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Spontaneous collapse models and Bohmian mechanics are two different solutions to
the measurement problem plaguing orthodox quantum mechanics. They have, a priori
nothing in common. At a formal level, collapse models add a non-linear noise term to
the Schrödinger equation, and extract definite measurement outcomes either from the
wave function (e.g. mass density ontology) or the noise itself (flash ontology). Bohmian
mechanics keeps the Schrödinger equation intact but uses the wave function to guide
particles (or fields), which comprise the primitive ontology. Collapse models modify the
predictions of orthodox quantum mechanics, whilst Bohmian mechanics can be argued
to reproduce them. However, it turns out that collapse models and their primitive
ontology can be exactly recast as Bohmian theories. More precisely, considering (i) a
system described by a non-Markovian collapse model, and (ii) an extended system where
a carefully tailored bath is added and described by Bohmian mechanics, the stochastic
wave-function of the collapse model is exactly the wave-function of the original system
conditioned on the Bohmian hidden variables of the bath. Further, the noise driving the
collapse model is a linear functional of the Bohmian variables. The randomness that
seems progressively revealed in the collapse models lies entirely in the initial conditions
in the Bohmian-like theory. Our construction of the appropriate bath is not trivial and
exploits an old result from the theory of open quantum systems. This reformulation of
collapse models as Bohmian theories brings to the fore the question of whether there
exists ‘unromantic’ realist interpretations of quantum theory that cannot ultimately be
rewritten this way, with some guiding law. It also points to important foundational
differences between ‘true’ (Markovian) collapse models and non-Markovian models.

1 Introduction
Bohmian mechanics [1–4] and collapse models [5–7] are two realist approaches that straightforwardly solve the measurement problem of non-relativistic orthodox quantum mechanics (OQM).
It is unknown if they resemble what (if anything) is really going on “behind the scenes”, but they
are arguably the simplest examples available of “unromantic” [8] mechanistic accounts of quantum
predictions. They are also arguably the only single-world approaches for which one understands
reasonably well the full story, from a precise microscopic theory all the way to the statistics of
macroscopic measurement results.
At first sight, Bohmian mechanics and collapse models take a very different route to solve
the measurement problem. Bohmian mechanics posits that particles have positions x(t) defined
at all time, which flow along a velocity field v|ψi constructed from the wave-function |ψi. The
unitary evolution of the wave-function is kept unchanged. Definite measurement outcomes are then
obtained from the coarse grained positions of the particles making the measurement apparatus.
In collapse models, on the other hand, one adds a non-linear stochastic modification to the
unitary evolution of the wave-function. The modification is taken small enough that microscopic
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dynamics remain almost unchanged, but large enough that macroscopic superpositions in space
are quickly collapsed. Usually, the wave-function in configuration space is supplemented by “local
beables” [9, 10] in physical space (mass density or flashes, corresponding to the collapse events)
from which macroscopic measurement results are unambiguously extracted.
Bohmian mechanics keeps the usual quantum predictions unchanged; collapse models seem to
inevitably alter the empirical content. Bohmian mechanics is deterministic, with randomness lying
in the initial conditions; collapse models are stochastic, with randomness progressively incorporated
by noise. But are these theories actually so different?
Superficial similarities between the two approaches have already been noted in the literature.
The first is that both approaches are realist in the most trivial sense: they ultimately describe
the dynamics of local beables (or ‘stuff’) from which all predictions can in principle be extracted
[11, 12]. The second is that the evolution for the wave-function in the Ghirardi-Rimini-Weber
(GRW) model, the simplest collapse model, approximates, in an appropriate limit, the dynamics
of a Bohmian conditional wave function in a setup where a bath is added [13].
Our objective is to go beyond these insights and show that (continuous) collapse models can
be exactly rewritten as Bohmian-style theories. This claim could be understood in a weak sense:
collapse models have the same empirical content as Bohmian mechanics applied to a carefully
chosen system + bath setup. While true and often overlooked, this result is trivial. Rather,
we will show, through a quite involved derivation, that the very objects both theories use are in
one-to-one correspondence. Namely, for a given collapse model, one can construct
1. a bath of harmonic oscillators coupled to the system,
2. bath hidden variables (linear combinations of positions and momenta of its oscillators), and
3. Bohmian-style deterministic dynamics for those hidden variables
such that the typical dynamics of the wave function of the system conditioned on these bath
variables is exactly the stochastic wave function dynamics of the collapse model. Further, an
appropriate linear function of the Bohmian-stlye hidden variables matches exactly one natural
choice of local beables for the collapse model. Hence the connection is not only empirical, it is
ontological. In the interest of fluidity of expression, in the remainder of this paper, we will take
the adjective “Bohmian” to encompass the “Bohmian-style” theories we consider.
The real utility of the relation we elucidate is for the case of non-Markovian collapse models.
These are models with ‘gentle’ collapse, driven by non-white noises, as opposed to the white noise
in Markovian collapse models. However, the mathematical construction of these models is far more
complicated than merely substituting colored noise for white noise.
Moreover, the basic ontology in the non-Markovian case is fundamentally different, as the wavefunction (even of the whole universe as conventionally conceived) on one time-slice does not carry
all information in the past relevant for future evolution. That is because –in our opinion– the
heart of these non-Markovian collapse models is the ancillary ‘non-physical’ quantum bath, which
is conventionally introduced as a mathematical device to ensure consistent quantum evolution
for the averaged system state. Our mapping to a Bohmian interpretation makes clear that this
additional bath actually has a physical role in guiding the collapsing wave-function of the system,
and carrying forward relevant information from the past to the future. The three distinct ontologies
of Markovian collapse theories, Bohmian mechanics, and the Bohmian version of non-Markovian
collapse theories, are illustrated in Fig. 1.
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Figure 1: Three realist approaches to solving the quantum measurement problem. According to standard
quantum mechanics (left), Schrödinger’s equation implies that the wave-function of a macroscopic system
(e.g. a measurement apparatus, or a cat, plus its environment) will evolve into a superposition of macroscopically
distinct classical-like states. In Markovian collapse models (top), Schrödinger’s equation is modified to cause a
collapse into one of these states. In Bohmian mechanics (bottom), the wave-function remains a superposition,
but particle positions are added as extra variables, and these will follow trajectories as if only one of those
classical-like states pertained. To define consistent non-Markovian collapse models (middle) it is convenient to
introduce an additional bath and consider the Schrödinger equation for the combined system. We show in this
paper that the “collapsed” wave-function is most simply defined as the system wave-function conditioned on
Bohmian hidden variables for particles in the bath. To define the trajectories of these particles, the uncollapsed
joint wave-function of system plus bath is required.
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The essence of the mathematical result we shall derive is already present, albeit in a less
focussed form, in an article [14] discussing non-Markovian stochastic Schrödinger equations. That
paper appeared only 1 year after the first paper on collapse models with colored noises [15], and
prior to their thorough exploration [16–20], which may be why this fundamental mapping has been
missed in the collapse literature. Another reason may be that, because of the complexity of nonMarkovian collapse models, a correct description of their exact dynamics has often been lacking
in the literature (see Sec. 3.3). Instead, they have been studied mostly perturbatively, precluding
the elucidation of their exact connection with Bohmian mechanics.
The remainder of this paper is structured as follows. In Sec. 2 we briefly explain the main result
of our paper in relatively non-technical terms. Sec. 3 introduces the conventional mathematical
description of collapse models, Markovian and non-Markovian, and Sec. 4 quickly reviews Bohmian
mechanics. Thus we are set up to prove the relation between these models in Sec. 5, which ends
with a table summarizing the equivalence. We conclude in Sec. 6 with a substantial discussion of
generalisations, implications, and other foundational issues.

2 A sketch of the equivalence
Before going into more details, let us sketch in words how the equivalence works and how different
quantities are mapped one onto another. The system could be a system of non-relativistic particles
or something more complicated – the details do not matter. In a non-Markovian collapse model,
the system’s wave-function |ψw (t)i obeys a quite complicated non-linear equation driven by colored
noise w(t). This is a vector because there is one noise term per collapse operator Âk , and for a
macroscopic system there will be many –perhaps continuously infinitely many– of these. We aim
to show how this very general model contains within it an exactly equivalent Bohmian-type model.
To this end, we first extend the Hilbert space by adding a bath of Harmonic oscillators
Htot = Hsys ⊗ Hbath , with a carefully chosen linear coupling. This produces entanglement
between the system and bath, in the joint state |Ψ(t)i, such that tracing over the bath degrees of
freedom is equivalent to a noise averaging of the collapsed state on Hsys :
ρsys (t) = trbath [|Ψ(t)ihΨ(t)|] = E[|ψw (t)ihψw (t)|]

(1)

This condition is necessary to preserve the standard empirical meaning of a quantum state, avoiding
effects such as faster-than-light signalling.
Now the trick is to describe the oscillators in the bath, and them only, as particles with real
(in the Bohmian sense) properties, x(t). Doing so, we obtain real time deterministic trajectories
for them, guided by |Ψ(t)i, and an associated conditional wave function on the remaining (system)
Hilbert space,
|ψx(t) (t)i ∝ hx(t)|Ψ(t)i ∈ Hsys .
(2)
The evolution of this conditional wave-function is determined by the initial joint wave-function and
by the the initial condition of the Bohmian particles. If the latter are specified only statistically
through the Born rule then the evolution of |ψx(t) (t)i can be considered stochastic.
What we shall prove is that the conditional wave-function |ψx(t) (t)i is exactly the collapse
model stochastic wave-function |ψw (t)i; they are the same stochastic process. Further, the colored
noise of the collapse model can be transformed by a linear map (essentially a Fourier transform) to
the Bohmian variables of the oscillators. The randomness of the noise is a progressive unraveling
of the randomness of the initial Bohmian variables. The equivalence between the standard and
Bohmian description of non-Markovian collapse models is summarized schematically in Fig. 2.
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Figure 2: Equivalence of standard (top) and Bohmian (bottom) formulations of non-Markovian “collapse”
models. As per Fig. 1, for such models it is necessary to introduce a bath in addition to the system. In
the standard formulation, there is a colored noise process w(t), that is a very high-dimensional vector (e.g. 3
components per particle) that we visualize as a noise field in space. This noise drives –in a complicated way–
the dynamics of a stochastic system state |ψw (t)i such that on average it is the same as tracing out the bath,
as per Eq. (1). In the Bohmian formulation, Bohmian hidden variables x(t) are introduced for the bath only.
These are guided deterministically by the deterministically evolving joint wave-function of system and bath. The
Bohmian-conditional wave-function |ψx(t) (t)i of the system alone is defined at any time by imagining that the
bath were, at that instant, projected into the configuration eigenstate |x(t)i. As per Eq. (2), this |ψx(t) (t)i is
the same state as |ψw (t)i, with w(t) obtained from x(t) by a linear transformation. The stochasticity arises
from the Born-random initial conditions for x.
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3 Collapse models
3.1 Markovian models
A Markovian collapse model, driven by white noise is typically given by an Itô equation of the
form:
"
#
D n
o
X
γ
√
2
d|ψ(t)i = −iĤ dt +
γ (Âk − hÂk it ) dWk (t) − (Âk − hÂk it ) dt |ψ(t)i,
(3)
2
k=1

where Ĥ is the system Hamiltonian in absence of collapse, Wk are uncorrelated Wiener processes
(i.e. dWk /dt are independent white noises), Âk are the D Hermitian operators which continuously
‘collapse’ the system, and γ encodes the strength of the collapse term. We keep the system Hilbert
space generic but, to aid intuition, it could be thought of as that of N particles without spin in a
3 dimensional space. The operators Âk are typically related to position.
As an example, in the Quantum Mechanics with Universal Position Localization (QMUPL)
model [7, 21] for a single particle, k ∈ {1, 2, 3} and the Â’s are the 3 coordinate operators X̂, Ŷ ,
Ẑ. In the continuous spontaneous localization (CSL) model [22, 23], the index k is a continuous
position in R3 and the Â’s are regularized mass density operators.
The Itô equation (3) is such that averaging over the noise gives a mixed state ρt = E [ |ψ(t)ihψ(t)| ]
that obeys a linear differential equation of the Lindblad form. This is necessary to avoid fasterthan-light signalling and a breakdown of the Born rule [24–27]; this is the main condition collapse
models have to satisfy and it fixes their form in the Markovian case [28, 29].

3.2 Non-Markovian linear collapse equation
Because noise with arbitrarily high frequencies seem unphysical (and potentially make relativistic
extensions difficult [30, 31]) much effort has gone into constructing collapse models with colored
noises [6, 16, 17]. This is much less trivial than just taking (3) and replacing white noise by colored
noise, as this would break all its nice properties. Instead, a way to proceed is to introduce a linear
stochastic Schrödinger equation, which may at first sight look quite peculiar:


Z t
δ
d
√
√
|φw (t)i = −iH + γ wj (t)Âj − 2 γ Âj
|φw (t)i .
(4)
ds Djk (t, s)
dt
δwk (s)
0
Here, and from now on, there is implicit summation on repeated indices. The real noise vector
w = {wk }D
k=1 has a Gaussian probability measure Q of zero mean and correlation:
EQ [wj (t)wk (s)] = Djk (t, s)

(5)

where D is a real positive semi-definite kernel, which depends on t and s only via t − s. The
non-Markovianity of collapse models with non-white noises thus is not as benign as one might
think: the state is not just driven by colored noise, but rather the time derivative depends on all
the past via a functional derivative. Why this special form and more precisely, why the need for
this functional derivative term?
As in the Markovian case, for collapse models to make sense, it is important that they yield a legitimate open-system evolution upon noise averaging. This is necessary to maintain the probabilistic interpretation of states (Born rule) and preclude faster-than-light signalling. This is precisely
what the functional derivative term achieves. One first notes that equation (4) can be formally
integrated1 into [33]:



Z t
Z u
√
√
I
I
I
|φw (t)i = T exp
γ
du Âj (u) wj (u) − 2 γ
dv Djk (v, u)Âk (v) |φ(0)i,
(6)
0

0

1 This latter form shows that the solutions of (4) can in principle be computed numerically with a diagrammatic
expansion or via Monte Carlo [32].
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I
where T is the time ordering operator and
 I |φw (t)iI is the
 state in interaction representation with
I
respect to Ĥ. Then, writing ρ (t) = EQ |φw (t)ihφw (t)| , one finds [33], upon Gaussian integration
(or Wick’s theorem) ρI (t) = Mt · ρ(0), with Mt a completely positive trace-preserving map:
 Z tZ t
h←
i
−
→
−
←
−
←
−
→
−
→
−
du dv Djk (u, v) A k (v) A j (u) − θuv A j (u) A k (v) − θvu A k (v) A j (u) . (7)
Mt = T exp
0

0

Here, θuv = θ(u − v) is the Heaviside function and we have used the left-right superoperator
notations:
→
−
←
−
(8)
A · ρ = Âρ ; A · ρ = ρÂ .
The non-Markovian master equation (7) is simply an operator rewriting of the Feynman-Vernon
influence functional [34], usually presented in path integral representation. It means that at the
density matrix level, the evolution of the collapse model is that of a system linearly coupled to a
bath of harmonic oscillators.
Historically, guessing the form of the linear stochastic differential equation (4) was done the
other way around [35, 36]: starting from the legitimate master equation (7), ‘unraveling’ it into
a stochastic state in integrated form (6), and deducing its differential form (4) by computing its
time derivative.

3.3 Non-linear non-Markovian dynamics
Equation (4) does not preserve the norm of the state vector |φw i. The second step of the construction thus consists in a subtle and often misapplied normalization. The normalized state vector
1
|φw (t)i
|ψw (t)i = p
hφw (t)|φw (t)i

(9)



no longer has an associated linear master equation (7), i.e. ρe(t) = E |ψw (t)ihψw (t)| now has a
non-trivial non-linear evolution. One approach is to define a physical or “cooked” [6] probability
measure dP(t) = hφw (t)|φw (t)i dQ such that:
ρ(t) = EQ [ |φw (t)ihφw (t)| ] = EP(t) [ |ψw (t)ihψw (t)| ] .

(10)

This change of measure, proposed in the collapse literature [6, 15–17, 37], works a priori only for
a single time t, and is not sufficient to derive a consistent stochastic trajectory for states2 . The
solution, well known in the open quantum system literature [38, 39], is instead to dynamically
redefine a complete noise trajectory u → w[t] (u) at each t such that for all functionals f :
h
i
EQ f (w[t] ) = EP(t) [f (w)] .
(12)
The normalized quantum state trajectory t → |ψw[t] (t)i is then taken as the output of the model.
It still has the same density matrix ρ(t) upon averaging as the linearly evolving state:
ρ(t) = EQ [ |φw (t)ihφw (t)| ] = EQ [ |ψw[t] (t)ihψw[t] (t)| ]

(13)

The final step is to find an explicit expression for w[t] as a function of w using the relation (12).
After a rather non-trivial derivation shown in the appendix, one obtains:
Z t
√
[t]
du Djk (u, v)hÂj iu ,
(14)
wk (v) = wk (v) + 2 γ
0

2 The

confusion comes from the fact that in the Markovian case, one has
∀T ≥ t EP(T ) [ |ψw (t)ihψw (t)| ] = EP(t) [ |ψw (t)ihψw (t)| ] .

(11)

Hence, one can define the physical probability measure as P(+∞) and the condition (10) will stay valid for all time.
In the non-Markovian case, (11) is no longer true, physical probabilities P(t) for different times disagree even for
marginals restricted to their common pasts.
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where
hÂj iu =

hφw[u] (u)|Âj |φw[u] (u)i
= hψw[u] (u)|Âj |ψw[u] (u)i.
hφw[u] (u)|φw[u] (u)i

(15)

[t]

Note that each wk (v) for v ≤ t does depend on states at times u such that v ≤ u ≤ t. How[t]
ever, constructing a complete trajectory wk fortunately requires knowing only the past states
|ψw[s] (s)i, s < t, not future ones.
To summarize, the non-linear stochastic trajectory t → |ψw[t] (t)i is defined by the linear stochastic Schrödinger equation (4), the normalization (9) and the continuous change of noise field (14).
Note, however, that this is an implicit definition. In particular, the trajectory is not straightforwardly ‘driven’ by the noise process t → w[t] (t). Rather, to compute a trajectory t → |ψw[t] (t)i,
one needs to know the noise w[t] (s), for all s ≤ t and not only w[s] (s). From equation (14), one
0
sees that to compute w[t] (s), one further needs to know all w[t ] (s0 ) for s0 ≤ t0 ≤ t. Hence for every
dt, one needs to compute a new complete noise trajectory s → w[t] (s) using (14), and construct
the associated (unnormalized) state |φw[t] (t)i using (4). This complicated procedure is explained
in detail, and illustrated with a numerical example, in [32].
All of the above complication disappears in the Markovian limit where Dij (t, s) → dij δ(t − s).
In that case w[t] (s) = w[s] (s) for all s ≤ t and |ψw[t] (t)i is really a simple functional of w[s] (s) for
s ≤ t. Further assuming that dij = δij , equations (4) and (14) yield the Itô equation (3) for the
normalized state (9), where dWi (t) = wi (t) dt.
The dynamics in the non-Markovian setting are thus much more subtle than in the Markovian
case, and far from simply driving the dynamics with colored noise. The steps presented above
to find the normalized stochastic wave-function non-perturbatively are non-trivial, even for those
familiar with linear and nonlinear stochastic Schrödinger equations in the Markovian case. As we
shall show in Sec. 5, the mapping to the Bohmian theory provides a considerably easier way to
understand it.

4 Bohmian mechanics
Bohmian mechanics [1–4] has a priori nothing to do with collapse models, be they Markovian or
non-Markovian. Consider a quantum system made of N ‘particles’ living in d = 1 spatial dimension
for simplicity, i.e. the Hilbert space is that of wave-functions ψ(x) with x ∈ RN . For such a system,
Bohmian mechanics posits the existence of N real particles with definite positions x = {xk }k=1···N ,
whose velocities are given by a guiding equation:
d
xk (t) = vk (x(t), |ψt i).
dt

(16)

The velocity field vk is chosen in such a way that the Born rule is valid at every time if it is valid at
N
the initial time (equivariance). More precisely, we now write X̂ = {X̂k }N
k=1 and P̂ = {P̂k }k=1 the
associated position and momentum operators and consider spinless particles for simplicity. For a
possibly time-dependent Hamiltonian H(P̂, X̂) at most quadratic in the momenta, the canonical
solution for the velocity field is to take [40]:
h
i
<e hψt |x(t)ihx(t)|V̂k |ψt i
vk (x(t), |ψt i) =
(17)
hψt |x(t)ihx(t)|ψt i
where the velocity operator V̂k reads:
h
i
V̂k = −i X̂k , Ĥ .
If Ĥ is of the form:
Ĥ =

N
X
P̂k2
+ V (X̂),
2mk

(18)

(19)

k=1
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then V̂k = P̂k /mk and the prescription (17) reduces to the more familiar Bohmian formula:


1
∂xk ψt (x)
vk (x(t), |ψt i) =
,
(20)
=m
mk
ψt (x)
x=x(t)
where ψt (x) = hx|ψt i. Later on, we will need a mild extension of the previous general setup to
a situation where there is an additional global degree of freedom to which no Bohmian variables
are associated3 , i.e. that the full Hilbert space is Hfull = Hparticles ⊗ Haux . Writing Ĥfull for the
Hamiltonian of the full system including the extra degree of freedom, we have the same velocity
(17) as before:
h
i
V̂k = −i X̂k , Ĥfull ,
(21)
h
i
<e hψt |Π̂x (t)V̂k |ψt i
,
(22)
vk (x(t), |ψt i) =
hψt |Π̂x (t)|ψt i
where Π̂x (t) = |x(t)ihx(t)| ⊗ 1aux is the projector on particle positions. Now, let us emphasize
two important points. First, in what follows, to derive the equivalence, the auxiliary Hilbert space
Haux that here seems idle, is going to be the system Hilbert space Hsys of the collapse model,
while the Hilbert space containing the particles [here L2 (RN )] is going to be that of the bath.
Second, Eqs. (21) and (22) are valid Bohmian dynamics for any hidden variable x provided the
Hamiltonian is at most quadratic in operators canonically conjugate to x̂. This allows the Bohmian
formalism to be applied to any linear combination of position and momenta for a bath of harmonic
oscillators linearly coupled to an arbitrary system operator, as naturally arises. We will call any
hidden variables with these dynamics Bohmian variables.

5 Equivalence
5.1 Setup
Our starting point is a generic collapse model with colored noise, whose dynamics are fully determined by equations (4) and (14). As advertised, our objective is to construct a bath such that the
dynamics of the system + bath setup, where the bath includes Bohmian variables, is exactly that
of the collapse model.
Let us consider a bath made of a continuum of harmonic oscillators parameterized by their
frequency ω and an extra index k. The bath Hamiltonian4 Ĥbath reads:
Ĥbath =

D Z
X
k=1

R

dω ω a†k,ω ak,ω .

(23)

where the a†k,ω and ak,ω are the standard creation and annihilation operators [ak,ω , ak0 ,ω0 ] =
δkk0 δ(ω − ω 0 ). A quantum system of interest, of proper Hamiltonian Ĥsys , is linearly coupled
with the bath by the interaction Hamiltonian:
Ĥint

Z
D
√ X
= γ
Âk ⊗
dω κ`k,ω p̂`,ω
k=1

(24)

R

3 Such non-Bohmian degrees of freedom have always been part of Bohmian mechanics; this is the standard
treatment for spin [1, 2]. Bolder precedents for this approach are discussed in Sec. 6.2. The Hilbert space for these
extra degree of freedom we consider is global (like those bolder precedents), rather than a tensor product of Hilbert
spaces for each particle (as in the spin case).
4 Note that this Hamiltonian is, strictly speaking, not bounded from below. It could easily be obtained as a limit
of a more physical Hamiltonian, but that would complicate our derivation.
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where κ`k,ω = κ`k,−ω are arbitrary real coefficients and we have introduced the reduced position and
momentum operators:
a`,ω + a†`,ω
√
2

(25)

a`,ω − a†`,ω
√
=
i 2

(26)

x̂`,ω =
p̂`,ω

We now write the full state system + bath in the interaction picture: |ΨI (t)i = eit(Ĥsys +Ĥbath ) |Ψ(t)i.
For an initial state of the form |ψ(0)i ⊗ |0i where |0i is the bath state with zero excitations (Fock
vacuum), one can integrate out the bosonic degrees of freedom using Wick’s theorem (see e.g. [33]):

 Z t

h→
i
−
←
−
ρI (t) = trbath T exp −i
dτ H int (τ ) − H int (τ ) |ΨI (0)ihΨI (0)|
(27)
0
I

= Mt · ρ (0),

(28)

where the completely positive map Mt is given by (7) provided we take κ such that
Djk (t, s) =

d Z
X
`=1

R+

dω κ`j,ω κ`k,ω cos(ω(t − s))

(29)

which is always possible if D is time-translation invariant as we have assumed. Hence, averaging
over the noise in the collapse model and tracing out the bath in the system + bath setup yields
the same master equation. This is still far from proving the deeper equivalence we advertised, but
it establishes the bath model we need.

5.2 Equivalence at the linear equation level
Let us now discuss the Bohmian trajectories associated with the bath harmonic oscillators. The
particles variables we shall consider are not directly the ones associated with the position operators
x̂k,ω . Conceptually, there is no problem with considering the system dynamics conditioned on this,
most obvious, choice of Bohmian variables. The average evolution of the conditioned wavefunction
will be the same regardless. However, the dynamics of the individual Bohmian-conditioned system
states is quite unlike that of the usual “collapse” evolution. In particular, even in the limit where
the average dynamics is Markovian, the Bohmian-conditioned wavefunction evolution is not that
of a Markovian (white noise) collapse model. For more discussion, see Refs. [41, 42].
To obtain bath variables suitable for our purpose, we first consider the evolution in the interaction representation for the bath only. This is equivalent to considering the usual Bohmian positions
0
0
for the time dependent Hamiltonians Ĥbath
= 0, and Ĥint
(t) = eitĤbath Ĥint e−itĤbath . Second we
shall define new canonical pairs of variables:
x̂j,ω + x̂j,−ω
√
2
p̂j,ω − p̂j,−ω
√
=
2

p̂j,ω + p̂j,−ω
√
2
−x̂j,ω + x̂j,−ω
√
=
2

x̂+
j,ω =

p̂+
j,ω =

(30)

x̂−
j,ω

p̂−
j,ω

(31)

These new operators indeed have the commutation relations:
+
[x̂+
j,ω , p̂j,ω ] = i

−
[x̂+
j,ω , p̂j,ω ] = 0

(32)

+
[x̂−
j,ω , p̂j,ω ]

−
[x̂−
j,ω , p̂j,ω ]

(33)

=0

= i,

and x+ and x− can be formally regarded as position operators. The initial Hamiltonian can be
rewritten as a function of these new canonical pairs, and the new oscillators explicitly interact
between each other in this basis. The new variables (x+ , x− ), associated to the operators x̂+ and
x̂− are the one to which we associate Bohmian trajectories x+ (t), x− (t). We denote the collection
of all these, for all the k and all ω > 0, by x(t).
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Let us first consider the unnormalized system wave-function conditioned on arbitrary fixed bath
hidden variables:
|φex (t)i = hx|ΦI (t)i.
(34)
We will need a variation of this conditional wave function that is normalized at the initial time:
1
hx|ΦI (t)i
hx|0i


d Z
−2
X
x+2
+
x
j,ω
j,ω  e
= exp 
|φx (t)i.
dω
2
+
R
j=1

|φx (t)i =

(35)

(36)

Let us compute the dynamics of this conditional wave-function, for fixed bath hidden variables.
The partial time derivative is simply:
∂t |φex (t)i = hx|∂t ΦI (t)i
√
= −iĤsys |φex (t)i − i γ

(37)
Z

dω κ`k,ω Âk hx|p̂`,ω (t)|ΦI (t)i

(38)

dω κ`k,ω Âk hx| cos(ωt)p̂`,ω (0) − sin(ωt)x̂`,ω (0)|ΦI (t)i .

(39)

R

√
= −iĤsys |φex (t)i − i γ

Z
R

R
R
R
Now, splitting R into R+ + R− , changing of variable ω̃ = −ω in the second integral, regrouping
the integrals using κ`k,ω = κ`k,−ω and finally expressing the old canonical variables as a function of
the new gives
p Z
−
I
∂t |φex (t)i = −iĤsys |φex (t)i − i 2γ
dω κ`k,ω Âk hx| cos(ωt)p̂+
`,ω (0) + sin(ωt)p̂`,ω (0)|Φ (t)i (40)
R+


Z

p
δ  e
δ
`
= − iĤsys + 2γ Âk
|φx (t)i
(41)
dω κk,ω − cos(ωt) + − sin(ωt) −
δx`,ω
δx`,ω
R+
where we sum on the repeated indices `, k everywhere. Using (36), we get

Z

p
−
∂t |φx (t)i = − iĤsys + 2γ Âk
dω κ`k,ω cos(ωt)x+
`,ω + sin(ωt)x`,ω
R+

− cos(ωt)


δ
δ 
−
sin(ωt)
|φx (t)i.
δx+
δx−
`,ω
`,ω

(42)

We now define a field wi (x, s) obtained from the bath hidden variables, which as we will later see
can be made equal to the noise of the collapse model:


√ Z
−
(43)
wk (x, s) = 2
dω κ`k,ω cos(ωs)x+
+
sin(ωs)x
`,ω
`,ω .
R+

Let us now rewrite (42) as a function this field instead of the bath variables x. The functional
derivatives of the field with respect to bath variables are
δwk (x, s) √ j
= 2κk,ω cos(ωs),
δx+
j,ω
δwk (x, s) √ j
= 2κk,ω sin(ωs).
δx−
j,ω

(44)
(45)

Using the chain rule for functional derivatives and recalling the expression for D in (29) we get


Z
δ
√
√
∂t |φx (t)i = −iĤ + γ wj (t)Âj − 2 γ Âj
ds Djk (t, s)
|φx (t)i
(46)
δwk (s)
R


Z t
δ
√
√
= −iĤ + γ wj (t)Âj − 2 γ Âj
ds Djk (t, s)
|φx (t)i,
(47)
δwk (s)
0
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where in the last line, we just change the bounds of the integral because δwkδ (s) |φx (t)i = 0 if s > t
(the noise wj (t) appears in the dynamics only at time t, and thus the state at t does not depend
explicitly on wj (s), s > t). Hence, the unnormalized Bohmian wave function conditioned on fixed
bath hidden variables |φx (t)i is equal to the linear stochastic wave function of the collapse model
|φw (t)i, where the link between x and the noise field w is given by equation (43).

5.3 Initial conditions and law of the field
Let us now verify that the field wk (x, s) we have defined in (43) has the same probability distribution as the noise driving the linear equation of the collapse model we are interested in.
To this end, we need to assume that the bath Bohmian variables are sampled according to the
Born rule. Because we start in the ground state of all harmonic oscillators, the wave-function is
Gaussian and hence the hidden variables are Gaussian random variables of zero mean, with
Q(x) = |hx|0i|2

(48)


= N −1 exp −

d Z
X
j=1

R+


−2 
.
dω x+2
j,ω + xj,ω

(49)

The noise field wk (x, s) is a linear functional of these random variables, and hence is also Gaussian
of zero mean. Let us compute its two-point correlation function:

Z
d
X
`2
+
1
E[wj (x, u)wk (x, v)] = 2
dω1 dω2 κ`j,ω
κ
cos(ω1 u) cos(ω2 v)E[x+
k,ω1 xj,ω2 ]
1 k,ω2
+2
`1 ,`2 =1 R
(50)

−
+ sin(ω1 u) sin(ω2 v)E[x−
j,ω1 xk,ω2 ] .

−
−
+
From (49) we get E[x+
k,ω1 xj,ω2 ] = E[xj,ω1 xk,ω2 ] = δjk δ(ω1 − ω2 ) and hence finally

EQ [wj (x, u)wk (x, v)] = Djk (u, v).

(51)

So, as advertised, the field we defined from Bohmian particle positions at the initial time has
the same law as the collapse noise, provided the Bohmian variables are statistically distributed
according to the Born rule.

5.4 Full equivalence
So far, we have kept the Bohmian variables fixed, that is, we have considered |ψex (t)i where x = x(0)
denotes the Bohmian variables associated to the bath oscillator at t = 0. Let us now compute their
±
d ±
xk,ω (t) as a function of the wave-function. Using (18) we get
velocity field, i.e. vk,ω
= dt
p
+
(52)
V̂k,ω
= 2γ κk`,ω cos(ωt) Â` ⊗ 1,
p
−
k
V̂k,ω = 2γ κ`,ω sin(ωt) Â` ⊗ 1,
(53)
and thus, using (17),
+
vk,ω
=

p

2γ cos(ωt) κk`,ω

hφx(t) (t)|Â` |φx(t) (t)i
,
hφx(t) (t)|φx(t) (t)i

(54)

−
vk,ω
=

p

2γ sin(ωt) κk`,ω

hφx(t) (t)|Â` |φx(t) (t)i
.
hφx(t) (t)|ψx(t) (t)i

(55)

This allows us to compute wk (x(t), s), indeed
!
−
+
√ Z
dx
(t)
dx
(t)
d
`,ω
`,ω
wk (x(t), s) = 2
dω κ`k,ω cos(ωs)
+ sin(ωs)
dt
dt
dt
R+
Z
√
=2 γ
dω κ`k,ω κ`k0 ,ω cos(ω(t − s)) hÂk0 it

(56)
(57)

R+

√
= 2 γ Dkk0 (t, s) hÂk0 it ,
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where we have introduced the notation, similar to the one we used in the collapse case
hÂk it :=

hφx(t) (t)|Âk |φx(t) (t)i
= hψx(t) (t)|Âk |ψx(t) (t)i.
hφx(t) (t)|φx(t) (t)i

(59)

Hence the time evolution of this function wk (x(t), s) of bath hidden variables is exactly the same
as that of the redefined noise field of the collapse model. Since for a given realization of noise (or
fixed x), the Bohmian conditional wave function and the collapse model linear wave function are
identical, we get that the full non-linear trajectories are identical, i.e.
√ Z

[0]
−
∀t ≥ 0, if wk (u) = wk (x(0), u) = 2 dω κ`k,ω cos(ωu)x+
`,ω + sin(ωu)x`,ω
(60)
then |ψw[t] (t)i = |ψx(t) (t)i
This is the result we had advertised.

5.5 Summary
To summarize the equivalence we have derived, we provide a dictionary to go from one representation to the other.
Collapse model

Bohmian reformulation

Gaussian noise field before redefinition
wk (s) with EQ [wj (t)wk (s)] = Djk (t, s)

Deterministic
of fixed bath hidden variables
√ function

R
−
wk (x, s) = 2 dω κ`k,ω cos(ωs)x+
`,ω + sin(ωs)x`,ω

Non-Gaussian noise field after redefinition
Rt
[t]
wk (s) = wk (s) + 2 0 du Dk0 k (u, s)hAk0 iu ,

Deterministic √
function
of real-time bath hidden variables 
R
−
`
wk (x(t), s) = 2 dω κk,ω cos(ωs)x+
`,ω (t) + sin(ωs)x`,ω (t)

Intrinsic randomness progressively
introduced in the dynamics by noise

Deterministic dynamics with uncertainty coming from
lack of knowledge of bath hidden variables at t = 0

Un-normalized wave-function |φw (t)i
obeying the linear stochastic equation

Wave-function conditioned on fixed bath particle positions
1
hx|ΦI (t)i
|φx (t)i = hx|0i

Normalized wave-function |ψw[t] (t)i
obeying non-linear stochastic dynamics

Normalized wave-function |ψx(t) (t)i
conditioned on real-time bath hidden variables

6 Discussion
6.1 Testability
Conventionally, there has existed a distinction between strict interpretations of quantum mechanics,
such as Bohmian mechanics, and modifications, such as collapse theories. The latter are supposed
to be empirically distinguishable from standard quantum mechanics, a feature which is seen as
desirable by many proponents. How, then, can this distinction make sense if, as we have shown,
generic collapse theories are most easily understood as the conditional wave-function dynamics
arising from a Bohmian type of theory?
The answer to that question is that the class of collapse models we considered are consistent
with quantum theory understood broadly because they are derived mathematically by coupling the
physical system to another quantum mechanical system, a bath. (In the special case of Markovian
noise, this quantum bath can be thought of as a measurement apparatus). This is the only known
way to obtain a collapse model that preserves the nice properties of quantum mechanics, such
as the linearity of probability as a function of the density operator ρ, and the impossibility of
faster-than-light signalling. That is, assuming that the collapse model accounts for the appearance
of effectively classical measurement results when applied to macroscopic systems, its predictions
for the statistics of the results of measurements made in this way on some (typically microscopic)
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system of interest S can be obtained simply by tracing over the bath introduced to derive the
collapse model for S.
Thus, by design, it is impossible to experimentally distinguish the signature of a non-Markovian
collapse model from that of (purely quantum mechanical) extra degrees of freedom. But to be
consistent with some quantum mechanical model does not make collapse models consistent with
our best current physical theories. Most blatantly, the extra degrees of freedom, could break
symmetries we expect all fundamental quantum theories to obey, like Lorentz invariance. This
should have clear experimental signatures, to the extent that even the supposed guarantee of nosignalling offered by this style of theory could be voided on microscopic length scales. This is so
whether we think of the bath as a purely mathematical tool for deriving non-Markovian collapse
equations, or as physically existing degrees of freedom with associated Bohmian variables which
define the collapse.

6.2 Collapse models within the Standard Model?
The considerations of the preceding subsection raise the question of whether it would be possible
to formulate a collapse model respecting (at the empirical level) Lorentz symmetry, and other
desirable symmetries. The obvious strategy would be to make the bosonic bath a free quantum
field with dynamics respecting those symmetries, with a Hamiltonian coupling to the ‘physical’
system which is linear in the bath field operators [43]. But then one realizes that we already
have a quantum field with these properties: the electromagnetic radiation (EMR) field with the
relativistic QED coupling. That is, one could consider the EMR field to be the ‘bath’, and all
other fundamental fields, bosonic and fermionic, to be the ‘system’. A commuting set of half the
degrees of freedom of the EMR field is assigned a real value at all points in space-time, by the usual
Bohmian theory for bosonic quantum fields [44]. It is only the wave-function of the ‘system’ that
has non-Markovian stochastic dynamics, conditioned on the EMR hidden variables. This approach
to defining a fundamental ontology has in fact been proposed [44] as a way to avoid the difficulties
with defining Bohmian trajectories for relativistic fermions.
Now, the theory just described is not precisely of the form set out in the body of the paper.
First, the Bohmian degrees of freedom of the EMR field are those for the vector potential (e.g. its
value in each j, ω-mode), rather than quadrature variables mixing modes of different frequencies
x±
j,ω as we have considered. Second, the EMR operator that appears in the coupling Hamiltonian to
charged matter is the vector potential itself, rather than conjugate momenta p̂`,ω to the positions
which are assigned hidden variables. Third, the matter operators that appear in that coupling
Hamiltonian are (mechanical) momentum or velocity operators, which are not strictly localized
in space as the collapse operators Âk were assumed to be. Nevertheless, it is very plausible that
the QED coupling to the EMR does lead to decoherence of macroscopic objects in a quasiclassical
basis [45], and that the information in the EMR about the matter configuration would be carried
in the values of the vector potential. Thus there is enough similarity in structure that it is worth
thinking about whether this particular Bohmian theory could be considered a collapse model for
the state of (non-EMR) matter. This then raises the question of whether generalisations beyond
EMR, to other gauge fields, could also be so considered.

6.3 Physicality, the Markovian Limit, and Terminology
As we have discussed, non-Markovian collapse models cannot be regarded as a straightforward
non-linear driving of the Schrödinger equation, with the only difference from the Markovian case
being that the noise is colored. Non-Markovianity runs much deeper, and the whole evolution is
non-trivial to obtain. This raises the question of how nature would implement such a peculiar
evolution, where it seems that linearity at the master equation level and the Born rule emerge
almost from a conspiracy.
The Bohmian rewriting, on the other hand, seems to provide a mechanical understanding of how
such apparently complicated functional differential equation and field redefinition could emerge.
In the Bohmian unitary rewriting, complexity comes from the fact that we should not expect the
conditional wave-function to obey a simple closed equation, since it describes only part of the
universe. The universe as a whole still obeys simple dynamics, just as in Bohmian mechanics.
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The construction we presented still works in the Markovian limit, where the noise field driving
the collapse model becomes white. But in this limit, the advantage in terms of simplicity goes from
the Bohmian description to the collapse one. Indeed, in the Markovian limit, all the subtleties in
the definition of the collapse dynamics vanish, and the collapse model wave-function obeys a
simple closed stochastic differential equation. The Bohmian rewriting, on the other hand, requires
a continuously infinite number of particles. Their erratic motion, uncorrelated in time in this limit,
effectively recreates the white noise.
Based on these considerations, we think it could be preferable to restrict the name “collapse
models” to models driven by white noise. This is the regime where one can think of the quantum
state (on a Cauchy surface) as the state of the universe, since it is sufficient to generate all possible
futures with the correct probabilities. Out of this regime, the state of the universe has to be more
than the quantum state. Indeed, the natural description, as we have shown, is one where the
quantum state is extended (to other degrees of freedom) and supplemented with hidden variables
(for those degrees of freedom) satisfying Bohmian equations.

6.4 Randomness, Determinism, Bell, and Local Friendliness
The equivalence uncovered in this paper, between non-Markovian wave-function evolution models
and certain Bohmian-type models, also shines new light onto issues of randomness and determinism.
It has been argued previously by Gisin [46] that the difference between deterministic and stochastic
theories lies only in where one puts the randomness. In stochastic theories, randomness develops in
time, definite outcomes emerging progressively. In deterministic theories (like classical or Bohmian
mechanics), all the randomness is hidden in the initial conditions (which are either unknowable
or only fixable to finite precision). For aesthetic and philosophical reasons, Gisin favors the first
option. But our formulation of non-Markovian wave-function evolution models suggest that they
are more naturally thought of as gradually revealing randomness in initial conditions.
Moreover, this has implications for (non)locality, in Bell’s theorem [47] and a more recent
theorem [48]. Here we are concerned with locality as defined in Refs. [49, 50], with the approximate
meaning of parameter independence [51]. This is the sense for which the additional assumption
of determinism is necessary5 to obtain Bell inequalities [47]. Here we understand determinism to
mean, very roughly, that measurement results are determined by the state of the universe on any
Cauchy surface prior to the measurement, or at least on any leaf in a preferred foliation. For
theories which take the wave-function of the universe as an element of reality, it is a property of
the leaf itself, not localized anywhere in space-time.
For a non-Markovian stochastic wave-function model, if one rejects the Bohmian-like ontology
we have proposed and takes the ontology to inhere in the wave-function, it would seem that
one would obviously end up with a non-deterministic theory. In fact, things are not so straightforward. Say the non-Markovian noise is band-limited, as will necessarily be the case if the bath
used to define it has a Hamiltonian that is bounded below6 . Then the wave-function evolution
will be analytic; its value a finite time in the future can be predicted with arbitrary accuracy from
finitely many derivatives. Thus if we take the wave-function and its time derivatives to be real,
then knowing these on one Cauchy surface would allow one to predict the (supposedly stochastic)
future of the wave-function, including the measurement records it generates.
An implication of the above is that, unlike the Markovian case, at least these types of nonMarkovian stochastic wave-function evolution models must be nonlocal. This follows by Bell’s
theorem; if the model is deterministic (or can be arbitrarily well approximated by a model that
is deterministic) then it must be nonlocal. Markovian collapse theories, by contrast, are local
because these collapses can be considered a measurement “from outside the universe”, which is just
the way that measurements are treated (“from outside the system”) in standard operational quantum mechanics. As operational quantum mechanics is local, in the sense of satisfying parameter
independence [49–51], so are Markovian collapse models.
Beyond Bell’s theorem, the above conclusions have implications for the recently proven “Local
5 This is as opposed to a different sense, that Bell formalized as local causality [9], for which no such additional
assumption is required.
6 This

is because our construction uses pairs of positive and negative frequency modes; see Sec. 5.2.

Accepted in

Quantum 2021-11-15, click title to verify. Published under CC-BY 4.0.

15

Friendliness” (LF) theorem [48]. This theorem combines Bell’s theorem with Wigner’s friend
scenario, to replace Bell’s 1964 assumption of determinism with one of the absolute reality of
observations by a ‘friend’. This assumption, called “Absoluteness of observed events” in Ref. [48],
is applied even when that observation can be unitarily reversed. This reversal is necessary to violate
a LF inequality (the analogue of a Bell inequality), and is arguably possible if, as is widely believed,
universal quantum computing is possible [52]. But since ‘true’ (Markovian) collapse models respect
locality, while non-Markovian collapse models do not necessarily respect it, different conclusions
can be drawn. If a LF inequality can be violated in an experiment involving an intelligent quantum
computer, true collapse models entail that the observations of this intelligent party are not, or at
least not always, real in an absolute sense. By contrast this negative conclusion does not follow for
non-Markovian stochastic wave-function models and other hidden variable models; their ontology
may include physical correlates of observations by this intelligent party, but this will depend on
the details of the model and of the physical implementation of the quantum computation [52].

6.5 Is there an alternative to guiding laws?
It is quite striking that two a priori completely different approaches to solving the measurement
problem of quantum mechanics in a realist way –general collapse models and Bohmian-like theories–
turn out to be essentially the same thing formally. Moreover this correspondence is not limited to
theories with continuous evolution: jump-dynamics of discrete hidden variables [53, 54]) can be used
to define non-Markovian stochastic wave-function models with discontinuous collapses [55]. This
raises the question of whether this type of approach exhausts the possibilities for “unromantic”
interpretations [8]. That is, are there consistent laws for statistics of local beables that cannot
be formulated using guiding laws for the velocity of beables directly derived from a quantum
mechanical probability current (or, in the discrete case, transition rates derived from quantum
mechanical transition probabilities)?
One serious attempt in this direction was made by Kent [56] (see [43] for a proposal in the
same spirit), and consists in fixing the beables all at once. Taking the wave-function for all time
up to the end of the universe (or a time arbitrarily far in the future), one defines the beables
for earlier times a posteriori. In such an approach, the dynamics of the beables is not obtained
forward in time, knowing the past, as a Cauchy problem, but depends on the future. This does
not come without difficulties, as was noted by Marsh and Butterfield [57, 58], but likely deserves
to be explored further.
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Appendix: change of noise variables
Our objective is to compute the explicit expression of the transformed noise trajectory w[t] , given
in equation (14), starting from the implicit prescription (12):
h
i
EQ f (w[t] ) = EP(t) [f (w)] .
(61)
The following derivation follows the same strategy as the original one in [38] but matches the
notations of the present paper and is meant to make it self contained. Let us choose a functional f
−1
of the form f (w) = N (w, t) g(w) where N (w, t) = hφw (t)|φw (t)i. By definition, EP(t) [f (w)] =
EQ [f (w)N (w, t)], hence:
h
i
EQ f (w[t] ) = EQ [g(w)] .

Accepted in

Quantum 2021-11-15, click title to verify. Published under CC-BY 4.0.

(62)

16

Consequently, the right hand side is time independent and:
h
i
d
0 = EQ f (w[t] )
dt
#
"
Z t
[t]


dwj (s)
−1
−1
δ
[t]
[t]
[t]
[t]
g(w )N (w , t)
= EQ g(w )∂t N (w , t) +
ds
dt δw[t] (s)
0

(63)
(64)

j

The first term can be computed using (4):
−1

∂t N (w[t] , t)

−1 [t]
√
= − 2 γhÂj it N (w[t] , t) wj (t)
Z t
−2
√
[t]
+ 2 γN (w , t)
ds Djk (t, s)
0

δ
[t]

δwk (s)

(65)

h
i
hÂj it N (w[t] , t) ,

where we have used the notation:
hφw[t] (t)|Âj |φw[t] (t)i
= hψw[t] (t)|Âj |ψw[t] (t)i.
hφw[t] (t)|φw[t] (t)i

hÂj it =

(66)

Let us compute the first term in (64). The Furutsu-Novikov formula [16, 59] gives:


Z t
δ
F(w) .
ds Djk (t, s)EQ
∀ F, EQ [F(w)wj (t)] =
δwk (s)
0

(67)

It is easily extended from w to w[t] using (62) and yields:
h

EQ g(w[t] )hÂj it N (w[t] , t)

−1

[t]
wj (t)

i

Z

"

t

=

δ

−1

ds Djk (t, s)EQ N (w[t] , t)

[t]

δwk (s)

0

#
h
i
g(w[t] )hÂj it
(68)

Inserting this formula in (64) gives:
h

[t]

[t]

EQ g(w )∂t N (w , t)

−1

i

"

√

t

Z

= EQ −2 γ

dsDjk (t, s)hÂj it
0

δ
[t]

h

[t]

[t]

g(w )N (w , t)

−1

#
i

,

δwk (s)
(69)

hence:
"Z
EQ

t

ds
0

[t]

dwk (s)
√
− 2 γDjk (t, s)hÂj it
dt

!

δ
[t]

h

[t]

[t]

g(w )N (w , t)

−1

#
i

= 0,

(70)

δwk (s)

This latter expression is true for all functionals g thus:
[t]

dwj (s)
√
− 2 γDjk (t, s)hÂj it = 0
dt

(71)

and finally:
[t]
wk (s)

√

Z

t

dτ Djk (τ, s)hÂj iτ .

= wk (s) + 2 γ

(72)

0
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