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We study the implications of the anyon fusion equation a × b = c on
global properties of 2 + 1D topological quantum field theories (TQFTs).
Here a and b are anyons that fuse together to give a unique anyon, c.
As is well known, when at least one of a and b is abelian, such equations
describe aspects of the one-form symmetry of the theory. When a and
b are non-abelian, the most obvious way such fusions arise is when a
TQFT can be resolved into a product of TQFTs with trivial mutual
braiding, and a and b lie in separate factors. More generally, we argue
that the appearance of such fusions for non-abelian a and b can also be an
indication of zero-form symmetries in a TQFT, of what we term “quasizero-form symmetries" (as in the case of discrete gauge theories based
on the largest Mathieu group, M24 ), or of the existence of non-modular
fusion subcategories. We study these ideas in a variety of TQFT settings
from (twisted and untwisted) discrete gauge theories to Chern-Simons
theories based on continuous gauge groups and related cosets. Along the
way, we prove various useful theorems.

Contents
1 Introduction
2 Discrete gauge theories and a × b = c: from groups to TQFT
2.1 Fusion rules and modular data . . . . . . . . . . . . . . .
2.2 Non-abelian Wilson lines and a × b = c . . . . . . . . . .
2.3 Subgroups, subcategories, and primality . . . . . . . . .
2.4 Zero-form symmetries . . . . . . . . . . . . . . . . . . . .
2.5 Quasi-zero-form symmetries . . . . . . . . . . . . . . . .
2.6 Beyond Wilson lines . . . . . . . . . . . . . . . . . . . .

2
.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

7
8
11
21
24
26
29

3 Gk , cosets, and a × b = c
36
3.1 Gk CS theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.2 Virasoro minimal models and some cosets without fixed points . . . . 38
Matthew Buican: m.buican@qmul.ac.uk
Linfeng Li: linfeng.li@qmul.ac.uk
Rajath Radhakrishnan: r.k.radhakrishnan@qmul.ac.uk

Accepted in

Quantum 2021-06-01, click title to verify. Published under CC-BY 4.0.

1

3.3

Beyond Virasoro: cosets with fixed points

. . . . . . . . . . . . . . . 42

4 Summary and Conclusions

45

A Wilson line a × b = c in gauge theories with order forty-eight discrete gauge
group
49
B Genuine zero-form symmetries and quasi-zero-form symmetries in A9 discrete gauge theory
50
C GAP code

52

1 Introduction
Topological quantum field theories (TQFTs) in 2 + 1 dimensions and their anyonic
excitations lie at the heart of important physical [1], mathematical [2], and computational [3] systems and constructions. In principle, these TQFTs can be fully
characterized by solving a set of polynomial consistency conditions [4–6], although
proceeding in this way is often quite difficult as a practical matter (however, see [7, 8]
for examples of some results; see also [9] for a potentially very different approach).
More generally, it is interesting to understand aspects of the global structure of a
TQFT and its symmetries without the need to fully solve the theory (e.g., see [10]).
Proceeding in this way, we will study anyonic fusions a × b that have a unique
product anyon, c
a × b = c , a, b, c ∈ T ,
(1)
in a general 2 + 1 dimensional TQFT, T .1 Our main questions is: what does (1)
tell us about the global structure of T and its symmetries?
For invertible a and b (i.e., a and b are abelian anyons), fusion rules of the form
(1) describe the abelian 1-form symmetry group of the theory [11] (the closely related
modular S matrix characterizes its ’t Hooft anomalies [12]). In the case in which,
say, a is abelian and b is non-abelian,2 the equation (1) gives the fixed points of
the fusion of anyons in the theory with the one-form generator, a. Such equations
have important consequences for anyon condensation / one-form symmetry gauging
in TQFT [12, 13] as well as for orbifolding and coset constructions in closely related
2D rational conformal field theories (RCFTs) (e.g., see [14, 15]).
Although these cases will play a role below, we will be more interested in the
situation in which both a and b are non-abelian
a×b=c ,

da , db > 1 .

(2)

Here da,b denote the quantum dimensions of a and b (given they are larger than one,
neither a nor b are invertible). Since both a and b are non-abelian, one typically
1

Throughout what follows, we only consider non-spin TQFTs. These are theories that do not
require a spin structure in order to be well-defined.
2

In this case, b is non-invertible, and the fusion b × b̄ = 1 + · · · , where b̄ is the anyon conjugate
to b, necessarily contains at least one more anyon in the ellipses.
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finds that the right-hand side of (2) has multiple fusion products. For example,
fusions as in (2) do not occur in SU (2)k Chern-Simons (CS) theory for any value
of k ∈ N.3 As we will see, when fusions of non-abelian a and b do have a unique
outcome, there are consequences for the global structure of T .
The most trivial case in which a fusion of the type (2) occurs is when T factorizes
(not necessarily uniquely) as
T = T1  T 2 ,
(3)
with T1 and T2 two separate TQFTs that have trivial mutual braiding, a ∈ T1 , and
b ∈ T2 .4 Here “" denotes a categorical generalization of the direct product called a
“Deligne product" that respects some of the additional structure present in TQFT.
As we will discuss in section 3, precisely such a situation arises in the modular tensor categories (MTCs) related to unitary A-type Virasoro minimal models
with c > 1/2.5 MTCs are mathematical descriptions of TQFTs, and, for the theories in question, they encapsulate the topological properties of the Virasoro primary fields. One may think of the, say, left-movers in these RCFTs as arising at a
1+1 dimensional interface between 2+1 dimensional CS theories with gauge groups
SU (2)1 × SU (2)k and SU (2)k+1 . In the minimal models, we have
ϕ(r,1) × ϕ(1,s) = ϕ(r,s) ,

(4)

where 2 ≤ r < p − 2 and 2 ≤ s < p − 1 are Kac labels that give Virasoro primaries
with non-abelian fusion rules (here we have (r, s) ∼ (p − 1 − r, p − s), and p > 4 is
an integer labeling the unitary minimal model).6 Thinking in terms of cosets, we
will see that (4) arises because the Virasoro MTC factorizes as in (3).7
To gain further insight into more general situations in which (2) occurs, it is
useful to imagine connecting a fusion vertex involving the a, b, c ayons with a fusion
vertex involving the ā, b̄, and c̄ anyons via a c internal line as in the left diagram of
figure 1. Using associativity of fusion (via a so-called Fb̄āab symbol) we arrive at the
right diagram of figure 1. The relation between these two diagrams can be thought
of as a change of basis on the space of internal states. Since, by construction, the
left diagram in figure 1 can only involve a c internal line, the right diagram in figure
1 can also only involve a single internal line. On general grounds, this line must
be the identity.8 This result can also be derived by looking at decomposition of
3

In section 3, we will discuss the situation for more general Gk CS theories.

4

Note that T1,2 may factorize further. Moreover, a may contain an abelian component in T2 ,
and b may contain an abelian component in T1 .
5

Note that in the case of the Ising model (c = 1/2), at least one of the anyons in the fusion
a × b = c is abelian (and the corresponding MTC does not factorize). We thank I. Runkel for
drawing our attention to the a × b = c fusion rules for non-abelian fields in Virasoro minimal
models.
6

The abelian field ϕ(p−2,1) ∼ ϕ(1,p−1) satisfies the fusion rule ϕ(1,p−1) × ϕ(1,p−1) = ϕ(1,1) = 1.

7

Note that this factorization does not extend to one of the RCFT.

8

By rotating the ā, b̄, and c̄ vertex, we see that a × b = c is equivalent to requiring a × b̄ = d
and ā × b = d¯ (see figure 2). This logic also explains why, for non-abelian a, it is impossible to
have a × a = c even if a 6= ā.
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Figure 1: The fusions a × b and ā × b̄ have unique outcomes c and c̄ respectively. In the left
diagram, we connect the corresponding fusion vertices. To get to the diagram on the right,
we perform an Fb̄āab transformation. Just as the left diagram has a unique internal line, so too
does the diagram on the right (in this latter case, the internal line must be the identity).
b
fusion spaces. Consider the fusion space Vbaa
. It can be decomposed in the following
different ways
b
Vbaa
'

X

Vbac ⊗ Vcab '

c

X

x
'
Vbxb ⊗ Vaa

x
,
Vbbx ⊗ Vaa

X

x

x

(5)

where, in the last equality above, we have used the fusion space isomorphism, Vbxb '
Vbbx . If we have the fusion rule a × b = c, then (5) simplifies to
b
' Vbac ⊗ Vcab '
Vbaa

X
x

x
Vbbx ⊗ Vaa

(6)

Moreover, we know that Vbac and Vcab are 1-dimensional. Hence, the dimension of
P
x
direct sum of fusion spaces x Vbbx ⊗ Vaa
should be 1-dimensional. It follows that the
x
and Vbbx should
sum should be over a single element and that the fusion spaces Vaa
be 1-dimensional. Since the trivial anyon 1 is always an element in the fusions a × a
and b × b, we have
1
b
Vbaa
' Vbac ⊗ Vcab ' Vbb1 ⊗ Vaa
(7)
Therefore, we learn that a fusion rule of the form (2) is equivalent to the following
a × ā = 1 +

X

ai
Naā
ai ,

b × b̄ = 1 +

ai 6=1

X

b

Nbb̄j bj ,

bj ∈ b × b̄ ⇒ bj 6∈ a × ā ,

bj 6=1

ai ∈ a × ā ⇒ ai 6∈ b × b̄ ∀ i, j .

(8)

In other words, the fusion of a × b has a unique outcome if and only if the only
fusion product that a × ā and b × b̄ have in common is the identity.
Reformulating the problem as in (8) immediately suggests scenarios in which
fusions of the form (2) occur beyond cases in which T factorizes into prime TQFTs.
For example, if a ∈ C1 ⊂ T and b ∈ C2 ⊂ T lie in non-modular fusion subcategories
of T , C1,2 , with trivial intersection (i.e., C1 ∩ C2 = 1 only contains the trivial anyon),
then we have (2) and T need not factorize.9 More generally, when a ∈ C ⊂ T is
9

In other words, fusion of anyons in Ci is closed. Moreover, the Ci inherit associativity and
braiding from T , but the Hopf link evaluated on anyons in these subcategories is degenerate (as a
matrix). By modularity, the Ci will have non-trivial braiding with some anyons xA 6∈ C1,2 (where
A is an index running over such anyons). On the other hand, if the Hopf links for the Ci are
non-degenerate, Müger’s theorem [10] guarantees that they will in fact be separate TQFTs and so
we are back in the situation of (3).
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Figure 2: By rotating the bottom vertex in the left diagram of figure 1, we arrive at the above
diagram on the left. Again, we have a single internal line labeled by c. We get to the diagram
on the right by performing an Fāb̄ab transformation. Just as the left diagram has a unique
internal line, so too does the diagram on the right.

a member of a non-modular subcategory that does not include b (i.e., b 6∈ C), we
expect it to be more likely to find fusions of the form (8) and (2) since a × ā ∈ C,
but b × b̄ will generally include elements outside C. In fact, we will see that we can
often say more when the fusion of a non-abelian Wilson line carrying charge in an
unfaithful representation of a discrete gauge group is involved.
Another scenario in which we can imagine (8)—and therefore (2)—arising is one
in which zero-form symmetries act non-trivially on a (i.e., g(a) 6= a for some zeroform generator g ∈ G, where G is the zero-form group) and the ai 6= 1 but not
on b.10 In this case, combinations of ai that do not form full orbits under G are
forbidden from appearing in b × b̄. Given a particular G, this argument may suffice
to show that, for all i, ai 6∈ b × b̄. More generally, symmetries constrain what can
appear as fusion products of a × ā and b × b̄. The more powerful these symmetries,
the more likely to find fusion rules of the type (8).
Interestingly, there is a close connection between the existence of symmetries
and the existence of subcategories in TQFT. For example, as we will discuss further in section 2.4, for TQFTs corresponding to discrete gauge theories [16, 17],
certain “quantum symmetries" or electric-magnetic self-dualities arise when we have
particular non-modular subcategories Ci ⊂ T (see [18] for a general theory of such
symmetries and [19] for the case of S3 discrete gauge theory).
We will also find various other, more subtle, connections between symmetries
and fusion rules of the form (8) and (2). Moreover, we will see that symmetry is
ubiquitous: in all the theories with fusion rules of the form (8) and (2) we analyze,
either there is a zero-form symmetry present or else there is, at the very least, a
symmetry of the modular data that exchanges anyons (in cases where this action does
not lift to the full TQFT, we call these symmetries “quasi zero-form symmetries").
We will study fusions of the above type in two typically very different classes of
2 + 1D TQFTs:11 discrete gauge theories and cosets built out of CS theories with
continuous gauge groups (we will refer to these latter theories simply as “cosets").
Discrete gauge theories are always non-chiral, whereas Chern-Simons theories and
10

By definition, the symmetry also acts non-trivially on ā so that g(a) = g(ā) 6= ā. On the other
hand, note that one-form symmetry will act trivially on the product a × ā.
11

Note that there are sometimes dualities between theories in these two classes.
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their associated cosets are typically chiral.12
In the context of discrete gauge theories, whenever we have a (full) zero-form
symmetry present, we will see that fusion rules of the type (8) and (2) have simple
interpretations in certain parent theories gotten by gauging the zero-form symmetry,
G0 . We go from the parent theories back to the original theories by gauging a “dual"
one-form symmetry, G1 , that is isomorphic (as a group) to G0 (see [20] for a more
general review of this procedure). In this reverse process, we produce the a × b = c
fusion rules of the corresponding discrete gauge theories via certain fusion fixed
points of the one-form symmetry generators in the parent theories.
Similarly, in the context of our coset theories, we will see that fusion rules of the
form a × b = c arise due to certain fixed points in the coset construction (though
these fixed points do not generally involve a, b, and c). Cosets corresponding to
the Virasoro minimal models lack such fixed points and so, as discussed above, they
factorize. On the other hand, more complicated cosets do sometimes have such fixed
points, and we will construct an explicit example of such a prime TQFT that has
fusion rules of the form (8) and (2).
To summarize, this discussion leads us to the following questions we will answer
in subsequent sections:
1. Does (2) imply a factorization of TQFTs
T = T1  T2 ,

(9)

with a ∈ T1 and b ∈ T2 ? As has been hinted at above, we will see in sections
2 and 3 that the answer is generally no.
2. Does (2) imply that a belongs to one fusion subcategory and b to another and
that the intersection of these subcategories is trivial? In other words, do we
have
a ∈ C1 ⊂ T , b ∈ C2 ⊂ T , C1 ∩ C2 = 1 ?
(10)
As we will see in section 2, the answer is generally no, even if we relax the
requirement of trivial intersection. However, we will explicitly construct such
examples (with non-modular C1,2 ⊂ T , where T is prime) in the case of discrete
gauge theories.
3. Does (2) imply that a is in some subcategory C ⊂ T that b is not a member
of? In other words, do we have
a∈C⊂T ,

b∈
/C?

(11)

As we will see in section 2, the answer is generally no. However, we will argue
that such constructions are quite easy to engineer in the context of discrete
gauge theories, and we will explain when they arise. We will see that these
constructions often have interesting interactions with symmetries.
12

By a chiral TQFT, we mean one in which the topological central charge satisfies ctop 6=
0 (mod 8).
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4. Given a and b as in (2), do they have trivial mutual braiding? In other words,
do we have
Sab
= da ,
(12)
S0b
where S is the modular S-matrix? This is true in the context of discrete gauge
theories with a simple gauge group [21]. However, non-trivial braiding does
arise naturally in the context of the fusion of non-abelian electrically charged
lines with non-abelian magnetically charged lines.
5. Given a and b as in (2), does T have a non-trivial zero-form symmetry acting
on either a or b? Does the TQFT have a zero-form symmetry that acts more
generally? We will see in section 2 the answer to both these questions is no.
However, in cases in which this is true, it seems to always be related to the
existence of a certain fusion fixed point of one-form symmetry generators in
a parent TQFT. Of the infinitely many examples of untwisted discrete gauge
theories we study, only gauge theories based on the Mathieu groups M23 and
M24 fail to have zero-form symmetries.
6. Given a and b as in (2), does T have a non-trivial symmetry of the modular
data? As we will see in sections 2 and 3, the answer seems to be yes. Clearly,
it would be interesting to see if it is possible to define parents of such theories
that generalize the relationship in (5). Note that the Mathieu gauge theories
discussed in the previous point do have symmetries of their modular data
(however, these symmetries do not lift to symmetries of the full TQFTs).
As we will see, many of these questions have simpler answers when studying
discrete gauge theories. The reason is that powerful statements in these TQFTs can
often be deduced from simple reasoning in the underlying theory of discrete groups.
On the other hand, intuition one gains from taking products of representations in
various continuous groups, like SU (N ), turns out to be somewhat misleading for
our questions above.
The plan of this paper is as follows. In the next section, we start with discrete
gauge theories and explain how intuition in the theory of finite groups leads us to
various answers to the above questions. Along the way, we prove various theorems
about discrete gauge theories and fusion rules of the form (2) and (8) generalizing
our work in [21]. Moreover, we discuss the role that subcategories and symmetries
of discrete gauge theories play in such fusion rules. In the final part of the paper,
we go to continuous groups and discuss coset theories. We tie the existence of fusion
rules of type (2) and (8) to certain fixed points in the coset construction. We then
finish with some conclusions and future directions.

2 Discrete gauge theories and a×b = c: from groups to TQFT
In this section we test the ideas presented in the introduction on discrete gauge
theories [16, 17]. These TQFTs are characterized by a choice of discrete gauge
group, G, and a Dijkgraaf-Witten twist, ω ∈ H 3 (G, U (1)).13 The basic degrees of
13

There are redundancies / dualities in this description: see [22].
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freedom are anyonic line operators of the following three types
1. Wilson lines, Wπ , carrying electric charge labeled by a linear representation,
π, of G and trivial magnetic charge. This set of operators exists no matter the
value of ω.
2. Magnetic flux lines, µ[g] , carrying magnetic charge labeled by a conjugacy class,
[g], of a representative element, g ∈ G, but having trivial electric charge. In
general, their existence depends on the choice of ω.
3. Dyonic lines, L([g],πgω ) , carrying both magnetic flux and electric charge. In
general, they carry a projective representation of G.
These theories have the advantage that we can prove many theorems about them.
At the same time, they are very broad and so we can gain some insight into the
physical and mathematical questions we are asking.14
As we will see in the subsequent subsections, the physics of the various operators
listed above is qualitatively different. In order to take the shortest route to answering
some of the questions posed in the introduction and in order to establish the existence
of fusion rules of the form (2) in prime TQFTs, we will start with an analysis of
Wilson lines. These objects form a closed fusion subcategory that is particular easy
to analyze.15 As we explain, these are the most “group theoretical" and least anyonic
objects in a discrete gauge theory (in addition, as we see from the discussion of the
above list of operators, they are the most robust). As a result, we can borrow various
useful results from the study of finite groups.
In order to study the physics of other sectors of discrete gauge theories, we
will find it convenient to introduce some additional machinery for discussing subcategories (in section 2.3) and symmetries (in section 2.4). We also discuss quasi
zero-form symmetries and their appearance in various discrete gauge theories of
interest based on large Mathieu groups. Finally, we move beyond Wilson lines in
section 2.6 and discuss fusions of the form (2) involving non-abelian fluxes, magnetic
fluxes, and dyons.

2.1 Fusion rules and modular data
In this section, we briefly review how to construct a discrete gauge theory given
a finite gauge group, G (for a more succinct version of the review below, see [21]).
Although much of what we say is a consequence of [16], we will follow the perspective
in [20]. The main reason for this choice is that this latter perspective lends itself to
generalizations to cases in which we want to gauge global symmetries of theories that
already posses topological order (i.e., theories that already have non-trivial anyons).
14

Discrete gauge theories are, however, necessarily non-chiral. We will consider chiral coset
theories in section 3.
15

For other degrees of freedom, the story is more complicated. For example, in section 2.3, we
will see that in non-abelian discrete gauge theories, full sets of magnetic fluxes do not form fusion
subcategories.
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To construct the G discrete gauge theory we take a set of surface defects labeled
by elements g ∈ G (these are elements of a zero-form symmetry and therefore may
be non-abelian). These objects comprise a G-symmetry protected topological phase
(G-SPT). The fusion of the defects satisfies the corresponding group multiplication
law, g × h = gh. To complete the definition of the fusion category, we need to
choose how to implement associativity. This boils down to choosing an element
ω(g, h, k) ∈ H 3 (G, U (1)).
We are now ready to gauge the symmetry. To do this we pair conjugacy classes,
[gi ], with irreducible representations, πgωi , of the corresponding centralizers, Ngi (for
different choices of the conjugacy class representatives, the centralizers are isomorphic). These two objects combine to give anyons in the gauged theory
([gi ], πgωi ) ∈ Z(VecωG ) ,

(13)

where [gi ] and πgωi label the electric and magnetic charges of the discrete gauge
theory, which we denote as Z(VecωG ).16
If ω is non-trivial in cohomology, we have a “twisted" discrete gauge theory
with Dijkgraaf Witten 3-cocycle ω. This twisting typically leads to the πgωi being
projective (as opposed to linear) representations of the centralizers. More precisely,
to determine the projectivity of these representations, we should compute
ηg (h, k) :=

ω(g, h, k)ω(h, k, g)
∈ H 2 (Ng , U (1)) ,
ω(h, g, k)

h, k ∈ Ng ,

(14)

as this is the phase that appears in πgω (h)πgω (k) = ηg (h, k)πgω (hk). If ηg is nontrivial in cohomology, then the representation πgω is projective. Note that whenever
g = 1, the representations are linear. This means that, regardless of the twisting,
the sector of Wilson lines is unchanged.17 More generally, even if g 6= 1 and ω
is non-trivial, we may still have linear representations.18 As an example, we may
consider G = P SL(2, 4) and the Z3 centralizer of the length twenty conjugacy
class. In this case, we have H 2 (Z3 , U (1)) = Z1 , so the resulting ηg (with g in the
length twenty conjugacy class) is cohomologically trivial no matter the choice of
ω ∈ H 3 (P SL(2, 4), U (1)) = Z6 × Z10 .
The most important things for us to focus on in what follows are the fusion
coefficients appearing in
([g], πgω ) × ([h], πhω ) =

X
k,πkω

([k],π ω )

N([g],πgωk),([h],πω ) ([k], πkω ) .
h

(15)

Our choice of notation Z(Vecω
G ) for the discrete gauge theory reflects an alternative way to
think about the theory: as the Drinfeld center of the fusion category of G graded vector spaces
with associator ω ∈ H 3 (G, C× ). The Drinfeld center of a spherical fusion category is an MTC.
16

17

As a result, all of the statements that we arrive at for Wilson lines apply for both twisted and
untwisted discrete gauge theories.
18

More precisely, if ηg is a non-trivial 2-coboundary, we will obtain projective representations
that are in one-to-one correspondence with linear representations. We can remove these projective
factors via a symmetry gauge transformation of the type described in [20]. Note that while linear
representations can be one-dimensional (e.g., if the centralizer is an abelian group), projective
representations resulting from ηg cohomologically non-trivial are necessarily higher dimensional.
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To arrive a description of such a process we must combine conjugacy classes and
representations. In particular, we need to multiply elements in [g] and [h] and determine the corresponding conjugacy classes. At the same time, we must decompose
the product of irreducible representations of the corresponding centralizers into irreducible representations of centralizers of G. A simple prescription for doing this
is given in [20]
([k],π ω )

N([g],πgωk),([h],πω ) =
h

X

m(πkω |Nt g ∩Ns h ∩Nk , t πgω |Nt g ∩Ns h ∩Nk ⊗ s πhω |Nt g ∩Ns h ∩Nk

(t,s)∈Ng \G/Nh

⊗ π(ωt g,s h,k)(16)
),
where the sum is over the double coset, we define t g := t−1 gt, and t πgω |Nt g ∩Ns h ∩Nk ⊗
s ω
πh |Nt g ∩Ns h ∩Nk ⊗ π(ωt g,s h,k) and πkω |Nt g ∩Ns h ∩Nk are restrictions of irreducible representations of Nt g , Ns h , and Nk to the triple intersections of these normalizers. These
restrictions are generally (though crucially for us below not always) reducible representations of Nt g ∩ Ns h ∩ Nk . The m(a, b) function computes inner products of
the representations a and b (we will fill in further details of this function as needed
later in this section). Crucially, a and b must be the same type of representation
(i.e., they should both be linear or else transform with the same set of projective
weights) in order to be meaningfully compared.
We can determine the projectivity of the t πgω , s πhω , and πkω representations by
a computation in the relevant cohomology as in (14). The representation π(ωt g,s h,k)
is one dimensional (it is a representation of the action of symmetries on the onedimensional Vtkgs h fusion space in the G-SPT) and ensures that the arguments entering m(a, b) involve the same type of representations. Therefore, π(ωt g,s h,k) satisfies
π(ωt g,s h,k) (`)π(ωt g,s h,k) (m) =

ηk (`, m)
· π(ωt g,s h,k) (`m) .
ηt g (`, m)ηs h (`, m)

(17)

A more basic quantity of interest to us in what follows is the modular data of
the discrete gauge theory. It is given by [23]
S([g],πgω ),([h],πhω ) =

X
1
χk ω (`)∗ χ`πhω (k)∗ ,
|G| k∈[g], `∈[h], πg
k`=`k

θ([g],πgω )

χπgω (g)
=
,
χπgω (e)

(18)

where we define χhπgω (`) as follows
−1

χxgx
(xhx−1 ) :=
πgω

ηg (x−1 , xhx−1 )
χπgω (h) .
ηg (h, x−1 )

(19)

Here, θ is the topological spin, and S is the modular S matrix. It follows from these
definitions that quantum dimensions are given by
d([g],πgω ) =
Accepted in

S([g],πgω )([1],1)
= |[g]| · |πgω | ,
S([1],1)([1],1)
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where |[g]| is the size of the conjugacy class, and |πgω | is the dimension of the representation. Non-abelian anyons have d([g],πω ) > 1. As a consequence, they must
satisfy
([g], πgω ) × ([g −1 ], (πgω )∗ ) = ([1], 1) + · · · ,
(21)
where the ellipses necessarily contain additional terms (otherwise we would have
d([g],πω ) = 1), 1 is the trivial representation of G, and (([g −1 ], (πgω )∗ ) is the anyon
conjugate to ([g], πgω ).
We may write a dictionary between the non-abelian Wilson lines, flux lines, and
dyons discussed in the previous sections and the objects discussed in this section as
follows
Wπ1 ↔ ([1], π1 ) , |π1 | > 1 ,
µ[g] ↔ ([g], 1g ) , |[g]| > 1 ,
L([h],πhω ) ↔ ([h], πhω ) , |[h]| · |πhω | > 1 .

(22)

We have dropped the ω superscript from π1 in order to emphasize, as discussed
above, that Wilson lines always transform under linear representations of G. We
include an  superscript on the trivial representation of the flux line because these
objects only exist when the relevant ηg in (14) is trivial in cohomology. This triviality
means that ηg (h, k) can be expressed in terms of a one co-chain as follows: ηg (h, k) =
g (h)g (k) 19
.
g (h·k)

2.2 Non-abelian Wilson lines and a × b = c
We would like to recast the problem of constructing discrete gauge theories with
fusion rules (2) and (8) in terms of the closely related problem of finding irreducible
products of irreducible finite group representations. To make this connection as
direct as possible, it is useful to focus on Wilson lines of the discrete gauge theories
we are studying. Indeed, by specializing (16) to Wilson lines, we find
(1,π 00 )

N(1,π),(1,π0 ) = m(π 00 , π ⊗ π 0 ) =

1 X
χπ00 (g)χ∗π (g)χ∗π0 (g) = hχπ00 , χπ χπ0 i , (23)
|G| g∈G

where h·, ·i is the standard inner product on characters. Therefore, the Wilson lines
form a closed fusion subcategory of the discrete gauge theory, CW . Moreover, the
fusion rules of the Wilson lines are those of the representation semiring of the gauge
group.20 Note that CW is, in some sense, the “least anyonic" part of the theory: it
is easy to check from (18) that the Wilson lines are bosonic, so θWi = 1, and that
the braiding of Wilson lines amongst themselves is trivial,21 so SW1 W2 = dW1 dW2 /D
Note that 1g is the irreducible projective representation of Ng whose character is proportional
to the trivial representation of Ng .
19

20

In fact, we have CW ' Rep(G), where Rep(G) is the category of finite dimensional representations of G over C.
21

The Wilson lines braid non-trivially with other anyons in the theory (more formally: the
Wilson line subcategory is Lagrangian and so the Müger center of CW is CW itself).
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qP

N
22
2
To summarize, we see
(here D =
i=1 di , and the sum is over all the anyons).
that if we can find representations of some group, G, satisfying

χπ · χπ0 = χπ00 ,

|π|, |π 0 |, |π 00 | > 1 ,

(24)

where π, π 0 , and π 00 are irreducible, then, in the corresponding G discrete gauge
theory, we will have non-abelian Wilson lines satisfying
Wπ × Wπ0 = Wπ00 .

(25)

Since, by Cayley’s theorem, every finite group is isomorphic to a subgroup of the
symmetric group, SN , (for some N ) it is natural to start our discussion with SN . In
particular, to check whether π 00 is irreducible, we want to perform the group theory
analog of the F transformation discussed in the introduction (see figure 1)
hχπ · χπ0 , χπ · χπ0 i = hχ2π , χ2π0 i ,

(26)

where we have used the fact that SN is ambivalent (g and g −1 are in the same
conjugacy class for all g ∈ SN ) so that the characters are real. A theorem of
Zisser [25] shows that χ[N −2,2] ∈ χ2α , where [N − 2, 2] is a partition of N labeling
the corresponding representation of SN , and α is any irreducible representation of
dimension larger than one, |α| > 1. Moreover, since SN is ambivalent, this means
that χ[N ] ∈ χ2α , where χ[N ] is the trivial representation of SN . As a result, we see
that the analog of (8) yields
χπ ·χπ = χ[N ] +χ[N −2,2] +· · · , χπ0 ·χπ0 = χ[N ] +χ[N −2,2] +· · · ⇒ hχπ ·χπ0 , χπ ·χπ0 i > 1 ,
(27)
and so products of non-abelian representations of SN are never irreducible. Therefore, we cannot have (25) in SN discrete gauge theory.
2.2.1 Discrete gauge theories of finite simple groups
Since we have AN / SN (i.e., the alternating group, AN , is a normal subgroup of
SN ), it is natural to consider AN discrete gauge theories as the next possibility for
realizing (24) [25] and hence (25). Moreover, since AN is simple, only pure Wilson
lines can be involved in fusions of the form (2) [21], and the AN discrete gauge
theories are guaranteed to be prime [26] (we will return to the question of primality
in greater generality in section 2.3). Therefore, finding an example of (25) in AN
discrete gauge theories is sufficient to answer question (1) from the introduction in
the negative.
To understand if going to AN is a fruitful direction, we note that there are two
types of characters that arise in going from SN to AN :
(A) Characters that are restrictions of SN characters satisfying χλ 6= χ[1N ] · χλ ,
where χ[1N ] corresponds to the sign representation of SN . Let us call these
“type A" characters: χ̃λ := χλ |AN .
22

In fact, [24] guarantees that any such subcategory is equivalent to Rep(H) for some group H.
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(B) Characters that descend from SN characters satisfying χρ = χ[1N ] · χρ . As representations of AN , they split into two representations of the same dimension,
λ± . Let us call these “type B" characters: χρ(B) = χρ+ + χρ− = χρ |AN .
In going from SN to AN , we perform a group-theoretical version of gauging the
“one-form symmetry" generated by χ[1N ] : we identify characters related by multiplication with χ[1N ] , and we split characters that are invariant under multiplication
with χ[1N ] . Clearly, products of type A characters cannot be irreducible since they
(A)
(A)
will always contain χ[N ] and χ[N −2,2] after performing the F-transformation and
computing (27).23
A little more work in [25] shows that we can obtain (24) for AN if and only if
N = k 2 ≥ 9 by taking the product of the following type A and type B representations
χ̃[N −1,1] · χ[kk ]± = χ̃[kk−1 ,k−1,1] .

(28)

Moreover, the Z2 outer automorphism of AN acts on the type B characters as




g χ[kk ]± = χ[kk ]∓ , 1 6= g ∈ Out(AN ) ' Z2 .

(29)

Therefore, at the level of the non-abelian Wilson lines in the corresponding AN
discrete gauge theory, we learn that
W[N −1,1] × W[kk ]± = W[kk−1 ,k−1,1] .

(30)

Finally, Out(AN ) lifts to a full zero-form symmetry of the discrete gauge theory [18],
since, according to corollary 7.8 of [18]
Autbr (Z(VecAN )) ' H 2 (AN , U (1)) o Out(AN ) ' Z2 × Z2 ,

(31)

where the group on the left hand side is the group of braided tensor auto-equivalences
of the MTC underlying the discrete gauge theory, Z(VecAN ). As a result, we learn
that the symmetries of the discrete gauge theory exchange the W[kk ]± lines




g W[kk ]± = W[kk ]∓ , 1 6= g ∈ Out(AN ) / Autbr (Z(VecAN ) .

(32)

In other words, we have found that, in an infinite number of prime theories,
fusion rules of the type (2) are generated in pairs related by symmetries of the
discrete gauge theory. This discussion shows that TQFTs with fusions of the form
(2) need not factorize and so the answer to question (1) in the introduction is “no."
Let us now drive home the importance of symmetries in arriving at (30) and, at
the same time, gain insight that will be useful later. To that end, let us consider
gauging the Z2 outer automorphism symmetry of the AN discrete gauge theory.
Note that this gauging is allowed since the “defectification" obstruction described
physically in [20] is trivial here: H 4 (Z2 , U (1)) = Z1 . Moreover, since AN is simple,
the discrete gauge theory has no non-trivial abelian anyons (i.e., A = W[N ] ) and
23

In this discussion, we have implicitly assumed that N 6= 4 (although, for N = 3, we should take
(A)
(B)
[N − 2, 2] → [2, 1] to conform to usual conventions). For N = 4, we have χ[N −2,2] → χ[N −2,2] =
χ[N −2,2],+ + χ[N −2,2],− .
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so H 3 (Z2 , A) = Z1 . Therefore, (31) is a genuine zero-form symmetry group (as
opposed to being a 2-group).
More abstractly, let us consider a generalization of the fusion rules in (16) to the
case of gauging a zero form group, H, of a more general G-crossed braided theory,
TG× (as worked out in [20])
([c],π )

m(πc |Nt a ∩Ns b ∩Nc , t πa |Nt a ∩Ns b ∩Nc ⊗ s πb |Nt a ∩Ns b ∩Nc ⊗ π(ωt a,s b,c) ) , (33)

X

N([a],πac ),([b],πb ) =

(t,s)∈Na \H/Nb

where a, b, c ∈ TG× , [a] := {h(a), ∀h ∈ H}, Na := {h ∈ H|h(a) = a}, and πa is a
representation of Na .
In our case at hand, TG× = Z(VecAN )H × is the AN discrete gauge theory extended
by surface defects implementing the H = Z2 global symmetry. Moreover, a =
W[N −1,1] , b = W[kk ]± , Na = Z2 , and Nb = Z1 . As a result, t = s = 1, the summation
in (33) is trivial, the various representations are all restricted to the trivial subgroup,
ω
= 1 (this latter statement follows from the fact that the action of H on
and πa,b,c
c
the Vab fusion space via U1 (a, b, c) is trivial). In particular, we have
([W

k−1

],±)

[k
,k−1,1]
N([W[N
−1,1] ],±),([W

[kk ]±

],+)

= m(±|Z1 , ±|Z1 ⊗ +|Z1 ) = m(1, 1) = 1 ,

(34)

where ± denote the two representations of Z2 . Therefore, we learn that when we
gauge the outer automorphism group of AN , we have
([W[N −1,1] ], ±) × ([W[kk ]± ], +) = ([W[kk−1 ,k−1,1] ], +) + ([W[kk−1 ,k−1,1] ], −) ,

(35)

which is the TQFT version of the lift of (28) to SN . This is what we expect, since
we can always fix our choice of parameters so that gauging Z2 yields [27]
gauge

Z(VecAN )Z×2 −→ Z(VecAN oZ2 ) = Z(VecSN ) ,

(36)

where we have used the fact that SN ' AN o Z2 .
Finally, from the general rules above, it is not hard to check that the trivial
Wilson line in the AN theory lifts to a Z2 one-form symmetry in the SN gauge
theory. The resulting non-trivial one-form symmetry generator acts as
([W[N ] ], −) × ([W[N −1,1] ], ±) = ([W[N −1,1] ], ∓) ,
([W[N ] ], −) × ([W[kk ]± ], +) = ([W[kk ]± ], +) ,
([W[N ] ], −) × ([W[kk−1 ,k−1,1] ], ±) = ([W[kk−1 ,k−1,1] ], ∓) ,

(37)

where ([W[N ] ], −) = W[1N ] .
To summarize, we learn that, in order to generate the fusion rule (30), we can
gauge a Z2 one-form symmetry in the SN (with N = k 2 ≥ 9) discrete gauge theory
with fusion rules (35) and (37). Crucially, we need a fixed point of the one-form
symmetry (as in the second line in (37)) in order to generate the fusion rule of the
form (30) in the AN discrete gauge theory. We will return to the existence of fixed
points of various kinds repeatedly throughout this paper.
One may wonder if zero-form gaugings always resolve fusion rules of the form
a × b = c into fusion rules with multiple outcomes. Taking G = O(5, 3), one can see
Accepted in
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the answer is no.24 Indeed, in this theory, one can check that we have the following
analogs of (30)
W5i × W6 = W30i , i = 1, 2 ,
(38)
where 5i are the two five-dimensional representations of O(5, 3), 6 is the unique
six-dimensional representation, and 30i are the two complex thirty-dimensional representations (there is also a third, real, thirty-dimensional representation that does
not appear in (38)). As in the previous case, Out(O(5, 3)) = Z2 and it acts nontrivially on the Wilson lines involved in the fusion above. In particular, we have
W51 ↔ W52 and W301 ↔ W302

(39)

under the action of the non-trivial element in Out(O(5, 3)). This symmetry lifts to a
symmetry of the discrete gauge theory that we can gauge. Doing so, we can choose
parameters such that
gauge

Z(VecO(5,3) )Z× −→ Z(VecO(5,3)oZ2 ) .
2

(40)

We may again apply (33) to find
([W30i ],+)
],+),(W6 ,±)
i

N([W5

= m(+|Z1 , +|Z1 ⊗ ±|Z1 ) = m(1, 1) = 1 ,

(41)

and conclude
([W5i ], +) × (W6 , ±) = ([W30i ], +) .

(42)

Such a situation arises whenever Nc = Z1 = Na ∩ Nb . This equality is special since,
more generally, we have Na ∩ Nb ⊆ Nc .
Before moving on to discuss other phenomena, let us note that the above discrete
gauge theories based on simple groups also provide answers to questions (2) and (3)
from the introduction. Indeed, as we will see in greater detail in section 2.3, a
discrete gauge theory with a simple gauge group has no non-trivial proper fusion
subcategories except the subcategory of Wilson lines. Therefore, our above examples
are enough to answer questions (2) and (3) generally in the negative (although we
will see interesting examples of some of these ideas below).
2.2.2 Non-simple groups and unfaithful higher-dimensional representations
Let us now consider discrete gauge theories with unfaithful higher-dimensional (i.e.,
non-abelian) representations. The corresponding gauge groups are necessarily nonsimple because the kernel of a non-trivial unfaithful representation is a non-trivial
proper normal subgroup. As we will explain at a more pedestrian level below (and
in a somewhat more sophisticated way in section 2.3), these examples illustrate
the appearance of non-trivial fusion subcategories in the Wilson line sector. As a
result, they demonstrate some of the ideas—described in the introduction—behind
constraints from subcategory structure leading to fusion rules of the type (2). In
particular, these theories provide examples where ideas in questions (2) and (3) of
the introduction are realized.
24

This is the group O(5) over the field F3 . It has order 25920 and is the smallest simple group
whose discrete gauge theory has a fusion of non-abelian Wilson lines with a unique outcome.
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To that end, let us consider some unfaithful higher-dimensional irreducible representation of the gauge group, π ∈ Irrep(G). Since π is unfaithful, it has a non-trivial
kernel, Ker(π) / G. Let us also define the set of characters whose kernel includes
Ker(π) as follows
n
o
Kπ = χρ : χρ |Ker(π) = deg χρ ,
(43)
where deg χρ = |ρ| is the degree of the character. Now, consider χλ , χλ0 ∈ Kπ . We
claim χλ · χλ0 ∈ Kπ . To see this, let us study
χλ |Ker(π) · χλ0 |Ker(π) = deg χλ · deg χλ0 =

X

χλ00 |Ker(π) ≤

λ00

X

χλ00 |Ker(π) .

(44)

λ00

Evaluating this expression on the identity element shows that deg χλ · deg χλ0 =
P
00
λ00 deg χλ00 . Therefore, we have χλ00 |Ker(π) = deg χλ00 , and λ ∈ Kπ . In particular,
we see that
X
χλ · χλ0 =
χλ00 .
(45)
λ00 ∈Kπ

As a result, the Wilson lines with charges in Kπ form a closed fusion subcategory25
W λ × W λ0 =

X

Wλ00 ∈ CKπ ' Rep(G/Ker(π)) .

(46)

λ00 ∈Kπ

If we now consider the fusion of Wπ ∈ CKπ with a non-abelian Wilson line
Wγ 6∈ CKπ , we see that the subcategory structure makes it more likely to find a
unique outcome. Indeed, Wπ × Wπ̄ ∈ CKπ whereas Wγ × Wγ̄ will typically include
lines not in CKπ .
In fact, we can go further if we take γ|Ker(π) to be an irreducible representation
of Ker(π). Since we are assuming that γ is a higher-dimensional representation,
irreducibility of γ|Ker(π) implies that Ker(π) is a non-abelian group. Invoking Gallagher’s theorem (e.g., see corollary 6.17 of [29]), we see that, for γ, π ∈ Irrep(G),
γ ⊗ π is an irreducible representation if the restriction γ|Ker(π) is irreducible. Then,
we are guaranteed to have the following fusion rule of non-abelian Wilson lines
Wπ × Wγ = Wπγ .

(47)

To understand this statement, let us first prove that γ 6∈ Kπ . Suppose this were
not the case: then we arrive at a contradiction since |γ| > 1 would imply that γ|Ker(π)
is reducible. As a result, Wγ 6∈ CKπ . Let us now consider the product
χγ · χγ = χ1 +

X

χαi ,

(48)

X

(49)

i

where αi are irreps of G. Then we have
(χγ · χγ )|Ker(π) = χ1 |Ker(π) +

χαi |Ker(π) .

i
25

Such Wilson lines recently played an interesting role in [28]. Indeed, when one adds nontopological matter charged under these representations, the corresponding Wilson lines can end on
a point. Magnetic flux lines or dyons with flux supported in Ker(π) remain topological while lines
carrying other fluxes do not.
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Here, χ1 |ker(π) corresponds to the trivial irreducible representation of Ker(π), χαi |Ker(π)
corresponds to an, in general, reducible representation of Ker(π). Suppose that
αi |Ker(π) contains the trivial irreducible representation of Ker(π) for some i, then we
will have at least two copies of the trivial character of Ker(π) on the right hand side
of (49). However, we know that (γ ⊗ γ)|Ker(π) = γ|Ker(π) ⊗ γ|Ker(π) . Therefore, we
cannot have more than one copy of the trivial character in the decomposition (49).
Hence, αi |Ker(π) cannot contain the trivial representation for any i. It follows that
αi |Ker(π) (h) is non-trivial for at least some h ∈ Ker(π). Therefore, it is clear that
Ker(π) cannot be in the kernel of the representations αi for any i. This shows that
Wαi ∈ Wγ × Wγ̄ ⇒ Wαi 6∈ CKπ .

(50)

As a result, the subcategory structure guarantees (47).
To better understand the above general discussion (as well as the continuing role
of symmetries), let us consider some examples. Note that these results give explicit
realizations of the idea in question (3) in the introduction. The simplest discrete
gauge theories realizing the above discussion are based on gauge groups of order
forty-eight. Interestingly, the existence of subcategory structure in the Wilson line
sector, CW ' Rep(G), explains the large ratio of orders, ∆gap , between these groups
and the smallest simple group, O(5, 3), with unique non-abelian fusion outcomes
∆gap =

25920
= 540  1 .
48

(51)

In this section, we will discuss the examples of the binary octahedral group
(BOG) and the very closely related general linear group of 2 × 2 matrices with
elements in the finite field F3 , GL(2, 3). In appendix A we will consider the remaining
cases at order forty-eight.
Let us begin with BOG. In this case, we have that 21 is an unfaithful (real) twodimensional representation and that the restrictions of the other (real and faithful)
two-dimensional irreducible representations to Ker(21 ) = Q8 / BOG, 22,3 |Ker(21 ) , are
irreducible. As expected from the general discussion above we have the following
Wilson line fusions
W21 × W22 = W21 × W23 = W4 .
(52)
Similarly to the simple discrete gauge theories discussed in the previous subsection,
BOG’s Z2 outer automorphism again lifts to a non-trivial symmetry of the TQFT,
and the non-trivial element g 6= 1 acts as follows: g(W22 ) = W23 .
Let us note that in this case, the role of symmetries is even more pronounced.
Indeed, one can check that
W21 × W21 = W1 + W12 + W2 ∈ CK21 ' Rep(BOG/Q8 ) ' Rep(S3 ) ,
W22 × W22 = W23 × W23 = W1 + W32 ,
(53)
where 12 is a non-trivial one-dimensional irreducible representation, and 32 is a real
three-dimensional irreducible representation.26 This latter representation satisfies
26

Note that since 22,3 are faithful representations, a result of Burnside [30] generalized to Wilson
1
2
lines shows that there exist n1,2 ∈ N such that W2×n
⊃ W12 and W2×n
⊃ W21 . Our discussion
2,3
2,3
implies n1,2 > 2.
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χ12 · χ32 = χ31 (and similarly χ12 · χ31 = χ32 ). Therefore, we see that W12 generates
a non-trivial one-form symmetry in the BOG discrete gauge theory and that W31,2
and W22,3 form doublets under fusion with this generator while W21 is fixed
W12 × W32 = W31 ,

W12 × W22 = W23 ,

W12 × W21 = W21 .

(54)

This non-trivial orbit structure then implies that W32 6∈ W21 × W21 on symmetry
grounds alone. Hence, in this example, both the subcategory structure and the
symmetries guarantee the fusion rules (52).
Before finishing this example, we should check that Z(VecBOG ) is indeed prime.
After we discuss more formal aspects of subcategory structure in section 2.3, we will
have more tools to use when answering this type of question. For now, let us prove
that the Wilson lines must all lie in the same TQFT factor.27 To that end, write
down the Wilson lines of the BOG discrete gauge theory
W1 , W12 , W21 , W22 , W23 = W22 × W12 , W31 , W32 = W31 × W12 ,
W4 = W21 × W22 = W21 × W23 .
(55)
We can consider two cases: (1) W31 is in the same TQFT factor as W12 (call this
factor T0 ) or (2) W31 is not in the same TQFT factor as W12 .
Let us consider case (1) first. From the fusion equation involving W32 , we immediately see that W32 is also in T0 . Note that W21 cannot be written as the fusion
product of two other Wilson lines. Since there is no Wilson line of quantum dimension six, we also have W21 ∈ T0 . Now, we must clearly have that either W22,3 ∈ T0 or
W22,3 6∈ T0 . However, in the latter case we will again have a Wilson line of quantum
dimension six. Therefore, we have that W22,3 ∈ T0 . Therefore, by the W4 fusion rule
in (55), all Wilson lines are in the same TQFT factor.
Let us now consider case (2). Let W31 ∈ T0 and W12 ∈ T1 with Z(VecBOG ) =
T0  T1 . As in case (1), W21 cannot be written as the fusion product of two other
Wilson lines, and, since there is no Wilson line of quantum dimension six, we have
W2 ∈ T0 . However, this leads to a contradiction because then W2 × W10 6= W2 . As a
result, we conclude that all Wilson lines must lie in the same factor of Z(VecBOG ).
Let us conclude with a brief discussion of the GL(2, 3) discrete gauge theory. This
gauge group is quite similar to BOG. For the purposes of the above discussion, the
only difference is that 22,3 become complex conjugate two-dimensional irreducible
representations (otherwise, the remaining representations and remaining parts of the
character tables are the same). Therefore, (52) and (54) apply to Z(VecGL(2,3) ) as
well (by identifying these Wilson lines with their relatives in Z(VecGL(2,3)) ). The only
change is that in the second line of (53), we should take W22,3 × W22,3 → W22 × W23 .
In particular, the roles of subcategory structure (again Rep(S3 ) ⊂ Rep(GL(2, 3)))
as well as outer automorphisms and one-form symmetries is the same in both the
BOG and the GL(2, 3) discrete gauge theories.
Note that Gallagher’s theorem does not exhaust all cases where representations
with non-trivial kernel have irreducible products. Another interesting case is given
27
The same pedestrian arguments used below can be extended to the full set of lines in the
theory to prove that Z(VecBOG ) is prime.
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by Gajendragadkar’s theorem [31, 32]. If we have a group G which is both πseparable as well as Σ-separable, for two disjoint set of primes π and Σ, then this
theorem guarantees that the product of a π-special character with a Σ-special character is irreducible. A character χ is known as π-special if χ(1) is a product of
powers of primes in π (a π number) and if, for every subnormal subgroup N of
G, any irreducible constituent θ of χ|N is such that o(θ)28 is a π-number. Hence,
the fusion of Wilson lines corresponding to such characters have a unique outcome.
Note that, in this case, one of the characters involved in the fusion is not required
to be irreducible in the kernel of the other (unlike in Gallagher’s theorem).
2.2.3 Some general lessons and theorems
Let us conclude this section with a recapitulation of some of the main points above
as well as some general theorems that amplify our discussion:
• In all of the infinitely many examples we studied so far, symmetries played an
important role. For example, zero-form symmetries had a non-trivial action
on Wilson lines involved in the fusion rules of interest in the AN (with N =
k 2 ≥ 9) and O(5, 3) discrete gauge theories (see (32) and (39)), and similarly in
theories based on BOG, GL(2, 3), and the other order forty-eight groups (e.g.,
see below (52) and in appendix A). We will revisit some of these discussions
after introducing further technical tools for symmetries in section 2.4.
• We also saw that we could use Z2 one-form symmetry gauging in the SN (with
N = k 2 ≥ 9) gauge theory to generate fusion rules involving non-abelian
Wilson lines with unique outcomes in the AN discrete gauge theories. We can
constrain when such a situation arises with the following theorem:
Theorem 1 (one-form fixed points): Consider a TQFT, T , with no fusion
rules of the form (2). Suppose we can gauge a non-trivial one-form symmetry
of this TQFT, H. After performing this gauging, we have fusion rules of the
form (2) only if there are a ∈ T such that fusion with at least one of the
one-form generators, α ∈ Rep(H), yields α × a = a.
Proof: Suppose this were not the case. Then, all anyons are organized into
full length orbits under fusion with the one-form symmetry generators. When
we gauge the one-form symmetry, we identify these orbits as single elements (if
the braiding with one-form symmetry generators is trivial, these orbits become
genuine lines of the gauged theory; if the braiding is non-trivial, these orbits
become lines bounding symmetry-generating surface operators in the gauged
theory). Note that all anyons appearing on the right hand side of fusion rules
have the same braiding with the one-form symmetry generators. Therefore,
the claim follows. 
As we will see, this theorem will have echoes in the coset theories we describe
in the second half of this paper.
28

o(θ) is the order of the determinental character det(χ) in the group of linear characters.
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• In the case of O(5, 3) discrete gauge theories, we saw that we could gauge the
outer automorphisms and have fusion rules of form (2) in this gauged theory
as well. This discussion inspires the following theorem:
Theorem 2 (zero-form fixed points): Consider a TQFT, T , and suppose
we can gauge a non-trivial zero-form symmetry of this TQFT, H. After performing this gauging, we have fusion rules of the form (2) only if there are
non-trivial ai ∈ T such that at least one of the non-trivial elements of the
zero-form group fixes ai .
Proof: Suppose that all non-trivial elements of the discrete gauge theory
leave all the non-trivial anyons unfixed. Now consider anyons a, b, c ∈ T
such that c ∈ a × b. From the general discussion around (33), we see that
Nt a ∩ Ns b ∩ Nc = Z1 and Na \H/Nb = H. Moreover, since the stabilizers are
trivial, πa = πb = πc = 1 are the trivial representations. We then have
([c],1)

N([a],1),([b],1) = |H| · m(1, 1) = |H| > 1 .

(56)

Therefore, we cannot produce fusion rules of the desired type. 
Our discussion of the O(5, 3) theory also suggests the following theorem
Theorem 2A: Consider a TQFT, T , with a fusion rule of the form a × b = c
and a zero-form symmetry, H. If at least one of {a, b, c} is unfixed by H, then
the only way for a × b = c to map to a fusion rule with unique outcome in the
gauged theory is for c to be unfixed by H.
Proof: If c is unfixed by H, then Nc = Na ∩ Nb = Z1 . If either a or b are
unfixed then Na ∩ Nb = Z1 as well (although we need not have Nc = Z1 ). In
any case, (33) becomes
([c],π )

N([a],πac ),([b],πb ) =

X

m(πc |Z1 , t πa |Z1 ⊗ s πb |Z1 ⊗ π(ωt a,s b,c) ) .

(57)

(t,s)∈Na \H/Nb

We have two cases: (1) Na \H/Nb 6= Z1 or (2) Na \H/Nb = Z1 . Consider
case (1) first. In this case, all resulting fusion rules will have multiplicity
|Na \H/Nb | > 1. Next, consider case (2). If c is fixed by some element of H,
then we have at least two possible πc (one is the trivial representation). This
results in a fusion rules with non-unique outcomes. 
• In the case of the BOG and GL(2, 3) discrete gauge theories we saw that both
one-form symmetries and subcategory structure offered an explanation of the
existence of the fusion rules (52). The following theorem further explains
and generalizes this connection between symmetries and subcategories of the
Wilson line sector:
Theorem 3 (subcategories and symmetries): Consider a finite group, G,
with an unfaithful higher-dimensional irreducible representation, π. Moreover,
suppose there are one-dimensional representations, πi , with Ker(πi ) D Ker(π).
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Then, in the corresponding (twisted or untwisted) discrete gauge theory, Wilson lines charged under representations, γ, that have γ|Ker(π) irreducible transform non-trivially under fusion with the abelian Wilson lines, Wπi .
Proof: We have that Wπi ∈ CKπ , where CKπ was defined around (46) as
the subcategory of Wilson lines charged under representations whose kernels
contain Ker(π) (see (43)). Therefore, we see that the abelian Wilson lines
Wπi ∈ CKπ .
By the discussion around (50), we also see that all non-identity lines Wαi ∈
Wγ × Wγ̄ are not elements of CKπ . As a result, Wπi 6∈ Wγ × Wγ̄ . On the other
hand, the trivial line is clearly in Wγ × Wγ̄ . This logic implies
Wπi × Wγ × Wγ̄ 6= Wγ × Wγ̄ ,

(58)

from which the claim in the theorem trivially follows. 
This result tells us that the Wγ must transform under fusion with the oneform symmetry generators while Wπ need not. In the case of the BOG and
GL(2, 3) discrete gauge theories, precisely this mechanism gave a symmetry
explanation for the Wπ × Wγ = Wπγ fusion rule in (52). Here we see it is
somewhat more general.
• Note that the results of this section answer questions (1)-(3) of the introduction
negatively in general. Still, we saw that in the BOG and GL(2, 3) discrete
gauge theories, the ideas in (3) and (11) do apply in some cases. We will
return to a proposal for construct a theory satisfying (10) in question (2) in
section 2.3.

2.3 Subgroups, subcategories, and primality
In sections 2.2.2 and 2.2.3, we saw the important role subcategories play in generating fusion rules involving non-abelian Wilson lines with unique outcomes (e.g.,
they explained the hierarchy in (51)). Moreover, understanding the subcategory
structure is crucial to resolving the question of whether a particular discrete gauge
theory is prime or not. In the case of theories with simple gauge groups (see section
2.2.1), we used results from [26]. In the case of the examples of discrete gauge theories with non-simple groups we studied, we used an argument that does not easily
generalize. Therefore, in this section, we review some of the more general results
of [26] on subcategories of discrete gauge theories. We then apply these results to
generate some useful theorems that will serve us in subsequent sections.
The main power of the results in [26] is that they rephrase questions about
subcategories in discrete gauge theories in terms of data of the underlying gauge
group. In particular, we have:
Theorem 4 [26]: Fusion subcategories of discrete gauge theories with finite group
G are in bijective correspondence with triples, (K, H, B). Here K, H E G are normal
subgroups that centralize each other (i.e., they commute element-by-element), and
B : K × H → C× is a G-invariant bicharacter. If we have a non-trivial twist,
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ω, then the same conditions hold except that we demand that B is a G-invariant
ω-bicharacter.
Proof: See proofs of Theorems 1.1 and 1.2 (though they are phrased using different,
but equivalent, terminology) of [26]. 
Since B is a bicharacter, it satisfies
B(k1 k2 , h) = B(k1 , h) · B(k2 , h) ,

B(k, h1 h2 ) = B(k, h1 ) · B(k, h2 ) .

(59)

Here G invariance means that B(g −1 kg, g −1 hg) = B(k, h) for all k ∈ K, h ∈ H, and
g ∈ G. In fact, [26] also give a way to construct the subcategory, S(K, H, B), in
question given the above data:
S(K, H, B) := gen ((a, χ)| {a ∈ K ∩ R , χ ∈ Irr(Na ) s.t. χ(h) = B(a, h) deg χ , ∀h ∈ H}) ,
(60)
where R is a set of representatives of conjugacy classes, Irr(Na ) is the set of characters of irreducible representations of the centralizer Na , and “gen(· · · )" means
that the category is generated by the simple objects inside the parenthesis. A normal subgroup is a union of conjugacy classes. Hence, K specifies all the conjugacy
classes labelling the anyons in the subcategory S(K, H, B). Also, all the Wilson
lines in S(K, H, B) are such that the corresponding representations have kernels
which contain H.
If we have non-trivial twist, then (59) and G-invariance become [26]
B(k1 k2 , h) = ηh (k1 , k2 ) · B(k1 , h) · B(k2 , h) , B(k, h1 h2 ) = ηk−1 (h1 , h2 ) · B(k, h1 ) · B(k, h2 ) ,
ηk (g, h)ηk (gh, g −1 )
B(k, ghg −1 ) ,
(61)
B(g −1 kg, h) =
ηk (g, g −1 )
where
ηg (h, k) :=

ω(g, h, k) · ω(h, k, k −1 h−1 ghk)
,
ω(h, h−1 gh, k)

(62)

is a generalization of (14). For non-trivial twist, we also have that (60) becomes
S(K, H, B) := gen ((a, χ)| {a ∈ K ∩ R , χ ∈ Irrω (Na ) s.t. χ(h) = B(a, h) deg χ , ∀h ∈ H}) ,
(63)
where the ω in Irrω (Na ) is a reminder that we should consider characters with
projectivity phase given by (14) or (62).
We can now immediately see how the subcategories we studied in previous sections arose: S(G, Z1 , 1) ' Z(VecωG ) is the full discrete gauge theory, S(Z1 , G, 1)
is the trivial subcategory, and S(Z1 , Z1 , 1) ' Rep(G) ' CW is the full subcategory of Wilson lines. In the case of simple discrete gauge theories, we see that,
as claimed in section 2.2.1, these are the only subcategories. However, in the
case of the Z(VecωBOG ), Z(VecωGL(2,3) ), and other gauge theories based on gauge
groups with unfaithful irreducible representations, π, we find additional subcategories: S(Z1 , Ker(π), 1) ' Rep(G/Ker(π)) and S(Ker(π), Z1 , 1). Using Lemma 3.11
of [26], we have that S(Ker(π), Z1 , 1) is the Müger center of S(Z1 , Ker(π), 1).
Since we will study flux lines and dyons below, it is interesting to ask what
the above theorems imply for such operators. One immediate consequence is that
magnetic flux lines behave very differently from Wilson lines. For example:
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Theorem 5: The set of magnetic flux lines, M, of a discrete gauge theory (both
untwisted and twisted) with non-abelian gauge group, G, do not form a fusion
subcategory. In particular, M 6' Rep(G).
Proof: Suppose the full set of flux lines form a subcategory. Then, we need K
to include at least one element of each conjugacy class in order to include all of
M in S. However, since K is a normal subgroup, it must consist of full conjugacy
classes. Therefore, K = G. Using theorem 4, we can label this putative subcategory
as S(G, H, B). Since H has to commute with all elements in G, it has to be a
subgroup of the center of the group Z(G). Suppose the group has trivial center.
This forces B = 1, and S(G, Z1 , 1) is the full discrete gauge theory, which means we
also include objects with charge. This is a contradiction.
Suppose H is a non-trivial subgroup of Z(G). We know that the function B,
being a bicharacter, satisfies B(e, h) = 1 ∀h ∈ H. So the Wilson line ([e], π) ∈
S(G, H, B) if π has H in its kernel. Recall that the irreducible representations of
G/H are in one-to-one correspondence with irreducible representations of G with
H in its kernel. Since G is non-abelian, Z(G) 6= G. Hence, G/H is a non-trivial
group. It follows that there is at least one non-trivial irreducible representation π 0
of G such that H is in its kernel. Hence, the Wilson line ([e], π 0 ) belongs to the
subcategory S(G, H, B) for any B. A contradiction. 
The fact that M 6' Rep(G) has consequences in section 2.4. In particular, it explains why electric-magnetic self-dualities are non-trivial to engineer in theories with
non-abelian gauge groups and trivial centers.29 If such a duality exists and involves
magnetic flux lines, then they will necessarily be in a Rep(G)-like subcategory with
objects carrying electric charge (e.g., see the S3 discrete gauge theory self-duality
[19], where the dimension-two flux line is in a Rep(S3 ) subcategory with both dimension one Wilson lines).
Now, we turn to the question of primality. Here the following theorem of [26] is
useful
Theorem 6 [26]: A discrete gauge theory with gauge group, G, is a prime TQFT
if and only if there is no triple (K, H, B) with K, H / G normal subgroups centralizing each other, HK = G, (G, Z1 ) 6= (K, H) 6= (Z1 , G), and B is a G-invariant
bicharacter on K × H such that BB op |(K∩H)×(K∩H) is non-degenerate. In the case of
non-trivial twisting, ω, the previous conditions still hold, but B is also a G-invariant
ω-bicharacter.
Proof: See proof of theorem 1.3 (though it is phrased using different, but equivalent,
terminology) in [26]. 
Note that in the statement of theorem 6, B op (h, k) := B(k, h) for all k ∈ K and
h ∈ H.
Given this theorem, we may prove the following result that will be useful to us
in section 2.6:
Theorem 7: If G is a non-direct product group with trivial center, then the corresponding (twisted or untwisted) gauge theory is a prime TQFT.
29

In any untwisted abelian gauge theory, this is not an issue as M ' Rep(G) and there is a
canonical electric/magnetic duality.
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Proof: We have a non-direct product group G with trivial center. Let us assume
that Rep(D(G)) has a modular subcategory. Then, there exists two normal subgroups, K and H, commuting with each other and satisfying KH = G. So, every
element of G is a product of an element of K with an element of H. Hence, any
element in K ∩ H has to commute with all elements of G. Since the center of G is
trivial by choice, K ∩ H = Z1 . It follows that G has to be a direct product of K
and H. A contradiction. Hence, for non-direct product groups G with trivial center,
Rep(D(G)) is prime. 
A simple set of examples subject to this theorem include the SN discrete gauge
theories analyzed above and the Z15 o Z4 discrete gauge theory we will analyze
further in section 2.6.
Finally, we conclude with a proposal for engineering an example of a theory of
the type envisioned in question (2) in the introduction. In particular, consider a
G × G discrete gauge theory, Z(VecωG×G ). Clearly, for trivial twisting this is a nonprime theory since Z(VecG×G ) = Z(VecG )  Z(VecG ). Indeed, by theorem 6, we
can take K = G × Z1 , H = Z1 × G, and B = 1. However, if we turn on a twist,
ω ∈ H 3 (G × G, U (1)), we might be able to generate a prime theory. In particular, if
we can find G such that ω is non-trivial and does not factorize, then we would have
an example of a prime theory with Wilson lines in Rep(G × G) = Rep(G)  Rep(G).
Choosing one Wilson line in each Rep(G) factor and fusing would give a unique
fusion outcome.30 It would be interesting to see if this proposal can be realized. For
example, we would like to see if there is an obstruction at the level of the existence
of a G-invariant ω-bicharacter (all other requirements of theorem 6 can be satisfied).
A concrete example of a theory of the type discussed in question (2) is studied in
section 2.6.1.

2.4 Zero-form symmetries
In sections 2.2.2 and 2.2.3 we saw that zero-form symmetries played an important
role in generating fusions rules of the form (2). In this section we review some
relevant results of [18] and prove a theorem that will be useful to us in section 2.6.
In three spacetime dimensions, zero-form symmetries are implemented by dimension two topological defects (recall that one-form symmetries are generated by
abelian lines). These defects act on lines that pierce them as in figure 3. We will say
the corresponding symmetry group, H, is non-trivial iff it has a generator, h ∈ H,
such that there is an anyon a ∈ T satisfying h(a) 6= a.
Note that the automorphisms of the gauge group G, Aut(G), are a natural
source of symmetries. Indeed, in the context of the G-SPT that we gauge to generate the discrete gauge theory, these automorphisms permute the symmetry defects. Therefore, we expect they will play a role in the discrete gauge theory. To
be more precise, recall that we can distinguish between the inner automorphisms
Inn(G) E Aut(G), generated by conjugations of the form gxg −1 for x, g ∈ G, and
outer automorphisms, Out(G) := Aut(G)/Inn(G). Since the discrete gauge theory
involves magnetic charges labeled by conjugacy classes and electric charges labeled
30

We thank D. Aasen for suggesting the basis for this idea.
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Σg

a

g(a)

Figure 3: The symmetry defect Σg , labelled by a zero-form symmetry group element g, acts
on an anyon a.

by representations of centralizers, it is clear that inner automorphisms will act trivially on the discrete gauge theory (conjugacy classes are invariant under Inn(G) and
the normalizers of different elements in a conjugacy class are isomorphic). Therefore, we can at best expect Out(G) to lift to a symmetry of the TQFT. Indeed, this
is precisely what happens.
More formally, we have that, in a discrete gauge theory Out(G) lifts to a part of
the group of braided autoequivalences of the discrete gauge theory, Autbr (Z(VecG )):
Theorem 8 [18]: The subgroup of braided autoequivalences that fix the Wilson
lines Stab(Rep(G)) ≤ Autbr (Z(VecG )) takes the form
Stab(Rep(G)) ' H 2 (G, U (1)) o Out(G) .

(64)

Proof: See the proof of Corollary 6.9 (though it is phrased using different, but
equivalent, terminology) in [18]. 
Note that Out(G) generally acts non-trivially on the conjugacy classes. Therefore,
it will also generally act non-trivially on the Wilson lines. However, in certain more
exotic cases, all of Out(G) preserves conjugacy classes.31 In such cases, the Wilson
lines are fixed. Note that elements ζ ∈ H 2 (G, U (1)) always leave the Wilson lines
invariant since they act as follows [18]
ζ(([a], πa )) = ([a], πg ρg ) ,

ρg (x) :=

ζ(x, g)
,
ζ(g, x)

(65)

where g ∈ [a] (in particular, g = 1 for Wilson lines). Note that ρg (x) depends only
on the cohomology class of ζ (it is invariant under shifts by a 2-coboundary).
A second set of symmetries involves the exchange of electric and magnetic degrees
of freedom. These are electric/manetic self-dualities and are inherently quantum
mechanical in nature. These symmetries are closely related to the existence of
31

The smallest group that has this feature has order 27 [33]. See [34] for an application of groups
that have at least some class-preserving outer automorphisms to quantum doubles.
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Lagrangian subcategories. As we briefly mentioned at the beginning of section 2.2, a
Lagrangian subcategory, L, is a collection of bosons with trivial mutual braiding that
is equal to its Müger center (e.g., like the subcategory of Wilson lines, CW ' Rep(G))
. This latter condition simply means that the only objects that braid non-trivially
with every element of L are elements of that subcategory.
To find the set of these symmetries, it turns out to be useful to construct the
categorical Lagrangian Grassmannian, L(G). This is the collection of all Lagrangian
subcategories. Each such subcategory, L(N,µ) ' Rep(G(N,µ) ) with |G(N,µ) | = |G|, is
labeled by a normal abelian subgroup, N / G, and a G-invariant µ ∈ H 2 (N, U (1))
(the Wilson line subcategory is L1,1 ). For the purposes of understanding these
symmetries, the important subcategory is [18]
L ⊇ L0 := {L ∈ L(G)|L ' Rep(G)} .

(66)

In particular, we have
Theorem 9 [18]: The action of Autbr (Z(VecG )) on L0 (G) is transitive. Moreover,
|Autbr (Z(VecG ))| = |H 2 (G, U (1))| · |Out(G)| · |L0 (G)| .

(67)

Proof: See proposition 7.6 and corollary 7.7 of [18]. 
Examples of such dualities appear in the S3 discrete gauge theory [19] and beyond
[35].
Let us now apply this theorem to prove a result that will be useful for us below
Theorem 10: If G ' N o K, where N is an abelian group, then the corresponding
untwisted discrete gauge theory has an electric-magnetic self-duality.
Proof: By theorem 9, in order to find a self-duality, we need to find a normal
abelian subgroup N / G and a G-invariant 2-cocycle, µ ∈ H 2 (N, U (1)). Moreover,
we need to find a corresponding G(N,µ) ' G. In particular, from remark 7.3 of [18],
c o G/N , where N
c is the character group
when µ is trivial, we have that G(N,1) ' N
c ' N . Therefore, we have that G
of N . For an abelian group, N
(Ñ ,1) ' N o K = G
as desired. 
This theorem will be useful in our symmetry searches in section 2.6. Note that
one immediate consequence of the above discussion is that none of the examples
discussed above have self-dualities. Indeed, theories with simple gauge groups have
no non-trivial normal abelian subgroups. On the other hand, theories like BOG
and GL(2, 3) have H 2 (BOG, U (1)) ' H 2 (GL(2, 3), U (1)) ' Z1 (and similarly for
all normal abelian subgroups). Since these groups are not semi-direct products, we
conclude they lack self-dualities.

2.5 Quasi-zero-form symmetries
In the previous subsections, we have seen that zero-form symmetries play an important role in generating fusion rules for non-abelian anyons with unique outcomes.
However, since our interest is simply in the existence of such fusion rules, it is natural that we should generalize our notion of symmetry to include symmetries of
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the modular data (and hence, by Verlinde’s formula, automorphisms of the fusion
rules) that don’t necessarily lift to symmetries of the TQFT.32 The basic reason
such “quasi zero-form symmetries" as we will call them exist is that the modular
data does not define a TQFT (see [37] for a consequence of this fact). In particular,
the underlying F and R symbols may not be invariant (up to an allowed gauge
transformation) under a quasi zero-form symmetry even if S and T are.
In fact, such “quasi-zero-form symmetries" are common, with charge conjugation
being a particular example [38]. Indeed, even in the AN (with N = k 2 ≥ 9) theories
we discussed in section 2.2.1, such quasi-charge conjugation symmetries exist. These
symmetries are in addition to the genuine zero-form symmetries we described when
analyzing these examples. In appendix B, we study the particular case of A9 discrete
gauge theory in more detail and explicitly disentangle the quasi-symmetries from the
genuine symmetries.
More generally, there are theories that have no genuine symmetries. One set of
examples include discrete gauge theories based on the Mathieu groups. These are
simple groups with trivial Out(G) and H 2 (G, U (1)). Moreover, since these groups
have no non-trivial normal abelian subgroups, L(G) = L0 (G) ' Rep(G), and so
there are no non-trivial self-dualities.
The largest Mathieu groups, M23 and M24 are of particular interest to us since
their discrete gauge theories have non-abelian Wilson lines that fuse together to
produce a unique outcome.33 Moreover, of the theories with fusions of type (2), these
are the only untwisted discrete gauge theories that have no modular symmetries that
lift to symmetries of the full TQFTs.
For M23 it is not hard to check that
W22 × W451 = W9901 ,

W22 × W452 = W9902 ,

(68)

where 22 is the real twenty-two dimensional representation, 451,2 are two forty five
dimensional complex representations, and 9901,2 are two nine hundred and ninety
dimensional representations. Under charge conjugation
W451 ↔ W452 ,

W9901 ↔ W9902 .

(69)

For M24 , we have a particularly rich set of fusions34
W23 × W451 = W10352 , W23 × W452 = W10353 , W23 × W2311 = W5313
W23 × W2312 = W5313 , W451 × W2311 = W10395 , W452 × W2311 = W10395 ,
W451 × W2312 = W10395 , W452 × W2312 = W10395 .
(70)
where 23 is a real twenty-three dimensional representation, 451,2 are complex fortyfive dimensional representations, 2311,2 are two-hundred and thirty-one dimensional
32

In fact, most generally, we might expect automorphisms of the fusion rules that are not even
symmetries of the modular data (e.g., as studied recently in [36]).
33

By the results of [21], these theories cannot have such fusions involving lines that carry magnetic
flux.
34

It would be interesting to know if our results here have any connection with moonshine phenomena observed involving M24 as in [39–41].
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complex representations, and 10352,3 are complex one-thousand and thirty-five dimensional representations, 5313 is a real five-thousand three-hundred and thirteen
dimensional representation, and 10395 is a real ten-thousand three-hundred and
ninety-five dimensional representation. Under charge conjugation, we have
W451 ↔ W452 ,

W2311 ↔ W2312 ,

W10352 ↔ W10353 .

(71)

While we have seen similar actions in previous sections, but here the novelty is that
charge conjugation is a quasi-symmetry.
More generally, as we will discuss in greater detail below, all other examples
of TQFTs that we have found with fusion rules involving non-abelian anyons with
unique outcome have at least quasi zero-form symmetries.
Finally, let us conclude this section by discussing how twisting affects the quasizero-form symmetries. When the quasi-symmetry is charge conjugation and the
group has complex representations, the quasi-symmetry lifts to an action on Wilson
lines (see appendix B for a discussion in a concrete example). In this case, the
quasi-symmetry persists regardless of the twisting.
As a more complicated example, let us consider the case of BOG first discussed
in section 2.2.2. This theory only has real conjugacy classes and representations.
However, there is still a non-trivial charge conjugation acting on certain dyons since
elements in BOG have centralizer groups Z4 , Z6 , and Z8 . These latter groups
admit complex representations. However, unlike the spectrum of Wilson lines, the
spectrum of dyons generally changes as we change the twist. Therefore, we might
imagine that the charge conjugation quasi symmetry can be twisted away.
In fact, this is not the case. The main point is that any twisting ω ∈ H 3 (BOG, U (1)) '
Z48 of the BOG discrete gauge theory is “cohomologically trivial" in the following
sense: the ηg (h, k) ∈ H 2 (Ng , U (1)) phases defined in (14) are all trivial. Indeed, this
statement follows from the fact that H 2 (Ng , U (1)) = Z1 for all g ∈ BOG. Therefore,
none of the anyons are lifted by the twisting, and the characters of BOG change as
follows
χπgω (h) → g (h) · χπgω (h)
(72)
where g is a 1-cochain that gives the 2-coboundary, ηg . It is not too hard to
check that all choices of the twisting leave us with complex characters. Therefore,
the charge conjugation quasi-symmetry persists (here it would be more accurate
to term it a “modular symmetry" since it is apriori possible—though we have not
checked—that charge conjugation becomes a symmetry of the theory for certain
choices of ω).35
35

One may also wonder about the fate of the genuine Out(BOG) ' Z2 zero-form symmetry
under twisting. First, consider ω corresponding to the order 2 element in Z48 . Since Out(BOG)
acts on H 3 (BOG, U (1)) through Aut(H 3 (BOG, U (1))), ω should be fixed under it. Hence, it seems
plausible that the twisted discrete gauge theory corresponding to this choice of ω has Out(BOG)
as a subgroup of its symmetries (while theorem 8 has nothing to say on this point since it assumes
untwisted theories, we view the existence of a symmetry in this case as a plausible assumption). In
fact, more generally, if the action of Out(G) leaves ω ∈ H 3 (G, U (1)) invariant up to a 3-coboundary,
then it can be shown that this is a symmetry of the modular data of the twisted theory. It would
be interesting to understand what happens for other twists as well.
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2.6 Beyond Wilson lines
So far, we have only constructed fusion rules of the form (2) using Wilson lines. In
the case of gauge theories with simple groups, this is all we can do [21]. However,
when we have non-simple gauge groups, the existence of self-dualities discussed in
section 2.4 as well as the possibility of electric-magnetic dualities between theories
with different gauge groups and Dijkgraaf-Witten twists [22, 35] suggests that we
should also be able to involve non-abelian anyons carrying flux. Indeed, we will see
this is the case.
To that end, let us study a fusion of the form
L([g],πgω ) × L([h],πhω ) = L([k],πkω ) ,

g, h 6= 1 ,

(73)

Carefully applying the machinery in section 2.1 reveals the following contraints36
1. [g] · [h] = [k] = [h] · [g]
ω
2. ∃! πkω such that m(πkω |Ng ∩Nh ∩Nk , πgω |Ng ∩Nh ∩Nk ⊗ πhω |Ng ∩Nh ∩Nk ⊗ π(g,h,k)
)=1

We will apply these constraints in what follows.
For an untwisted discrete gauge theory based on a group G with a non-trivial
center Z(G), the constraints above implies that if we have a fusion of Wilson lines
giving a unique outcome
Wπ × Wγ = Wπγ ,
(74)
then we have a fusion of dyons of the form
L([g],π) × L([h],γ) = L([gh],πγ) ,

(75)

where for any g, h ∈ Z(G). Hence, we can dress the Wilson lines with fluxes from
the center of the group to obtain fusion rules involving dyons with unique outcomes.
For example, we have already seen that the discrete gauge theories corresponding
to BOG and GL(2, 3) have Wilson lines fusing to give a unique outcome. Since
these two groups have a non-trivial center (isomorphic to Z2 ), the above discussion
immediately implies the existence of dyonic fusions where the dyons are labelled by
the non-trivial element of the centre. In fact, these two types of fusions exhaust all
a × b = c type fusions in both Z(VecBOG ) and Z(VecGL(2,3) ).
In the case of the fusion of non-abelian Wilson lines with a unique outcome,
we saw that we were not guaranteed to find fusion subcategories beyond the three
universal subcategories present in any discrete gauge theory (the theory itself, the
trivial TQFT, and the Wilson line sector, CW ' Rep(G)). On the other hand, when
we have fusions of non-abelian anyons carrying flux with a unique outcome, we are
guaranteed to have fusion subcategories. When the gauge group has a non-trivial
center, Z(G), this statement is trivial.37 The following theorems guarantee this fact
more generally:
36

We refer the interested reader to the derivation in section III of [21] for further details.

37

The discussion in section 2.3 guarantees that S(Z(G), Z1 , 1) and S(Z1 , Z(G), 1) are non-trivial
subcategories.
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Theorem 11: Let G be a non-simple finite non-abelian group. If we have a fusion
rule involving two dyons or fluxes giving a unique outcome in the (twisted or untwisted) G gauge theory, then S(Mg , Z1 , 1) and S(Mh , Z1 , 1) (along with S(Z1 , Mg , 1)
and S(Z1 , Mh , 1)) are proper fusion subcategories of the theory. Here, g and h are
elements labelling the non-trivial conjugacy classes (of length > 1) involved in the
fusion. Mg is the normal subgroup generated by the elements in [g].
Proof: We have an a × b = c type fusion rule involving the non-trivial conjugacy
classes [g] and [h]. Let Mg be the normal subgroup generated by [g]. In fact, it has
to be a proper normal subgroup. To see this, suppose Mg = G. From Lemma 3.4 of
[26], we know that [g] and [h] commute element-wise. Hence, [h] commutes with all
elements in Mg = G. It follows that [h] should be a subset of the elements in Z(G).
However, elements of Z(G) form single element conjugacy classes. A contradiction.
Hence, Mg has to be a proper normal subgroup of G. Since g 6= e, it is clear that
Mg is not the trivial subgroup either. We can use the same argument to show that
Mh is also a proper non-trivial normal subgroup of G. Therefore, by theorem 4, we
have fusion subcategories corresponding to the choices S(Mg , Z1 , 1) and S(Mh , Z1 , 1)
(and similarly S(Z1 , Mg , 1) and S(Z1 , Mh , 1)). 
Note that we have, L([g],πgω ) ∈ S(Mg , Z1 , 1) and L([h],πhω ) ∈ S(Mh , Z1 , 1). Generically,
we also expect L([g],πgω ) 6∈ S(Mh , Z1 , 1) and L([h],πhω ) 6∈ S(Mg , Z1 , 1). In such situations
we have, in the spirit of section 2.2.2, an “explanation" for the fusion rule.
In fact, the reasoning in the proof to theorem 11 immediately implies that if [h]
has at least one element h0 ∈ [h] such that [h0 , h] 6= 1, then L([g],πgω ) and L([h],πhω ) lie
in different subcategories
Corollary 12: Given the conditions in theorem 11, if there exists h0 ∈ [h] such that
[h0 , h] 6= 1, µ[g] ∈ S(Mg , Z1 , 1), L([g],πgω ) 6∈ S(Mh , Z1 , 1), and similarly for h ↔ g.
For a ∈ Mg the fusion subcategory S(Mg , Z1 , 1) contains anyons ([a], πa ) where πa
is any irrep of the centralizer Na . In an untwisted discrete gauge theory, for a fusion
of fluxes labelled by conjugacy classes [g] and [h], we can define fusion subcategories
S(Mg , Mh , 1) and S(Mh Mg , 1) which have a more restricted set of elements. For
a ∈ Mg , the anyon ([a], πa ) is an element of S(Mg , Mh , 1) if and only if Mh ⊆ Ker(πa ).
Clearly, ([g], 1g ) ∈ S(Mg , Mh , 1) and ([h], 1h ) ∈ S(Mh , Mg , 1). However, in general,
we don’t expect ([g], 1g ) 6∈ S(Mh , Mg , 1) and ([h], 1h ) 6∈ S(Mg , Mh , 1). We will
discuss an example of this below.
If one of the operators involved in the fusion of non-abelian anyons with a unique
outcome is a Wilson line, then we also have the following theorem:
Theorem 13: Let G be a non-simple group. If we have a fusion of a Wilson line
and a dyon giving a unique outcome, then S(Ker(χπ ), Z1 , 1) and S(Z1 , Ker(χπ ), 1)
are proper fusion subcategories of the (twisted or untwisted) discrete gauge theory.
Here, π is an irrep of G labelling the Wilson line.
Proof: Suppose [b] is the non-trivial conjugacy labelling the flux line. Let χπ be the
character of an irreducible representation, π, of G labelling the Wilson line. From
note 3.5 of [26] we know that χ should be trivial on a subset of elements given by
[G, b]. Since b is not in the center, [G, b] is guaranteed to have a non-trivial element.
Hence, χπ is not a faithful representation. Ker(χπ ) is a non-trivial normal subgroup
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of G. Since χπ is not the trivial representation, Ker(χπ ) 6= G is a non-trivial proper
normal subgroup. Hence, by theorem 4, we have a fusion subcategory given by
S(Ker(χπ ), Z1 , 1) and S(Z1 , Ker(χπ ), 1). 
Note that in this case the Wilson line is an element of S(Z1 , Ker(χπ ), 1) while the
magnetic flux is not. In this sense, such fusions are “natural." To illustrate the ideas
above, let us consider the following examples.
2.6.1 Z(VecZ3 oQ16 )
Let us consider the Z3 o Q16 discrete gauge theory. Even though this group has
many non-trivial proper normal subgroups, we have Z3 o Q16 6= HK for any proper
normal subgroups H, K. Hence, using theorem 6, we have that Z(VecZ3 oQ16 ) is a
prime theory.
This group has a length 2 conjugacy class [f3 ] (here we are using the notation
of GAP [42], where this group is entry (48, 18) in GAP’s small group library) and
a 2-dimensional representation 23 (the third 2-dimensional representation in the
character table of Z3 o Q16 on GAP). We have the following fusion of a Wilson line
and a flux line giving a unique outcome.
W23 × µ[f3 ] = L([f3 ],23 |Nf

3

)

,

(76)

where the restricted representation 23 |Nf3 is irreducible.
Since we have a prime theory, the existence of this fusion rule is not due to a
Deligne product. However, it can be explained using the subcategory structure of
Z(VecZ3 oQ16 ). To that end, consider the fusion subcategory S(Z1 , Ker(23 )), 1). This
fusion subcategory contains only Wilson lines. A Wilson line Wπ belongs to this
subcategory only if Ker(23 ) is in Ker(π). From the character table of Z3 oQ16 , we find
three representations satisfying this constraint: 1, 13 and 23 . Here 1 is the trivial
representation and 13 is the third 1-dimensional representation in the character
table. Hence, the anyons contained in the fusion subcategory S(Z1 , Ker(23 ), 1) are
the Wilson lines W1 , W13 as well as W23 . Moreover, we can check the following
13 × 13 = 1; 13 × 23 = 23 ; 23 × 23 = 1 + 13 + 23 .

(77)

Now let us consider a fusion subcategory corresponding to the triple S(Mf3 , Ker(12 ), 1)
where Mf3 is the normal subgroup generated by the elements of the conjugacy class
[f3 ] and 12 is the second 1 dimensional representation in the character table of
Z3 o Q16 . We have Mf3 = {e, f3 , f4 , f3 · f4 }. A Wilson line Wπ belongs to the set of
generators of this subcategory only if Ker(12 ) is in Ker(π). Using the character table
we can check that there are only two representations which satisfy this constraint: 1
and 12 . Moreover, we have 12 ×12 = 1. Hence, the Wilson lines in S(Mf3 , Ker(12 ), 1)
are W1 and W12 . Note that the flux line µ[f3 ] belongs to this subcategory.
Hence, we have two fusion subcategories S(Z1 , Ker(23 )), 1) and (Mf3 , Ker(12 ), 1)
with the following structure
W23 ∈ S(Z1 , Ker(23 )), 1); µ[f3 ] ∈ (Mf3 , Ker(12 ), 1);
S(Z1 , Ker(23 )), 1) ∩ S(Mf3 , Ker(12 ), 1) = {W1 }
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Therefore, the fusions W23 × W 23 and µ[f3 ] × µ[f3 ] have only W1 in common. This
trivial intersection explains the fusion (76) and gives an example of the idea behind
question (2) in the introduction.
2.6.2 Z(VecZ15 oZ4 )
Let us consider the Z15 o Z4 discrete gauge theory. Since the center of the gauge
group is trivial and the group involves a semi-direct product, we know from theorem
7 that this gauge theory is prime.
This group has a length 5 conjugacy class labelled by the element f2 and a length
2 conjugacy class labelled by the element f3 (here we are using the notation of GAP,
where this group is entry (60, 7) in GAP’s small group library). We also have a
length 10 conjugacy class labeled by f2 f3 . It is therefore clear that we have a fusion
of flux lines giving a unique outcome corresponding to these conjugacy classes
µ[f2 ] × µ[f3 ] = µ[f2 f3 ] .

(79)

Based on our discussion above, let us consider the groups Mf2 and Mf3 generated
by the elements in the corresponding conjugacy class. It is not too hard to show
that
Mf2 = [e] ∪ [f2 ]
Mf3 = [e] ∪ [f3 ] ∪ [f4 ]

(80)
(81)

Hence, the fusion subcategories S(Mf2 , Mf3 , 1) and S(Mf3 , Mf2 , 1) can only have
Wilson lines as common elements. The trivial Wilson line W1 is of course a common
element. As we saw in section 2.3, a Wilson line, Wπ , is a member of the fusion
subcategory, S(Mf2 , Mf3 , 1), only if the condition
χπ (h) := B(e, h) deg χπ = deg χπ ,

∀ h ∈ Mf3 ,

(82)

is satisfied. Hence, Mf3 should be in the kernel of χπ . Similarly, a Wilson line Wπ0 , is
a member of (Mf3 , Mf2 , 1) only if Mf2 is in the kernel of χπ0 . Therefore, the common
elements of the two fusion subcategories are given by the Wilson lines Wπ̃ for which
Mf2 and Mf 3 are in the kernel of χπ̃ . Using the character table of Z15 o Z2 , we find
that there is only one representation π12 , which satisfies this constraint.
Consider the fusions
µ[f2 ] × µ[f −1 ] = W1 + · · · ,

(83)

µ[f3 ] × µ[f3 −1 ] = W1 + · · · .

(84)

2

We know µ[f2 ] and µ[f3 ] belong to the fusion subcategories (Mf2 , Mf3 , 1) and (Mf3 , Mf2 , 1).
Therefore, the only anyons common to both fusions above are W1 and W12 . We
would like to know whether the Wilson line, W12 , appears on the right hand side of
these fusions. To that end, consider the fusion
W12 × µ[f3 ] = L([f3 ],12 |Nf
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It turns out that 12 |Nf3 is the trivial representation of Nf3 . Hence, µ[f3 ] is fixed
under fusion with the one-form symmetry generator, W12 . So it is clear that W12
should appear in the fusion µ[f3 ] × µ[f3 −1 ] . Similarly, consider the fusion
W12 × µ[f2 ] = L([f2 ],12 |Nf

2

)

.

(86)

It is easy to check that 12 |Nf2 is a non-trivial representation of Nf2 . Hence, µ[f2 ] is
not fixed under the fusion with W12 . Since W12 is an order two anyon, it cannot
appear in the fusion µ[f2 ] × µ[f2 −1 ] (because if W12 ⊂ µ[f2 ] × µ[f2 −1 ] , then multiplying
both sides on the left with W12 implies that L([f2 ],12 ) is the inverse of µ[f2 ] which is
clearly false).
We have that the fusions µ[f2 ] × µ[f −1 ] and µ[f3 ] × µ[f −1 ] only have the trivial
2
3
anyon in common. Hence, the combination of subcategory structure and one-form
symmetry explains the fusion rule
µ[f2 ] × µ[f3 ] = µ[f2 f3 ] .

(87)

It is interesting to note that this discussion parallels the one for Wilson lines in
section 2.2.2.
This example is additionally illuminating because this theory also has a fusion
involving a Wilson and a flux line with unique outcome. Indeed, we have two 2dimensional representations 21 and 22 of Z15 oZ4 whose restriction to the centralizer
Nf2 = Z3 o Z4 are irreducible. Hence, we have the fusion rules
W21 × µ[f2 ] = L([f2 ],21 |Nf

2

)

,

W22 × µ[f2 ] = L([f2 ],22 |Nf

2

)

.

(88)

Do we have trivial braiding between the anyons involved in this fusion? This question
is equivalent to whether the dyons are bosons are not. For L([f2 ],2i |Nf ) to be a boson,
2
we want f2 to be in the kernel of 2i |f2 , which is equivalent to the condition that f2 be
in the kernel of 2i . Using this condition, we can easily check to see that the anyons
W21 and µ[f2 ] braid non-trivially with each other, while W22 and µ[f2 ] braid trivially
with each other.
Moreover, this theory has several fusions involving dyons which give a unique
output. For example, consider the dyons L([f2 ],1̃f2 ) and L([f3 ],1̃f3 ) , where 1̃f2 and 1̃f3
are the unique non-trivial real 1-dimensional representations of Nf2 = Z3 o Z4 and
Nf3 = Z3 × D10 , respectively. We have the fusion
L([f2 ],1̃f2 ) × L([f3 ],1̃f3 ) = L([f2 f3 ],1̃f2 f3 )

(89)

where 1̃f2 f3 is the unique non-trivial 1-dimensional representation of Nf2 f3 = Z6 .
Let us also explore the zero-form symmetry of this theory. We have Out(Z15 o
Z4 ) = Z2 and H 2 (Z15 o Z4 ) = Z1 . From theorem 10, we know that this theory
features non-trivial self-duality. In fact, the group Z15 o Z4 has three non-trivial
normal abelian subgroups Z3 , Z5 , Z15 all of which have trivial 2nd cohomology group.
So we have the Lagrangian subcategories
{L(Z1 ,1) , L(Z3 ,1) , L(Z5 ,1) , L(Z15 ,1) }
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Using remark 7.3 in [18], we have
L(N,1) ' Rep((Z15 o Z4 )(N,1) ) ' N̂ o (Z15 o Z4 )/N̂

(91)

where N̂ is the group of representations of N and N = Z3 , Z5 , Z15 . Also, we have
the isomorphisms
Z15 o Z4 ' Z3 o (Z5 o Z4 ) ' Z5 o (Z3 o Z4 )

(92)

Hence, all Lagrangian subcategories above are isomorphic to Rep(Z15 o Z4 ). Hence,
|L0 (Z15 o Z4 )| = 4. From theorem 9, we know that Autbr (Z(VecZ15 oZ4 )) should act
transitively on |L(Z15 o Z4 )|. In fact, we can use proposition 7.11 of [18] to show
that H 2 (Z15 o Z4 , U (1)) o Out(Z15 o Z4 ) ' Z2 acts trivially on |L0 (Z15 o Z4 )|. Using
theorem 9, we have |Autbr (Z(VecZ15 oZ4 ))| = 8.
Finally, since Z15 o Z4 has complex characters, Z(VecωZ15 oZ4 ) has a non-trivial
quasi-zero-form symmetry given by charge conjugation.
2.6.3 Symmetry and quasi-symmetry searches
We have used the software GAP to search for groups for which the corresponding
untwisted discrete gauge theories have fusions rules with unique outcomes. We
present our results below. The relevant GAP code is given in Appendix C.
Fusion of Wilson lines
Irreducible representations of a direct product of groups is the product of representations of the individual groups. Hence, it is natural that the first example
with two Wilson lines fusing to give a unique Wilson line is the quantum double
of S3 × S3 (however, this fusion arises because the discrete gauge theory factorizes;
this follows from theorem 6). More interesting (non-direct-product) groups with
this property only appear at order 48 (see Appendix A). For groups of order less
than or equal to 639 (except orders 384, 512, 576)38 we have verified that whenever the corresponding untwisted discrete gauge theory has a fusion Wilson lines
giving a unique outcome, Autbr Z(VecG ) is non-trivial. In this set of groups, there
are two which have a trivial automorphism group. They are S3 × (Z5 o Z4 ) and
(((Z3 ×Z3 )oQ8 )oZ3 )oZ2 . However, H 2 (S3 ×(Z5 oZ4 ), U (1)) = Z2 leading to nontrivial Autbr (Z(VecS3 ×(Z5 oZ4 ) )). The group (((Z3 × Z3 ) o Q8 ) o Z3 ) o Z2 has trivial
H 2 (G, U (1)). So the theory Z(Vec(((Z3 ×Z3 )oQ8 )oZ3 )oZ2 ) doesn’t have classical symmetries. (((Z3 ×Z3 )oQ8 )oZ3 )oZ2 has only one abelian normal subgroup N = Z3 ×Z3 .
Moreover, we have (((Z3 ×Z3 )oQ8 )oZ3 )oZ2 ' N oK where K = GL(2, 3). Therefore, using theorem 10, we know that this theory has non-trivial electric-magnetic
duality. The groups S3 × (Z5 o Z4 ) and (((Z3 × Z3 ) o Q8 ) o Z3 ) o Z2 have complex
characters, hence the corresponding discrete gauge theories have quasi-zero-form
symmetries.
Fusion of flux lines
38

We have not checked order 384, 512, 576 due to the huge number of groups (up to isomorphism)
with these orders.
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The simplest example of an untwisted discrete gauge theory with a fusion of two
flux lines giving a single outcome is Z(VecS3 ×S3 ). The conjugacy classes of a direct
product is a product of conjugacy classes of the individual groups. Hence, it follows
that quantum doubles of direct products naturally have such fusions. As mentioned
above, it follows from theorem 6 that discrete gauge theories based on direct product
groups are non-prime. Therefore, the fusion rules with unique outcome in this case
are a consequence of the Deligne product. Since Out(S3 × S3 ) = Z2 , Z(VecS3 ×S3 )
has non-trivial zero-form symmetry.
After S3 ×S3 , we have several groups of order 48 with flux fusions giving unique outcome. The examples discussed in Appendix A (except BOG and GL(2, 3)) exhaust
all such groups of order 48. All of these groups have non-trivial automorphism group,
and hence the corresponding discrete gauge theory has non-trivial symmetries. In
fact, for groups of order less than or equal to 639 (except orders 384, 512, 576) we
have verified that whenever the corresponding untwisted discrete gauge theory has
a fusion of flux lines with a unique outcome, Autbr (Z(VecG )) is non-trivial. In fact,
the only group with a trivial automorphism group in this set is S3 × (Z5 o Z4 ). We
already discussed above that this theory has non-trivial zero-form symmetries as
well as non-trivial quasi-zero-form symmetries.
Fusion of a Wilson line with a flux line
The simplest example with a fusion of a Wilson line and a flux line giving a single
outcome is Z(VecS3 ×S3 ). Then we have more examples in order 48. The examples
discussed in Appendix A (except BOG and GL(2, 3)) exhausts all such groups of
order 48. For groups of order less than or equal to 639 (except orders 384, 512,
576) we have verified that whenever the corresponding untwisted discrete gauge
theory has a fusion of a Wilson line with a flux line giving a unique outcome,
Autbr Z(VecG ) is non-trivial. In this set of groups, there are three which have a
trivial automorphism group. They are S3 × (Z5 o Z4 ), (Z3 × Z3 ) o QD16 (where
QD16 is the semi-dihedral group of order 16) and (((Z3 × Z3 ) o Q8 ) o Z3 ) o Z2 . We
discussed the groups S3 × (Z5 o Z4 ) and (((Z3 × Z3 ) o Q8 ) o Z3 ) o Z2 above. The
group (Z3 × Z3 ) o QD16 has trivial H 2 (G, U (1)). So the theory Z(Vec(Z3 ×Z3 )oQD16 )
doesn’t have classical symmetries. However, (Z3 × Z3 ) o QD16 has one abelian
normal subgroup N = Z3 × Z3 . Moreover, we have (Z3 × Z3 ) o QD16 ' N o K
where K = QD16 . Therefore, using theorem 10, we know that the corresponding
untwisted discrete gauge theory has non-trivial electric-magnetic self-duality.
The group (Z3 × Z3 ) o QD16 has complex characters, hence the corresponding
discrete gauge theory has quasi-zero-form symmetries.
Fusion of general dyons
Being a Deligne product, Z(VecS3 ×S3 ) also has fusions involving dyons, and this
is the smallest rank theory with such fusions. The next example is in order 48.
The examples discussed in Appendix A exhausts all such groups of order 48. For
groups of order less than or equal to 100 we have verified that whenever the corresponding untwisted discrete gauge theory has a fusion of two dyons giving a unique
outcome, Autbr Z(VecG ) is non-trivial. In fact, every group in this set has non-trivial
automorphism group. Hence, they all have non-trivial classical 0-form symmetries.
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3 Gk , cosets, and a × b = c
In this section, we turn our attention to a (generally) very different set of theories:
TQFTs based on Gk Chern-Simons (CS) theories and cosets thereof (here G is a
compact simple Lie group). Unlike the theories discussed in section 2, the theories
we discuss here are typically chiral (i.e., ctop 6= 0 (mod 8)).
In order to gain a sense of what such theories allow us to do in constructing
TQFTs with fusion rules of the form (2) and (8), it is useful to recall the basic
representation theory of SU (2). Somewhat surprisingly, this intuition will be quite
useful for more general SU (N )k CS theories. To that end, consider the textbook
matter of the fusion of SU (2) spin j1 and j2 representations
j1X
+j2

j1 ⊗ j2 =

j.

(93)

j=|j1 −j2 |

As in the case of the finite groups in the previous section, we would like to understand
if we can have j1 ⊗ j2 = j3 for j1 , j2 > 0 and fixed j3 spin. Clearly this is impossible,
since we would have j1 + j2 > |j1 − j2 | and the sum (93) will have at least two
contributions.
While this result is rather trivial, it is useful to recast it using the group theory
analog of the F -transformation described in the introduction (as well as in section
2 for the case of discrete groups). To that end, we wish to consider
j1 ⊗ j1 =

2j1
X

j2 ⊗ j2 =

j,

j=0

2j2
X

k,

|j1,2 | > 1 ,

(94)

k=0

where |j1,2 | are the dimensions of the representations. In particular, we see that
(since j1,2 > 0) both products in (94) must always contain the trivial representation
and the adjoint representation. This observation also implies that j1 ⊗ j2 6= j3 for
fixed j3 spin.
The discussion around (94) easily generalizes to arbitrary compact simple Lie
group, G. In particular, let us consider
α ⊗ ᾱ = 1 +

X

Nαγᾱ γ ,

β ⊗ β̄ = 1 +

X

Nβδβ̄ δ ,

|α|, |β| > 1 ,

(95)

δ

γ6=1

where α, β and ᾱ, β̄ are conjugate higher-dimensional irreducible representations of
G, Irr(G). The number of times the adjoint appears in the product α ⊗ ᾱ is [43]:
Nαadj
ᾱ =

n

(α)

λj

o

6= 0

≥1,

(96)

(α)

where λj are the Dynkin labels of α. Therefore, we learn that for all higherdimensional representations of G
α ⊗ β 6= γ , ∀ |α|, |β| > 1 , α, β, γ ∈ Irr(G) ,

(97)

Of course, our interest is in the fusion algebra of Gk . From this perspective, the
above discussion is in the limit k → ∞. As we will prove in the next section, taking
Gk = SU (N )k and imposing finite level does not lead to fusions of the form (2) or
(8).
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3.1 Gk CS theory
Let us now consider the finite-level deformation of the fusion rules discussed in the
previous section. These are the fusion rules of Wilson lines in Gk CS theory. We
first consider SU (2)k as it is rather illustrative. We will then generalize to SU (N )k
and comment on more general Gk .
In the case of SU (2)k , (93) becomes [44, 45]
min(j1 +j2 ,k−j1 −j2 )

X

j1 ⊗ j2 =

j.

(98)

j=|j1 −j2 |

In addition to truncating the spectrum to the spins {0, 1/2, 1, · · · , k/2}, the above
deformation abelianizes the spin k/2 representation (since k/2 ⊗ k/2 = 0). However,
these changes do not alter the conclusion from the previous section: we cannot write
j1 ⊗ j2 = j3 for j3 non-abelian irreducible j1,2,3 . Indeed, consider
min(2j1 ,k−2j1 )

j1 ⊗ j1 =

X

min(2j2 ,k−2j2 )

j,

X

j2 ⊗ j2 =

j=0

j,

j1,2 6= 0,

j=0

k
.
2

(99)

The conditions j1,2 6= 0, k2 are to ensure that the representation is non-abelian. In
particular, we again see that the adjoint representation appears in (99).
While the fusion rules discussed in [44, 45] apply to more general groups, they
are rather difficult to implement. Instead, using proposals suggested in [46, 47] and
finally proven in [48], the authors of [49] show that for α an irreducible representation
of Gk (with G a compact simple Lie group), we have
(k)

Nαadj
ᾱ =

n

(α)

λ̂j

o

6= 0

−1 ,

(100)

where λ̂αj are the associated affine Dynkin labels.
39
In particular, for SU (N )k , if |α| > 1, then (k) Nαadj
Indeed, the abelian
ᾱ ≥ 1.
(γ )
representations, γi , satisfy a ZN fusion algebra and are characterized by λ̂j i = kδij ,
where i ∈ {0, 1, ..., N − 1}. On the other hand, all non-abelian representations have
at least two non-zero Dynkin labels. As a result, we learn that
α ⊗ β 6= γ ,

∀α, β, γ ∈ Irr(SU (N )k ) ,

|α|, |β| > 1 .

(101)

Therefore, we see that we have the following fusions for non-abelian Wilson lines in
SU (N )k CS TQFT
Wα × Wβ = Wγ + · · · ,

|α|, |β| > 1 ,

(102)

where the ellipses necessarily include additional Wilson lines. This statement is
more generally true in any Gk CS theory (with G a compact and simple Lie group)
for which the lines in question correspond to affine representations with at least two
non-zero Dynkin labels.
39

Here we define |α| to be the quantum dimension.
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Note that for certain Gk , non-abelian representations can have a single nonvanishing Dynkin label. For example, consider√the (E7 )2 CS theory.40 It has Wilson
√
lines Wτ and Wσ with quantum dimensions 1+2 5 and 2, repectively, and they fuse
to give a unique outcome. The existence of this fusion rule follows from the fact that
(E7 )2 is not a prime TQFT. In fact, it resolves into the product of prime theories
Fib  Ising0 , where Fib is the Fibonacci anyon theory and Ising0 is a TQFT with the
same fusion rules as the the Ising model.
We can apply the above arguments to learn about global properties of Gk CS
theory. For example, we can ask if Gk CS theory is prime or not. The answer
is no in general. Indeed, consider the case G = SU (2). For k ∈ Neven , SU (2)k
is prime. However, for k ∈ Nodd , the abelian anyon generating the Z2 one-form
symmetry forms a modular subcategory. By Müger’s theorem [10] (see also [14] for
a discussion at the level of RCFT), it then decouples and the theory resolves into a
product of two prime theories

SU (2)

int
1  SU (2)k , if k = 1 (mod4)
SU (2)k ' 
SU (2)1  SU (2)int
k , if k = 3 (mod4) .

(103)

where SU (2)int
k is a TQFT built out of the integer spin SU (2)k representations. Here
SU (2)1 is the TQFT conjugate to SU (2)1 (these TQFTs are sometimes called the
anti-semion and semion theories in the condensed matter literature).
While Gk CS theory is not prime in general, our arguments above readily prove
the following:
Claim 14: Non-abelian Wilson lines in SU (N )k CS theory must all lie in the same
prime TQFT factor. For more general Gk CS theory (with G compact and simple),
all Wilson lines corresponding to affine representations with at least two non-zero
Dynkin labels must be part of the same prime TQFT factor.
Proof: Suppose this were not the case. Then, we would find fusion rules of the
form (102) with no Wilson lines in the ellipses. 
Clearly, to produce fusion rules of the form (2) for non-abelian Wilson lines in the
same prime TQFT, we will need to go beyond SU (N )k CS theory. One way to
proceed is to consider coset theories and use some intuition from section 2. Indeed,
since cosets can have fixed points (which we will describe below), it is natural to
think they can lead to fusion rules of the form (2).

3.2 Virasoro minimal models and some cosets without fixed points
We begin with a discussion of the Virasoro minimal models, as these are simple
examples of theories that are related to cosets. While these cosets do not have fixed
points, they turn out to produce factorized TQFTs that are nonetheless illustrative.
In the next section, we will focus on cosets that have fixed points, and we will see
how to engineer fusion rules of the form (2).
One way to construct the Virasoro minimal models is to take a three-dimensional
spacetime R × Σ and place SU (2)k−1 × SU (2)1 CS theory on I × Σ, where I is an
40

We thank a referee for pointing out this example.
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interval in R. We can place SU (2)k CS theory outside this region. At the two
1 + 1 dimensional interfaces between the CS theories (which form two copies of Σ,
call them Σ1,2 ), we obtain the left and right movers of the RCFT. Here the chiral
(anti-chiral) primaries lie where endpoints of Wilson lines from the SU (2)k and
SU (2)k−1 × SU (2)1 theories meet on Σ1 (Σ2 ).
Another way to think about the Wilson lines related to the Virasoro minimal
models is to start with SU (2)k−1 × SU (2)1 CS theory and change variables to make
an SU (2)k subsector manifest [50]. Integrating this sector out leaves an effective
coset TQFT.
The end result is that the TQFT we are interested in is41
Tp =

SU (2)p−2  SU (2)1
,
SU (2)p−1

p≥3.

(105)

Here, the natural number p ≥ 3 labels the corresponding Virasoro minimal model
(so, for example, p = 3 for the Ising model).42 We may construct the MTC data
underlying the RCFT and the coset TQFT by taking products (e.g., see [52])
FTp = FSU (2)p−2 · FSU (2)1 · F̄SU (2)p−1 ,

RTp = RSU (2)p−2 · RSU (2)1 · R̄SU (2)p−1 . (106)

In order to make (106) precise, we need to explain how the states in Tp are related
to those in the individual SU (2)k theories that make up the coset. Let us denote
the SU (2)p−2 , SU (2)1 , and SU (2)p−1 weights as λ, µ, and ν. Then, to build the
coset we should identify Wilson lines as follows
W{λ,µ,ν} := Wλ × Wµ × Wν ' (Wp−2 × Wλ ) × (W1 × Wµ ) × (Wp−1 × Wν ) , (107)
where Wp−2 , W1 , and Wp−1 are abelian Wilson lines transforming in the weight p−2
(spin (p−2)/2), weight 1 (spin 1/2), and weight p−1 (spin (p−1)/2) representations
of the different TQFT factors.43 Moreover, in order to be a valid Wilson line in Tp ,
we should demand that our Wilson lines satisfy
W{λ,µ,ν} ∈ Tp ⇔ λ + µ − ν ∈ Q ⇔ λ + µ + ν = 0 (mod 2) ,

(109)

where Q is the SU (2) root lattice. This relation guarantees that all lines that remain
have trivial braiding with W{p−2,1,p−1} (which is a boson that is in turn identified
41

This is the TQFT analog of the classic result [51] for the corresponding affine algebras:
Virp '

b p−2 × su(2)
b 1
su(2)
.
b p−1
su(2)

(104)

42

In writing (105), we have used the Deligne product to emphasize the fact that the SU (2)p−2 ×
SU (2)1 CS theory is a product TQFT.
43

At the level of the corresponding affine algebras, this is the statement that [45]
n
o n
o
λ̂, µ̂, ν̂ ' aλ̂, aµ̂, aν̂ ,

(108)

b
where the hat denotes affine weights, and a is the generator of the (diagonal) O(su(2))
outer
automorphism.
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with the vacuum). It is in terms of these degrees of freedom that (106) should be
understood.
Before proceeding, let us stop and note that the fusion in (107) has no fixed
points. Indeed, this statement readily follows from the fact that SU (2)1 is an abelian
TQFT, and abelian theories cannot have fixed points since their fusion rules are those
of a finite abelian group (in this case Z2 ).
Given this groundwork, we claim that Tp factorizes as follows
Tp '


(SU (2)

int
p−2  SU (2)1 )
SU (2)int  SU (2)conj ,
p−1
p−2

 SU (2)int
p−1 , if p = 0 (mod 2)
if p = 1 (mod 2) .

(110)

The various TQFTs appearing in (110) are
(SU (2)p−2  SU (2)1 )int
SU (2)int
p−1
SU (2)conj
p−1
SU (2)int
p−2

:=
:=
:=
:=

n

o

gen W{λ,µ} ∈ SU (2)p−2  SU (2)1 | λ + µ = 0 (mod 2)
,
gen n
({Wν ∈ SU (2)p−1 | ν = 0 (mod 2)}) ,
o
gen W{λ,µ,ν} | λ + µ + ν = 0 (mod 2) , Wλ , Wµ abelian
,
gen ({Wλ ∈ SU (2)p−2 | λ = 0 (mod 2)}) ,
(111)

where “gen(· · · )" means that the TQFT is generated by the Wilson lines enclosed.
Notice that in the case that p is even, p − 1 is odd and SU (2)int
p−1 is precisely the
decoupled TQFT factor required by Müger’s theorem in (103) containing integer
spins (even Dynkin labels). Similar logic applies to SU (2)int
p−2 in the case that p
conj
is odd. The TQFT SU (2)p−1 has the same fusion rules as SU (2)p−1 , but it is a
different TQFT. Finally, for the case that p = 3 (i.e., the Ising model), we see that
T3 does not factorize.44
Our strategy to prove the factorization in (110) is to construct the various factors and then argue that they are well-defined TQFTs by Müger’s theorem [10].
Although we will not pursue it in this paper, this same approach leads to interesting
generalizations for cosets built out of groups other than SU (2).
To that end, let us first take the case of p ≥ 3 odd. Using the result in (106), we
have that the modular S matrix also takes a product form
(p−2)

S{λ,µ,ν}{λ0 ,µ0 ,ν 0 } = Sλλ0

(1)

(p−1)

· Sµµ0 · Sνν 0

(p−2)

,

θ{λ,µ,ν}{λ0 ,µ0 ,ν 0 } = θλλ0

(1)

(p−1)

· θµµ0 · θ̄νν 0

, (112)

where the superscripts on the righthand sides of the above equations refer to the
corresponding factors in the coset (105). From the S matrix, Verlinde’s formula
yields (see also the discussion in [45])
{λ00 ,µ00 ,ν 00 }

(p−2)λ00

N{λ,µ,ν}{λ0 ,µ0 ,ν 0 } = Nλλ0

(1)µ00

· Nµµ0

(p−1)ν 00

· Nνν 0

,

(113)

where, again, the superscripts on the righthand side denote the different coset factors
in (105). The factor SU (2)int
p−2 in the second line of (110) is clearly closed under
conj
fusion. So too is SU (2)p−1 . To have factorization of the TQFT, we need only show
that all Wilson lines can be written in this way and, by Müger’s theorem, that
44

Note also that Ising shares the same fusion rules as SU (2)2 , though they are not the same
TQFTs. For example, the σ fields have different twists.
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one of these factors is modular. The second part is trivial: we have already seen
that SU (2)int
p−2 is modular in the discussion surrounding (103). We can confirm this
statement by looking at the modular S-matrix for SU (2)p−2
s
(p−2)
Sλλ0

=

(λ + 1)(λ0 + 1)π
2
sin
p
p

!

.

(114)

and taking the submatrix involving the integer spins (even weights).
Therefore, we need only check that all states in the coset (105) can be expressed
in this way. To that end, we can see that
|SU (2)int
p−2 | =

p−1
, |SU (2)conj
p−1 | = p ,
2

(115)

where the norm denotes the number of simple elements within. Therefore, we see
that we have |Tp | = p(p − 1)/2, which is precisely the number of states in the
coset (105) (note that in these computations we have used (107) and (109)) and the
corresponding A-type Virasoro minimal model.
To make contact with the fusion rules in (4), we need to explain precisely how
coset lines map onto the Virasoro primaries. The results above allow us to realize
the, say, Virasoro left-movers as states on the boundary of the bulk TQFT, Tp '
conj
SU (2)int
p−2  SU (2)p−1 with p odd. Now, we need to see how we can map boundary
endpoints of lines in this theory to Virasoro primaries, ϕ(r,s) . To that end, by
conj
comparing the S-matrix for Tp ' SU (2)int
p−2  SU (2)p−1 with the corresponding
expressions for those of the Virasoro minimal models, we have that the labels of the
Virasoro primary, ϕ(r,s) map as follows (see also [45])
r =λ+1 ,

s=ν+1 .

(116)

In particular, we see that the ϕ(r,1) primaries are endpoints of lines in SU (2)int
p−2
.
This
reasoning
explains
the
fact
while the ϕ(1,s) are endpoints of lines in SU (2)conj
p−1
that non-abelian Virasoro primaries of these types have unique fusion outcomes45
ϕ(r,1) × ϕ(1,s) = ϕ(r,s) ,

(117)

discussed in the introduction (at least for p odd). As an example, we have T3 ' Ising
(i.e., the TQFT is the Ising MTC), which does not factorize. On the other hand,
for p = 5, we have
T5 = (G2 )1  SU (2)conj
,
(118)
4
where (G2 )1 is the so-called “Fibnonacci" TQFT, and SU (2)conj
is a TQFT with the
4
same fusion rules and S-matrix as SU (2)4 .
Let us now consider p ≥ 4 even. The modular data and fusion rules still take a
product form as in (112) and (113). Now, however, we should examine the first line
in (110). Using (113), it is again easy to see that both SU (2)int
p−1 and (SU (2)p−2 
int
SU (2)1 ) are separately closed under fusion. Moreover, just as before, we can
use the discussion around (103) and Müger’s theorem to conclude that SU (2)int
p−1 is
indeed a decoupled TQFT as claimed in (110).
45

Though, again, we stress that this factorization is not a factorization of RCFT correlators.
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We should again check that all states in (105) can be reproduced. To that end,
we have
p
, |(SU (2)p−2  SU (2)1 )int | = p − 1 .
(119)
|SU (2)int
p−1 | =
2
As a result, we have |Tp | = p(p − 1)/2, which is the correct number of states in the
coset (105) and the corresponding A-type Virasoro minimal model.
Our mapping is again as in (116), but now ϕ(r,1) primaries are endpoints of lines
in (SU (2)p−2  SU (2)1 )int , and ϕ1,s are endpoints of lines in SU (2)int
p−1 . This again
explains the fusion outcomes in (117) for the case of p even as well. As an example,
note that
T4 = Ising0  (F4 )1 ,
(120)
where the first factor is a rank three TQFT with the same fusion rules as Ising (and
SU (2)2 ), and the second factor is the time reversal of the Fibonacci theory in (118).
As a result, we conclude that, although the TQFTs discussed in this section do
have non-abelian anyons fusing to give a unique outcome, this is due to the fact that
the corresponding TQFTs factorize.

3.3 Beyond Virasoro: cosets with fixed points
In section 2 we saw that fixed points of various kinds gave rise to fusion rules of
the form (8) (in particular, see theorem 1 of section 2.2.3). In the context of cosets,
we can also naturally engineer fixed points under the action of fusion with abelian
anyons generating identifications of fields. In the case of Virasoro, this didn’t happen
(see (107)). Indeed, this statement followed from the fact that we had an abelian
factor in the coset (105).
The simplest way to get around this obstacle and generate fixed points is to
consider instead
SU (2)p−2  SU (2)2
,
(121)
Tbp =
SU (2)p
where p ≥ 3 (we should take p ≥ 4 to avoid the problem of abelian factors). By
further identifying some of these coset fields, we get theories related to the N = 1
super-Virasoro minimal models [51, 53]. Note that the case of p = 3 corresponds to
the T4 case discussed previously (i.e., to the TQFT related to the tri-critical Ising
model).
For the theories in (121), we find the following generalization of the identification
condition in (107)46
W{λ,µ,ν} := Wλ × Wµ × Wν ' (Wp−2 × Wλ ) × (W2 × Wµ ) × (Wp × Wν )
= Wp−2−λ × W2−µ × Wp−ν ,
(122)
In particular, if λ = (p − 2)/2, µ = 1, and ν = p/2, we can have a fixed point47 . Of
46

We also require that λ + µ + ν = 0 (mod 2) so that the lines in the coset theory have trivial
braiding with the bosonic line W{p−2,2,p} . This line is in turn identified with the vacuum.
47
Note that the fixed points discussed in section 2 are fixed points under 1-form and 0-form
symmetry action. In the coset examples studied here, fixed points refer to field identification fixed
points.
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course, if p is odd, we don’t have a fixed point. In this case, we can again run logic
similar to that used in the Virasoro case to argue that the TQFT factorizes.
However, if p is even, then we need to properly define the coset. In particular,
we should resolve the fixed point Wilson line as follows (see [15, 54] for the dual
RCFT discussion)
(1)

(2)

W{(p−2)/2,1,p/2} → W{(p−2)/2,1,p/2} + W{(p−2)/2,1,p/2} .

(123)

Let us consider what turns out to be the simplest interesting case, p = 6
Tb6 =

SU (2)4  SU (2)2
.
SU (2)6

(124)
(1)

(2)

The fixed point resolution in (123) becomes W{2,1,3} → W{2,1,3} + W{2,1,3} . As in the
cases of one-form gauging with fixed points discussed in section 2, it is natural that
(1)
(2)
there should be a zero-form symmetry exchanging W{2,1,3} ↔ W{2,1,3} .
As a first step to better understand the theory after resolving the fixed point,
note that Tb6 has the following number of lines
|Tb6 | = 28 .

(125)

Of these fields, twenty-six come from identifying full length-two orbits in (122) while
two come from resolving the fixed point. In what follows, {λ, µ, ν} will denote fields
in full orbits, while labels of the form {2, 1, 3}(i) (with i = 1, 2) will denote the fixed
point lines.
To understand the fusion rules and the question of primality after fixed point
resolution, we can compute the S matrix using the algorithm discussed in [54] (let
us denote the result by S̃). It takes the form
S̃{λ,µ,ν}{λ0 ,µ0 ,ν 0 } = 2S{λ,µ,ν}{λ0 ,µ0 ,ν 0 } ,
!
1 1 −1
,
S̃{2,1,3}(i) {2,1,3}(j) =
2 −1 1
where

S̃{2,1,3}(i) {λ0 ,µ0 ,ν 0 } = S{2,1,3}{λ0 ,µ0 ,ν 0 } ,

(p−2)

S{λ,µ,ν}{λ0 ,µ0 ,ν 0 } = Sλλ0

(126)

(2)

(p)

· Sµµ0 · Sνν 0 ,

(127)

is the naive generalization of (112) to the cosets at hand. Note that the fusion rules
we obtain from S̃ for fields not involving {2, 1, 3}(i) are the naive ones we get from
S via the restrictions and identifications described above.
The above discussion is sufficient to prove that Tb6 is prime. Indeed, we see from
(126) that the fields that come from identifying length-two orbits have the quantum
dimensions they inherit from S. The fixed point resolution fields, on the other
hand, have half the quantum dimension of the fixed point field. We therefore have
the following four abelian anyons generating a Z2 × Z2 fusion algebra
W{0,0,0} ' W{4,2,6} , W{4,0,0} ' W{0,2,6} , W{0,2,0} ' W{4,0,6} , W{0,0,6} ' W{4,2,0} .
(128)
By (126), we see that the braiding amongst abelian anyons is not affected by taking
S → S̃. As a result, we see that the four abelian anyons all braid trivially. Therefore,
they cannot form a decoupled TQFT.
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Wilson lines
W{0,0,0} , W{4,0,0} , W{0,2,0} , W{0,0,6}
W{0,0,2} , W{0,0,4} , W{4,0,2} , W{4,0,4}
W{1,0,1} , W{1,0,5} , W{3,0,1} , W{3,0,5}
W{0,1,3} , W{2,1,3}(1) , W{2,1,3}(2)
W{1,0,3} , W{3,0,3}
W{2,0,0} , W{2,0,6}
W{0,1,1} , W{0,1,5}
W{1,1,0} , W{1,1,6}
W{2,0,2} , W{2,0,4}
W{1,1,2} , W{1,1,4}
W{2,1,1}

Quantum dimensions
1 
cot π8
q

3
2

csc

 
π

 8

√
2 csc π8
 
√
3 csc π8
2 
csc π8
√
6 
2 cot π8
 
√
6 cot π8
2 csc

 
π
8

Table 1: The twenty-eight Wilson lines and associated quantum dimensions in the Tb6 TQFT.

Given this discussion, what could a putative factorized theory look like? Since
2
6 has order 28 = 7 · 2 , we see that the only way to have a non-trivial factorization
is to have a factorization of the form T̃14  T̃2 into prime TQFTs with rank fourteen
and rank two, or T̃7  T̃4 with prime TQFTs of rank seven and four, or T̃7  T̃2  T̃20
with prime TQFTs of rank seven, two, and two.
Let us consider the first factorization first. Since the abelian anyons (and any
subset thereof) cannot form a separate TQFT factor (this factor would be nonmodular), the classification in [7] implies that we have either T̃2 ' (G2 )1 or T̃2 '
(F4 )1 . In any case, the non-trivial anyon in T̃2 has quantum dimension dτ = (1 +
√
5)/2. It is easy to check that no such quantum dimension can be produced from
products of quantum dimensions in the different coset factors (and so restrictions
cannot produce them either). Moreover, one can check that the resolved fixed point
fields cannot have this quantum dimension either. This same logic applies to the
T̃7  T̃2  T̃20 factorization as well.
Therefore, it only remains to consider T̃7  T̃4 . The other factor, T̃4 , has four
anyons. By [7], this theory is either (G2 )2 or its time reversal. In either case, we
cannot produce the requisite dα = 2 cos(π/9) quantum dimension from our coset.
Therefore, we conclude that Tb6 is indeed a prime TQFT.
Moreover, we find the following fusion rules of non-abelian Wilson lines with
unique outcome
Tb

W{2,0,0} × W{0,0,2} = W{2,0,2} , W{2,0,0} × W{0,0,4} = W{2,0,4} ,
W{1,1,0} × W{0,0,2} = W{1,1,2} , W{1,1,0} × W{0,0,4} = W{1,1,4} ,
W{0,1,1} × W{2,0,0} = W{2,1,1} .

(129)

We can obtain additional such fusion rules by taking a product with some of the
abelian lines in (128).
Just as in the case of discrete gauge theories with fusion rules of the above type,
our theory also has a non-trivial symmetry of the modular data. Indeed, from (126),
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it is clear that the S̃-matrix has a Z2 symmetry under the interchange




g W{2,1,3}(1) = W{2,1,3}(2) ,

1 6= g ∈ Z2 .

(130)

Note that this symmetry is not charge conjugation since S̃ is manifestly real. Moreover, since we don’t change the twists, this action lifts to a symmetry of the modular
data (additionally, it should lift to a symmetry of the full TQFT).
If we wish to make contact with the N = 1 minimal model, then we should
note that the fermionic W{0,2,0} line corresponds to the supercurrent of the SCFT.
We can then organize the Neveu-Schwarz (NS) sector into supermultiplets under
fusion with this operator. Doing so (and paying careful attention to the fields in the
resolution of the fixed point), we find nine NS sector fields and nine Ramond sector
fields as required.
There are many ways to generalize the example we have given here. Indeed,
when there are fixed points in the coset construction we expect to often be able to
generate fusion rules of the form (2). A deeper understanding of these theories and
some more general methods to characterize whether the cosets are prime (along the
lines of the general criteria we have in the case of discrete gauge theories) would be
useful. In any case, we see that, as in the case of discrete gauge theories, symmetry
fixed points and zero-form (quasi) symmetries are deeply connected with fusion rules
of the form (2).

4 Summary and Conclusions
In this paper, we have seen that the existence of fusions of non-abelian anyons
having a unique outcome is intimately connected with the global structure of the
corresponding TQFT.
Let us summarize our results for continuous gauge groups (and continuous groups
more generally):
• Building on the well-known fact that SU (2) spin addition / fusion of two
non-abelian representations (i.e., higher-dimensional / spin non-singlet representations) is reducible (i.e., has multiple outcomes with different total spin),
we argued that a similar result holds in all compact simple Lie groups.
• We argued that the result in the previous bullet point on classical groups
can be extended to a theorem constraining SU (N )k CS theory: fusions of
non-abelian Wilson lines in these theories do not have unique outcomes. More
generally, Wilson lines corresponding to affine representations with at least two
non-vanishing Dynkin labels in any Gk CS theory (for G a compact simple Lie
group) do not have unique outcomes. These results have implications for the
global structure of these theories (claim 14): the Wilson lines discussed here
must all lie in the same prime factor (although Gk CS theories are not prime
in general).
• We showed that one way to produce a × b = c fusions involving non-abelian a
and b is to consider cosets. In the case of TQFTs underlying Virasoro minimal
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models we argued that (as in the (E7 )2 case) such rules arise from factorizations
of the TQFTs into multiple prime factors. On the other hand, if we include
cosets with fixed points, we can obtain prime theories with such fusion rules.
Next, let us summarize our results for discrete gauge groups (and discrete groups
more generally):
• We argued that Zisser’s construction of irreducible products of higher-dimensional
irreducible AN representations [25] can be lifted to fusions of non-abelian Wilson lines with unique outcomes in AN discrete gauge theory. From the perspective of the closely related SN group and corresponding discrete gauge theory,
the AN result requires certain 1-form symmetry fixed points (where we define
“one-form symmetry" in the SN group to correspond to the Z2 ⊂ Rep(SN )
generated by the sign representation). We then derived theorem 1 that generalizes this relation between the AN and SN discrete gauge theories to other
TQFTs.
• Going to the SN discrete gauge theory by gauging the Z2 0-form outer automorphism symmetry of the AN discrete gauge theory resolves the a × b = c
non-abelian fusion rule into fusion rules not of this type. However, we saw
that in the case of O(5, 3) discrete gauge theory such resolutions do not always occur via automorphism gauging. On the other hand, a symmetry fixed
point again plays a role: in the resulting O(5, 3) o Z2 discrete gauge theory,
there is a 0-form symmetry fixed point. We then proved theorem 2, which
explains why this phenomenon occurs in more general theories. In fact, the
O(5, 3) o Z2 discrete gauge theory relative of the a × b = c fusion equations in
the O(5, 3) TQFT described in (42) also has a 1-form symmetry fixed point
for the anyon appearing on the right hand side. In the original O(5, 3) TQFT
this latter anyon becomes a set of two anyons related by the 0-form symmetry.
Our theorem 2A generalizes this observation to other TQFTs.
• We showed that one can lift Gallagher’s theorem to a statement on the fusion
of non-abelian Wilson lines involving unfaithful representations with a unique
outcome in TQFT. Moreover, we elucidated the roles that subcategory structure and symmetries play in this result for various specific TQFTs. We then
proved theorem 3 that generalizes these observations to a broader set of theories. We also argued that this subcategory structure helps explain the large
ratio of group orders in (51).
• To gain a sense of how magnetic fluxes behave in general discrete gauge theories, we proved theorem 5. In particular, we showed that in discrete gauge
theories with a non-abelian gauge group, G, the magnetic fluxes do not form
a fusion subcategory. This result immediately places constraints on electricmagnetic self-dualities / quantum symmetries that constrain our symmetry
searches later in section 2.
• At a more constructive level, we also proved theorem 10. This result gives
infinitely many generalizations of the well-known electric-magnetic self-duality
of the S3 discrete gauge theory.
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• In order to better understand which discrete gauge theories are prime, we
proved theorem 7. This result allowed us to more easily analyze which prime
discrete gauge theories have fusions of non-abelian anyons with unique outcomes.
• In order to get a handle on the structure of discrete gauge theories with fusion
rules of our desired type involving anyons carying non-trivial flux, we proved
theorem 11 and corollary 12. These results give the subcategory structure that
arises when such fusions occur. In turn, this structure gives an explanation of
these fusion rules. Theorem 13 then partially extends these results to the case
in which one of the non-abelian anyons involved is a Wilson line.
• The software GAP was used to analyze the fusion rules of hundreds of untwisted discrete gauge theories. In all the cases we checked, we find that
discrete gauge theories with a × b = c type fusion rules have quasi-zero-form
symmetries. This suggests that symmetries of the modular data are a characteristic feature of such fusion rules.
The above discussion leads to various natural questions:
• In the discussion around (51) we explained the large hierarchy between the size
of simple and non-simple groups whose corresponding discrete gauge theories
have non-abelian Wilson lines satisfying (2) by using symmetries and subcategory structure. It would be interesting to explore whether other related
hierarchies can be explained in a similar way.
• We saw that in almost all the prime untwisted discrete gauge theories we
studied, if there was a fusion rule of the form (2), then the theory had nontrivial zero-form symmetries. The only exceptions where discrete gauge theories based on the M23 and M24 Mathieu groups discussed in section 2.5. Here
we argued that there were zero-form symmetries of the modular data that did
not lift to symmetries of the full theory. It would be interesting to understand
if gauge theories based on certain finite simple sporadic groups are the only
prime theories with fusion rules of the form (2) that exhibit this phenomenon.
• In section 3.1, we proved that the non-abelian lines of SU (N )k CS theory don’t
have fusion rules of the form (2). While (E7 )2 CS theory does have such fusion
rules, we do not know of an example of such a fusion in a prime Gk CS theory
with G a compact and simple Lie group. It would be interesting to either
find an example of such a fusion or prove a more general theorem forbidding
one. Given such fusions are common for discrete gauge theories, it would be
interesting to understand how these two statements interact with each other.
• As we saw in section 3.3, it would be useful to develop new tools to understand
primality in theories built on cosets. One promising direction is to study the
role of Galois actions in such theories.
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A Wilson line a×b = c in gauge theories with order forty-eight
discrete gauge group
Let us study groups of order 48 for which the corresponding discrete gauge theories
have Wilson line a × b = c type fusions48 .
(48, 15) ((Z3 × D8 ) o Z2 );
W22 × W24 = W4 , W22 × W25 = W4 , W23 × W24 = W4 , W23 × W25 = W4
W24 × W26 = W4 , W24 × W27 = W4 , W25 × W26 = W4 , W25 × W27 = W(131)
4 .
We have Out((Z3 × D8 ) o Z2 ) = Z2 × Z2 . Let r1 and r2 be the generators of this
group. They act on the Wilson lines involved in the fusion above as follows
r1 : W22 ↔ W22 ; W23 ↔ W23 ; W24 ↔ W24 ; W25 ↔ W25 ; W26 ↔ W27 ;(132)
r1 : W22 ↔ W22 ; W23 ↔ W23 ; W24 ↔ W25 ; W26 ↔ W26 ; W27 ↔ W27 ;(133)
Since this group has complex characters we also have a non-trivial quasi-zero-form
symmetry given by complex conjugation. Z(Vec(Z3 ×D8 )oZ2 ) also has all other a×b =
c type fusions (involving fluxes and dyons) discussed in this paper.
(48, 16) ((Z3 : Q8 ) o Z2 ); This has fusions identical to (131). The only difference
is that now W24 and W25 are conjugates. The outer automorphism group and
symmetry action is identical to Z(Vec(Z3 ×D8 )oZ2 ). Since this group has complex
characters we also have a non-trivial quasi-zero-form symmetry given by complex
conjugation. We additionally have all other a × b = c type fusions (involving fluxes
and dyons) discussed in this paper.
(48, 17) ((Z3 × Q8 ) o Z2 ); This has identical character table to (48, 16), so same
fusion rules. The properties are identical to the two cases above.
(48, 18) (Z3 o Q16 ); Identical characters to (48, 15), so shares (131). The discussion
is identical to the case above.
(48, 39) ((Z4 × S3 ) o Z2 );
W21 × W25 = W4 , W21 × W26 = W4 , W22 × W25 = W4 , W22 × W26 = W4
W23 × W25 = W4 , W23 × W26 = W4 , W24 × W25 = W4 , W24 × W26 = W(134)
4 .
We have Out((Z4 × S3 ) o Z2 ) = Z2 × Z2 . Let r1 and r2 be the generators of this
group. They act on the Wilson lines involved in the fusion above as follows
r1 : W21 ↔ W21 ; W22 ↔ W22 ; W23 ↔ W23 ; W24 ↔ W24 ; W25 ↔ W26 ;(135)
r1 : W21 ↔ W22 ; W23 ↔ W23 ; W24 ↔ W24 ; W25 ↔ W25 ; W26 ↔ W26 ;(136)
48

We won’t discuss the direct product groups S3 × S3 , D8 × S3 and Q8 × S3 which also have such
fusions (the corresponding discrete gauge theories factorize). Since we have already discussed the
case of BOG and GL(2, 3), we won’t be discussing them here
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Since this group has complex characters we also have a non-trivial quasi-zero-form
symmetry given by complex conjugation. Z(Vec(Z4 ×S3 )oZ2 ) also have all other a×b =
c type fusions (involving fluxes and dyons) discussed in this paper.
(48, 41); ((Z4 × S3 ) o Z2 )
Fusion of Wilson lines giving unique output is same as (134). We have Out((Z4 ×
S3 ) o Z2 ) = D12 .
Since this group has complex characters we also have a non-trivial quasi-zeroform symmetry given by complex conjugation. Z(Vec(Z4 ×S3 )oZ2 ) also have all other
a × b = c type fusions (involving fluxes and dyons) discussed in this paper.

B Genuine zero-form symmetries and quasi-zero-form symmetries in A9 discrete gauge theory
Recall from section 2.2.1 that A9 is the simplest example of an AN (with N = k 2 ≥ 9)
discrete gauge theory with fusion rules involving non-abelian Wilson lines having
unique outcome. Here our goal is to disentangle the genuine zero form symmetries
Autbr (Z(VecA9 )) ' H 2 (A9 , U (1)) o Out(A9 ) ' Z2 × Z2 ,

(137)

from a charge conjugation quasi zero-form symmetry [38].
Let us first discuss the outer automorphisms. To that end, recall that A9 has an
outer automorphism corresponding to conjugation by odd elements of S9 .A9 . Acting
with the outer automorphism generated by (89) ∈ S9 , we see that the following lines
are exchanged
L([(123456789)],πp ) ↔ L([(123456798)],πp ) ,

L([(12345)(678)],πn ) ↔ L([(12345)(679)],πn ) , (138)

where the relevant conjugacy classes are listed in table 2, and 0 ≤ p ≤ 8, 0 ≤ n ≤ 14
label representations of the corresponding Z9 and Z14 centralizers (they are also
listed in table 2).
In fact, as described in the main text, the symmetry in (138) generates an action
on some of the Wilson lines involved in (30)
W[33 ]+ ↔ W[33 ]− .

(139)

This action can be read off from the character table of A9 or, equivalently, from the
braiding
SW[33 ]

+

L([(12345)(678)],πn )

SW1 L([(12345)(678)],πn )
SW[33 ]

−

L([(12345)(678)],πn )

SW1 L([(12345)(678)],πn )
SW[33 ] L([(12345)(679)],πn )
+

SW1 L([(12345)(679)],πn )
SW[33 ]

−

L([(12345)(679)],πn )

SW1 L([(12345)(679)],πn )
Accepted in

√
1
= χ[33 ]+ ([(12345)(678)])∗ = − (1 − i 15) ,
2
√
1
= χ[33 ]− ([(12345)(678)])∗ = − (1 + i 15) ,
2
√
1
= χ[33 ]+ ([(12345)(679)])∗ = − (1 + i 15) ,
2
√
1
= χ[33 ]− ([(12345)(679)])∗ = − (1 − i 15) .
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Conjugacy class
1
[(12)(34)]
[(12)(34)(56)(78)]
[(123)]
[(123)(45)(67)]
[(123)(456)]
[(123)(456)(789)]
[(1234)(56)]
[(1234)(567)(89)]
[(1234)(5678)]
[(12345)]
[(12345)(67)(89)]
[(12345)(678)]
[(12345)(679)]
[(123456)(78)]
[(1234567)]
[(123456789)]
[(123456798)]

Length
1
378
945
168
7560
3360
2240
7560
15120
11340
3024
9072
12096
12096
30240
25920
20160
20160

Centralizer
A9
SmallGroup(480, 951)
SmallGroup(192, 1493)
SmallGroup(1080, 487)
SmallGroup(24, 10) , (D8 × Z3 )
SmallGroup(54, 13)
SmallGroup(81, 7) , ((Z3 × Z3 × Z3 ) o Z3 )
SmallGroup(24, 5) , (S3 × Z4 )
SmallGroup(12, 2) , (Z12 )
SmallGroup(16, 13) , (central product D8 , Z4 )
SmallGroup(60, 9)
SmallGroup(20, 5) , (Z10 × Z2 )
SmallGroup(15, 1) , (Z15 )
SmallGroup(15, 1) , (Z15 )
SmallGroup(6, 2) , (Z6 )
SmallGroup(7, 1) , (Z7 )
SmallGroup(9, 1) , (Z9 )
SmallGroup(9, 1) , (Z9 )

Table 2: The eighteen conjugacy classes of A9 , their order, and their centralizers (recall that
the centralizers of elements in the same conjugacy class are isomorphic). The centralizer is
labeled by its GAP ID (for sufficiently small groups) as “SmallGroup(a, b)" along with a more
common name in certain cases.

Note that, since the [(12345)(678)] and [12345)(679)] conjugacy classes are complex, we also have a non-trivial Z2 charge conjugation that acts on the modular data
and swaps W[33 ]+ ↔ W[33 ]− and L([(123456789)],πp ) ↔ L([(123456798)],πp ) . Recall from the
discussion in (65) that elements of H 2 (A9 , U (1)) ' Z2 act trivially on the Wilson
lines. Hence, we learn that charge conjugation cannot be a genuine symmetry of the
TQFT (this statement is also confirmed by the analysis in [38]).
However, this is not a contradiction with what we have written, because Out(A9 )
also interchanges the real conjugacy classes [(123456789)] and [(123456798)] along
with the corresponding lines in (138). Since charge conjugation leaves these degrees
of freedom untouched, it is a distinct operation.
Note that in the A9 discrete gauge theory we can also turn on a large variety of
twists
ω ∈ H 3 (A9 , U (1)) ' Z2 × Z23 × Z4 ' Z6 × Z12 .
(141)
Since the charge conjugation quasi-symmetry is a property of the Wilson line fusion
rules, it remains regardless of the twist.
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C GAP code
The following GAP code defines the function checkdyon() which takes in a group as
an argument. It checks for a × b = c type fusions for non-abelian anyons a, b, c ∈
Z(VecG ) and ouputs all such fusions. Moreover, if such fusions exist, it outputs
Out(G) as well as H 2 (G, U (1)). Note that it requires the package HAP to function.
In order to define checkdyon() we need to first define the functions comconj()
and conjprof().
> conjcom:=function(a,b)
> local com,i,j;
> com:=[];
> for i in [1..Size(AsList(a))] do
> for j in [i..Size(AsList(b))] do
> Append(com, [AsList(a)[i]*AsList(b)[j]*Inverse(AsList(b)[j]*AsList(a)[i])]);
> od; od;
> return DuplicateFreeList(com)=[AsList(a)[1]*Inverse(AsList(a)[1])]; end;
This function takes two conjugacy classes of a group G as inputs and outputs true
if they commute element-wise and false otherwise. Now, let us define the function
conjprod()
> conjprod:=function(a,b,c)
> local prod,i,j,k;
> prod:=[];
> for i in [1..Size(AsList(a))] do
> for j in [i..Size(AsList(b))] do
> for k in [1..Size(c)] do
> if AsList(a)[i]*AsList(b)[j] in AsList(c[k]) then
> Append(prod, [k]); break; fi; od; od; od;
> if Size(DuplicateFreeList(prod))=1 then
> return DuplicateFreeList(prod)[1]; else return 0; fi; end;
This function takes three arguments. The first two arguments a, b are two conjugacy
classes of a group G and the third argument c is the set of all conjugacy classes of
G. The function outputs an integer k > 1 if the product of two input conjugacy is
a single conjugacy class (which is at position k in the list of conjugacy classes c).
The function outputs 0 otherwise.
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Using these two functions, we finally define the checkdyon() function.
checkdyon:=function(G)
> local cn,i,j,k,a,l,cen1,cen2,cen3,cenint,irrcenint,irrcen1,irrcen2,irrcen3,
cen1res,cen2res,cen3res,x,y,z,w,a1,a2,A,I,F,R;
> cn:=ConjugacyClasses(G);
> a:=0;
> for i in [1..Size(cn)] do
> for j in [i..Size(cn)] do
> if conjcom(cn[i],cn[j]) then
> k:=conjprod(cn[i],cn[j],cn);
> if k<>0 then
> cen1:=Centralizer(G,AsList(cn[i])[1]);
> cen2:=Centralizer(G,AsList(cn[j])[1]);
> cen3:=Centralizer(G,AsList(cn[k])[1]);
> cenint:=Intersection(cen1,cen2,cen3);
> irrcen1:=Irr(cen1);
> irrcen2:=Irr(cen2);
> irrcen3:=Irr(cen3);
> cen1res:=RestrictedClassFunctions(irrcen1,cenint);
> cen2res:=RestrictedClassFunctions(irrcen2,cenint);
> cen3res:=RestrictedClassFunctions(irrcen3,cenint);
> irrcenint:=Irr(cenint);
> for x in [1..Size(cen1res)] do
> for y in [1..Size(cen2res)] do
> if Size(AsList(cn[i]))*DegreeOfCharacter(cen1res[x])>1 and
Size(AsList(cn[j]))*DegreeOfCharacter(cen2res[y])>1 then
> for z in [1..Size(cen3res)] do
> a1:=[ ]; a2:=[ ];
> for w in [1..Size(irrcenint)] do
> Append(a1,[ScalarProduct(irrcenint[w],cen1res[x]*cen2res[y])]);
> Append(a2,[ScalarProduct(irrcenint[w],cen3res[z])]);
> od;
> if a1*a2=1 and
Size(AsList(cn[i]))*DegreeOfCharacter(cen1res[x])*
Size(AsList(cn[j]))*DegreeOfCharacter(cen2res[y])=
Size(AsList(cn[k]))*DegreeOfCharacter(cen3res[z]) then
> a:=1;

Accepted in

Quantum 2021-06-01, click title to verify. Published under CC-BY 4.0.

53

> Print(IdSmallGroup(G), “ ", StructureDescription(G), “\n");
> Print(“Anyon a: ", cn[i], “ , ", irrcen1[x], “\n");
> Print(“Anyon b: ", cn[j], “ , ", irrcen2[y], “\n");
> Print(“Anyon c: ", cn[k], “ , ", irrcen3[z], “\n","\n");
> fi; od; fi; od;od; fi; fi; od; od;
> if a=1 then
> A:=AutomorphismGroup(G);
> I:=InnerAutomorphismsAutomorphismGroup(A);
> F:=FactorGroup(A,I);
> Print(“Out(G): ",StructureDescription(F), “\n");
> R:=ResolutionFiniteGroup(G,3);
> Print(“H2(G,U(1)): ",Homology(TensorWithIntegers(R),2),“\n");
> Print(“\n",“\n"); fi;
> end;
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