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We present a quantum interior-point method (IPM) for second-order cone
programming (SOCP) that runs in time O (nﬁg—’; log(l/e)> where r is the
rank and n the dimension of the SOCP, § bounds the distance of intermediate
solutions from the cone boundary, ¢ is a parameter upper bounded by /n, and
K is an upper bound on the condition number of matrices arising in the classical
IPM for SOCP. The algorithm takes as its input a suitable quantum description
of an arbitrary SOCP and outputs a classical description of a d-approximate
e-optimal solution of the given problem.

Furthermore, we perform numerical simulations to determine the values of
the aforementioned parameters when solving the SOCP up to a fixed precision
€. We present experimental evidence that in this case our quantum algorithm
exhibits a polynomial speedup over the best classical algorithms for solving
general SOCPs that run in time O(n“+%?) (here, w is the matrix multiplication
exponent, with a value of roughly 2.37 in theory, and up to 3 in practice). For
the case of random SVM (support vector machine) instances of size O(n), the
quantum algorithm scales as O(nk), where the exponent k is estimated to be
2.59 using a least-squares power law. On the same family random instances,
the estimated scaling exponent for an external SOCP solver is 3.31 while that
for a state-of-the-art SVM solver is 3.11.

1 Introduction

It is well known that many interesting and relevant optimization problems in the domain of
Machine Learning can be expressed in the framework of convex optimization |6, 10]. The
landmark result in this area was the discovery of interior-point methods (IPM) by [23], and
their subsequent generalization to all “self-scaled” (i.e. symmetric) cones by [29, 30]. Very
recently, [13] have shown that it is possible to solve linear programs (LP) in O(n®), the
time it takes to multiply two matrices (as long as w > 24 1/6, which is currently the case).
This result has been further extended in [27] to a slightly more general class of cones,
however, their techniques did not yield improved complexities for second-order (SOCP)
and semidefinite programming (SDP). An efficient algorithm for SOCP would also yield
efficient algorithms for many interesting problems, such as (standard and quadratically-
constrained) convex quadratic programming, portfolio optimization, and many others [1].
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Starting with the landmark results of [20, 35|, and, more recently, [21], it has been
demonstrated that quantum computers offer significant (sometimes even exponential) asymp-
totic speedups for a number of important problems. More recently, there has been sub-
stantial work in the area of convex optimization. Quantum speedups for gradient descent
were investigated by [17]|, whereas |7, 9, 40, 41] presented quantum algorithms for SDP
based on the the multiplicative weights framework of [4]. However, it has been difficult to
establish asymptotic speedups for this family of quantum SDP solvers as their the running
time depends on problem-specific parameters, including a 5th-power dependence on the
width of the SDP. Interestingly, the recent result of [8] suggests that such a speedup might
be obtained when applying an SDP algorithm of this type to some low-precision instances
of quadratic binary optimization.

In an orthogonal approach, [26] proposed a quantum algorithm for LPs and SDPs
by quantizing a variant of the classical interior point method and using the state of the
art quantum linear algebra tools [11, 18] — in particular, the matrix multiplication and
inversion algorithms whose running time is sub-linear in the input size. However, the
complexity of this algorithm depends on the condition number of O(n?)-sized matrices
that is difficult to bound theoretically. It therefore remains an open question to find an
end-to-end optimization problems for which quantum SDP solvers achieve an asymptotic
speedup over state of the art classical algorithms. In this paper, we propose support vector
machines (SVM) as a candidate for such an end-to-end quantum speedup using a quantum
interior point method based algorithm.

1.1  Our results and techniques

In this section, we provide a high level sketch of our results and the techniques used for the
quantum interior point method for SOCPs, we begin by discussing the differences between
classical and quantum interior point methods.

A classical interior point method solves an optimization problem over symmetric cones
by starting with a feasible solution and iteratively finding solutions with a smaller duality
gap while maintaining feasibility. A single iterative step consists of solving a system of
linear equations called the Newton linear system and updating the current iterate using
the solutions of the Newton system. The analysis of the classical IPM shows that in each
iteration, the updated solutions remain feasible and the duality gap is decreased by a
factor of (1 — a/y/n) where n is the dimension of the optimization problem and « > 0 is
a constant. The algorithm therefore converges to a feasible solution with duality gap € in
O(y/nlog(1/e)) iterations.

A quantum interior point method [26] uses a quantum linear system solver instead of
classical one in each iteration of the IPM. However, there is an important difference between
classical and quantum linear algebra procedures for solving the linear system Ax = b.
Unlike classical linear system solvers which return an exact description of @, quantum
tomography procedures can return an e-accurate solution & such that || — x| < €||=||
with O(n/€?) runs of the quantum linear system solver. Additionally, these linear system
solvers require A and b to be given as block-encodings [11], so this input model is used
by our algorithm as well. One of the main technical challenges in developing a quantum
interior point method (QIPM) is to establish convergence of the classical IPM which uses
e-approximate solutions of the Newton linear system (in the ¢5 norm) instead of the exact
solutions in the classical IPM.

The quantum interior point method for second-order cone programs requires additional
ideas going beyond those used for the quantum interior point methods for SDP [26]. Sec-
ond order cone programs are optimization problems over the product of second-order or
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Lorentz cones (see section 2.1 for definitions), interior point methods for SOCP can be
described using the Euclidean Jordan algebra framework [28]. The Euclidean Jordan alge-
bra framework provides analogs of concepts like eigenvalues, spectral and Frobenius norms
for matrices and positive semidefinite constraints for the case of SOCPs. Using these con-
ceptual ideas from the Euclidean Jordan algebra framework [28] and the analysis of the
approximate SDP interior point method [26] we provide an approximate IPM for SOCP
that converges in O(y/nlog(1/¢)) iterations. Approximate IPMs for SOCP have not been
previously investigated in the classical or the quantum optimization literature, this analysis
is one of the main technical contributions of this paper.

From an algorithmic perspective, SOCPs are much closer to LPs (Linear Programs)
than to SDPs, since for cones of dimension n, the Newton linear systems arising in LP and
SOCP IPMs are of size O(n), whereas in the SDP case they are of size O(n?). Namely, a
second-order conic constraint of dimension n can be expressed as a single PSD constraint
on a (sparse) n X nm matrix [1] — this allows us to embed an SOCP with n variables and
m constraints in an SDP with an n X n matrix and m constraints. The cost of solving
that SDP would have a worse dependence on the error [40] or the input size [26]. On the
other hand, the quantum representations (block encodings) of the Newton linear systems
for SOCP are also much simpler to construct than those for SDP. The smaller size of the
SOCP linear system also makes it feasible to empirically estimate the condition number
for these linear systems in a reasonable amount of time allowing us to carry out extensive
numerical experiments to validate the running time of the quantum algorithm.

The theoretical analysis of the quantum algorithm for SOCP shows that its worst-case

running time is .

@) (n\/;gg log (6>> : (1)
where r is the rank and n the dimension of the SOCP, § bounds the distance of intermediate
solutions from the cone boundary, ¢ is a parameter bounded by /n,  is an upper bound on
the condition number of matrices arising in the interior-point method for SOCPs, and € is
the target duality gap. The running time of the algorithm depends on problem dependent
parameters like k and ¢ that are difficult to bound in terms of the problem dimension n —
this is also the case with previous quantum SDP solvers [26, 40| and makes it important
to validate the quantum optimization speedups empirically. Interestingly, since we require
a classical solution of the Newton system, the linear system solver could also be replaced
by a classical iterative solver [34] which would yield a complexity of O(n?\/7x log(n/e)).

Let us make a remark about the complexity: as it is the case with all approximation
algorithms, (1) depends on the inverse of the target duality gap €, thus the running time
of our algorithm grows to infinity as € approaches zero, as in the case of classical IPM. Our
running time also depends on x, which in turn is empirically observed to grow inversely
with the duality gap (in particular as O(1/e€)) which again makes the running time go
to infinity as e approaches zero. The quantum IPM is a low precision method, unlike
the classical IPM, and it can offer speedups for settings where the desired precision e is
moderate or low. Thus although at first glance it seems that the e-dependence in (1) is
logarithmic, experimental evidence suggests that the factor g—'; depends polynomially on
1/e.

Support Vector Machines (SVM) is an important application in machine learning, where
even a modest value of € = 0.1 yields an almost optimal classifier. Since the SVM training
problem can be reduced to SOCP, the quantum IPM for SOCP can be used to obtain
an efficient quantum SVM algorithm. We perform extensive numerical experiments to
evaluate our algorithm on random SVM instances and compare it against state of the art
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classical SOCP and SVM solvers.

The numerical experiments on random SVM instances indicate that the running time of
the quantum algorithm scales as roughly O(n???!), where all the parameters in the running
time are taken into account and the exponent is estimated using a least squares fit. We also
benchmarked the exponent for classical SVM algorithms on the same instances and for a
comparable accuracy, the scaling exponent was found to be 3.31 for general SOCP solvers
and 3.11 for state-of-the-art SVM solvers. We note that this does not prove a worst-case
asymptotic speedup, but the experiments on unstructured SVM instances provide strong
evidence for a significant polynomial speedup of the quantum SVM algorithm over state-
of-the-art classical SVM algorithms. We can therefore view SVMs as a candidate problem
for which quantum optimization algorithms can achieve a polynomial speedup over state
of the art classical algorithms for an end-to-end application.

1.2 Related work

Our main result is the first specialized quantum algorithm for training support-vector
machines (SVM). While several quantum SVM algorithms have been proposed, they are
unlikely to offer general speedups for the most widely used formulation of SVM — the soft-
margin (¢1-)SVM (defined in eq. (10)). On one hand, papers such as [3] formulate the
SVM as a SDP, and solve that using existing quantum SDP solvers such as |7, 9, 40, 41] —
with the conclusion being that a speedup is observed only for very specific sparse instances.
On the other hand, [33] solves an easier related problem — the least-squares SVM (f2-SVM
or LS-SVM, see eq. (11) for its formulation), thus losing the desirable sparsity properties
of ¢1-SVM [38]. It turns out that applying our algorithm to this problem also yields the
same complexity as in [33] for the ¢5-SVM. Very recently, a quantum algorithm for yet
another variant of SVM (SVM-perf, |22]) has been presented in [2].

2 Preliminaries

2.1 Second-order cone programming

For the sake of completeness, in this section we present the most important results about
classical SOCP IPMs, from [1, 28]. We start by defining SOCP as the optimization problem
over the product of second-order (or Lorentz) cones £ = L™ x --- x L™, where L C RF

is defined as £F = {w = (zo; %) € R¥ ‘ lz]| < xo}. In this paper we consider the problem
(2) and its dual (3):

min c¢'x max b'y
st. Ax=b (2) st. Aly+s=c (3)
reLl, seLl, yeR™.

We call n:=>"i_; n; the size of the SOCP (2), and r is its rank.

A solution (@, y, s) satisfying the constraints of both (2) and (3) is feasible, and if in
addition it satisfies € int £ and s € int L, it is strictly feasible. If at least one constraint
of (2) or (3), is violated, the solution is infeasible. The duality gap of a feasible solution
(x,y,s) is defined as p := p(x,s) := %ccTs. As opposed to LP, and similarly to SDP,
strict feasibility is required for strong duality to hold [1|. From now on, we assume that
our SOCP has a strictly feasible primal-dual solution (this assumption is valid, since the
homogeneous self-dual embedding technique from [42] allows us to embed (2) and (3) in a

slightly larger SOCP where this condition is satisfied).
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2.2 Euclidean Jordan algebras

The cone L™ has an algebraic structure similar to that of symmetric matrices under the
matrix product. Here, we consider the Jordan product of (zg,Z) € R" and (yo,y) € R",
defined as

.’L'Ty

Xr O = ~ ~
Y ToY + Yo

o . 1
, and its identity element e := lonll .

=T
This product is closely related to the (linear) matrix representation Arw(x) := [xg . Q; ] ,
0in—1

which in turn satisfies the following equality:
xoy = Arw(x)y = Arw(xz) Arw(y)e.

The key observation is that this product induces a spectral decomposition of any vector x,
that has similar properties as its matrix relative. Namely, for any vector  we define

&

1
g
(||l

We use the shorthands A1 := (@), A2 := A2(x), ¢1 := c1(x) and ¢z := co(x) whenever
x is clear from the context, so we observe that @ = Ajc; + Aaca. The set of eigenvectors
{c1, c2} is called the Jordan frame of x, and satisfies several properties:

A(x) =20 + 2], er(z) :=

N | =

Ao(x) = z0 — |2, e2(x) :=

DO | =

Proposition 1 (Properties of Jordan frames). Let x € R™ and let {c1,ca} be its Jordan
frame. Then, the following holds:

1. ¢1 0 ¢ =0 (the eigenvectors are “orthogonal”)
2. croecy=c1 and ca0cy = ¢
3. c1, co are of the form (%;:I:E) with ||| = 3

On the other hand, just like a given matrix is positive (semi)definite if and only if all
of its eigenvalues are positive (nonnegative), a similar result holds for £ and int £ (the
Lorentz cone and its interior):

Proposition 2. Let x € R™ have eigenvalues A1, Aa. Then, the following holds:
1. x € L" if and only if A1 > 0 and Ay > 0.
2. x € int L™ if and only if A1 > 0 and Ay > 0.

Now, using this decomposition, we can define arbitrary real powers «? for p € R as
xP := Mey + Mo, and in particular the “inverse” and the “square root”
1 1

1
x = )\*101 + )\:CQ, if A1Ao # 0,

581/2 =/ Aiep + Ve, if xe L7
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Moreover, we can also define some operator norms, namely the Frobenius and the spectral

one:
|27 = X3+ A3 = V2|2,
]2 = max{|As], [ Ao} = |o] + ||

Finally, we define an analogue to the operation Y +— XY X. It turns out that for this we
need another matrix representation (quadratic representation) Qg, defined as

el 2z0z"

,_ 28 2 _
Qz = 2Arw(z) — Arw(z”) [23:05 Aol + 2557 | (5)

Now, the matrix-vector product QQ,y will behave as the quantity XY X. To simplify the
notation, we also define the matrix T; := Q1/2.

The definitions that we introduced so far are suitable for dealing with a single constraint
x € L". For dealing with multiple constraints @1 € £™,...,x, € L™ we need to deal
with block-vectors @ = (x1;x9;...;2,) and y = (y1;Y2;...;¥yr). We call the number of
blocks 7 the rank of the vector (thus, up to now, we were only considering rank-1 vectors).
Now, we extend all our definitions to rank-r vectors.

l. zoy:=(x10Y1;...; T, 0Yy)

2. The matrix representations Arw(x) and @, are the block-diagonal matrices contain-
ing the representations of the blocks:

Arw(z) := Arw(x1) @ - ® Arw(x,) and Qg := Qz, D+ B Qu,

3. @ has 2r eigenvalues (with multiplicities) — the union of the eigenvalues of the blocks
x;. The eigenvectors of & corresponding to block i contain the eigenvectors of x; as
block ¢, and are zero everywhere else.

4. The identity element is e = (e1;...;e;), where e;’s are the identity elements for the
corresponding blocks.

Thus, all things defined using eigenvalues can also be defined for rank-r vectors:
1. The norms are extended as ||z||% = Si_;||z;[|% and ||z||2 := max;||z;||2, and

2. Powers are computed blockwise as @ := (zf;...;xP) whenever the corresponding
blocks are defined.

Some further matrix-algebra inspired properties of block vectors are stated in the fol-
lowing two claims:

Claim 1 (Algebraic properties). Let @,y be two arbitrary block-vectors. Then, the following
holds:

1. The spectral norm is subadditive: || + yll2 < ||z|2 + |ly||2-
2. The spectral norm is less than the Frobenius norm: ||x|l2 < ||z||F.

8. If A is a matriz with minimum and mazimum singular values omi, and O pmqe respec-
tively, then the norm ||Ax| is bounded as opmp| x| < ||Az| < omaz||x||-

4. The minimum eigenvalue of © + y is bounded as Apmin(T + 1Y) > Apin(x) — ||Y]2-
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5. The following submultiplicativity property holds: ||z oy||r < ||x|2 - ||yl F-

In general, the proofs of these statements are analogous to the matrix case, with a few
notable differences: First, the vector spectral norm ||-||2 is not actually a norm, since there
exist nonzero vectors outside £ which have zero norm. It is, however, still bounded by
the Frobenius norm (just like in the matrix case), which is in fact a proper norm. Sec-
ondly, the minimum eigenvalue bound also holds for matrix spectral norms, with the exact
same statement. Finally, the last property is reminiscent of the matrix submultiplicativity
property [|A- B|[p < [|A2| B .

We finish with several well-known properties of the quadratic representation (), and
Ty.

Proposition 3 (Properties of Q, from [1]). Let x € int L. Then, the following holds:
1. Qpe =2, and thus Tye = x.
2. Qp-1 = Q5" and more generally Qz» = Q% for all p € R.
3. 1Qall2 = I3, and thus | Tz |2 = [||2.
4. Qg preserves L, i.e. Qz(L) =L and Qg(int L) = int L.

2.3 Interior-point methods

Our algorithm follows the general IPM structure, i.e. it uses Newton’s method to solve a
sequence of increasingly strict relaxations of the Karush-Kuhn-Tucker (KKT) optimality
conditions:

Ar=b, Aly+s=c (6)

rxos=ve, x € L,sE L,

where the parameter v > 0 is decreased by a factor ¢ < 1 in each iteration. Since xos = ve
implies that the duality gap is ¢ = v, by letting v — 0 the IPM converges towards the
optimal solution. The curve traced by (feasible) solutions (x,y, s) of (6) for v > 0 is called
the central path, and we note that all points on it are strictly feasible.

More precisely, in each iteration we need to find Az, Ay, As such that @ney := x + Ax,
Unext := Y + Ay and Spext := s + As satisty (6) for v = ou. After linearizing the product
Tpext © Snext, We obtain the following linear system — the Newton system:

A 0 0 Ax b— Ax
0 AT I Ay| =|c—s—ATy|. (7)
Arw(s) 0 Arw(x)| |As ope —xos

As a final remark, it is not guaranteed that (pext, Ynext, Snext) 1S on the central path (6),
or even that it is still strictly feasible. Luckily, it can be shown that long as (x, y, s) starts
out in a neighborhood N of the central path, (Zpext, Ynexts Snext) Will remain both strictly
feasible and in NV. It can be shown that this algorithm halves the duality gap every O(y/7)
iterations, so indeed, after O(y/rlog(uo/€)) it will converge to a (feasible) solution with
duality gap at most € (given that the initial duality gap was pg).
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2.4 Quantum linear algebra

As it was touched upon in the paper, the main speedup in our algorithms comes from the
fact that we use the quantum linear algebra algorithms from [11, 18] whose complexity is
sublinear in the dimension. Of course, we need to change our computational model for this
sentence to make any sense: namely, we encode n-dimensional unit vectors as quantum
states of a [logy(n)]-qubit system. In other words, for a vector z € R2" with ||z|| = 1,
we use the notation |z) to refer to the k-qubit state |z) := Zfigl zi i), where |i) are the
standard basis vectors of (CQk, the state space of a k-qubit system [32].

Given a quantum state |z), we have very limited ways of interacting with it: we can
either apply a unitary transformation U : c? - Czk, or we can measure it, which means
that we discard the state and obtain a single random integer 0 < i < 2¥ — 1, with the
probability of measuring i being z?. In particular this means that we can neither observe
the amplitudes z; directly, nor can we create a copy of |z) for an arbitrary |z). In addition
to this, it is a priori not clear how (and whether it is even possible) to implement the
state |z) or an arbitrary unitary U using the gates of a quantum computer. Luckily, there
exists a quantum-classical framework using QRAM data structures described in [24] that
provides a positive answer to both of these questions.

The QRAM can be thought of as the quantum analogue to RAM, i.e. an array
[b(l), el b(m)] of w-bit bitstrings, whose elements we can access in poly-logarithmic time
given their address (position in the array). More precisely, QRAM is just an efficient
implementation of the unitary transformation

i) [0 > [i) [l 6) , for i € [m)].

The usefulness of QRAM data structures becomes clear when we consider the block encoding
framework:

Definition. Let A € R™ "™ be a symmetric matriz. Then, the £-qubit unitary matric
Ue 2 jsq (¢, 2) block encoding of A if U = [A‘/C ] For an arbitrary matriz

B € R™™ ¢ block encoding of B is any block encoding of its symmetrized version
0 B
sym(B) := [BT O]'
We want U to be implemented efficiently, i.e. using an f-qubit quantum circuit of
depth (poly-)logarithmic in n. Such a circuit would allow us to efficiently create states
|A;) corresponding to rows (or columns) of A. Moreover, we need to be able to construct

such a data structure efficiently from the classical description of A. It turns out that we
are able to fulfill both of these requirements using a data structure built on top of QRAM.

Theorem 1 (Block encodings using QRAM [24, 25]). There exist QRAM data structures
for storing vectors v; € R™, i € [m] and matrices A € R™™"™ such that with access to these
data structures one can do the following:

1. Given i € [m], prepare the state |v;) in time 6(1) In other words, the unitary
|i) |0) — |7) |v;) can be implemented efficiently.

2. A (C(A),2logn) unitary block encoding for A with ((A) = ||Ally* min(||A||r, s1(A)),
where s1(A) = max; >_; |A; ;| can be implemented in time O(logn). Moreover, this
block encoding can be constructed in a single pass over the matriz A, and it can be
updated in O(log®n) time per entry.
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From now on, we will also refer to storing vectors and matrices in QRAM, meaning
that we use the data structure from Theorem 1. Note that this is the same quantum oracle
model that has been used to solve SDPs in [26] and [40].

Once we have these block encodings, we may use them to perform linear algebra. In
particular, we want to construct the quantum states |Ab) and |A_1b>, corresponding to
the matrix-vector product Ab and the solution of the linear system Ax = b:

Theorem 2 (Quantum linear algebra with block encodings [11, 18]). Let A € R™ " be a
matriz with non-zero eigenvalues in the interval [—1,—1/k] U [1/k, 1], and let € > 0. Given
an implementation of an (¢,O0(logn)) block encoding for A in time Ty and a procedure for
preparing state |b) in time Ty,

1. A state e-close to |A™'b) can be generated in time O((Ty k¢ + Tyk) polylog(k(/e€)).
2. A state e-close to |Ab) can be generated in time O((Tyr( + Tpr) polylog(k(/e)).

3. For A€ {A, A7}, an estimate A such that A € (14 ¢€)||.Ab|| can be generated in time
O((Ty + Ty) ™ polylog(k(/e)).

Finally, in order to recover classical information from the outputs of a linear system solver,
we require an efficient procedure for quantum state tomography. The tomography procedure
is linear in the dimension of the quantum state.

Theorem 3 (Efficient vector state tomography, [26]). There exists an algorithm that given
a procedure for constructing |x) (i.e. a unitary mapping U : |0) — |x) and its controlled
version in time Ty ) and precision 6 > 0 produces an estimate T € R™ with ||Z| = 1 such
that ||x — || < /70 with probability at least (1 — 1/n%83). The algorithm runs in time

O (Tr™55").

Of course, repeating this algorithm 6(1) times allows us to increase the success proba-
bility to at least 1 — 1/ poly(n). Putting Theorems 1, 2 and 3 together, assuming that A
and b are already in QRAM, we obtain that the complexity of a completely self-contained
algorithm for solving the system Az = b with error ¢ is O (n *g—g) For well-conditioned

matrices, this presents a significant improvement over O(n®) (or, in practice, O(n3)) needed
for solving linear systems classically, especially when n is large and the desired precision is
not too high. This can be compared with classical iterative linear algebra algorithms [34|
that have O(nnz(A)) complexity per iteration, as well as the new quantum-inspired solvers
[19] that have high-degree polynomial dependence on the rank, error, and the condition
number.

3 A quantum interior-point method

Having introduced the classical IPM for SOCP, we can finally introduce our quantum
IPM (Algorithm 1). The main idea is to use quantum linear algebra as much as possible
(including solving the Newton system — the most expensive part of each iteration), and
falling back to classical computation when needed. Since quantum linear algebra introduces
inexactness, we need to deal with it in the analysis. The inspiration for the “quantum part”
of the analysis is [26], whereas the “classical part” is based on [28|. Nevertheless, the SOCP
analysis is unique in many aspects and a number of hurdles had to be overcome to the
make the analysis go through. In the rest of the section, we give a brief introduction of
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Require: Matrix A and vectors b, ¢ in QRAM, precision parameter e

1. Find feasible initial point (x,y, s, ) and store it in QRAM.
2. Repeat the following steps for O(y/rlog(po/€)) iterations:

(a) Compute the vector oue — x o s classically and store it in QRAM.

(b) Prepare and update the block encodings of the LHS and the RHS of the
Newton system (7)

(¢) Solve the Newton system to obtain |(Ax; Ay; As)), and obtain a classical
approximate solution (Ax; Ay; As) using tomography.

(d) Update & < x + Az, s < s + As and store in QRAM.
(e) Update p <+ 1a's.

3. Output (x,y, s).

Algorithm 1: A quantum IPM for SOCP

the most important quantum building blocks we use, as well as present a sketch of the
analysis.

First, we note that the algorithms from the previous section allow us to “forget” that
Algorithm 1 is quantum, and treat it as a small modification of the classical IPM, where
the system (7) is solved up to an f-error §. Since Algorithm 1 is iterative, the main part of
the analysis is proving that a single iteration preserves closeness to the central path, strict
feasibility, and improves the duality gap. In the remainder of this section, we state our
main results informally, while the exact statements and proofs of all claims can be found
in the supplementary material.

Theorem 4 (Per-iteration correctness, informal). Let (x,y, s) be a strictly feasible primal-
dual solution that is close to the central path, with duality gap p, and at distance at least §
from the boundary of L. Then, the Newton system (7) has a unique solution (Ax, Ay, As).
There exist positive constants &, such that the following holds: If we let Ax,As be
approzimate solutions of (7) that satisfy

|Ax — Az||r < &0 and ||As — As|p < &6,
and let Typegt := T + Ax and Spey = 5 + As be the updated solution, then:
1. The updated solution is strictly feasible, i.e. ®pert € int L and Speqr € int L.

2. The updated solution s close to the central path, and the new duality gap is less than
(1—a/yr).

The proof of this theorem consists of 3 main parts:

1. Rescaling « and s so that they commute in the Jordan-algebraic sense [1]. This part
can be reused from the classical analysis |28].

2. Bounding the norms of Az and As, and proving that  + Az and s + As are still
strictly feasible (in the sense of belonging to int £). This part of the analysis is also
inspired by the classical analysis, but it has to take into account the inexactness of
the Newton system solution.
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3. Proving that the new solution (z + Az, y + Ay, s + As) is in the neighborhood of
the central path, and the duality gap/central path parameter have decreased by a
factor of 1 —a/\/r, where « is constant. This part is the most technical, and while it
is inspired by [26], it required using many of the Jordan-algebraic tools from |1, 28].

Theorem 4 formalizes the fact that the Algorithm 1 has the same iteration invariant as
the classical IPM. Since the duality gap is reduced by the same factor in both algorithms,
their iteration complexity is the same, and a simple calculation shows that they need O(,/r)
iterations to halve the duality gap. On the other hand, the cost of each iteration varies,
since the complexity of the quantum linear system solver depends on the precision &6,
the condition number x of the Newton matrix, as well as its (-parameter. While exactly
bounding these quantities is the subject of future research, it is worth noting that for ¢,
we have the trivial bound ¢ < \/n, and research on iterative linear algebra methods [14]
suggests that kK = O(1/u) = O(1/¢€). The final complexity is summarized in the following
theorem:

Theorem 5. Let (2) be a SOCP with A € R™*" , m <n, and L= L" x ---x L. Then,
Algorithm 1 achieves duality gap € in time

T=0 <\/ﬂog(uo/€) ' %log <I?)>’

where the 5() notation hides the factors that are poly-logarithmic in n and m.

Finally, the quality of the resulting (classical) solution is characterized by the following
theorem:

Theorem 6. Let (2) be a SOCP as in Theorem 5. Then, after T iterations, the (linear)
infeasibility of the final iterate x,y, s is bounded as

[ Az — bl < 5][All,
ATy +s—cl <o(IA] +1).

4  Technical results

In this section, we present our main technical results — the proofs of Theorems 4, 5 and 6.

4.1 Central path

In addition to the central path defined in (6), we define the distance from the central path
as d(x, s,v) = ||Tgs — ve||r, so the corresponding n-neighborhood is given by

Ny(v) ={(z,y,s) | (z,y,s) strictly feasible and d(z, s,v) < nv}.

Using this neighborhood definition, we can specify what exactly do we mean when we claim
that the important properties of the central path are valid in its neighborhood as well.

Lemma 1 (Properties of the central path). Let v > 0 be arbitrary and let x,s € int L.
Then, x and s satisfy the following properties:

1. For all v > 0, the duality gap and distance from the central path are related as

lzTs —rv| < \/Z ~d(x, s,v).
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2. The distance from the central path is symmetric in its arguments i.e. d(x,s,v) =
d(s,z,v).
3. Let p=ja's. Ifd(z,s,p) <np, then (1+n)|[s™ 2 > |n 22
Proof. For part 1, let {\;}2"; be the eigenvalues of Tj.s, note that T} is invertible as x € L.
Then using the properties of T, we have

1 2r
x's = ccTTw_les = (qua:)TTms —e'Tys = 5 Z A
i=1

We can therefore bound the duality gap = ' s as follows,

2r

1 1 2r 2r
x's= 52& < TV—|—§Z|)\Z' —v|<rv+ \/Z Z()‘Z — V)2 =rv+ \/Z.d(az,s,y).
i i=1 i=1

1

The second step used the Cauchy-Schwarz inequality while the third follows from the
definition d(z, s,v)? = 32", (\; — v)2. The proof of the lower bound is similar, but starts
instead with the inequality

1 2r 1 2r
52)% >ry — §Z’V—)\i|.
i—1 i=1

For part 2, it suffices to prove that T,s and Tsx have the same eigenvalues. This follows
from part 2 of Theorem 10 in [1]. Finally for part 3, as d(s,x, 1) < nu we have,

nu = [[Tsx — pe|p
— |Tow — 4 (T Ty ) el
= ||Ts (x — pTs-1€)|r
> Ain(Ty) | — pTyse]]
> Amin(Ts) ||z — N3_1H2
1 1

- —1
= ke llpT = s
I8~ 112
Therefore, n||s~1||2 > ||tz — s71||2. Finally, by the triangle inequality for the spectral
norm,
sz = [l el — lIs7H 2,
so we can conclude that |[s™1|s > ﬁlnH,u_lscHQ. O

4.2 A single quantum IPM iteration

Recall that the essence of our quantum algorithm is repeated solution of the Newton system
(7) using quantum linear algebra. As such, our goal is to prove the following theorem:

Theorem 4 (Per-iteration correctness, formal). Let x = n = 0.01 and £ = 0.001 be
positive constants and let (z,y, s) be a feasible solution of (2) and (3) with p = 1xTs and
d(zx,s,pu) < nu. Then, for c =1 — x/\/n, the Newton system (7) has a unique solution
(Azx, Ay, As). Let Ax,As be approzimate solutions of (7) that satisfy

£ £

|Az - Balp < —>— |As — As|p < > —
oy 20T, ]

where T and Ty are the square roots of the quadratic representation matrices in equation
(5). If we let Tpegt = & + Ax and Speyt := S + As, the following holds:
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1. The updated solution is strictly feasible, i.e. ®perr € int L and Speqr € int L.

2. The updated solution satisfies d(Tnext, Snext, 1) < N and %w;xtsnm =0 form=7ou,
[0}

Ezl—\ﬁ and a constant 0 < a < x.

Since the Newton system (7) is the same as in the classical case, we can reuse Theorem
1 from [28] for the uniqueness part of Theorem 4. Therefore, we just need to prove the
two parts about strict feasibility and improving the duality gap. Our analysis is inspired
by the general case analysis from [5], the derived SDP analysis from [26], and uses some
technical results from the SOCP analysis in [28]|. The proof of Theorem 4 consists of three
main steps:

1. Rescaling @« and s so that they share the same Jordan frame.

2. Bounding the norms of Az and As, and proving that  + Az and s + As are still
strictly feasible (in the sense of belonging to int £).

3. Proving that the new solution (x + Az,y + Ay, s + As) is in the n-neighborhood
of the central path, and the duality gap/central path parameter have decreased by a
factor of 1 — «o//n, where « is constant.

4.3 Rescaling  and s

As in the case of SDPs, the first step of the proof uses the symmetries of the Lorentz cone
to perform a commutative scaling, that is to reduce the analysis to the case when & and
s share the same Jordan frame. Although o is commutative by definition, two vectors
sharing a Jordan frame are akin to two matrices sharing a system of eigenvectors, and thus
commuting (some authors [1] say that the vectors operator commute in this case). The
easiest way to achieve this is to scale by T, = @_1/2 and p~1, i.e. to change our variables
as
x—a =T, 'x=eand s — s = 'Tys.
Note that for convenience, we have also rescaled the duality gap to 1. Recall also that
in the matrix case, the equivalent of this scaling was X — X 1/2XX~"Y2 =T and S —
u*1X1/2SX1/2. We use the notation 2z’ to denote the appropriately-scaled vector z, so
that we have
Ax =T, 'Ax, As :=p 'TyAs

For approximate quantities (e.g. the ones obtained using tomography, or any other approxi-
mate linear system solver), we use the notation - , so that the increments become Az and
As, and their scaled counterparts are Az = T;'Az and As = p'T,As. Finally, we
denote the scaled version of the next iterate as @), = e+ Az and Shext = » +As. Now,

we see that the statement of Theorem 4 implies the following bounds on ||Az’ — E/HF
and ||As’ — AS ||

IAZ' — AL || p = || Tp-1 Az — T, Az p
< | Tpr || - Az — Az||p < &, and
IAs' = AS'||p = p Y| TeAs — ToAs|p
< 7| Tl As — As||
= 7 a]2]|As — As||r
< (14 n)||s7||2||As — As||p by Lemma 1
< 2Ty ||| As — As|lp <&
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Throughout the analysis, we will make use of several constants: 1 > 0 is the distance
from the central path, i.e. we ensure that our iterates stay in the n-neighborhood N, of
the central path. The constant o = 1 —x/+/r is the factor by which we aim to decrease our
duality gap, for some constant x > 0. Finally constant £ > 0 is the approximation error for
the scaled increments E/,B/. Having this notation in mind, we can state several facts
about the relation between the duality gap and the central path distance for the original
and scaled vectors.

Claim 2. The following holds for the scaled vectors ' and .,:

1. The scaled duality gap is %ac’T =1.

2. d(zx,s,pn) < nu is equivalent to ||,, — el < n.
3. d(zx,s,uo) = p-d(x',,,0), for all 0 > 0.

At this point, we claim that it suffices to prove the two parts of Theorem 4 in the scaled
case. Namely, assuming that @, € int £ and s} € int £, by construction we get

Text = Tp, ¢ and Spext = T 18

nex next

and thus Tpext, Snext € int L.

On the other hand, if pd(®] o, Shext> ) < NiL, then d(@next, Snext, #) < N follows by
Claim 2. Similarly, from 1.7U13;thnext =07, we also get mgl—extsnext = fi. We conclude this
part with two technical results from [28|, that use the auxiliary matrix R, defined as
Rys i= Ty Arw(z) ! Arw(s)T,. These results are useful for the later parts of the proof of

Theorem 4.

Claim 3 ([28], Lemma 3). Let n be the distance from the central path, and let v > 0 be
arbitrary. Then, R.s is bounded as

|Rys — vI|| < 3nu.
Claim 4 ([28], Lemma 5, proof). Let y be the duality gap. Then, the scaled increment As’
18
As' =ce -, — p Ry AT
4.4 Maintaining strict feasibility

The main tool for showing that strict feasibility is conserved is the following bound on the
increments Az’ and As’:

Lemma 2 ([28], Lemma 6). Let n be the distance from the central path and let jv be the
duality gap. Then, we have the following bounds for the scaled direction:

Ax'||lp <= 2/n2 2+ (1 —0)2
|Az|| where © — Vi?/2+ (1 —o)*r
|1AS |7 <@f 1 —=3n

Moreover, if we substitute o with its actual value 1 — x/\/r, we get © = Y= 2n +4X , which
we can make arbitrarily small by tuning the constants. Now, we can 1mmed1ately use this
result to prove @l ., Shext € int L.

Lemma 3. Let n = x = 0.01 and £ = 0.001. Then, !
Q€. Th oty Shegt € 0L L.

. and s, ., are strictly feasible,

nex nex

next?
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Proof. By Lemma 2, \pin(T) > 1 — ||E/HF >1- % — &. On the other hand, since

d(x, s, 1) < nu, we have d(’, ,,,1) < n, and thus

2r

772 > Hw - e”% = Z()‘Z(W) - 1)2

=1

The above equation implies that A;(,,) € [1 —n,1 4 n], Vi € [2r]. Now, since ||z||2 < ||z||F,

Amin(g) Z Arnin(,? + AS/) — ||A78/ — AS/HF
> Muins) — |48 — A8 — A8/l
>1- n— @\/5 - 67

where we used Lemma 2 for the last inequality. Substituting n = x = 0.01 and &£ = 0.001,
we get that Apin(Z) > 0.8 and A\pin(S) > 0.8. O

4.5 Maintaining closeness to central path

Finally, we move on to the most technical part of the proof of Theorem 4, where we prove
that s . is still close to the central path, and the duality gap has decreased by a

next’ “next
constant factor. We split this into two lemmas.

Lemma 4. Letn = x = 0.01, £ = 0.001, and let a be any value satisfying 0 < o < x. Then,

fora =1—a/\/r, the distance to the central path is maintained, that is, d(2), .pps Shewts ) <

no.
Proof. By Claim 2, the distance of the next iterate from the central path is

d(wgexm Sgexmﬁ) = HngextS;ext - Ee”Fv

and we can bound it from above as

d(T} oxts Shexts 0) = | Tt S0 oellr

next» ©next» next Snext
= Ty, Shext — 0Ty, Ty €llp
< Ty M| 8hext = 7 (@hexe) ™I
So, it is enough to bound ||z||p := ||8}ex; — T - Thgrt || from above, since

., e
1Tar N = l[#nexellz <1+ [[Az 2 < 1+ [[A2/|la + € <1+ BTE

We split z as

z=(,+45 —ve+ A7)+ (0~ )Az +7 (e~ AZ - (e + Az) 1),
—_—
z2

Z1 zZ3

and we bound ||z1||F, | z2]|F, and ||z3||F separately.

1. By the triangle inequality, ||z1||r < ||, + As’ — Te + Ax/||p + 2§. Furthermore, after
substituting As’ from Claim 4, we get

.+ As —ge+ Az’ = oe — p 'Ry Az’ — ve + A
_a—X

\/;

e+ p Y (ul — Rys)Ax'.
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Using the bound for ||ul — Rys|| from Claim 3 as well as the bound for ||Az’||F from
Lemma 2, we obtain

X 3
<2 —— 4+ —nO.
[|21]|F < €+\/17+\/§?7@

2. ||z2l|lF < % (% + 5), where we used the bound from Lemma 2 again.

3. Here, we first need to bound |(e + Az')~! — (e + Aiwl)*lﬂp. For this, we use the
submultiplicativity of ||-||g:
l(e+A2) ™! — (e + A&) | = |[(e+ Az) o (e = (e + Aa) o (e + Az)) ) |1
<|l(e+Ax) s lle— (e+ Az + Az’ — Az )o (e +Az) | p
= (e + Az') 5+ [|(Az' = Az) o (e + A) ! |Ir
< e+ Aa) o A — Az g - (e + Aa) s
<& (et A) o l(e + AF) o

Now, we have the bound ||(e + Az’) 1|2 and similarly ||(e + Az )12 <

1
Ay 50 We get

< 1
= 1-J|Az’||F

§
(1= Az'|[r = &)*

(e + Az')™t — (e + Az) | p <

Using this, we can bound | z3]|p:

_ ’ n-1 §
”z3HF§0<||e—A:B —(e+Ax) Hlp+&+ (1—||A$’||F—§)2>.

If we let \; be the eigenvalues of Az’, then by Lemma 2, we have

le — Az’ — (e + Aw/)_1||p

=1
2 2
' )\4 C_) T
= v < 22
;(1—#)\1‘)2_\/5—@ ; '
@2
<
~ 24206

Combining all bound from above, we obtain

A(Zhexts Snextr 7) < <1 + % "“f) : < §+—F—= \[ \f

X (O )
7 (Ve
@2
+7 +E+ .
"(%ﬂ@ e f))
Finally, if we plug in x = 0.01, n = 0.01, £ = 0.001, we get d(Z,5,7) < 0.0056 < no. O
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Now, we prove that the duality gap decreases.

Lemma 5. For the same constants, the updated solution satisfies %m’n—l;us’nwt = (1 — %)
for a = 0.005.

Proof. Since ., and s, are scaled quantities, the duality gap between their unscaled

counterparts is 2@/ sl .. Applying Lemma 1 (and Claim 2) with v = o and @) e, Shext

we obtain the upper bound

T r / /
HTpext Snext S rop + \/;:U’d(wnext? Shnexts U)?

which in turn implies

Lo ( 0-01> ( d(Thext: She t,a))
Y <(1-— 1+ &3 X .
r next®next — \/; o/2r

By instantiating Lemma 1 for o = x;, from its proof, we obtain d(&) ., Shext, o) < 0.0050,

and thus 1 0.005
T .
;milextsilext <1- \/7*4
Therefore, the final « for this Lemma is 0.005. O

4.6 Final complexity and feasibility

In every iteration we need to solve the Newton system to a precision dependent on the
norms of T,-1 and Ty-1. Thus, to bound the running time of the algorithm (since the
complexity of the vector state tomography procedure depends on the desired precision),
we need to bound ||7,-1]| and ||Ts-1]|. Indeed, by the properties of the quadratic represen-
tation, we get

ITe-2]l = llz~" | = Amin(x) ™" and
ITs2 ]l = I8l = Amin(s) "

If the tomography precision for iteration i is chosen to be at least (i.e. smaller than)

5i = % min {)\min(azi), )\min(si)} s (8)
then the premises of Theorem 4 are satisfied. The tomography precision for the entire
algorithm can therefore be chosen to be § := min; §;. Note that these minimum eigenvalues
are related to how close the current iterate is to the boundary of £ — as long as x;, s; are
not “too close” to the boundary of £, their minimal eigenvalues should not be “too small”.

There are two more parameters that impact the complexity of the quantum linear
system solver: the condition number of the Newton matrix x; and the matrix parameter
¢; of the QRAM encoding in iteration i. For both of these quantities we define their global
versions as k = max; k; and ( = max; (;. Therefore, we arrive to the following statement
about the complexity of Algorithm 1.

Theorem 5 (restatement). Let (2) be a SOCP with A € R™", m < n, and L =
LM x - x L™, Then, our algorithm achieves duality gap € in time

T=0 <\/7"10g (ko/e€) - %Clog <Ff)> :
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This complexity can be easily interpreted as product of the number of iterations and
the cost of n-dimensional vector tomography with error 4. So, improving the complexity
of the tomography algorithm would improve the running time of our algorithm as well.

Note that up to now, we cared mostly about strict (conic) feasibility of  and s. Now,
we address the fact that the linear constraints Az = b and A"y + s = ¢ are not exactly
satisfied during the execution of the algorithm. Luckily, it turns out that this error is not
accumulated, but is instead determined just by the final tomography precision:

Theorem 6 (restatement). Let (2) be a SOCP as in Theorem 5. Then, after T' iterations,
the (linear) infeasibility of the final iterate x,y, s is bounded as

[Azr — bl| < 6]|Al|,
1A T yr + s7 — e < (A +1).
Proof. Let (xp,yr, sT) be the T-th iterate. Then, the following holds for Axp — b:

T T
AwT—b:Awo—l—AZBt—b:AZTiBt. (9)
t=1 t=1

On the other hand, the Newton system at iteration 7" has the constraint AAxr = b—Axp_1,
which we can further recursively transform as,

AAxp =b—Axp_1=b— A (iI}T,Q —i—MT,l)

T-1 T-1
=b— Axy — ZAmt:—ZAa)t.
t=1 t=1

Substituting this into equation (9), we get
AwT—b:A<ﬂT—AmT).
Similarly, using the constraint ATAyT +ASp=c¢c—87_1 — ATyT_l we obtain that
Alyr+sr—ec=A" (TyT — AyT) + (TST — AST) )
Finally, we can bound the norms of these two quantities,

[ Az — b]| < 5] A,
1A yr +s7 — | < o (Al +1).

5 Quantum Support-Vector Machines

In this section we present our quantum support vector machine (SVM) algorithm as an
application of our SOCP solver. Given a set of vectors X = {x(® € R™ | i € [m]} (training
examples) and their labels y® € {—1,1}, the objective of the SVM training process is to
find the “best” hyperplane that separates training examples with label 1 from those with
label —1. In this paper we focus on the (traditional) soft-margin (¢1-)SVM, which can be
expressed as the following optimization problem:
min lw]? + Cl€]h
st yODw 2@ +b)>1-¢, Vie[m] (10)
£>0.
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Here, the variables w € R™ and b € R correspond to the hyperplane, & € R™ corresponds
to the “linear inseparability” of each point, and the constant C' > 0 is a hyperparameter
that quantifies the tradeoff between maximizing the margin and minimizing the constraint
violations.

As a slightly less traditional alternative, one might also consider the £2-SVM (or least-
squares SVM, LS-SVM) [37], where the ||£||; regularization term is replaced by ||£||?. This
formulation arises from considering the least-squares regression problem with the con-
straints ¢ (w "z + b) = 1, which we solve by minimizing the squared 2-norm of the
residuals:

min  [w]*+ C|€|

w,b€ , ‘ (11)

st. YD z® +b)=1-¢, Vi [m]
Since this is a least-squares problem, the optimal w,b and & can be obtained by solving
a linear system. In [33], a quantum algorithm for LS-SVM is presented, which uses a
single quantum linear system solver. Unfortunately, replacing the ¢;-norm with ¢ in the
objective of (11) leads to the loss of a key property of (¢1-)SVM — weight sparsity [38].

5.1 Reducing SVM to SOCP

Finally, we are going to reduce the SVM problem (10) to SOCP. In order to do that, we
define an auxiliary vector t = (¢ + 1;¢;w), where t € R — this allows us to “compute” |lw]|?
using the constraint ¢ € £"+? since

te L' o (t+1)2 >4 w2t 4+ 1> |w|?

Thus, minimizing ||w|? is equivalent to minimizing ¢. Note we can restrict our bias b to
be nonnegative without any loss in generality, since the case b < 0 can be equivalently
described by a bias —b > 0 and weights —w. Using these transformations, we can restate
(10) as the following SOCP:

min [0 10" 0 Cm} [t b gf
T M0 o 1

t
ot Co XT o diag(w)| [p] = M (12)
0 0 1 ¢ 1
1 -1 0" 0o O™
te L2 bell & et Viem)

Here, we use the notation X € R™ " for the matrix whose columns are the training
examples (¥, and y € R™ for the vector of labels. This problem has O(n + m) variables,
and O(m) conic constraints (i.e. its rank is » = O(m)). Therefore, in the interesting case
of m = ©(n), it can be solved in O(y/n) iterations. More precisely, if we consider both
the primal and the dual, in total they have 3m 4+ 2n 4 7 scalar variables and 2m + 4 conic
constraints.

In practice (as evidenced by the LIBSVM and LIBLINEAR libraries [12, 16]), a small
modification is made to the formulations (10) and (11): instead of treating the bias sepa-
rately, all data points are extended with a constant unit coordinate. In this case, the SOCP
formulation remains almost identical, with the only difference being that the constraints
t € L2 and b € L' are replaced by a single conic constraint (¢;b) € £*"3. This change
allows us to come up with a simple feasible initial solution in our numerical experiments,
without going through the homogeneous self-dual formalism of [42].
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Figure 1: Observed complexity of Algorithm 1, its Figure 2: Empirical CDF of the difference in accu-
power law fit, and 95% confidence interval. racy between SVMs trained in different ways.

Note also that we can solve the LS-SVM problem (11), by reducing it to a SOCP in
a similar manner. In fact, this would have resulted in just O(1) conic constraints, so an
IPM would converge to a solution in O(1) iterations, which is comparable with the result
from [33].

5.2 Experimental results

We next present some experimental results to assess the running time parameters and the
performance of our algorithm for random instances of SVM. If an algorithm demonstrates
a speedup on unstructured instances like these, it is reasonable to extrapolate that the
speedup is generic, as it could not have used any special properties of the instance to
derive an advantage. For a given dimension n and number of training points m, we denote
our distribution of random SVMs with SYM (n, m, p), where p denotes the probability that
a datapoint is misclassified by the optimal separating hyperplane. Additionally, for every
training set sampled from SYM(n, m,p), a corresponding test set of size |m/3] was also
sampled from the same distribution. These test sets are used to evaluate the generalization
error of SVMs trained in various ways.

Our experiments consist of generating roughly 16000 instances of SV M (n, 2n, p), where
n is chosen to be uniform between 22 and 2° and p is chosen uniformly from the discrete
set {0,0.1,...,0.9,1}. The instances are then solved using a simulation of Algorithm 1
(with the target duality gap of € = 0.1) as well as using the ECOS SOCP solver [15] (with
the default target duality gap). We simulate the execution of Algorithm 1 by implement-
ing the classical IPM and adding noise to the solution of the Newton system (7). The
noise added to each coordinate is uniform, from an interval selected so that the noisy in-
crement (Ax, Ay, As) simulates the outputs of the tomography algorithm with precision
determined by Theorem 4. The SVM parameter C is set to be equal to 1 in all experi-
ments. Additionally, a separate, smaller experiment with roughly 1000 instances following
the same distribution is performed for comparing Algorithm 1 with LIBSVM [12] using a
linear kernel.

The experiments are performed on a Dell Precision 7820T workstation with two Intel
Xeon Silver 4110 CPUs and 64GB of RAM, and experiment logs are available at [39].
By finding the least-squares fit of the power law y = ax® through the observed values of

the quantity ”I;RC, we obtain the exponent b = 2.591, and its 95% confidence interval
[2.564,2.619] (this interval is computed in the standard way using Student’s ¢-distribution,
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as described in [31]). These observations, the power law, and its confidence interval are
show on Figure 1. Thus, we can say that for random SV.M(n,2n, p)-instances, and fixed
€ = 0.1, the complexity of Algorithm 1 scales as O(n?3!). This represents a polynomial
improvement over general dense SOCP solvers with complexity O(n“%%). In practice,
the polynomial speedup is conserved when compared to ECOS [15], that has a measured
running time scaling of O(n334), with a 95% confidence interval for the exponent of
[3.297, 3.330] (this is consistent with the internal usage of a [36]-like matrix multiplication
algorithm, with complexity O(n?%97)). Neglecting constant factors, this gives us a speedup
of 10* for n = 10°. The results from the LIBSVM solver indicate that the training time
with a linear kernel has a complexity of O(n?1!?), with a 95% confidence interval for the
exponent of [2.799, 3.425]. These results suggest Algorithm 1 retains its advantage even
when compared to state-of-the-art specialized classical algorithms.

Additionally, we use the gathered data to verify that the accuracy of our quantum (or
approximate) SVM is close to the optimum: Figure 2 shows that both at train- and at
test-time the accuracies of all three classifiers are most of the time within a few percent of
each other, with Algorithm 1 often outperforming the exact SOCP SVM classifier.

In conclusion, the performed numerical experiments indicate that Algorithm 1 provides
a polynomial speedup for solving SOCPs with low- and medium precision requirements.
In particular, for SVM, we achieve a polynomial speedup with no detriment to the quality
of the trained classifier.
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