕy ) are independent of the condition for
EJR i and (ϕz , ϕw ) as the two functions fL and
fR are independent of each other. As a result of
the periodicity of the functions fL/R four single
degenerate points can emerge in the phase space
if EJL 2 + EJL 3 > EJL 1 > |EJL 2 − EJL 3 | and
EC
EC
H0 =
(1 − 2ngL ) |Li hL| +
(1 − 2ngR ) |Ri hR| E
JR 2 + EJR 3 > EJR 1 > |EJR 2 − EJR 3 |, as illus3
3
trated
in Fig. 1. If one of these conditions is not
− fL (ϕx , ϕy ) |Li h0| − fR (ϕz , ϕw ) |0i hR| + h.c.
fulfilled a gapped phase appears and no tensor
monopole can emerge in the system. However, as
up to a constant and with fL (ϕx , ϕy ) = EJL1 +
shown in Fig. 1, a wide parameter region exists
EJL2 eiϕx + EJL3 ei(ϕx +ϕy ) and fR (ϕz , ϕw ) =
iϕ
i(ϕ
+ϕ
)
z
z
w
for which these degenerate points occur.
EJR1 + EJR2 e + EJR3 e
. See Appendix
Using the definition of the tensor
Berry conA for a more detailed derivation of the low en
i P
nection Bµν = 3 jkl jkl αj ∂ϕµ αk (∂ϕν αl ) and
ergy Hamiltonian. The energy of the lowest state
the tensor Berry curvature Hµνλ = ∂ϕµ Bνλ +
in general is dominated by the diagonal charging
energy, however at the charge degenerate point
∂ϕν Bλµ + ∂ϕλ Bµν one can verify that in the topowhen ngL = ngR = 1/2 all three states have
logical region the degenerate points are indeed
the same charging energy, thus the off-diagonal
tensor monopoles with charges QT = ±1. The
charge was evaluated numerically by a MonteJosephson part dominates the energetic structure. In this case, the Hamiltonian takes a similar
Carlo integration of the tensor Berry curvature
form as the tensor monopole in Sec. 2 and can be
around a small hypercube around the degenerate
points, see Appendix B for the concrete integral.
expressed with the Gell-Mann matrices λi in the
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Note that the result is independent of the surface
enclosing the degenerate point, e.g. for a hyper
spherical surface the integral results in the same
topological charge. In case of equal Josephson energies EJ = EJL/R i , the position of these tensor
monopoles are independent of the Josephson energies EJ and have the simple form ϕx0 = s1 2π
3 ,
2π
4π
ϕy0 = −s1 4π
,
ϕ
=
s
,
ϕ
=
−s
with
z0
2 3
w0
2 3
3
s1 = ±1 and s2 = ±1. The topological charge
of these four tensor monopoles are QT = −s1 s2 .
Another characteristic behavior is the diverging
tensor curvature at the monopoles position which
can be seen in Fig. 2 for the example of Hxyz ,
with similar results for the other components of
Hµνλ . Here, the diverging peak coincides with
the position where the three states are degenerate confirming that a tensor monopole is indeed
observed.

(a) SC

SC

SC

SC

SC

SC

(b) SC

SC

Figure 3: (a) Three dots coupled via superconducting
leads with the phases φx , φy , φz , φw and φ0 = 0 as reference phase. Black arrows indicate a normal coupling
between dots, whereas blue arrows indicate the indirect
coupling via the superconducting leads. (b) This indirect
coupling process via the leads is a result of two crossed
Andreev reflections where in one lead a new Cooper pair
is combined and in the other lead a Cooper pair is split
which results in an effective electron transport between
two dots.

Hamiltonian can then be summarized to
Htot =Hd + Hc,d +

X
j

4 Tensor monopoles in a triple dot system

+

X

Hc,si −sj ,

Hs,j +

X

Hc,dα −sj

hα,ji

(7)

hi,ji

P

In the following we will discuss another
system using three dots coupled to superconducting leads as illustrated in Fig. 4(a).
The Hamiltonian
of the dots is Hd =
P
P 
†
with the
α=L,M,R
σ α dασ dασ + U nα↓ nα↑
fermionic operators dα of the dots (left dot α = L,
middle dot α = M and right dot α = R), α the
energy of the dot levels, and U the Coulomb energy taken to be same for all dots. The superconducting leads with the phases φj are described
P
by a BCS Hamiltonian Hs,j = kσ k c†jkσ cjkσ +
P 



iφj c† c†
k ∆e
jk↑ j−k↓ + h.c. , where ∆ is the superconducting gap (assumed to be the same
for all leads), k the normal state dispersion,
and cjkσ is the creation operator of an electron with momentum k and spin σ in the
respective lead with phase φj . Additionally
a normal coupling between the dots Hc,d =
P
†
†
σ vL dLσ dM σ + vR dM σ dRσ + h.c., a coupling between neighboring dots and leads Hc,dα −sj =





†
σk vj dασ cjkσ + h.c. , and a coupling between
neighboring
superconducting
leads Hc,si −sj =



P

P

σk

wij c†ikσ cjkσ + h.c. is assumed. The total
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with hα,ji denoting the sum over the three dots
(α = L, M, R) and their respective nearest leads
P
(j) and hi,ji the sum over nearest neighbors of
superconducting leads as illustrated in Fig. 4.
As we are only interested in the low energy
states within the gap, the limit of ∆ → ∞ is
assumed. For a weak coupling between the superconducting leads wij  vj one can derive an
effective Hamiltonian for the dot states by integrating out the superconductors. The details of
this calculation are given in the Appendix C. In
general the coupling between leads and dots can
lead to Cooper pair injections on the dots which is
however excluded by a large local Coulomb interaction U suppressing double occupation on the
dots. An additional effect of the coupling between superconductors and dots is schematically
illustrated in Fig.3(b), here the coupling enables
a non-local tunneling of electrons via two superconductors. This non-local transport is possible
due to two crossed Andreev reflections where in
one lead a new Cooper pair is combined and in
the other lead a Cooper pair is split which results
in an effective transport between two dots. The
crucial point of this nonlocal transport is the dependence on the phase difference of the two SC,
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(a)

(b)

(1)

(2)

(3)

(4)

(4)
(3)

(2)

(1)

Figure 4: (a) Parameter region for vL /Γ and vR /Γ with four tensor monopoles for equal non-local couplings Γ ≡ Γi
in the triple dot system. (b) Energy in dependence of φx and φy for −φz = φw = arccos(v/2Γ),  = 0, and for
different ratios v/Γ (v = vL = vR ) marked in (a) as black crosses. The topological charge of appearing monopoles
are indicated by QT = ±1.

which allows to construct an effective Hamiltonian for the low energy state with artificial dimensions being the phase differences of the leads.
As a result of these transport processes enabled
by the coupling between the dots and the superconductors the low-energy Hamiltonian is conserving electron number and the spin. Hence, we
obtain the effective single-particle Hamiltonian
Heff =

X

α |ασ i hασ |

α=L,M,R

+ fLM (φx , φy ) |Mσ i hLσ | + h.c.
+ fM R (φz , φw ) |Rσ i hMσ | + h.c .

(8)

where we denoted the states |Lσ i ≡ d†Lσ |0i
(with |0i the state without electrons on the dots),
|Mσ i ≡ d†M σ |0i, |Rσ i ≡ d†Rσ |0i, and the total
couplings fLM = vL − Γx e−iφx + Γy e−iφy , fM R =
vR − Γz eiφz + Γw eiφw . Note that gauge invariance
allows us to set one phase to zero (φ0 = 0) as
a reference. In addition Γj = 2πN0 vj v0 wj0 are
the non-local tunneling amplitudes with N0 the
normal density of states at the Fermi energy of
the superconductors. For equal energies of the
dots α =  the energypof the lowest states read
E0 =  and E± =  ± |fLM |2 + |fM R |2 . Hence
in general for Γx + Γy > vL > Γx − Γy and
Γz + Γw > vR > Γz − Γw (assuming Γi , vi > 0)
four isolated triply degenerate points appear.
The topological charges of these points can
be again determined by an integration of the
tensor Berry curvature Hµνλ over a closed surAccepted in

face around the degeneracies which yields the
charges QT = ±1. Otherwise, if one of the condition is not fulfilled, a gapped phase emerges
as illustrated in Fig. 4. In the limit of symmetric couplings v ≡ vL/R and Γ ≡ Γj and
0 < v < 2Γ the four triply degenerate point
can be observed at φx0 = s1 arccos(v/2Γ), φy0 =
−s1 arccos(v/2Γ), φz0 = s2 arccos(v/2Γ), and
φw0 = −s2 arccos(v/2Γ) with s1 = ±1, s2 = ±1
and the topological charge QT = s1 s2 . In the
case of v = 0 degenerate lines in the phase space
of (φx , φy , φz , φw ) appear at φx = φy + π and
φz = φw + π which cannot be classified as tensor monopoles as there are no isolated degenerate
points in this case. For 2Γ < v a gapped phase
appears and, thus, no monopoles with degeneracies can emerge, as depicted in Fig.4(b). We note,
that both a direct coupling between the dots and
comparable non-local coupling via the superconductors are necessary to have tensor monopoles
in the triple dot chain.

In the regime 0 < Γv < 2 the Hamiltonian
can be linearized close to the degenerate points
(φx0 , φy0 , φz0 , φw0 ) to prove a similar form as in
the example of Sec. 2. The linearized couplings
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near these degeneracies are
s



fLM ≈s1 Γ 1 −

v
2Γ

2

(δφx − δφy )

v
− is1 (δφx + δφy )
s2


fM R ≈s2 Γ 1 −

v
2Γ

(9)

2

(δφz − δφw )

v
+ is2 (δφz + δφw )
2

(10)

with δφj = φj − φj0 the detuning of the phases
from the position of the tensor monopoles.
Thus it defines the q
same Hamiltonian
of

v 2
Eq.1 with qx ≡ s1 Γ 1 − 2Γ (δφx − δφy ),
qy
≡
s1 v2 (δφx + δφy ),
qz
≡
q

2

v
(δφz − δφw ),
and
qw
≡
s2 Γ 1 − 2Γ
v
s2 2 (δφz + δφw ) ultimately with the same
analytical form of the tensor Berry curvature
q
Hµνλ = µνλγ |q|γ4 in the vicinity of the tensor
monopoles.

5 Discussion
In this work we have theoretically studied tensor
monopoles in superconducting systems. These
synthetic tensor monopoles which are defined in
the 4D-space of the superconducting phases can
be characterized by a tensor Berry curvature inspired by the better-known Berry curvature. We
have shown that there is a wide variety of approaches in superconducting systems to realize
this exotic type of topology. Our first proposal
uses the Josephson-coupled charge states of superconducting islands to realize the necessary
topological structure. The second example realizes the monopoles in the low energy states
of three dots coupled to several superconducting terminal. Remarkably both systems allow to
engineer nontrivial topological tensor monopoles
in a large parameter region implying robustness
against certain fluctuations of the systems parameters. In the example of the superconducting circuit however larger charge fluctuations could be
detrimental for the degenerate points in parameter space, as it requires having three degenerate
charge states. Similar problems might occur in
the second proposal in respect to large asymmetric fluctuations in the dots energies.
In a setup using the coupling parameters of a
superconducting qudrit to construct the required
Accepted in

artificial 4D space these tensor monopoles were
already studied experimentally [23], as well as
in [24] where a single NV center was observed
to have the same topological structure. In both
cases the tensor Berry curvature was measured
indirectly via the quantum geometric tensor
which can be used to reconstruct the tensor
Berry curvature [22]. In the first experiment
the quantum geometric tensor was measured
by quenching the system [23]. In the second
example the quantum geometric tensor was
determined by evaluating the Rabi frequencies
for small modulations of the coupling parameters
[24]. The same approaches should be also feasible
in the proposed systems. A similar manipulation
of the phases could be realized by controlling
the magnetic fluxes, either by applying a small
periodic modulation or by a sudden quench
of the flux. Eventually, the response of the
system to these perturbations can be used to
measure the tensor Berry curvature in the space
of the superconducting phases and ultimately to
determine the respective topological invariant.
To conclude we emphasize that our proposal
to realize tensor monopoles in superconducting
nanostructures could stimulate further research
in the field of tensor monopoles and the respective topology in superconducting systems
and Josephson matter systems. It is the first
proposal of using superconducting phases as
synthetic dimensions to realize tensor monopoles
in superconducting systems. In principle this
idea of the tensor Berry connection/curvature
and the respective tensor monopole could be
expanded to higher-order tensors [21]. This
seems experimentally accessibly in superconducting systems due to the unlimited dimensions
available in the space of superconducting phases
providing an alternative path to construct exotic
topological states of matter.
The authors acknowledge funding provided
by the Deutsche Forschungsgemeinschaft (DFG,
German Research Foundation) Grant No. RA
2810/1 and SFB 1432 – Project-ID 425217212.

References
[1] P. A. M. Dirac, Proc. R. Soc. Lond. A 133,
60–72 (1931).

Quantum 2021-11-29, click title to verify. Published under CC-BY 4.0.

7

[2] X.-L. Qi, S.-C. Zhang, Rev. Mod. Phys. 83,
1057 (2011).
[3] M. V. Berry, Proc. R. Soc. A 392, 45 (1984).
[4] D. J. Thouless, M. Kohmoto, M. P. Nightingale, M. den Nijs, Phys. Rev. Lett. 49, 405
(1982).
[5] M. Z. Hasan, C. L. Kane, Rev. Mod. Phys.
82, 3045 (2010).
[6] M. Sato, Y. Ando, Rep. Prog. Phys. 80,
30076501 (2017).
[7] K. von Klitzing, G. Dorda, M. Pepper, Phys.
Rev. Lett. 45, 494 (1980).
[8] Y. Hatsugai, Phys. Rev. Lett. 71, 3697 (1993).
[9] C. N. Yang, J. Math. Phys 19, 320–328
(1978).
[10] F. Wilczek, A. Zee, Phys. Rev. Lett. 52, 2111
(1984).
[11] S. Sugawa, F. Salces-Carcoba, A. R. Perry,
Y. Yue, I. B. Spielman, Science 360, 1429
(2018).
[12] M. Nakahara, Geometry, Topology, and
Physics (Institute of Physics Publishing, Bristol, 2003).
[13] R. I. Nepomechie, Phys. Rev. D 31, 1921
(1985).
[14] C. Teitelboim, Phys. Lett. B 167, 69–72
(1986).
[15] P. Orland, Nucl. Phys. B 205, 107–118
(1982).
[16] T. Banks, N. Seiberg, Phys. Rev. D 83,
084019 (2011).
[17] N. E. Mavromatos, S. Sarkar, Phys. Rev. D
95, 104025 (2017).

[23] X. Tan, D.-W. Zhang, W. Zheng, X. Yang,
S. Song, Z. Han, Y. Dong, Z. Wang, D. Lan,
H. Yan, S.-L. Zhu, Y. Yu, Phys. Rev. Lett.
126, 126 (2021).
[24] M. Chen, C. Li, G. Palumbo, Y.-Q. Zhu,
N. Goldman, P. Cappellaro, arXiv preprint
arXiv:2008.00596 (2020).
[25] R.-P. Riwar, M. Houzet, J. S. Meyer, Y. V.
Nazarov, Nat. Commun. 7, 11167 (2016).
[26] E. Eriksson, R.-P. Riwar, M. Houzet, J.
S. Meyer, Y. V. Nazarov, Phys. Rev. B 95,
075417 (2017).
[27] H.-Y. Xie, M. G. Vavilov, A. Levchenko,
Phys. Rev. B 96, 161406(R) (2017).
[28] J. S. Meyer, M. Houzet, Phys. Rev. Lett.
119, 136807 (2017).
[29] H.-Y. Xie, M. G. Vavilov, A. Levchenko,
Phys. Rev. B 97, 035443 (2018).
[30] O. Deb, K. Sengupta, D. Sen, Phys. Rev. B
97, 174518 (2018).
[31] R. L. Klees, G. Rastelli, J. C. Cuevas, W.
Belzig, Phys. Rev. Lett. 124, 197002 (2020).
[32] H.-Y. Xie, A. Levchenko, Phys. Rev. B 99,
094519 (2019).
[33] R. L. Klees, J. L. Cuevas, W. Belzig, G.
Rastelli, Phys. Rev. B 103, 014516 (2021).
[34] H. Weisbrich, R. L. Klees, G. Rastelli, W.
Belzig, PRX Quantum 2, 010310 (2021).
[35] V. Fatemi, A. R. Akhmerov, L. Bretheau,
Phys. Rev. Research 3, 013288 (2021).
[36] L. Peyruchat, J. Griesmar, J.-D. Pillet, Ç. Ö.
Girit, Phys. Rev. Research 3, 013289 (2021).

[18] M. Montero, A. M. Uranga, I. Valenzuela, J.
High Energy Phys. 7, 1–49 (2017).

[37] T. Herrig, R.-P. Riwar, arXiv preprint
arXiv:2012.10655 (2020).

[19] V. Mathai, G. C. Thiang, Comm. Math.
Phys. 355, 561–602 (2017).

[38] A. Blais, S. M. Girvin, W. D. Oliver, Nat.
Phys. 16, 247 (2020).

[20] V. Mathai, G. C. Thiang, J. Lond. Math.
Soc. 54, 403–416 (1996).

[39] J. M. Martinis, M. H. Devoret, J. Clarke,
Nat. Phys. 16, 234 (2020).

[21] G. Palumbo, N. Goldman, Phys. Rev. B 99,
045154 (2019).

[40] M. Gell-Mann, Phys. Rev. 125, 1067 (1962).

[22] G. Palumbo, N. Goldman, Phys. Rev. Lett.
121, 170401 (2018).

Accepted in

[41] U. Vool, and M. Devoret, Int. J. Circuit Theory Appl. 45, 897 (2017).

Quantum 2021-11-29, click title to verify. Published under CC-BY 4.0.

8

A Derivation of the low energy Hamiltonian of the superconducting circuit
The Hamiltonian for the circuit can be derived with the Lagrangian following Ref. [41] by L = Lc − UJ
with the charging term of the Lagrangian Lc and UJ the Josephson energy of the junctions.
h̄2
Lc = 2
8e

3
X

CLi φ̇2L

i=1

+

3
X

!

CRi φ̇2R

=

i=1

h̄2
φ̇C φ̇
8e2

(11)

Uj = − EJL1 cos(φL ) − EJL2 cos(φL − ϕx ) − EJL3 cos(φL − ϕx − ϕy )
− EJR1 cos(−φR ) − EJR2 cos(−φR − ϕz ) − EJR1 cos(−φR − ϕz − ϕw )

(12)

with the capacitance matrix C, and φ = (φL , φR ). Assuming gate voltages on each island which results
in the offset charge (ngL , ngR ) the Hamiltonian takes the form
 




(2e)2
(n̂ − ng )T C −1 (n̂ − ng ) + EJL 1 cos φ̂L + EJL 2 cos φ̂L − ϕx + EJL 3 cos φ̂L − ϕx − ϕy
2
 




+ EJR 1 cos φ̂R + EJR 2 cos φ̂R + ϕz + EJR 3 cos φ̂R + ϕz + ϕw
(13)

Hcirc =

as presented in the main part of the manuscript. In the charging dominated regime Ec  EJ the
charging states can be used as basis state with the property of the phase operators [41] eiφ̂i |ni i =
|ni − 1i such that it introduces a hopping between the charging states |Li,|0i, and |Ri which depends
on the magnetic fluxes
EC
EC
(1 − 2ngL ) |Li hL| +
(1 − 2ngR ) |Ri hR|
3

3
− EJL1 + EJL2 eiϕx + EJL3 ei(ϕx +ϕy ) |Li h0| + h.c.

H0 =





− EJR1 + EJR2 e−iϕz + EJR3 e−i(ϕz +ϕw ) |0i hR| + h.c. .

(14)

B Integral: Hypercube enclosing the degenerate point
If the degenerate point is at position (ϕx0 , ϕy0 , ϕz0 , ϕw0 ) the topological charge can be expressed by
the integral

ϕz0 +a 
ϕy0 +a
ϕx0 +a
1
Hxyz ϕw =ϕw0 +a − Hxyz ϕw =ϕw0 −a dϕx dϕy dϕz
QT = 2
2π ϕx0 −a ϕy0 −a ϕz0 −a
Z ϕx0 +a Z ϕy0 +a Z ϕw0 +a 

1
Hxyw ϕz =ϕz0 +a − Hxyw ϕz =ϕz0 −a dϕx dϕy dϕw
− 2
2π ϕx0 −a ϕy0 −a ϕw0 −a
Z ϕx0 +a Z ϕz0 +a Z ϕw0 +a 

1
+ 2
Hxzw ϕy =ϕy0 +a − Hxzw ϕy =φy0 −a dϕx dϕz dϕw
2π ϕx0 −a ϕz0 −a ϕw0 −a
Z ϕy0 +a Z ϕz0 +a Z ϕw0 +a 

1
Hyzw ϕx =ϕx0 +a − Hyzw ϕx =ϕx0 −a dϕy dϕz dϕw
− 2
2π ϕy0 −a ϕz0 −a ϕw0 −a
Z

Z

Z

(15)
with 2a the length of the hypercube in phase space enclosing the degenerate point.

C Derivation of the low energy Hamiltonian of the triple dot system
The starting Hamiltonian for the triple dot system with the superconducting leads reads
Htot = Hd + Hc,d +

X
j

Accepted in

Hs,j +

X
hα,ji

Hc,dα −sj +

X

Hc,si −sj ,

(16)

hi,ji
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with the Hamiltonian of the dots
X



(17)

vL d†Lσ dM σ + vR d†M σ dRσ + h.c. ,

(18)

X

Hd =

α d†ασ dασ + UC nα↓ nα↑ ,

α=L,M,R σ

the coupling between the dots
Hc,d =

X
σ

the BCS Hamiltonian of the superconducting leads
Hs,j =

X

k c†jkσ cjkσ +

X



∆eiφj c†jk↑ c†j−k↓ + h.c. ,

kσ

(19)

k

the coupling between neighboring dots and leads
Hc,dα −sj =

X





(20)





(21)

vj d†ασ cjkσ + h.c. ,

σk

and the coupling between neighboring leads
Hc,si −sj =

X

wij c†ikσ cjkσ + h.c. .

σk

Since the couplings do not depend on the quasi-momentum k of the electrons in the leads one can
already integrate out k to obtain an effective Green’s function for the leads in Spin-Nambu space
gs,φj = −



πN0
iφj τ3
σ
⊗
τ
+
∆e
τ
,
0
0
1
∆2 − 2

(22)

where σj are the Pauli matrices in spin space, τi are the Pauli matrices in Nambu space, and N0 is
the density of states in the normal state. In the low energy limit   ∆ the Green’s function can be
approximated to




gs,φj ≈ −πN0 σ0 ⊗ eiφj τ3 τ1 .

(23)

For small coupling between the leads wij  vj we expand the dressed Green’s function of the dots Gd
with the Dyson equation up to first order in the coupling between the leads
Gd = gd + gd Vds gs (Vsd + Vss gs Vsd ) Gd ,
with gd
=
diag(gL , gM , gR ) the bare Green’s function of the
diag(gs,φx , gs,φy , gs,φ0 , gs,φz , gs,φw ) the bare Green’s function of the leads,


Vss

(24)
three

dots,

gs

=



0
0
Wx0
0
0
 0
0
Wy0
0
0 


 †

†

W
W
0
W
W
=  x0
z0
w0 
y0

†

0
Wz0
0
0 
 0

†
0
0
Ww0
0
0

(25)

the interaction between the superconductors with Wij = wij (σ0 ⊗ τ3 ), and Vsd the interaction between
dots and leads


Vds

Accepted in



Vx Vy 0 0
0


†
0  = Vsd
=  0 0 V0 0
,
0 0 0 Vz Vw
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with Vj = vj (σ0 ⊗ τ3 ) . Finally we obtain an effective Hamiltonian for the dots Heff = Hd + Hc,d +
Σ0 + Σ1 with the zeroth-order contribution




1 †
Σ0 =
dL

d†M

2

d†R

dL


Vds gs Vsd dM 
dR














2 iφw
d†R↑ d†R↓ + πN0 vo2 eiφ0 d†M ↑ d†M ↓ + h.c.
e
= πN0 vx2 eiφx + vy2 eiφy d†L↑ d†L↓ + πN0 vz2 eiφz + vw

(27)




with the spinor d†α = d†α↑ , dα↓ , d†α↓ , −dα↑ , and the first order contribution


1 †
Σ1 =
dL
2

=−

X
σ

d†M

d†R





dL


Vds gs Vss gs Vsd dM 
dR


Γx ei(φx −φ0 ) + Γy ei(φy −φ0 ) d†Lσ dM σ + h.c. −

X



Γz ei(φ0 −φz ) + Γw ei(φ0 −φw ) d†M σ dRσ + h.c. ,

σ

(28)
with Γj = 2πN02 vj v0 wj0 . Assuming a large Coulomb energy Uc → ∞ the Cooper pair injection terms
appearing in Σ0 are suppressed as doubly occupied states have to pay the large Coulomb energy.
Hence the system conserves total electron number and the effective single electron Hamiltonian can be
determined to Eq. 8.

Accepted in

Quantum 2021-11-29, click title to verify. Published under CC-BY 4.0.

11

