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We propose and analyze a set of variational
quantum algorithms for solving quadratic
unconstrained binary optimization problems
where a problem consisting of nc classical variables can be implemented on O(log nc ) number
of qubits. The underlying encoding scheme allows for a systematic increase in correlations
among the classical variables captured by a
variational quantum state by progressively increasing the number of qubits involved. We
first examine the simplest limit where all correlations are neglected, i.e. when the quantum
state can only describe statistically independent classical variables. We apply this minimal
encoding to find approximate solutions of a
general problem instance comprised of 64 classical variables using 7 qubits. Next, we show
how two-body correlations between the classical variables can be incorporated in the variational quantum state and how it can improve
the quality of the approximate solutions. We
give an example by solving a 42-variable MaxCut problem using only 8 qubits where we exploit the specific topology of the problem. We
analyze whether these cases can be optimized
efficiently given the limited resources available
in state-of-the-art quantum platforms. Lastly,
we present the general framework for extending the expressibility of the probability distribution to any multi-body correlations. Our
encoding scheme allows current generations of
quantum hardware to explore the boundaries
of classical intractability involving real world
problem sizes, and can be implemented on currently available quantum hardware across various platforms, requiring only few dozens of
qubits.
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1 Introduction
In recent years, important experimental breakthroughs have propelled quantum computing as one
of the most thriving fields of research [3, 8, 44, 48],
with the long-term goal of building universal quantum computers capable of running algorithms with
provable quantum speed-up [19, 45]. As the first generations of quantum hardware, referred to as noisy
intermediate-scale quantum (NISQ) devices [40], do
not yet fulfill the technical requirements to implement error-corrected universal quantum computing,
increasing efforts are dedicated to design near-term
algorithms capable of performing computational tasks
with imperfect and limited quantum resources [4, 31].
Amongst the most promising paradigms are the variational quantum algorithms (VQA) [13, 22, 33, 35, 38].
In these algorithms, a parameterized quantum circuit
is optimized using classical computing resources to
generate a quantum state that represents an accurate
approximate solution of the problem at hand. While
a formal proof of any quantum advantages these algorithms might bring has yet to be found [43], applications of NISQ devices to real-world problems are
already being explored in chemistry [32] and unconstrained binary optimisation (QUBO) problems [18].
The QUBO model is an NP-hard combinatorial
problem that consists of minimizing a cost function
of the form Cx = ~x| A~x, where ~x ∈ {0, 1}nc is a vector of nc classical binary variables and A is a real and
symmetric matrix. VQAs such as the quantum approximate optimization algorithm (QAOA) [1, 5, 13–
15, 21, 36, 37, 41, 49] and hardware efficient [6, 42] approaches have been applied to find approximate solutions to QUBO problems. QAOA in particular is able
to ensure a lower bound on the quality of its solutions
for sparse instances of QUBO problems using shallow circuits. This quality is then able to monotonically converge towards the exact solution for infinitely
deep circuits recovering quantum adiabatic computing [13, 51]. Recent experiments have however highlighted the challenges in implementing the QAOA on
problem graphs that differ from the native connectivity of the quantum hardware for increasing system
sizes [21]. Hardware efficient approaches, on the other
hand, are motivated by the simplicity of their imple-
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mentations but do not guarantee a lower bound on the
quality of the solutions. This is usually accomplished
using series of gates native to the quantum platform
and is unconstrained by the topology of the QUBO
problem. However, depending on the implementation,
these hardware efficient approaches can be plagued by
exponentially large barren plateaus in their optimization landscapes as the number of qubits increases [34].
In addition to increasing algorithmic difficulties, the
engineering overhead of scaling up the quantum hardware also currently limits the size of computational
tasks to toy models. Previously proposed schemes
to implement quantum algorithms to solve optimization problems have used a number of classical variables equal to the number of qubits available and
were therefore limited to problem sizes involving only
a few tens of them [1, 5, 6, 21, 36, 37, 41, 42, 49].
This is not representative of real-world optimization
problems, where the number of classical variables nc
involved can be on the order of 104 .
In this work, we tackle this problem by proposing
an encoding scheme for QUBO models with nc variables that can be implemented on O(log nc ) number
of qubits. We devise a strategy using na ancilla qubits
and nr register qubits to divide the QUBO problem
into 2nr subsystems of na classical variables, requiring a total of nq = na + nr qubits. This approach
allows for a simultaneous search through each subsystem by exploiting the intrinsic parallelism offered
by quantum devices. In this context, the resulting
variational quantum state that encodes a probability
distribution over all classical solutions is capable of
capturing any na -body correlations between a number of QUBO variables that scale exponentially with
nr . This heuristic approach allows for the systematic
increase in the correlations that can be captured in
the probability distribution by progressively increasing the number of qubits. As an example, in the limit
where each subsystem is composed of only a single
classical variable, i.e. all correlations between classical
variables are neglected, nr = log2 (nc ) and optimization problems of size nc ∼ 104 could be tackled on
quantum hardware with no more than 15 qubits. We
emphasize that this limiting case of na = 1 can be
efficiently classically simulated and therefore should
not provide any quantum speed-up. At the other end
of the spectrum, the most resource intensive limit of
our encoding scheme is reached when nq = na = nc
and recovers the traditional approaches that are classically intractable and possibly offer quantum advantages. This encoding scheme provides a systematic
way to traverse between these limits, thus allowing
one to balance between capturing selected amounts
of correlations whilst respecting the hardware capabilities of modern day devices. With the expected
capabilities of upcoming NISQ devices, this scheme
paves the way to explore the boundaries of classical
intractability for real-world problem sizes.
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In what follows, we introduce the general idea of our
systematic encoding scheme and numerically demonstrate how the limit of na = 1 is able to solve QUBO
problems while significantly reduce the number of
qubits required. From there, we make the first step
towards more expressive encoding by considering protocols to capture different subsets of two-body correlations and explore whether they can be optimized
efficiently. We demonstrate numerically how a selective encoding scheme can be applied to the Max-Cut
problem and show that exploiting the topology of a
specific problem to select an efficient subset of correlations leads to better solutions. All protocols proposed
in this manuscript are in line with the limitations of
the current state-of-the-art quantum platforms.

2 QUBO model and the complete encoding scheme
The QUBO model is an NP-hard combinatorial problem that consists of minimizing a cost function of the
form Cx = ~x| A~x, where ~x ∈ {0, 1}nc is a vector of nc
classical binary variables and A is a real and symmetric matrix. This model is of particular interest due to
its relationship with other optimization problems such
as the Max-Cut, portfolio optimization and facility allocation problems [23, 25, 30]. Existing metaheuristic
approaches such as the TABU search, genetic algorithms, and simulated annealing are capable of finding
suitable solutions to problems consisting of nc ∼ 104
classical variables [16, 17].
In recent implementations of VQA applied to solving QUBO problems, each binary variable in ~x is represented by a single qubit, i.e. nq = nc ; a mapping
which we will refer to as the complete encoding. The
resulting quantum state is parameterized by a set of
angles θ~ with the general form
X
~ xi,
~ = Ûcp (θ)|ψ
~ 0i =
|ψcp (θ)i
α~x (θ)|~
(1)
~
x∈{0,1}nc

~ is the unitary evolution implemented
where Ûcp (θ)
n
on the quantum platform, {|~xi = ⊗i q |xi i} with
xi ∈ {0, 1} is the complete computational basis spawn
by the nq qubits and |ψ0 i is a given input state. By
associating a classical solution ~x with a basis state |~xi,
~ is able to encode all possible clasthe state |ψcp (θ)i
sical solutions in a linear superposition. This unique
property of quantum mechanics opens the possibility
for multiple classical solutions to be tested simultaneously and this intrinsic parallelism is a strong motivator in developing quantum algorithms for classical
problems.
~ is a universal quantum cirIn the case where Ûcp (θ)
cuit, all α~x in Eq. (1) can in principle be independent
(up to the normalization condition). Consequently,
this quantum state is able to capture all possible correlations between the classical variables and exhibits
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Figure 1: Schematic representation of the encoding schemes.
(a) Complete graph representing a dense QUBO matrix A.
(b) A 3-Regular graph Max-Cut problem. The set of red
edges is an example of perfect matching where each vertex is
connected to only a single edge. (c) Encoding schemes where
na -body correlation are encoded with na increasing from top
to bottom. In the minimal encoding, each of the 2nr basis
states |φi i is used to represent a single classical variable xi
(vertex). In the n-body (two-body) encoding scheme, groups
of n (two) classical variables are formed and each basis state
represents a unique encoded group. In the complete encoding, each basis state represents an entire graph.

expressive power that is beyond classical computation [10, 11, 24]. The goal from here would be to efficiently navigate the exponentially large Hilbert space
and reach the basis state(s) which represent the exact
or approximate solution(s) to the QUBO problem.
In this complete encoding scheme, the QUBO
model can be mapped onto an Ising Hamiltonian
c
1X
Aij (1 − σ̂z(i) )(1 − σ̂z(j) ),
4 i,j

(2)

(i)

where σ̂z is the z Pauli matrix acting on qubit i and
Aij are the elements of the matrix A. The ground
state of ĤIsing is a basis state |~xi that corresponds to
an exact solution ~x of the QUBO problem defined by
A. For general instances, ĤIsing represents a system
of interacting spins where all two-body interactions
may be present.
A variational algorithm can then be implemented to
~ to
find a suitable solution by using the ansatz Ûcp (θ)
produce trial states and finding the set of parameters
θ~ to minimize the cost function
~ = hψcp (θ)|
~ ĤIsing |ψcp (θ)i.
~
Ccp (θ)

(3)

Here, Eq. (3) is a linear function of expectation values
with a number of terms polynomial in the number of
qubits.
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3 Minimal encoding
While complete encoding schemes allow for all manybody correlations to be captured between classical
variables, the number of qubits required limits their
application to small system sizes with unfavorable
scaling up perspectives. In what follows, we propose
an encoding scheme which sacrifices this ability to
capture correlations but allows for problem sizes to
be scaled exponentially with the number of qubits.
We refer to this mapping as the minimal encoding.

3.1 Expressibility of the minimal encoding

n

ĤIsing =

Existing variational ansatzes for optimization problems can be divided in two distinct groups — approaches which require the Hamiltonian ĤIsing to be
implemented on the quantum hardware and those
which utilize only native gates unconstrained by the
specific problem. Approaches such as the QAOA, as
implemented in Refs. [1, 5, 21, 36, 37, 41, 49], fall
into the first category and benefit from being able to
exploit some extent of adiabatic computing to search
the Hilbert space [2]. In principle, the produced variational state is guaranteed to converge towards the
exact solution for infinitely long quantum evolution
~ These approaches however, can be difficult to
Ûcp (θ).
implement for generic QUBO problems. Approaches
that fall into the second category have been implemented in Refs. [6, 42] and are designed to circumvent the technical challenges of implementing ĤIsing .
However, these approaches do not guarantee the existence of an efficient path to the optimal solution and
can become exponentially hard to optimize as the system size increases. While the ansatz proposed in this
work belongs to the latter category, there should be
no fundamental restrictions on devising circuit structures tailored toward a specific QUBO problem within
the proposed encoding schemes.

The minimal encoding scheme considered here requires one ancilla na = 1 and nr = log2 nc register
qubits for a total number of nq = log2 nc + 1 qubits.
The parametrized quantum state can be expressed as
~ =
|ψ1 (θ)i

nc
X

~ i (θ)|0i
~
~
βi (θ)[a
a + bi (θ)|1ia ] ⊗ |φi ir , (4)

i=1

where the states {|φi ir } ({|0ia , |1ia }) are computational basis states of the register (ancilla) qubits. The
premise is to define a one-to-one correspondence between each of the nc classical variables xi in ~x and
a unique basis state |φi ir , as depicted in Fig. 1 (c).
The probability of the ith classical variable to have
the value 1 or 0 is given by Pr(xi = 1) = |bi |2
and Pr(xi = 0) = 1 − |bi |2 = |ai |2 respectively.
~ capture the likelihood of meaThe coefficients βi (θ)
suring each register state |φi i and thus the corre-
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Figure 2: Hardware-efficient variational ansatz. The initial
nq
quantum state |ψ0 i = √21nq ⊗i=1
(|0i + |1i) is produced
by the first layer of Hadamard gates. Each subsequent layer
1 ≤ l ≤ L is composed of a series of CNOT gates and single
rotations Ry (θi ) (denoted Y) where the L × nq variational
parameters are grouped in θ~ (n = nq for readability). A
single evaluation of the cost function requires nmeas measurements in the computational basis and one optimization
process requires neval of these evaluations.

sponding state of the ancilla qubit. As an example, encoding the probability distribution over all solutions ~x of dimensions nc = 4 requires nr = 2.
One can then define the mapping as |φ1 ir ≡ |00ir ,
|φ2 ir = |01ir , |φ3 ir ≡ |10ir and |φ4 ir = |11ir . In
doing so, the quantum state representing the unit
probability of sampling ~x = (1, 0, 0, 1) would read
|ψ1 i = (|1ia |00ir + |0ia |01ir + |0ia |10ir + |1ia |11ir )/2.
A similar encoding strategy has been utilized in the
context of image compression [27].
The limitation of this compact mapping is its ability
to only encode distribution functions of statistically
independent classical variables, i.e. where the probability of obtaining a particular classical
solution ~x
Qnc
from the state is given by Pr(~x) = i=1
Pr(xi ). This
comes as no surprise as the quantum state uses only nc
coefficients to encode a probability distribution over
2nc solutions. As a consequence, it is always possible to efficiently capture the resulting distribution
functions using classical approaches, as we will discuss below in more detail. Despite these limitations,
we examine this limiting case closely as it captures
the core elements of the general encoding strategy.

3.2 Cost function to minimize
As with standard VQAs, we defined a cost function
~ Given
to be minimized using a set of parameters θ.
~ represents a distribution function over
that |ψ1 (θ)i
statistically independent classical variables, it adopts
the form
~ =
C1 (θ)

nc
X
i,j=1

Aij

hP̂i1 iθ~ hP̂j1 iθ~
hP̂i iθ~ hP̂j iθ~

(1 − δij ) +

nc
X
i=1

Aii

hP̂i1 iθ~
hP̂i iθ~

,

(5)
where P̂i = |φi ihφi |r (P̂i1 = |1ih1|a ⊗ P̂i ) are the
projectors over the register basis state |φi ir independent of the ancilla state (with the ancilla being in
Accepted in
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Figure 3: Optimized cost function value in the minimal encoding scheme as a function of circuit depth L for randomly
generated problems of different sizes nc with nmeas → ∞.
The lines represent the mean final value of 20 runs from 20
different starting points θ~ini . The shaded regions show one
standard deviation from the mean. The optimization processes have been terminated at neval = 5000. The minimum
and maximum values of the cost function, Cmin and Cmax
respectively, were found using the classical optimization software Gurobi [20] and were used to normalize the cost function
values from 0 to 1.

|1ia ). The expectation value can be expressed as
~ P̂i |ψ1 (θ)i,
~ giving bi (θ)
~ = hP̂ 1 i~ /hP̂i i~ .
hP̂i iθ~ = hψ1 (θ)|
i θ
θ
The highly entangled quantum
Pstate that minimizes
Eq. (5) adopts the form |ψi = i βi |σi ia ⊗ |φi i with
σi = {0, 1} and corresponds unambiguously to the
exact solution ~x = [σ1 , . . . , σnc ] that minimizes the
QUBO problem defined by the matrix A. This point
is crucial as it ensures that finding the global minimum of Eq. (5) leads to the exact classical solution
that minimizes the QUBO problem. Another impor~ is that it only depends on the set
tant aspect of C1 (θ)
2
of norms {|bi | }. As a consequence, partial tomography performed by a series of measurements solely in
the computational basis is sufficient for its estimation.
~ in Eq. (5) cannot be
Finally, the cost function C1 (θ)
reduced to a linear function of expectation values and
therefore the QUBO model in the minimal encoding
scheme cannot be described with a suitable Hamiltonian. A detailed derivation of Eq. (5) is presented in
appendix A.

3.3 Variational protocol to solve randomly
generated QUBO models
~ = Û1 (θ)|ψ
~ 0 i is produced
The quantum state |ψ1 (θ)i
~ applied
by a parameterized unitary evolution Û1 (θ)
to
an
initial
product
state
|ψ
i
∼
(|0i
0
a + |1ia ) ⊗
Pnc
|φ
i
.
We
consider
a
hardware
efficient
circuit
i r
i=1
~
as our ansatz Û1 (θ) in the form depicted in Fig. 2.
This circuit starts with a layer of Hadamard gates applied to all the qubits initially in |00 . . . 00i to produce
|ψ0 i. It then follows with an alternating sequence of
nearest-neighbor CNOT gates and single qubit Ry (θi )
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Figure 4: (a)–(c): Evolution of the (renormalized) cost function C̃1 = (C1 − Cmin )/(Cmax − Cmin ) during the optimization
process in the minimal encoding scheme for different sizes of A. Shaded regions represent one standard deviation from the
average over 30 different starting θ~ini . The final value of the cost function decreases as more nmeas were used in evaluating
C̃1 . (a) nq = 4 qubits with circuit depth of L = 4 and matrix size of nc = 8. (b) nq = 6 qubits, circuit depth of L = 12,
and matrix size of nc = 32. (c) nq = 7 qubits, circuit depth of L = 18, and matrix size of nc = 64. (d)–(f): Cumulative
distribution of solutions drawn from the final quantum state |ψ1 (θ~opt )i using the parameters outlined in (a)–(c). 10 classical
solutions were drawn from each starting θ~ini after optimization. The y-axis represents the fraction of solutions with value
above the corresponding C̃x (x-axis). Vertical lines show the minimum C̃x found from the solutions. The black dotted line
shows the distribution of (d) all 2nc = 256 solutions and (e)–(f) 4 × 108 randomly generated solutions.

rotations. Each successive application of CNOT gates
and Ry (θi ) rotations make up a single layer. This
choice of ansatz represents the simplest case where
qubits are arranged in a linear topology with nearestneighbor couplings. It also produces states with only
real-valued coefficients which efficiently restricts the
Hilbert space since the cost function in Eq. (5) does
not depend on any phases.
The optimization procedure is standard and first
consists of randomly choosing a starting point for
the variational parameters θ~ini from a uniform distribution and measuring the output quantum state
|ψ(θ~ini )i in the computational basis. This quantum
evolution is repeated nmeas times to estimate C1 (θ~ini ).
The results are fed to a classical optimizer which updates the parameters θold → θnew . The parameters
are updated neval times until convergence or if a set
of termination criteria is met. The resulting parameters are denoted θ~opt . From the final quantum state
|ψ(θ~opt )i, a set of solutions {~x} with value Cx = ~x| A~x
are obtained by sampling each variable independently
following Pr(xi = 1) = |bi |2 [cf. Eq. (4)].
In Fig. 3, we show the average optimized cost function as a function of circuit depth for 3 QUBO instances of different sizes, nc = 8, 32 and 64, using
nq = 4, 6 and 7 qubits respectively1 . In each instance,
1 We note that the expressive power of |ψ (θ)i
~ can be fully
1
captured within the complete encoding scheme by using only a
single layer of Ry (θi ) rotations applied to each qubit. Studying
the minimal encoding scheme is therefore akin to examining
the amount of resources required to map the simplest quantum
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the elements of A were randomly drawn from a uniform distribution ranging from -1 to 1. COBYLA was
chosen as the classical minimizer to update the variational parameters as it was found to give the best
results for the least number of cost function evaluations [39]. The effects of a noisy circuit is shown
in Appendix C where we compare the performance
of a noise-free optimization for a nc = 32 matrix to
one with a simplified noise model applied. In Fig. 4
(a)–(c), we compare the infinite-measurement limit to
simulated values obtained using nmeas ∼ 1 − 15 × 103 ,
at specific circuit depths for each of the different problem sizes. Our findings show that increasing the number of measurements reduces the likelihood of the optimizer terminating in a local minima caused by fluctuations in the cost function. It also allows for finer
tuning of the optimal parameters due to the increased
~ resulting in an inprecision when estimating C1 (θ),
crease in neval .
From each of the optimized states of Fig. 4 (a)–
(c), 10 classical solutions ~x were drawn and distributed according to their normalized cost function
value C̃x = (Cx − Cmin )/(Cmax − Cmin ); their normalized cumulative sum is shown in Fig. 4 (d)–(f).
The resulting histogram y(C̃x ) (y-axis) represents the
fraction of the solutions drawn that have a cost function greater than C̃x (x-axis). As an example, a value
y(C̃x = 0.2) = 0.3 means that 30% of solutions drawn
have a cost function value of C̃x > 0.2. The better the
circuit of nc qubits onto an exponentially narrower circuit.
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solutions {~x} obtained, the sharper the histogram will
peak at C̃x = 0. The different coloured lines stand for
different number of measurements nmeas and are compared to randomly drawn solutions as represented by
the dotted black curves. The results show that the
minimal encoding scheme was able to produce a significant portion of its solutions to be within 20% of
the optimal cost function value for nc = 8, 32 and a
majority of solutions produced for the nc = 64 case
were found to be within 30% of the optimal cost function value. The numerical results also suggest that an
increase in resources such as nmeas , neval and depth L
are required to maintain comparable accuracy as the
problem sizes increase.
In Appendix C, we investigate the robustness of the
minimal encoding to experimental imperfections such
as finite gate fidelities, coupling to the environment
and readout errors. We further compare its performance to the more standard QAOA protocol in Appendix D. Following the recent state-of-the-art QAOA
experiments for a fully connected problem in Ref. [21],
implementing the QAOA for nc = 8 variables would
require 8 qubits and 612 gates for p = 3. In comparison, the minimal encoding with a hardware efficient ansatz only requires 4 qubits and 42 gates for
L = 6 and was able to achieve an improvement in performance over the QAOA. While current noise levels
encountered in state-of-the-art experiments affect all
quantum optimization algorithms proposed so far, we
show that compared to the QAOA, our efficient encoding is a step in the right direction by drastically
reducing the resources required to solve larger-scale
problems.

3.4 Classical Simulatability
As previously mentioned, the exponential decrease in
the number of qubits offered by the minimal encoding also limits its advantage over classical methods.
The probability distribution over statistically independent variables captured by the minimal encoding
can be efficiently captured using only nc continuous
variables {wi }. Each variable wi replaces hP̂i1 iθ~ /hP̂i iθ~
in Eq. (5), resulting in a non-convex quadratic optimization problem with continuous variables which
can be solved using quadratic programming techniques [50]. This is in contrast to the number of
parameters, Np = L × nq , required in variational
quantum circuits. From our numerical experiments
shown in Fig. 3, satisfactory results were obtained
using Np = (L = 4) × (nq = 4) > nc = 8 and
Np = (L = 16) × (nq = 6) > nc = 32 therefore suggesting classical approaches as more efficient routes.
In the following section, we describe the methods for
going beyond the limiting case of the minimal encoding where more sophisticated probability distributions
can be captured by the quantum state through the
use of additional ancilla qubits, therefore providing
Accepted in

an opening for possible quantum advantages.

4 Two-body correlations
In this section, we show how two-body correlations
between the classical variables of the QUBO problem can be introduced into the probability distribution captured by the quantum state. These correlations refer to the conditional probability of one of the
variables taking on a certain value given the value of
another variable when sampling the classical solution
from the probability distribution. We then describe
how the particular topology of the different QUBO instances can influence the subset of correlated pairs to
be encoded. Specifically, when applied to a Max-Cut
problem, we find that encoding only the correlations
between pairs of variables that are connected within
the graph leads to an improvement in the classical solutions obtained when compared to the minimal encoding approach.

4.1 General encoding scheme
We propose a general form of the quantum state that
allows for the encoding of two-body correlations:
npair

~ =
|ψ2 (θ)i

X

~ ij (θ)|00i
~
~
βij (θ)[a
a + bij (θ)|10ia

(6)

i,j

~
~
+ cij (θ)|01i
a + dij (θ)|11ia ] ⊗ |φij ir ,
where the register (ancilla) subspace now comprises
nr = log2 (npair ) (na = 2) qubits with npair being the
number of two-body correlations encoded. Similar to
the minimal encoding scheme, each basis state |φij ir
of the register space acts as a pointer. However, this
pointer now points to the index of a pair of classical
variables (xi , xj ), as depicted in Fig. 1(c). The associated two-qubit ancilla state encodes the bare probability for all pair values, e.g. Pr(xi = 0, xj = 0) = |aij |2 ,
Pr(xi = 1, xj = 0) = |bij |2 and so on. This encoding
allows one to produce probability distributions that
is able to capture correlations beyond statistically independent variables. A similar encoding strategy has
been considered to address the issue of limited connectivity in quantum annealing platforms, allowing to
simulate all-to-all connectivity from only local interactions [29].
The form of Eq. (6) is general enough to allow correlations to be captured between either all pairs of
variables or only a subset of these pairs. In certain
cases, one might be able to infer a preferred subset
of pairs to encode based on the specific topology of
the problem, allowing for an important reduction in
the number of qubits required. In what follows, we
highlight this point by comparing two general cases
of frequently encountered QUBO models.
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4.1.1

Selective subsets for sparse matrices

In QUBO instances where A is sparse, one might naturally expect that the most important correlations
are those between the pairs of non-zero elements in
A. One seminal instance of sparse QUBO models is
the d-regular Max-Cut problem where d  nc . Each
vertex on the corresponding graph is represented by
a classical variable in ~x as depicted in Fig. 1 (b),
and each edge by a non-zero off-diagonal element in
A. The resulting matrix A has d unit entries per
row and column, and diagonal elements Ai,i = −d.
By selectively encoding only the npair = nc × d/2
pairs between non-zero elements in A (i.e. the edges),
nq = log2 (nc ×d)+1 are required, which is only log2 (d)
qubits more than the minimal encoding scheme.
Illustrating with an example, encoding the 12 edges
of the 3-regular graph with nc = 8 shown in Fig. 1
(b) would require nr = 4 register qubits. The pair
(x1 , x2 ) could be mapped onto the basis state |φ12 ir ≡
|0000ir , the pair (x1 , x7 ) on |φ17 ir ≡ |0001ir and so on
until each edge is associated with a unique basis state.
In the later sections, we apply this selective encoding
method to solve a 3-regular Max-Cut problem with
nc = 42 number of variables using nq = 8 qubits,
allowing us to surpass the performance of the minimal
encoding scheme.
4.1.2

Encoding all possible pairings for dense matrices

For more extreme instances where A is dense, such
as the randomly generated QUBO models used in
the previous section, selecting a specific subset of
two-body correlations becomes completely arbitrary.
The only unbiased approach then involves encoding
all possible npair = nc (nc − 1)/2 pairs of classical
variables, requiring the maximal number of qubits
nq = log2 [nc (nc − 1)] + 1. Using this method to encode the 28 edges in the fully connected graph shown
Fig. 1 (a) would require nr = 5 register qubits. The
mapping would proceed in a similar fashion as before, where the pair (x1 , x2 ) can be associated to
|ψ12 ir ≡ |00000ir , (x1 , x3 ) to |ψ13 ir ≡ |00001ir and
so on. Despite the “unbiased” choice of pairing the
variables, capturing all possible two-body correlations
for general dense QUBO problems is typically not an
efficient use of quantum resource as we shall observe
later.

4.2 Averaging the probabilities and defining
the cost function
Interpreting the quantum state |ψ2 i in Eq. (6) as
a distribution function Pr(~x) over the ensemble of
classical solutions ~x is not as straightforward as the
minimal encoding case. To better understand this
statement, let us first consider the limit where the
ensemble of pairs {(i, j)} encoded would correspond
to the set of edges in a 1-regular graph, also known
Accepted in

as a perfect matching in graph theory and highlighted in Fig. 1 (b). In this case, each variable xi
is paired with a single other variable xj and the probability toQsample a solution ~x is uniquely defined as
Pr(~x) = (i,j) Pr(xi , xj ). However, in the more general scenarios where at least one variable is included
in more than one pair, the probability of sampling a
solution ~x is not uniquely defined anymore. For example, in the limit where all pairs are encoded, there
are Npm (nc ) = (nc − 1)!! ways of calculating Pr(~x)
with the possibility of vastly different results, where
Npm (nc ) is the number of perfect matchings in a fully
connected graph.
In order to be able to define a cost function in the
form of Eq. (5) that is well-behaved despite the nonuniqueness of Pr(~x), we need to define averaged probabilities P̄σi,j
of sampling xi = σi and xj = σj where
i ,σj
σ = {0, 1} that takes into account the multiple ways
of calculating Pr(~x). Doing so, we obtain the averaged
probability of sampling (xi , xj ) = (1, 1) from
i,j
P̄1,1
=

nc
nc
X
X

Rijkl (G)(|cki |2 + |dki |2 )(|clj |2 + |dlj |2 )

l6=i,j k6=i,j,l

+ Rij (G)|dij |2 ,

(7)

where cij and dij are the amplitudes of the ancilla
states given in Eq. (6) (θ~ is kept implicit). Here,
Rij (G) = Npm (G − vi − vj )/Npm (G) is the ratio between the number of perfect matchings after subtracting the vertices vi and vj from the graph G to the total number of perfect matchings in G. Similarly, Rijkl
describes the same ratio but with 4 vertices removed
instead. The graph G is built by mapping each classical variable to a vertex and each pair encoded in
|ψ2 i to an edge. Expressions similar to Eq. (7) for
i,j
i,j
i,j
P̄0,0
, P̄0,1
and P̄1,0
are derived in appendix A. Using
the same approach, one can also derive the averaged
probability of sampling xi = 1, leading to
P̄1i =

nc
X

Rik (G)(|bik |2 + |dik |2 ),

(8)

k6=i

where bij is also defined in Eq. (6).
In the limit where all possible pairs are encoded,
these ratios are Rij (G) = (nc − 3)!!/(nc − 1)!! =
1/(nc − 1) and Rijkl (G) = Rij (G)/(nc − 3). However, in the case where only a subset of pairs are
encoded, Rijkl (G) depends on the vertices {i, j, k, l}
and is NP-hard to evaluate. One thus needs to resort to approximated ratios and our numerical experiments suggest that estimating Rij (G) = 1/d and
Rijkl (G) = Rij (G)/(d − 2) for a d-regular graph leads
to adequate behaviour of the probabilities.
Having the averaged probabilities defined, one can
propose a cost function of the form
nc
X

~ =
C2 (θ)

i,j=1
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i,j ~
Aij P̄1,1
(θ)(1 − δij ) +

nc
X

~ (9)
Aii P̄1i (θ).
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(4) Recalculate all other
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Figure 5: Schematic of the protocol to sample a solution from the ensemble of two-body correlations. The set
of numbers displayed next to the edges between the vertices labeled xi and xj represents the probabilities P̄ i,j =
i,j
i,j
i,j
i,j
(P̄0,0
, P̄1,0
, P̄0,1
, P̄1,1
) with the convention i < j. In this ex1,2
ample, assuming that P̄1,1
= 0.9 has the largest probability
in the entire graph, (x1 , x2 ) would be the first pair to be
selected in step (1). The remaining steps are outlined in the
main text.

The key properties of Eq. (9) are similar to that of
Eq. (5) in that (i) its global minimum corresponds
unambiguously to the solution ~x that minimizes the
QUBO problem, (ii) it can be estimated by a series of
measurements solely in the computational basis, and
(iii) it cannot be cast as a linear function of expectation values.

4.3 Sampling the classical solution from the
quantum state
The form of |ψ2 (θ~opt )i provides some flexibility in how
solutions can be sampled from it. In the following, we
describe a sampling protocol that fully exploits the
encoded correlations and we show a simple example
in Fig. 5.
The procedure is as follows.
1. Select the pair (i, j) with the most definite mean
probabilities, i.e. the pair where P̄σi,j
of sami ,σj
pling xi = σi and xj = σj is the closest to unity.
As an example, let us consider that the proba1,2
bility to sample (x1 , x2 ) = (1, 1), P̄1,1
= 0.9, is
the largest of all mean probabilities, we select the
pair (1, 2).
2. Sample the value of the variables from the set of
i,j
i,j
i,j
i,j
probabilities P̄ i,j = (P̄0,0
, P̄1,0
, P̄0,1
, P̄1,1
).
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3. Renormalize the probabilities of all variables connected to the pair evaluated in (2). Following the
example, assume that x2 = 1 has been sampled
and is connected to the variable x3 , with probabilities P̄ 2,3 = (0, 0.1, 0.6, 0.3). The probability
2,3
of sampling (x2 , x3 ) = (0, 1), P0,1
= 0.6, is now
irrelevant given that x2 = 1, leading to an updated probability of sampling x3 = 0 of 0.25 and
Pr(x3 = 1) = 0.75.
4. Adjust all remaining probabilities P̄ k,l consequently. Going back to the example, x3 is now
connected to x4 where the probabilities were initially P̄ 3,4 = (0.1, 0, 0, 0.9). Since the probability to sample x3 = {0, 1} have been modified as exemplified in (3), P̄ 3,4 is re-evaluated to
(0.04, 0, 0, 0.96).

,0,

…

(0.
1,0

6)

,0.
9
,0,
0
(0.
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)

x5

.4)
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0.8

,0,

x4

x3
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0.2

…

x6

5,0

(0,

x5

)
75

x3

(0.

x6

,0.

(0,

0,0

,1)

(3) Renormalise probabilities
of connected variables
5,0
0.2

1

…

(0,

1

.3)

…

x6
…

…

x5

6,0

x3

1

,0.

…

x6

1

0.1
(0,

(0,0.1,0,0.9)
x1
x2

(2) Sample the pair
value

5. Repeat the steps from (1) until all variables have
been assigned a value.
Conceptually, this method allows for a finite propagation of correlations along the graph G during the
sampling. As an example, let us consider the case
where correlations in the pairs (xi , xk ) and (xk , xl )
are explicitly encoded in |ψ2 i but not for the pair
of variables (xi , xl ). Using this sampling technique
makes the probability of sampling xl = {0, 1} change
conditionally for the sampled value of xi , therefore
inducing correlations. We stress that these induced
correlations are not captured in the optimization process, but only during sampling.

4.4 Application to randomly generated QUBO
instances versus a d-regular Max-Cut
In this section, we present the results obtained after
optimizing quantum states of the form of Eq. (6) using
~ for two different instances of
the cost function C2 (θ)
the QUBO model — a 3-regular Max-Cut problem
of nc = 42 and a randomly generated matrix A of
nc = 8.
4.4.1
lem

Selective encoding for a 3-regular Max-Cut prob-

To demonstrate the effectiveness of capturing correlations, we apply our encoding scheme for na = 2 to a
randomly generated 3-regular Max-Cut problem with
nc = 42 vertices and 63 edges. In this example, selective encoding was used to only encode correlations
between classical variables that are connected by an
edge, requiring nq = log2 (63) + 2 . 8 qubits. By
contrast, encoding all of the 861 possible pairs would
require 12 qubits.
Using the same hardware-efficient circuit shown in
Fig. 2, we apply the optimization protocol described
in Sec. 3.3. In Fig. 6 (a), we show the final cost function C2 (θ~opt ) as a function of the circuit depth L in
the limit of nmeas → ∞. We compare to optimization
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Figure 6: Comparison of results between na = 1 and na = 2 encoding schemes for a randomly generated matrix A of nc = 8
classical variables with all 28 possible pairings being encoded (top row) and a randomly generated 3-regular Max-Cut problem
of nc = 42 using selective encoding to encode only vertices joined by an edge (bottom row). The lighter and darker shaded
lines show nmeas = 15000 and nmeas → ∞ respectively. nq = 8 and nq = 6 (nq = 7 and nq = 4) qubits were used for the
Max-Cut and randomly generated instances respectively for the na = 2 (na = 1) encoding scheme. (a),(d) Comparison of
final cost function values C1 (θ~opt ) and C2 (θ~opt ) as a function of the circuit depth L. Points show the mean value over 30
starting points θ~ini . Shaded regions represent one standard deviation from the mean. (b), (e) Comparison of C1 (θ~opt ) and
C2 (θ~opt ) during the course of optimization. Mean number of evaluations for nmeas → ∞ extend beyond what is shown. (c),
(f) Cumulative distribution of solutions drawn from the optimized quantum states |ψ1 (θ~opt )i of (b) and (e) respectively, sorted
according to their energy. 10 classical solutions, ~
x, were drawn from each optimized quantum state. The black dotted line
shows the distribution of (c) all 2nc = 256 solutions and (f) 4 × 108 randomly generated solutions.

results for the same problem using the minimal encoding scheme na = 1. Panel (b) shows the differences
in the optimization process between the na = 1 and
na = 2 encoding schemes for L = 6 for nmeas → ∞
and nmeas = 104 . While C1 and C2 are both depicted
in the same figure to demonstrate their respective performance, we stress that they are different quantities
and might lead to substantial differences in the quality of the solutions sampled despite their comparable
values. This discrepancy is further accentuated given
the fundamentally different sampling protocols.

The distribution of solutions drawn from |ψ2 i show
a substantial improvement in quality over the solutions obtained from |ψ1 i, as depicted in Fig. 6 (c).
Importantly, as we show in Appendix C, this improvement over the minimal encoding is preserved and even
amplified in presence of experimental imperfections.
Intuitively, this enhanced robustness to noise could
be the results of the information redundancy encoded
when capturing two-body correlations, a characteristic reminiscent of the general idea of error-correction.
The use of selective encoding has thus allowed us to
produce better quality solutions through a combination of encoding only the subset of two-body correlations that are expected to be the most relevant and
reducing the complexity of the cost function C2 (θ~opt ).
Accepted in

4.4.2 Encoding all pairs for randomly generated QUBO
instances
We conclude the results by revisiting the matrix A
with nc = 8 consisting of elements drawn from a continuous uniform probability distribution. In this instance, all 28 possible pairings between the 8 classical variables are encoded, requiring a total of nq =
log2 (28) + 2 . 7 qubits.
The results are shown in Fig. 6 (d)–(f) and compared to the results previously obtained in the minimal encoding scheme. Most importantly, panel (c)
shows that solutions sampled from the statistically
independent distribution function encoded in |ψ1 i are
of better quality than those sampled from |ψ2 i. These
results strongly suggest that encoding all pairs is not
an efficient use of quantum resources and can lead to
a poorer performance during optimization as well as
poorer quality solutions obtained from the final state.
Intuitively, this efficiency loss can be attributed to
the use of a much larger Hilbert space to encode highly
redundant, and possibly contradictory, information
about classical correlations. This suggests that there
is a balance to reach regarding the subset of pairs
to be encoded and the resources required to do so; a
more detailed discussion of the general case for any
choice of na is presented in the following section.
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5 Generalization to multi-body correlations
Now that we have described in detail a framework to
make the first step beyond statistically independent
classical variables and encode two-body correlations,
generalizing the idea to encoding any set of na -body
correlations is straightforward. Consider a variational
quantum state of the form:
X
~ =
~ i (θ)i
~ a |Φi ir ,
|ψa (θ)i
βi (θ)|ϕ
(10)
i

~ a is composed of na
where the ancilla state |ϕi (θ)i
qubits and is associated with a register state |Φi ir
that points to a specified group i of na classical vari~
ables. In light of the previous section, whether |ψa (θ)i
can be efficiently optimized to solve a QUBO problem
strongly depends on the choice of the encoded groups
of na classical variables.
One of the simplest mapping strategies consists of
encoding a selected set of nc /na independent groups
of na variables, i.e. where no variable is part of more
than one group. The number of qubits needed for
this,
Nind (na ) = log2 (nc /na ) + na ,
(11)
increases monotonically until the complete encoding
threshold where na = nc . In this strategy, there is a
one-to-one correspondence between each of the nc /na
subgroup of na classical variables and a unique basis
state of the nr = log2 (nc /na ) register qubits. The
~ a of the na ancilla qubits assoquantum state |ϕi (θ)i
th
ciated with the i subgroup encodes a distribution
function that can capture all correlations among the
variables of this subgroup. The optimization protocol
can be interpreted as partitioning the QUBO problem into subgroups and simultaneously solving each
of them using the complete encoding. This choice of
mapping is one that is arbitrary as there is no fixed
structure as to how the variables should be grouped.
However, the minimal use of quantum resources might
make this a desirable choice in certain situations.
!
Another strategy would be to encode all na !(nncc−n
a )!
groups of na variables, which is the generalization of
encoding all possible pairs for na = 2. This requires


nc !
Nall (na ) = log2
+ na
(12)
na !(nc − na )!
qubits, which is a non-monotonic function of na and
can substantially exceed the total number of qubits
required for the complete encoding, showing an inefficient use of quantum resource.
In between these two extremes are multiple mapping options and whether any of these encoding
schemes can efficiently exploit the dominant correlations within a specific family of QUBO models is of
great interest. For example, one could imagine encoding an ensemble of (d + 1)-body correlations that
Accepted in

follows the specific topology of a d-regular Max-Cut
problem. In this case, each classical variable within
the d-regular graph forms a group of d + 1 elements.
Encoding all of those nc groups into a quantum state
would require
Nreg (na ) = log2 (nc ) + na + 1,

(13)

qubits, where d = na . For na → (nc − 1), i.e. a fully
connected graph, the number of qubits exceeds the
threshold nq = nc by log2 (nc ).
To investigate the resources required to reproduce
these probability distributions classically, we consider
the simplest encoding strategy described in Eq. (11)
where the classical variables are grouped into distinct
subgroups. In this scenario, the cost function to minimize is a direct generalization of Eq. (5), i.e. it can
still be cast as a quadratic optimization problem over
continuous variables. This time however, capturing
all correlations encoded in the quantum state would
require 2na classical variables for each of the 2nr subsystems, leading to a total of 2nq total variables, as
expected. In contrast, by using a variational quantum
circuit, the number of variational parameters involved
during optimization remains Np = L × nq . While it
is expected for L to scale with the number of qubits
involved, the exact nature of this scaling is still an
open question. Anything sub exponential, which can
be expected from previous analysis in the context of
random quantum circuits [7], could lead to quantum
advantages. One indication favouring this sub exponential depth can be seen in the context of random
circuits where an ensemble of random unitaries with
approximate t-design properties can be produced with
polynomial circuit depth. Because a logarithmic compression in the number of qubits is unlikely to bring
about any computational advantages (cf. Section 3.4),
the crossover between the minimal encoding and the
complete encoding, where the compression in number
of qubits is polynomial, is of great interest and needs
to be further studied.

6 Conclusion
In this work, we have proposed and analysed a systematic encoding scheme for variational quantum algorithms that allows one to capture increasing amount
of correlations between classical variables in optimization problems. We first detailed the implementation of the minimal encoding scheme, using only
nq = log2 (nc ) + 1 qubits to solve a QUBO model
of size nc . This significant reduction in qubits allowed us to tackle randomly generated problem instances of size nc = 8, 32 and 64 using only nq = 4, 6
and 7 qubits respectively. Our numerical solutions
was able to find suitable high quality solutions using resources compatible with NISQ devices despite
the inability to capture any correlations between the
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classical variables. The use of a hardware efficient parameterized circuit allowed us to reduce the number
of gates required during implementation. Implementing QAOA according to recent state-of-the-art experiments in performed in Ref. [21] would require 612
gates for p = 3 when applied to an nc = 8 variable
problem. However, superior solutions can be obtained
using our minimal encoding scheme with as little as
42 gates and nq = 4 qubits.
We also detailed encoding protocols that allow for
two-body correlations to be captured between the
classical variables. The number of qubits required
scales logarithmically with the number of pairs encoded and we showed that exploiting the topology of
the QUBO instance is essential for efficient optimization of the quantum state. By applying the two-body
correlation encoding to a Max-Cut problem of 42 vertices, we were able to obtain better performance compared to the minimal encoding scheme.
The focus of this work was primarily on the encoding schemes outlined in the main text and was not
intended as a thorough investigation of the most efficient optimization protocols. We believe that the
results presented can still be improved upon substantially. One possible area for exploration could be
finding an ansatz that would result in a smoother
cost function landscape with shallower circuits. More
adapted classical optimization methods may also
bring significant improvements in the optimization
process as it was found that a considerable fraction of
optimization runs got stuck in local minimas [28, 46].
Improvement on that front may also substantially decrease the number of measurements required to reach
comparable quality of solutions. Further avenues to
explore would be whether generalizations to larger
na -body correlations can be efficiently optimized and
whether alternative ways of capturing correlations for
dense problem instances can be found. More importantly, we wish to investigate the intermediate encoding schemes beyond the limit of classical intractability
where quantum algorithms may outperform classical
approaches.

A Derivation of the cost functions
In all of the encoding schemes outlined in the main
~ captures a probability
text, the quantum state |ψ(θ)i
nc
distribution over all 2 classical solutions. In this
context, we generalize the QUBO cost function, Cx =
~x| A~x, as a sum over all possible solutions weighted
by their respective probability to be sampled, i.e.
X
C=
~x| A ~x Pr(~x),
{~
x}

=

nc
XX

xi Aij xj Pr(~x),

{~
x} i,j=1

=

nc
X
i,j=1

X

Aij

Pr(~x).

(14)

{~
x|xi =xj =1}

Here, {~x} represents the ensemble of all the 2nc possible solutions ~x while {~x|xi = xj = 1} represents only
the subset of the 2nc −2 solutions where the ith and j th
variables in ~x are xi = xj = 1. To obtain the third
line, we have explicitly used the fact that only variables with values equal to 1 contributes to the cost
function. In what follows, we present in more details
the following steps that lead to Eqs. (5) and (9) of the
main text and provide further discussions about their
properties.

A.1 Minimal encoding
~ describes
In the minimal encoding, the state |ψ1 (θ)i
statistically independent classical variables
Qnc where the
probability of sampling ~x is Pr(~x) = i=1
Pr(xi ). In
this case,

X
Pr(xi = 1)Pr(xj = 1) if i 6= j
Pr(~x) =
,
Pr(xi = 1)
if i = j
{~
x|xi =xj =1}

(15)
which, in terms of the quantum state amplitudes,
reads
(
X
~ 2 |bj (θ)|
~ 2 if i 6= j
|bi (θ)|
Pr(~x) =
.
2
~
|bi (θ)|
if i = j
{~
x|xi =xj =1}

(16)
By substituting these results into Eq. (14), one gets
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i=1

(17)
The final form presented in Eq. (5) of the main text
~ 2=
is obtained by expressing the probabilities |bi (θ)|
1
hP̂i iθ~ /hP̂i iθ~ in terms of the projectors P̂i and P̂i1 (defined in the main text).

A.2 Two-body correlations
In the case where the variational quantum state
~ encodes a given set of two-body correlations,
|ψ2 (θ)i
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evaluating Eq. (14) is not as straightforward as in the
minimal encoding. This is due to the multiple ways of
evaluating the probability Pr(~x) of sampling a solution ~x, each of which capable of producing very different results.
Q More precisely, for ~x = (σ1 , σ2 , . . . , σnc ),
Pr(~x) = {(i,j)} Pr(xi = σi |xj = σj ) where Pr(xi =
σi |xj = σj ) represents the conditional probability to
sample xi = σi given xj = σj . Here the ensemble
{(i, j)} represents a set of independent encoded pairs
where no variables are repeated, i.e. a perfect matching. Consequently, there are as many ways to evaluate Pr(~x) as there are perfect matchings Npm (G) in
the graph G, corresponding to the encoded pairs in
~
|ψ2 (θ)i.
To evaluate Eq. (14), we average over all possible
ways of evaluating Pr(~x), denoted by {Pr(~x)}, and
define the mean probabilities
i,j
P̄1,1
≡

1
Npm (G)

X

X

Pr(~x),

(18)

{Pr(~
x)} {~
x|xi =xj =1}

for i 6= j. The mean probability to sample a single
variable xi = 1, P̄1i , is given by the same above def-

i,j
P̄1,1
=

=

inition with i = j. There are two distinct scenarios
that one can encounter while averaging over all possible perfect matchings corresponding to xi = xj = 1
in G. The first is when the perfect matching contains
an edge connecting xi and xj . There are Npm (Gij )
of such instances, where Gij is the graph obtained by
subtracting the two vertices i and j. For each of these
instances, the conditional probability Pr(xi = 1|xj =
~ 2 is directly encoded in the quantum state
1) = |dij (θ)|
(see Eq. (6) of the main text). The second scenario
occurs when the perfect matching does not include
an edge connecting the vertices i and j to each other
but instead to other vertices k and l. These cases
appear within a subset of Npm (Gijkl ) perfect matching instances, where Gijkl is the graph obtained by
subtracting the vertices i, j, k and l. In these scenarios, the conditional probability Pr(xi = 1|xj = 1) is
not directly encoded in the quantum state and has
to be inferred from Pr(xi = 1|xj = 1) = Pr(xk =
0, 1|xi = 1)Pr(xl = 0, 1|xj = 1) = (|cki |2 + |dki |2 ),
where Pr(xk = 0, 1|xi = 1) is the conditional probability of having xk = 0 or xk = 1 given xi = 1.
Considering these contributions, we obtain the following mean conditional probabilities:

nc
nc
X
Npm (Gij )
Npm (Gijkl ) X
Pr(xk = 0, 1|xi = 1) Pr(xl = 0, 1|xj = 1) +
Pr(xi = 1|xj = 1),
Npm (G)
Npm (G)

Npm (Gijkl )
Npm (G)

l6=i,j k6=i,j,l
nc
nc
X
X



|cki |2 + |dki |2



|clj |2 + |dlj |2



+

l6=i,j k6=i,j,l

Npm (Gij )
|dij |2 ,
Npm (G)

(19)

for (i 6= j), and
n

i
P̄1,1
=

=

c
Npm (Gik ) X
Pr(xk = 0, 1|xi = 1),
Npm (G)

Npm (Gik )
Npm (G)

i6=k
nc
X


|cki |2 + |dki |2 ,

(20)

i6=k

for i = j.
The cost function in Eq. (14) thus adopts the final
form
C2 =

nc
X
i,j=1

i,j
Aij P̄1,1
(1

− δij ) +

nc
X

i
Aii P̄1,1
,

adopts the form of two statistically independent variables.

(21)

i=1

as in Eq. (9) of the main text.
This averaging ensures a well behaved cost function
where the quantum state which minimizes this cost
function gives the unit probability of sampling the
exact solution which minimizes the QUBO problem.
The drawback of this method is the partial “washing out” of the encoded correlations as it can be seen
by the first term (second scenario) in Eq. (19) which
Accepted in
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Following the steps outlined above, the following
averaged probabilities can also be derived:
i,j
P̄0,1
=

nc
nc
X
X

Rijkl (G)(|aki |2 + |bki |2 )(|clj |2 + |dlj |2 )

ough investigation of the barren plateaus for nonlinear
cost function is left for future work.

C Effects of noise

l6=i,j k6=i,j,l

i,j
P̄1,0

+ Rij (G)|cij |2 ,
(22)
n
n
c
c
X
X
=
Rijkl (G)(|cki |2 + |dki |2 )(|alj |2 + |blj |2 )
l6=i,j k6=i,j,l

i,j
P̄0,0

+ Rij (G)|bij |2 ,
i
h
i,j
i,j
i,j
.
=1 − P̄0,1
− P̄1,0
− P̄1,1

(23)
(24)

B The cost function landscape

In this section, we investigate the performance of our
encoding scheme under the effects of a noise model
consisting of thermal relaxation errors, imperfect gate
fidelities, and readout errors. Thermal relaxation and
decoherence can be characterized by the relaxation
constants T1 and T2 (distinct from T2∗ ) respectively.
Given a single-qubit density matrix ρ, the effects of
thermal processes can be simulated by transforming
ρ after a time evolution t as

ρ01 e−t/T2
.
ρ11 e−t/T1
(25)
Gate errors are implemented via a depolarization
channel that affects each qubit as it undergoes a gate
operation. On top of its intended operation, a gate
with error λ has an additional effect on ρ according
to
ρ(t) →

~ and C2 (θ),
~ described by
The cost functions C1 (θ)
Eq. (5) and Eq. (9) of the main text, are nonlinear
combinations of expectation values. This form leads
to very different behaviours as a function of θ~ when
~ derived
compared to the linear cost function Ccp (θ)
in the complete encoding limit [cf. Eq. (3) of the main
text].
These differences are depicted in Fig. 7, where
~ C1 (θ)
~ and C2 (θ)
~ are plotted as a function of
Ccp (θ),
a single parameter θi with all other rotation angles
being fixed at random values. The A matrix used in
Fig. 7 (a)–(c) is the same randomly generated nc = 8
matrix used in Section 3.3 of the main text, while
the same A matrix describing the nc = 42 3-regular
Max-Cut in Section 4.1.1 was used in panel (d). The
circuit used to obtain the landscape of Ccp (θi ) consists of a single layer of RY (θ) applied in parallel to
all qubits. This circuit was chosen as it consists of
only single-qubit rotations with no entangling gates.
The resulting quantum state can therefore only describe probability distributions of statistically independent classical variables in the complete encoding,
~ in the minimal
and is equally expressible as |ψ1 (θ)i
encoding.
For deep circuits and linear cost functions, Ref. [34]
predicts the existence of barren plateaus for 2-design
~ Interestingly, the non linear
quantum circuits Û (θ).
~
~ do not fulfil the necessary
forms of C1 (θ) and C2 (θ)
conditions underlying the proof derived in Ref. [34].
Consequently, we expect that a more constrained condition of a t-design quantum circuit, where t > 2,
would be necessary to demonstrate the existence of
these barren plateaus. In addition, for cost functions
comprising of a linear combination of a Poly(nq ) number of global observables, Ref. [9] predicts the existence of barren plateaus even for shallow circuits. Despite the fact that each observable considered in this
work is a projector, i.e. global operator, the nonlin~ and C2 (θ)
~ combined with the O(2nq )
earity of C1 (θ)
number of terms involved also do not fulfil the necessary conditions for the proof in Ref. [9]. A more thorAccepted in


1
ρ00
ρ00 + ρ11 e−t/T1 ρ10 e−t/T2

λ
I
(26)
2nq
where I is the identity matrix representing the maximally mixed state. Readout error is the probability
of obtaining an incorrect value of the qubit during
measurement, i.e. reading a |0i when the qubit is in
the |1i state and vice versa. In experimental quantum
platforms, the magnitude for the errors above can differ between qubits, and we implement this model by
assigning the qubits values drawn from a normal distribution characterized by a mean and standard deviation for each type of error.
Figure 8 shows a comparison in the performance of
the minimal encoding as a function of circuit depth
L for different levels of noise. Each data point is obtained by performing the entire optimization protocol in the presence of all the noise sources described
above. The lightest orange dashed line (circle data
points) shows the results using noise levels characteristic of existing state-of-the-art hardware [47]. For
comparison, we also consider more optimistic values
that can be expected in the upcoming generations of
NISQ devices, shown by the darker lines. The simulation for the triangle data points was achieved using a 2× increase in T̄ and an increase in 2-qubit
gate fidelity from F2 = 99% to F2 = 99.9% compared to the circle data points. The diamond points
were obtained using a 5× increase in T̄ from the circle data points, and an increase in single and 2-qubit
gate fidelities to F1 = F2 = 99.99%. Mean readout errors were kept unchanged at 1% for all the
noisy simulations For comparison, the darkest line
(square data points) corresponds to noise-free simulations, i.e. T = ∞, F1 = F2 = 1 and perfect readout
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Figure 7: Cost function landscape as a function of a randomly chosen θi . Solid line shows the expectation value in the limit
nmeas → ∞, compared with the simulated value obtained from finite nmeas . The dotted lines from the cross to the triangle
show the path taken by the COBYLA optimizer to find the optimal θi . (a)–(b) Complete and minimal encoding cost functions,
~ and C1 (θ),
~ for a randomly generated A with nc = 8. Simulated values obtained using nmeas = 5000 and circuit depth
Ccp (θ)
~ for a
L = 4. nq = 8 qubits were used for the complete encoding compared to nq = 4 in the minimal encoding. (c) C2 (θ)
randomly generated A with nc = 8 using na = 2 encoding scheme. All possible two-body correlations were encoded using
~ for a 3-regular Max-Cut
nq = 7 qubits. Simulated values obtained using nmeas = 15000 and circuit depth L = 12. (d) C2 (θ)
problem with nc = 42 classical variables using na = 2 encoding scheme. Selective encoding with nq = 8 qubits was used.
Simulated values obtained using nmeas = 15000 and circuit depth L = 6.
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Figure 8: Optimized cost function value using the minimal
encoding scheme as a function of circuit depth L under the
effects of various noise levels for nc = 32 classical variables
and nmeas = 5 × 104 . T1 /Tg and T2 /Tg values for each
qubit in the circuit were drawn from a normal distribution
with a mean of T̄1 = T̄2 ≡ T̄ and standard deviation σ =
T̄ /20 obtained from surveying available quantum devices on
the IBMQ cloud-based quantum computing platform [47].
Here Tg is the average single-qubit gate time and we used
TCNOT /Tg = 6 and Tmeas /Tg = 30 where TCNOT and Tmeas
are the average time for performing a CNOT gate and a
measurement respectively. F1 and F2 are the gate fidelities
for single-qubit and two-qubit operations respectively. We
used a readout error of 1% for all curves except the darkest
plain line for which we used 0%. All other parameters are
identical to Fig. 3.

0

250
neval

0

250
neval

Figure 9: Solving a MaxCut problem with nc = 42 in
presence of noise. Reproduction of Fig. 6 (b) and (c) in
presence of the noise models described in Appendix C and
nmeas = 5 × 104 . The protocol, QUBO matrix and optimization parameters are identical as for Fig. 6.

encoding).
Using QAOA to solve a QUBO problem involves
finding the state.
~ =
|ψQAOA (~γ , β)i

Y

Ûx (βp )ÛH (γp )|+i⊗nq ,

(27)

p

but with finite nmeas . The result of these optimistic
noise levels can be expected from a direct improvement in hardware implementation or from applying
additional error-mitigation techniques [12].
In Fig. 9, we reproduce the results for the MaxCut
problem of nc = 42 variables as shown in Fig. 6, this
time including the noise model introduced above and
using nmeas = 5×104 measurements. The comparison
with the minimal encoding scheme shows an enhanced
resilience to noise for the two-qubit ancilla encoding.
This increased robustness could be attributed to the
presence of redundancy in the encoding of correlations
which can be thought of as reminiscent of the general
ideas behind error encoding schemes. Such results
therefore serve as additional motivation to further
investigate higher-ancilla encoding schemes as they
might procure additional protection against experimental imperfections.

D Comparison with QAOA
In this section, we compared the minimal encoding approach to the Quantum Approximate Optimization Algorithm (QAOA) under the effects of
noise. QAOA is a commonly employed technique used
to solve binary optimization problems on NISQ devices [1, 5, 13, 21, 36, 37, 41, 49, 51], where each classical variable is represented by a single qubit (complete
Accepted in

that minimizes Eq. (3) by finding the optimal varia~ The unitaries ÛH (γ) and
tional parameters ~γ and β.
Ûx (β) take the form
Pnq (i)
ÛH (γ) = e−iγ ĤIsing , Ûx (β) = e−iβ i σx , (28)
where ĤIsing is the Ising Hamiltonian described in
Eq. (2). One of the main advantages of QAOA is
its guaranteed monotonic convergence to the optimal
solutions as p → ∞. However, the current capabilities of NISQ devices limits p to small values and its
performance has so far been drastically compromised
when the interactions in ĤIsing do not match the connectivity of the physical device.
In what follows, we simulate the QAOA protocol in
which we consider a linear topology where two-qubit
operations can only be applied on qubits adjacent to
each other (similar throughout the manuscript). Solving a general QUBO problem where all-to-all interactions can be encountered therefore requires a net(i)
(j)
work of SWAP gates for all two-qubit σ̂z ⊗ σ̂z interactions in ĤIsing to be implemented. One of the
most successful experimental implementation of the
QAOA protocol to date relied on an efficient decom(i)
(j)
position of the e−iγ σ̂z ⊗σ̂z · SWAP operations into
native gates [21] and we simulate the same decomposition with the same gate fidelities and gate times. We
note that different platforms require different gate decompositions due to the different native gate sets and
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Figure 10: Noisy and noise-free simulations of QAOA and
the minimal encoding scheme with hardware efficient ansatz
applied to randomly generated A matrices with nc = 8 classical variables. Data points and error bars show the mean
and standard deviation of the normalized cost function over
multiple matrices (and initial parameters θ~ini ) after optimization for p = 1, 2 and 3 (L = 2, 4 and 6) for QAOA (minimal encoding). 8 qubits were used in QAOA while only 4
qubits were required in the minimal encoding scheme. For
(i)

(j)

QAOA, the total fidelity of the e−iγ σ̂z ⊗σ̂z · SWAP operations is F = 96.3% with gate time T̄ /Tg ≈ 640 as reported
in Ref. [21]. All other parameters are identical to Fig. 8.

efforts have been devoted to reduce the number of
gates required [26].
~ we adopt
To find the best parameters ~γ and β,
a commonly used optimization strategy that consists
of (1) scanning the two-dimensional parameter space
spanned by (γ1 ,β1 ) for p = 1, (2) fixing (γ1 ,β1 ) to
their optimal values (3) adding one additional layer
p → p + 1 and repeating steps (1)-(3) until reaching
the desired final depth. We note that techniques to reduce the required size of the search grid for the parameters associated with p > 1 have been proposed [51].
During our simulation, the parameter scan was done
over a 50 × 50 points grid (β ∈ [0, π[ and γ ∈ [0, 2π[)
with 50 000 measurements per point, well within the
capabilities of existing hardware [21]. It is also noteworthy that for general instances of QUBO problems,
γ1 might not be bounded to the domain above. To
ensure that the finite grid resolution was not a limiting factor, the optimal parameters found on the initial
50 × 50 points grid were further improved by performing an additional refined local search.
In Fig. 10, we show the comparison in the performance of our minimal encoding scheme and the
QAOA protocol for multiple randomly generated A
matrices of size nc = 8. This is in contrast to problems artificially curated to match the topology of the
quantum device commonly used in experimental implementations [21, 26, 36, 37, 49]. Similar to the simulations shown in Appendix C, we use a noise model
that, in addition to the finite gate fidelity, also includes thermal relaxations and readout errors. We
Accepted in

emphasize that the search protocol in both the QAOA
and minimal encoding scheme have been performed in
presence of the simulated noise. This is also in contrast to some recent experimental QAOA demonstrations where the optimization is first performed with
an ideal simulation and only the optimized circuit is
executed on the quantum hardware [21, 26, 49]. For
the minimal encoding, we used 15 starting points of
randomly chosen parameters. With each optimization
run resulting in neval ≈ 200, this leads to a similar
amount of circuit evaluations equivalent to p = 1 over
a 50 × 50 points search grid.
We see from Fig. 10 that despite the provable monotonic converge of the QAOA for increasing p, practical
limitations drastically limit its application to (small)
generic QUBO problems. It is therefore not surprising
that our minimal encoding considerably outperforms
the QAOA given the important difference in the required resources. For a single layer of p = 1 for nc = 8,
implementing ÛH via a SWAP network over 8 qubits
(i)
(j)
requires 28 σ̂z ⊗ σ̂z -SWAP interactions arranged in
8 subsequent layers. Following the gate decomposition used in Ref. [21], our implementation of QAOA
required 84 2-qubit gates and 112 single qubit gates
for each application of ÛH . In contrast, using a hardware efficient ansatz of the form shown in Fig. 2, our
minimal encoding requires 4 qubits, 3 CNOT gates arranged in 2 subsequent layers and 4 Ry parametrized
rotations for L = 1.
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Kockum, Philip Krantz, Christian Križan, Daryoush Shiri, Ida-Maria Svensson, and et al. Improved success probability with greater circuit
depth for the quantum approximate optimization

Quantum 2021-03-30, click title to verify. Published under CC-BY 4.0.

16

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

algorithm. Physical Review Applied, 14(3), Sep
2020. ISSN 2331-7019. DOI: 10.1103/physrevapplied.14.034010.
Lee Braine, Daniel J Egger, Jennifer Glick, and
Stefan Woerner. Quantum algorithms for mixed
binary optimization applied to transaction settlement. arXiv preprint arXiv:1910.05788, 2019.
Fernando G.S.L. Brandão, Aram W. Harrow,
and Michal Horodecki. Local Random Quantum
Circuits are Approximate Polynomial-Designs.
Communications in Mathematical Physics, 346
(2):397–434, 2016.
ISSN 14320916.
DOI:
10.1007/s00220-016-2706-8.
Colin D. Bruzewicz, John Chiaverini, Robert McConnell, and Jeremy M. Sage. Trapped-ion quantum computing: Progress and challenges. Applied Physics Reviews, 6(2):021314, 2019. DOI:
10.1063/1.5088164.
M. Cerezo, Akira Sone, Tyler Volkoff, Lukasz
Cincio, and Patrick J. Coles. Cost function dependent barren plateaus in shallow parametrized
quantum circuits.
Nature Communications,
12(1), Mar 2021.
ISSN 2041-1723.
DOI:
10.1038/s41467-021-21728-w.
Brian Coyle, Daniel Mills, Vincent Danos, and
Elham Kashefi. The born supremacy: quantum
advantage and training of an ising born machine.
npj Quantum Information, 6(1), Jul 2020. ISSN
2056-6387. DOI: 10.1038/s41534-020-00288-9.
Yuxuan Du, Min-Hsiu Hsieh, Tongliang Liu, and
Dacheng Tao. Expressive power of parametrized
quantum circuits. Physical Review Research,
2(3), Jul 2020.
ISSN 2643-1564.
DOI:
10.1103/physrevresearch.2.033125.
Suguru Endo, Zhenyu Cai, Simon C. Benjamin,
and Xiao Yuan. Hybrid quantum-classical algorithms and quantum error mitigation. Journal of the Physical Society of Japan, 90(3):
032001, Mar 2021. ISSN 1347-4073. DOI:
10.7566/jpsj.90.032001.
Edward Farhi, Jeffrey Goldstone, and Sam Gutmann. A quantum approximate optimization algorithm. arXiv preprint arXiv:1411.4028, 2014.
Edward Farhi, Jeffrey Goldstone, and Sam Gutmann. A quantum approximate optimization algorithm applied to a bounded occurrence constraint problem. arXiv preprint arXiv:1412.6062,
2014.
Edward Farhi, Jeffrey Goldstone, Sam Gutmann, and Leo Zhou. The quantum approximate
optimization algorithm and the sherringtonkirkpatrick model at infinite size. arXiv preprint
arXiv:1910.08187, 2019.
Dimitris Fouskakis and David Draper. Stochastic optimization: a review. International Statistical Review, 70(3):315–349, 2002.
DOI:
10.1111/j.1751-5823.2002.tb00174.x.
F. Glover M. Lewis Z.P Lü H.B Wang Y. Wang
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