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We introduce an approximate descrip-
tion of an N—qubit state, which contains
sufficient information to estimate the ex-
pectation value of any observable to a pre-
cision that is upper bounded by the ratio
of a suitably—defined seminorm of the ob-
servable to the square root of the number
of the system’s identical preparations M,
with no explicit dependence on N. We de-
scribe an operational procedure for con-
structing the approximate description of
the state that requires, besides the quan-
tum state preparation, only single—qubit
rotations followed by single—qubit mea-
surements. We show that following this
procedure, the cardinality of the result-
ing description of the state grows as 3M N.
We test the proposed method on Rigetti’s
quantum processor unit with 12, 16 and 25
qubits for random states and random ob-
servables, and find an excellent agreement
with the theory, despite experimental er-
rors.

1 Introduction

Quantum density operators represent our knowl-
edge of the state of quantum systems and give
us a way to calculate expectation values and pre-
dict experimental results via the Born rule. Our
knowledge of a system’s density operator is equiv-
alent to our ability to calculate the expectation
value of any observable of the system. However,
for an N—body system, reconstructing the sys-
tem’s density operator requires the knowledge of
exponentially many numbers in N. This in turn
translates into practical difficulties in estimating
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and storing density operators, in the form of den-
sity matrices, even for systems composed of just
a few tens of qubits.

Over the last few years, there has been a surge
of interest in devising protocols to reduce the re-
sources required to estimate and classically store
quantum states [1-9]. There have been numer-
ous approaches to reduce the cost of perform-
ing quantum state tomography by assuming that
the state of the system has a specific structure.
These approaches include, for example: matrix
product states tomography [3|, where the state
is assumed to have an efficient matrix prod-
uct state representation as a matrix; neural net-
work tomography [6, 7|, where the state is as-
sumed to have an efficient deep neural network
representation; and compressed sensing tomogra-
phy [4, 5], where the state is assumed to have a
low-rank density matrix representation. The the-
ory of Probably Approximately Correct (PAC)
learning was utilised in [2] to show that if, in-
stead of full tomography, we are interested in
approximating with high probability the expec-
tation values of observables drawn from a dis-
tribution, then only polynomially-many samples
in N of the observables’ expectation values are
required. It was later also shown [8] that esti-
mating with high probability the expectation val-
ues of a set of observables can be achieved using
only polynomially—many copies in N of the sys-
tem. As for storage, it is well established [1] that
quantum states that can be represented as low
bond—dimension matrix product states can be ef-
ficiently stored on classical computers. Recently
it was shown [9] that a general quantum state
of N qubits can be approximately described us-
ing its inner product with an order of V2N sta-
biliser states. This result thus provides a poly-
nomial improvement for classically storing quan-
tum states over a brute—force approach of storing

Accepted in {Yuantum 2021-03-08, click title to verify. Published under CC-BY 4.0. 1


https://quantum-journal.org/?s=Estimating%20expectation%20values%20using%20approximate%20quantum%20states&reason=title-click
https://quantum-journal.org/?s=Estimating%20expectation%20values%20using%20approximate%20quantum%20states&reason=title-click
mailto:mpaini@rigetti.com
mailto:amirk@isi.edu

density matrices. In Sec. 4 we discuss these and
other works in connection to the results presented
in this paper.

The growth of the number of copies of the sys-
tem in N for estimation and the considerable re-
quirements in N for classically storing the infor-
mation associated with a generic quantum state
lead to the question of whether a protocol that
significantly reduces or eliminates the dependence
on N is admissible. In this work, we give an affir-
mative answer to the question. Instead of focus-
ing on the estimation and storage of the density
matrix, we start by considering the equivalent
problem of calculating the expectation value of
any observable of the system up to a certain pre-
cision. In this article we show that, for a system
of N qubits, the expectation value of any observ-
able can be calculated with arbitrary precision
with a number of copies of the system indepen-
dent of N, but dependent on a properly—defined
seminorm of the observable. The information ob-
tained through the measurements on the copies
of the system will be used to form an approxi-
mate description of the quantum state — a descrip-
tion with a cardinality that grows linearly in N
and thus can be constructed and stored for large
systems. The method for estimating expectation
values, and the exact definition of an observable
seminorm and of the storage approximate quan-
tum state will be given in the next section.

2 Expectation value estimation and
the approximate quantum state

We will consider specifically a system of N qubits.
However, the considerations that will be made
are applicable in general to other systems, with
finite and infinite-dimensional Hilbert spaces,
since they are based on the general theory of irre-
ducible representations of groups which provide
explicit forms for a basis in the space of linear
bounded operators defined on a Hilbert space.
We refer the reader to Refs. [10, 11] where these
considerations have been developed.

We start by presenting the method to estimate
the expectation value of any observable and no-
tion of the approximate state for a single—qubit
system. We then generalise these ideas for the
more general N—qubit case.

2.1 One qubit
A single—qubit density operator can be written
as |10, 11]

dn

s 47

Z p(m,ﬁ)Kl(m,ﬁ), (1)

m==£1

p:

with the unitary spherical surface ¥ as integra-
tion domain, 7 = (cos p sin,sin ¢ sin ¥, cosv}),
with 9 € [0, 7], € [0,27), is a unit vector in R3,
p(m, i) is the probability of obtaining the result
m € {—1,+1} when measuring the qubit in the
eigenbasis of &' 7i, where & = (04, 0y,0;) is a vec-
tor of the Pauli operators, and Kj(m,) is the
1-qubit kernel operator given by

1
Ky (m, i) = S (1+3m& i), (2)

see App. A for more details.
Let us define a single-qubit (unbiased) estima-
tor function

Ryl |(m,70) = Te[ - Ka(m, )], (3)

where the - represents the argument of the func-
tion Rj, i.e. a single-qubit observable (for a
lighter notation we sometime omit the explicit de-
pendence of the estimator on (m,7)). In particu-
lar, the expectation value of the Pauli operator o,
withi =0,1,2,3 and 0¢ := 1, 01 := 0y, 02 := 0y,

and o3 := 0, can be written in terms of Rj[o;]
as
dn . .
(i) = | — > p(m,i)Ri[oi](m, 7). (4)
x4 m==%1

Calculating the estimator of the Pauli operators
we arrive at

Ri[1](m, 7)) =1, (5)
Ri[oa)(m, i) = 3mng, for a =x,y,2. (6)

The estimator R;[o,]|(m, ) is a random variable
due to its dependence on the stochastic measure-
ment outcome m and the random unit vector 7.
Hereafter, unless noted otherwise, we use the sub-
script « to index x,y, z and subscript ¢ to index
0,1,2,3. In App. A we show that the variance of
the estimator Rj[o,] is upper bounded by 3,

Var(Ri[oq](m, 7)) < 3. (7)

Since R1[1](m,7) is independent of m and 7, it
is deterministic and thus has a null variance.

Equation (4) implies that we can construct an
estimate of (o;) using the following Monte Carlo
sampling procedure:
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1. Sample a point 7 uniformly from the surface
of a unit sphere,

2. prepare the qubit in the state p and measure
it in the eigenbasis of & - 7,

3. record the outcome m € {—1,1},
4. repeat steps 1-3 M times.

The estimate of (o;), which we denote by (o) s,
is simply given by the average of corresponding
estimator Ry[o;](m, ) over the data set:

<Ui>M ZRI Uz m]y”]) (8)
] 1
where 7; = (cos @, sinv;,sin p;sin;, cos ;) is

the unit vector sampled at the jth iteration and
m; is the corresponding measurement outcome.
Note that the estimate (1), = 1 for any value of
M and it has zero variance. Moreover, by con-
struction, in the limit M —o0, (04)p—{(0q), for
a = x,y,z. The value of M determines the pre-
cision of the estimation. For M sufficiently large,
(0a)ar has a normal statistical error, which due
to Eq. (7) is smaller than or equal to /3/M.

The measurement in the eigenbasis of & - 77, at
step 2 above, can be implemented by first apply-
ing a unitary operator U, that rotates this ba-
sis to the eigenbasis of o,, and then measuring
in the eigenbasis o, (the computational basis).
This unitary operator is given by U = e'27 7+
where 77| = (—sin g, cos ¢, 0). We call the vector
s; = (mj,VYj,p;) the j-th snapshot of the qubit
system. We refer to the collection of the M snap-
shots, S = {s; }J 1, that we obtain following the
sampling procedure above, as the approzimate
quantum state, as it enables us to estimate the
expectation value of any single—qubit observable
to a certain precision as we now describe.

Let O be a single—qubit observable, expanded
in the Pauli basis {o;}3_,

3
O = Zai 0;. (9)
=0

Given the estimated expectation wvalues of
{o:}2_,, by linearity of the estimator function (3),
we can construct an estimate of (O) as

(O)m = Zai (oi)m- (10)

We prove in App. A that for M sufficiently large,
(O)pr has a normal statistical error smaller than
or equal to ||O||/v M, that is

loll
VM’

where Std stands for ‘standard deviation’ and

Std((O)ar) < (11)

is a seminorm of O that depends on its expansion
in the Pauli operator basis.

2.2 N qubits

The method developed for one qubit in the previ-
ous subsection is easily generalised to IN qubits, in
the assumptions that the qubits are distinguish-
able and that a qubit—specific measurement ca-
pability is available. The space of the N—qubit
system is the tensor product of the single—qubit
spaces and thus we can write a general N—qubit
density operator as [10, 11]

p=(s kfi [ o %)pqm, K (fm., 7)),

(13)
where  {m,7} is a  shorthand  for
(my,71,...,mn,7iny), the N-qubit kernel

operator K ({m,}) equals to the tensor product
of single—qubit kernels

N

1(mp, Ty, (14)

and p({m,7}) represents the joint probability of
finding the outcome (my,...,my) € {—1,1}
when measuring the qubits in the product eigen-
basis of &1 - 711 ® - - - ® Gy - Tiy. Similarly to the
single qubit case, this measurement can be imple-
mented with single-qubit rotations followed by a
measurement in the computational basis on each
qubit.
We define the N—qubit (unbiased) estimator
function
R[-]({m,7}) = Tr| - K({m,7})].  (15)
As a result of the tensor product structure of the
kernel operator, R[P;], where P; = 0y, ®--- Q0 ,
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i = (i1,...in), is a monomial of Pauli operators
(a ‘Pauli monomial’ or a ‘Pauli string’ for short),
and hereafter i, = 0, ..., 3, is simply the product
of the corresponding single—qubit random vari-
ables,

N

R[P]({m,7}) = [ Rilos,)(mx, i),  (16)
k=1

where Ry [0, |(mg, 7ik) is given in Egs. (5) and (6).

Similarly to the single qubit case of the previ-
ous section, we can write the expectation value
of P; with respect to the state of the system in
terms of R[P;] as

1 N
(P) :<<47T>N,B [ ai mz) (17)
% p({m, A RIP]({m, T}).

Eq. (17) implies that an estimate (P;)ps of (F;)
can be calculated by performing the single—
qubit tomographic procedure introduced in the
above section, in parallel on all of the N
qubits, as in Fig. 1. We call the vector s; =
(m1j,71j,...,mnj,7n;) the jth snapshot of a
system of N qubits, and we refer to a set S of
such M independent snapshots as the approzi-
mate state of the N—qubit system.

The use of single—qubit Haar-random basis
measurements was recently proposed, and exper-
imentally implemented, to probe certain proper-
ties of an N—qubit system, such as purity [12,
13] and the Frobenius inner product of two
states [14]. In light of these results, as we now
show, the measurement protocol we introduced
above is a universal protocol for estimating the
expectation value of any N-—qubit observable.
The protocol is efficient in terms of time and
space resources, as long as the observable admits
an efficient representation in the Pauli basis and
has a small seminorm (e.g. not growing exponen-
tially with V).

To start with, we can use the approximate state
S to calculate an estimate (P;)ys of (P;) as

1 M
(P = 7 > RIP)({m, i)
=1

N

Riloi J(mij, i), (18)
=1

I
S
VY

I
—
B

J

where the first equality follows from Eq. (16).
We show in App. B that for M sufficiently large,

(Pi)ar (i # 0, = (0,...,0)) has a normal statisti-
cal error that is smaller than or equal to /3™ /M,
where r; represents the weight of P;, i.e., the num-
ber of qubits on which it acts non—trivially. Note
that the estimated expectation value for the N—
qubit identity operator (1®V);; = 1 and it has
Zero variance.

With the ability to efficiently calculate the esti-
mated expectation value of any given Pauli mono-
mial operator, we can estimate the expectation
value of N—qubit observables. Let O be an N-—
qubit observable such that

O:Z(MPZ', (19)

From linearity of the estimator function (15) and
from Eq. (18), the estimated expectation value of
O is given by

(O)m = i(Pi)

&Pg

N

1 M
=MZZ%
j=1 i k

Rifoi,J(myj, k).
1
(20)

Similar to (P;)ar, (O)ar is an unbiased estimate,
i.e., (O)p—(0) in the limit M —oo. Practically,
for the efficient calculation of (20), the sum on
7 should have at most a polynomial number of
terms in N.

While we assumed in Eq. (19) that the observ-
able admits an efficient representation in terms of
Pauli monomials, as a result of the tensor prod-
uct structure of the kernel operator, Eq. (14), our
procedure is efficient to calculate the expectation
value of any operator of the form

O:Zai0i1®0i2"‘®0i1\]7 (21)

where O;, is a single-qubit operator (on the kth
qubit space). If this is the case then,

1 M N

i j=lk=1

Note that any Pauli monomial F; is a special case
of 05, ® Oy, - - - ®Oik~
We show in App. B that the standard deviation
of (O)nr has the upper bound
0]l

Std((0) ) < i (23)
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with the seminorm of O defined as

o= > 3rdilaillal,  (24)

Zv](7£011)

where the sum is extended to all values of 7 and
j except 0, = (0,0,...,0), r;; is the number of
indices k£ for which i, # 0 A ji # 0, Ajj = 0 if
there exists a k such that iy # 0 A ji # 0 A iy #
Jr and A;; = 1 otherwise. Eq. (24) reduces to
Eq. (12) when O is an observable on a single-
qubit space.

Importantly, in this procedure, the expectation
values estimation error has no global dependence
on the system size N. The error only depends
on the observable seminorm and the number of
snapshots. One could argue that the presence
in the seminorm of 3" reflects an exponential
growth of the estimates’ variance in N, as, for
example, for an observable given by the tensor
product of N Pauli operators, which has semi-
norm 3"/2. However, the seminorm is a property
of the observable and not of the dimension of the
space: an N—qubit observable O and its extension
to a larger (N+L)-qubit space, O ® 1% have
the same seminorm (24), independent of L. Irre-
spective of N, because of Eq. (23), the expecta-
tion values of all observables with unit seminorm
can be obtained with statistical error bounded
by 1/v/M. Any observable with seminorm differ-
ent from zero can be obtained from an observable
with unit seminorm through multiplication by a
real number, representing in fact the observable’s
seminorm. For a given number of identical prepa-
rations and measurements, the statistical error in
the expectation value of the generic observable
has a bound only dependent on how “large” the
observable is. In App. B, we also explain how the
seminorm ||O||,, defined by

1Oll, = [> 3 a?, (25)
i#0,

divided by v/M, with r; representing the weight
of P;, is generally a good approximation for the
standard deviation of (O)ys. This result may be
important for applications of the method since
|O||5 can be significantly smaller than ||O| and
since, for a chosen statistical error, the number of
identical preparations required is inversely pro-
portional to the variance of (O)as. See App. C
for further details.

@
Prepare the N-qubit state: e e e
Repeat . . . A A N
M times Measure in random directions: 7, 7, - Ty
Record the outcomes: m; mp - Mmy
(b)
s N (1
[0} Leifﬂlaﬁll]_(d]
10 N e

uolnesedaid arel1s

— i —A

Figure 1: Obtaining the approximate quantum
state. (a) To construct the approximate description
of an N-qubit state we repeat the following steps
M times: (1) prepare a copy of the N—qubit state,
(2) measure each qubit in a random direction 7; =
(cos;sind;,sing;sind;, cosd;), (3) record the mea-
surement outcome of each qubit. (b) A circuit real-
ization of the protocol. The single—qubit rotations are
defined by ¥; and #;, = (—sing;,cosp;,0), j =
1 N.

geeey

We close this part with a remark on the no-
tion of the approximate quantum state, S. We
have shown that the approximate description of
the state, as we have defined it, comes with an
explicit operational procedure to estimate the ex-
pectation value of any generic observable with a
rigorous bound on the estimation statistical error.
Therefore, the approximate state together with
the rule (20) provides a description of a physi-
cal system in terms of statistical inferences based
on observed experimental data and, in principle,
could be assumed as primitive concepts instead,
or, at least, as not requiring the existence of den-
sity operators and the Born rule.

3 Experimental results

As a proof—-of-concept, we have tested the theory
on Rigetti Computing quantum processor unit
(QPU), Aspen7-28Q-A, with three systems, in-
volving N = 12,16 and 25 qubits, respectively. In
each experiment the system is prepared in a ran-
dom state. The state preparation circuit is com-
posed of two layers of gates applied to the compu-
tational state |0)®V. In the first layer, the gates
are chosen at random from a flat distribution
over the single—qubit gate set {X,Y,Z, H, S, T}
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and applied to N/2 qubits, chosen at random.
While in the second layer the two—qubit gate
XY (a) = e @(XOXHY®Y) i5 applied to 50% of
pairs of qubits, chosen at random, with differ-
ent values of o sampled uniformly from [0, 27).
This gate composition results in shallow quantum
circuits with N/2 random single—qubit gates and
N/4 random two—qubit gates, to ensure that the
experimentally prepared state has a high fidelity
with the target state.

For each system, an approximate description of
the prepared state was obtained using M = 10%
snapshots (to check the results to 0.01 accuracy).
The approximate state was then used to estimate
the expectation value of two sets of observables:
(1) 20 random observables, (2) 20 random projec-
tors onto computational basis states (we have se-
lected 20 for the number of states so that it would
be visually ‘easy’ to check the results in Fig. 2
against the second standard deviation given it is
at ~95%). Each random observable in the first
set is a linear combination of 20 Pauli mono-
mials. Each Pauli monomial is constructed by
randomly sampling from the set {o;}3_ for each
qubit, whereas the linear combination coefficients
(the a;’s) are sampled uniformly from the (0, 1].
The projectors onto computational basis states
were sampled uniformly from the set {0, 1}". For
simplicity in the analysis, the 20 random observ-
ables are normalised to have a unit seminorm (the
projectors already have unit seminorm with prob-
ability exponentially close to 1 as a function of IV,
see App. C).

Fig. 2 shows the results for the 25-qubit exper-
iment. In this figure, we compare the estimated
expectation values of random observables and of
random computational basis projectors to their
expectation values with respect to the 25—qubit
target state. The results are plotted as a func-
tion of the number of snapshots. Table 1 sum-
marises the experimental results of the 12—, 16—
and 25-qubit systems for 10 snapshots. The fig-
ure and the table show that the experimental re-
sults generally mirror the theory, with the frac-
tion of estimates within one and two standard de-
viations from their true values not far from 68%
and 95% respectively. Other than statistical con-
siderations, the cases with a fraction of the esti-
mates greater than the expected percentages from
a normal distribution can be explained in terms
of how tightly the observables’ seminorms bound

the standard deviation of the estimators, in par-
ticular for the case of the projectors.

(a) Random observables

Number of qubits 12 16 25

Estimation within 1 Std 60% | 65% | 70%
Estimation within 2 Std’s || 93% | 100% | 95%

(b) Random projectors

Number of qubits 12 16 25

Estimation within 1 Std 0% | 90% | 85%
Estimation within 2 Std’s || 95% | 95% | 100%

Table 1: The fraction of the estimated expectation val-
ues, of (a) random observables and (b) random projec-
tors onto computational basis states, that are within one
and two standard deviations from their true expectation
values for 10 snapshots.

To complete the picture, including an explana-
tion for the cases of a lower fraction of the es-
timates than predicted, we need to start exam-
ining the effects of hardware errors. It is worth
noting that we obtain agreement with the the-
ory despite an order of per = 5% (averaged)
readout error per qubit, which amounts to flip-
ping the measurement outcome from +1 to —1
and vice versa. The resilience of our protocol to
single—qubit readout errors can be attributed to
the randomness of the measurement bases, as was
discussed in [15]. Moreover, the following consid-
erations provide additional insights in the robust-
ness of the estimation protocol to readout errors.

Firstly, let us consider the estimation of the ex-
pectation value of single—qubit observable. Let S
be the approximate state description composed
of M snapshots. Suppose that in Mg, of the
snapshots we obtained the erroneous measure-
ment outcome, Moy /M A perr. The estimation
of the expectation value of any single-qubit Pauli
operator o, (a0 = x,y,2) is

1 M
(Ca)M = i Z 3Mjna;
=1
M _ Merr 1 MﬁMCI'I'
= 3m.n
M (M—Merr 2:1 J O‘J)
Merr 1 Merr
+ > 3mSTng; ), (26)
(35 o)

where m?rr is the erroneous outcome. Since
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Figure 2: The error in the estimated expectation value of (a) 20 random observable and (b) 20 random projectors
onto computational basis states in a 25—qubit system as a function of the number of snapshots.

err

mit = —m; we arrive at
M_Merr
(o = e (1 g
M M — Merr j=1 / J
Merr 1 Merr
i (i, 2 mme) @)

which, for sufficiently large M and Mg, can be
approximated by

<Ua>M ~ (1 _perr) <Ua> - perr<aa>

= (1 = 2perr)(0a)- (28)
Therefore, for a single-qubit observable O =
> ; aio; we arrive at

3
(O ~ aol + Y ai(1 — 2per)(03).  (29)
=1

Thus, the readout error introduces an attenuator
(1 — 2perr) to each coefficient different than ag in
the expectation value.

Moving to the N—qubit case, we first note that
only odd numbers of readout errors per snapshot
contribute to the estimation error of an N—qubit
expectation value. This is because the estimated
expectation value is calculated via a product of
the measurement outcomes which take values £1,
cf. Eq. (18). Therefore, if a given snapshot
includes readout errors on an even number of
qubits, there are even number of erroneous out-
comes mj“ such that m?” = —my, and the es-
timated expectation value remains unaffected by
these errors. Let pogd(r) be the probability that
in a given snapshot there is an odd number of
readout errors on r qubits. Given a readout error

Derr Per qubit,

Poad(r) = Y

r _
<k>plgrr(1 - perr)T F
k odd

_ %(1 —(1— 2perr)7").
Similarly to the single qubit analysis, one can
then show that the expectation value of a Pauli
monomial P; with weight r; is

<P1>M ~ (1 - 2podd(ri))<Pi> = (1 - 2perr)” <PZ>
(31)

We therefore obtain that the estimated expecta-
tion value of an N—qubit observable O =}, a; P;
is given by

<O>M ~ Zaz(l - 2perr)ri <PZ>

i

(30)

(32)

This equation indicates that the readout error
does not depend on N. It introduces an atten-
uator (1 — 2per)™ to each term in the expec-
tation value. Since the attenuator is an expo-
nentially decreasing function in the weight r;,
only low—weight Pauli monomials contribute to
the expectation value (O)y;. Thus, the proposed
method is robust against readout error when es-
timating expectation values that have contribu-
tions dominantly from low—weight Pauli monomi-
als (this does not necessarily exclude observables,
such as projectors, that have contributions from
all Pauli monomials: the contribution of higher
weight Pauli monomials could be small on a class
of states of interest, as in the case of the low en-
tanglement states of this section’s random projec-
tors experiment). Finally, we remark that other
errors, e.g. gate operation errors, could be in-
cluded in this framework in a similar fashion and
that, clearly, (32) is easily generalisable to the
case of different readout errors per qubit.
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4 Related work

Quantum state tomography. In general, estimat-
ing an N—qubit state to error € in trace distance
requires O(2V /e?) copies of the state [16, 17].
The estimation of the density matrix with our
tomographic procedure does not break this lower
bound. If we choose the basis of N—qubit Pauli
operators, Eq. (23) tells us that a few matrix ele-
ments will require M to be exponentially large in
N. A different basis, such as the standard basis
i) (4], has exponentially many matrix elements
bounded by 1. However, calculating the trace
distance requires adding exponentially many of
them, creating again the need for an exponen-
tially large M. The key point of this paper, how-
ever, is to be able to estimate approximately and
efficiently expectation values without resorting to
the notion of density matrix.

Shadow tomography. In shadow tomography
the task is to estimate with high probability the
expectation values of a set of K observables, to
a certain precision e. It was shown that [8, 18|
this can be done using M = O(log(K)?N2e~8)
copies of the state, by implementing a non—local
measurement on all copies of the state. Re-
cently, these results were improved [19]. The
authors of [19] proposed an algorithm where
M = O(Blog(K)/€%) copies of the state, with
B > max; |0i]|%dows allow one to predict the
expectation values of K observables, {O;}X, to
a precision €. The norm ||-||shadow depends on
the particular measurement procedure used in
the algorithm. For example, for random Pauli
measurements the authors show (Proposition 3
there) that for a k-local observable ||O||shadow <
28]|0|| s, Where || - ||oo denotes the spectral norm.

The algorithm of [19] has a similar structure
to the algorithm proposed in this work. Sim-
ilarly to [19], the choice of randomised single—
qubit measurement directions of Eq. (13) is not
the only possible one. The framework of [10, 11]
generates valid formulas for any irreducible pro-
jective representation in the space of the system,
including for example the Clifford group and the
representation of SU(2) in the space of a spin
s = (2¥ — 1)/2. Furthermore, one could also
easily derive a general expression for the norm,
bound of the standard deviation of the estimator,
as y/Tr[O?] multiplied by a factor only dependent
on the group representation chosen. It is impor-
tant to note, however, that the use of the Cauchy-

Schwarz inequality in the derivation would gener-
ate suboptimal norms, often exponentially larger
than the true standard deviation of the estimator.
A tight norm (or seminorm) is key, as it gives a
guarantee of performance with a lower number of
preparations, especially if the separation from a
suboptimal one is exponential. The closeness to
the standard deviation of the estimator is what
justifies the importance of ||O||2 of (25): ||O]|2 can
be exponentially smaller than norms depending
exponentially on the locality or on the dimension
of the system (App. C for the case of projectors
onto the computational basis).

Finally, while the task in shadow tomography
is to estimate with high probability the expecta-
tion values of a set of K observables, to a certain
precision €, we focus here on the estimation with
high probability the expectation values of a given,
yet arbitrary, observable to a certain precision e.
We show that accomplishing this task requires
M = O(||O|?/€®) copies of the state. If a cer-
tain precision is required for the combined evalu-
ation of expectation values of several observables,
one would simply calculate the joint probability
of several normal variables of being smaller than
a certain value which would lead to a log contri-
bution to the error in the number of observables.

5 Conclusions and outlook

We have introduced a concept of approximate de-
scription of a quantum state for a system of N
qubits. We have shown that the approximate
state comes with an explicit operational proce-
dure to estimate the expectation value of any ob-
servable that admits an efficient representation in
the Pauli basis with statistical error only depen-
dent on the cardinality of the approximate quan-
tum state and on the observable’s seminorm, in-
dependent of N and growing at most exponen-
tially with the locality of the observable. The
operational procedure to obtain the approximate
state, other than the initial state preparations,
only requires single—qubit operations and mea-
surement. The natural robustness of random
single—qubit operations to experimental noise, as
we saw in the experimental results and also dis-
cussed in [15], suggests that the proposed proto-
col could be appropriate for NISQ computers.
We expect the notion of the approximate quan-
tum state to enable improvement over existing
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variational optimisation methods, as it would not
require separate iterations for each set of values of
the parameters. Machine learning optimisations,
in particular for generative models known as Born
Machines [20], may be an interesting case, since
the explicit dependence of the expectation val-
ues of the projectors onto computational basis
states on the variational parameters [21] may be
obtained even for a large number of qubits, since,
as shown in App. B, the estimators for the pro-
jectors onto computational basis state have, with
high probability, variance bounded by 1 for all
values of N.

The definition of the snapshots, constituting an
approximate quantum state, can be generalised,
too. The snapshots can in fact be derived from a
group different from SU(2). This generalisation
has interest that goes beyond the purely mathe-
matical exercise. As we have seen, SU(2) tomog-
raphy works well for observables expressed as lin-
ear combinations of products of Pauli operators,
especially if the weights of the Pauli monomials
are low. Electronic Hamiltonians can be repre-
sented as linear combinations of products of Pauli
operators, but at the cost, in general, of introduc-
ing Pauli monomials with weights increasing with
N. In second quantisation, electronic Hamilto-
nians contain linear combinations of products of
only two or four ladder operators for any N. The
bosonic tomographic formulas of [10] can be ex-
tended to the fermionic case, choosing the addi-
tive group of Grassmann numbers [22], instead
of the additive group of complex numbers, as to-
mographic group and expressing the snapshots as
vectors of sampled real numbers descending from
Grassmann numbers and of measured presence or
absence of electrons in orbitals. The estimators
for ladder operators and for their linear combi-
nations can then be calculated directly without
the need for the mapping to Pauli operators and
without the consequent appearance of weights of
Pauli monomials growing with N.
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A One qubit

Based on group-theoretical considerations, it was shown in Refs. [10, 11| that the density operator on
a Hilbert space of spin-s particle (a 2s + 1 dimensional space) can be written as

Z / TP, K (e, ), (33)

with the unitary spherical surface ¥ as integration domain, @ = (cossin,sin ¢sind, cos?), with
¥ € [0, 7], € [0,27), p(m, 1) probability of obtaining the result m4 € [—s, s] when measuring the spin
in the eigenbasis of §- 7, where §= (s, sy, 5>) is spin of the system, and K (ms, ) is a kernel function
given by

25+ 1 (% ¥ ip(me—s7)

K(ms, ) = dip sin? = ¢’

(34)

™

Specialising Eq. (34) for a spin-1/2 particle where my = £1/2 =m/2 and § = (04,0y,0,)/2 = &/2
we can write

9 2w . o
Ki(m,n) = — di) sin® %e%(m_"'"), (35)

™ Jo

where the subscript of Kj is used to emphasise that is the kernel operator on a single qubit. We

calculate (35) utilising the identity ¢RI — 1COS% — 10 -7 sin g Y and directly obtain
1 I
Kl(m,n)zi(l—i—?)ma-n). (36)
In the main text we have defined
Ri[oa](m, ) = Tr[oa K1(m, )] = 3mng, (37)

an unbiased estimator of o, with o = x,y,2 and n, defined by @ = (ny,ny,n.). The variance of
Ri[oa] is

Var(Ri[oa](m, ) = (Ri[oa)(m, 7)) — (Riloa)(m, 7i))* < (Ri[oa](m, ). (38)

We calculate the last term of (38) utilising (37):

(Riloa](m, ) Ri[op](m, M) = . % > p(m, i) Rifoa](m, @) Ri[og] (m, ) (39)
m==+1
=9 —nan (m, M) =9 | —nang=304s,
’ mz::l:lp / o

with 0,4 is Kronecker delta. To calculate the variance of R;[O](m,7), we expand O in the Pauli
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operator basis O = Z?:O a; 0;, so that
3
Var(R1[0](m, 7)) = Var (ao Ry(1)(m. 1) + 3" ai Ryoi)(m, ﬁ)) (40)
=1

3
= af Var(Ry[1](m, 7)) +Var(2 a; Ry [oi](m, ﬁ>)
=1

=0

+2 Cov(Rl[ m, ) Zal Ri[o;](m, n)>

=1

=0

(i Rafor)(m, 1)) < <(§1 = [04<m’ﬁ))2>

=1

3
Z (Ri[oi](m, 7)) + > aia;(Ri[os](m, @) Ra[o](m, 7))

i#j(7#0)
3
—32& +3 Z aza/j ij = Z 2
i#j(#0) =1
We define a seminorm of O as
3
O]l = 4|3 a? (41)
=1
and obtain
Var(R1[0](m, 7)) < [|O]*. (42)

Therefore, for M sufficiently large, (O)p; has a normal statistical error smaller than or equal to

lO]l/vM.

B N qubits

For a system of N qubits, we expand the generic observable O as in (19)

0= Z a; Pi (43)

where P, = 0y, ®---®05,, t = (i1,... in), is a Pauli monomial operator and i, = 0, ..., 3, and proceed
in the calculation of the variance of R[O] in a similar way to the one qubit case (the dependence of
R[] on (my,7i1,...,my,7y) is not explicitly indicated for a lighter notation):

Var(R[O]) = a3 Var(R[1]) + Var( Z a; R ) +2 Cov( [1], Z a; R[Pz-]> (44)

74750 7:¢011
2
—var( S arPl) < ((SarlPl) )= ¥ ao(RPIRR),
1#0y 1#0y %,5(#£04v)

where the last sum on i and j is extended to all values of ¢ and j except 0, = (0,0, ...,0). In general,

for every k, the indices i;, and jj, appearing in each (R[P;]R[P;]) of (44) can assume any integer value
between 0 and 3. For given 7 and j, let S be the set of indices k for which ix # 0 A ji # 0, s the
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cardinality of S and S the set containing the remaining indices k of 1,..., N with cardinality 5§ = N —s.
We use (16) for a Pauli monomial to arrive at

(R[P)R[P}]) = ( H /Z h drin > Rifoi,)(ma,, iy, ) Ralo, ) (mj,, nah)) (45)

([ mz Rafory sy, i Bl s 53 ) (. )
= (I, 52 5 Rl oo )

. (9 T [, o) (TT S wttomsp)

- (] I/, PSR AT CATIINS)

y (3 gsaw) DTy s ooy s )

= (I, T Sl el )

x( kg[saw/ d”‘“%le ) ({m, 7))

=9 (M) (ILf, T S Rl o )
( kHs /E i %;Rl a%m(m%,n%,m]k,w)p({m,ﬁ})

If we introduce a seminorm of O as

10l= | > 3miAlaillas], (46)
27](75011)
Eq. (44) becomes
Var(R[O]({m, ii})) < [|O]|*. (47)

The seminorm (46) is a tighter upper bound for the variance of R[O] than the formally simpler
seminorm

101, = >_ V3milail, (48)
i#0,
with r; representing the weight of P;, since
2
0P =Y 3aylallal < Y VEFailla) = (X VETlail) =012 (49)
1,5 (#0v) 1,5 (#00) i#0v

This is not surprising, since the seminorm (48) can be shown to be a bound for the variance of R[O]
by expanding Var (3>, .o, @; R[P;]) of (44) and using Schwarz inequality without resorting to explicit
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properties of R as in (45). The seminorm (46) can also be expressed as

lOI> =013+ > 3" Aylaillayl, (50)
177 (#0v)

1Olly = [ 3" ai. (51)
i#0,

Var(R[O]) < D 37 Ay Te[PPjplaia; = [Ol5+ > 37 Ay Te[PPiplaia;.  (52)
1,5(#00) i#5(#00)

with the seminorm ||Ol|, defined by

We use (45) and rewrite (44) as

Eq. (52) shows how the mixed terms of (50) are a weak upper bound for the last term of (52). For
a randomly chosen O or, in the same way, for a random p, the addends in the last term of (52)
have mixed positive and negative signs. Furthermore, for most states p, the expectation values of the
expressions P;P; tend to become smaller for higher values of r;;. As a result, ||OJ|, is generally a good
approximation of the standard deviation of R[O].

To formalise this statement, we start by showing that the expectation value of the mixed terms of
(52) over the space of the density operators of the system is equal to zero. The probability of choosing
a density operator from the space of density operators is the probability of choosing a set of eigenvalues
multiplied by the probability of choosing a density operator with specific eigenvalues conditional to the
choice of the eigenvalues. If for any choice of the eigenvalues, the expectation value over the density
operators with the chosen eigenvalues is zero, then the expectation value over all density operators
is zero. All density operators with the same eigenvalues can be obtained from one with a unitary
transformation and, vice versa, all unitary transformations applied to a density operator preserve the
eigenvalues. Therefore, we can calculate the expectation value of the mixed terms of (52) over the
density operators with given eigenvalues by averaging over the unitary group [23] with the unitary
transformations applied to an arbitrary density operator pg

/ dU Z 3Tij Aij a; aj Tl“[Pin Upo UT] = Z 3”'7 Aij 473 (Ij Tr {Pzpj / dU Upo UT:| (53)
U U

i#5(#0y) i#5(#00)
P;P;
= Z 3" AijaiajTr[ 21NJ} :0,
i#5(#0v)

which implies
< Z 3" Aij TI“[PZ‘P]‘,O] a; aj> = 0. (54)
75 (#00) P

To gain further information on how close ||O||, is likely to be to [|O]| for a random state, we now
consider the variance of the mixed terms of (50) over the space of the density operators of the system.
For simplicity, we specialise the analysis to pure states. From the unitary group notation of (53), we
switch to the average over the states expressed as in [24] and recall the following identities:

/wd¢|¢>(¢|®2 = 2]\7(2]%7+1) lsyma (55)

with 1y, projector onto the symmetric subspace of H®? and

Tr[A® Blym = %(Tr[A]Tr[B] + TY[AB]), (56)
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for any operator A and B. The variance of the mixed terms of (52) over the states of the system can
be expressed as

2
Var< S 3 Ay T BB Y] aiaj) _ / d¢< S apa; 3 AijTr[PinWJ)(dJH) (57)
i#5(£0,) Y ¥ i#5(#00)

- Z Z a; ajapaj 379 375 Ngj A / dip (Tr [P Pj|p)ep|] Tr [Py Py [ )9]])
175 (#0v) 7' #5' (#0v)

= Z Z a; ajaya; 3mii 3Tl Ai]’ Ai’j’ Tr |:(B]DJ) & (lef)]/) / d1/)‘1/1><1/1|®2:|
z#y(yéov) i'#5' (#00) ¥

= > Y aiajapay 3737 A Ay Tr[(PiPj) © (PyPyr) Leym]

2N 2N
( 7’7&](760'0) i'#5' (#0v)
= o S Y aiajapay 3737 Ay Ay Te[PiP Py Py
( Z#J (#00) 7' #5" (#00)
(2N 1) Yo D aiagapay 33T Ny Apy Ay,

l?’éJ (7’5011) i'#5 75071)

with Ajjir; = 1 when 4,4,4,j" are such that P,P;PyP; = 1, otherwise A;ji;7 = 0. A general upper
bound of the last expression is likely to be weak, given its strong dependence on O. The specific case
of O given by a projector onto a computational basis state is examined in App. C.

C Projectors onto the computational basis states

In this section we examine properties of the seminorm for an important special case, namely, the case
of projectors onto a generic element of the computational basis state,

(1+o0,), (58)

l\D\H

@

where the + of each factor is defined by the choice of the element of the computational basis |x).
This case is important not only for its practical significance in a machine learning context, as briefly
indicated in Sec. 5, but also because it is representative of the cases with bounded |[|O||, and diverging
||O|| for increasing N, which makes the determination of whether the statistical error of the estimator
can be approximated by ||O||, of particular interest. To calculate the seminorms of any projector onto
a computational basis state, we expand the tensor product of (58) and use the seminorm definitions.
For |||z)(z|||, this simply means

o) el = Ljv((NJf 1) 3 (fo 2) R @ ) = (09 - =1

(59)

A more involved combinatorial calculation would show that ||[z)(z[||* < (3/2)" and |||z)(z||* =
O((3/2)N). We come back to (57) for any projector onto computational basis state and observe that,
for given i and j, there are 2V ordered pairs ¢/, j' such that Ziﬁ/j/ = 1. The operator P;P; is in fact
the tensor product of single—qubit identities and operators o,. Each of them becomes the identity
when multiplied by itself and this can be obtained with two choices for every qubit of Py and Pj.
Unfortunately, to complicate things, 7;; is not independent of the choice of 7" and j' for given i and j;
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however, we can simplify the evaluation of (57) by considering a limit case and determining an upper
bound. In particular, for every ¢ and j, with ¢ # j and i and j different from 0,,

LN (TN al N
;;3” Aiji/jl<i,zj:,3” Aiii/j/=§<l>3l:4N. (60)

With the substitutions a; = (1/2)" and A;; = 1 valid for any projector |z)(z| and any value of the
indexes, the last term of Eq. (57) becomes

> > asajapay 373 Ny Ny Nijir e (61)
i#§(#0v) i/ #5' (#0v)

! 5 g = Ul <3>N
(2N¥+1)4N L1500 2N +1 4)

(2N+1

Eq. (61) shows that, for any projector |z)(z|, Var(R[|z)(x|]) for a random state is bounded by
Il|x) <:U|||§ < 1 with probability exponentially close to 1 as a function of N.
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