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We introduce a new quantum Rényi divergence D7 for a € (1, 00) defined in terms
of a convex optimization program. This divergence has several desirable computational
and operational properties such as an efficient semidefinite programming representation
for states and channels, and a chain rule property. An important property of this new
divergence is that its regularization is equal to the sandwiched (also known as the
minimal) quantum Rényi divergence. This allows us to prove several results. First,
we use it to get a converging hierarchy of upper bounds on the regularized sandwiched
a-Rényi divergence between quantum channels for o > 1. Second it allows us to prove
a chain rule property for the sandwiched a-Rényi divergence for a > 1 which we use to
characterize the strong converse exponent for channel discrimination. Finally it allows
us to get improved bounds on quantum channel capacities.

1 Introduction
Given nonnegative vectors P,(Q € R*, the a-Rényi divergence is defined as

[ Alogy s P(@)*Q(x) T f P<Q
a—1 TE

Da(P1Q) = { e )
for a € (1,00). Here P <« @ means that for any € ¥, Q(z) = 0 implies that P(z) = 0 and
the log is taken to be base 2. This definition has found many applications in information theory
and beyond, we refer to the survey paper [37] for more general definitions and properties of this
quantity. To generalize this notion to quantum states p and ¢ which are now positive semidefinite
operators on C* the interpretation of the multiplication appearing in the definition matters and
multiple definitions exist. Such definitions are systematically studied in [35]. We mention two
important examples for our work. For positive semidefinite operators p and o on C*, provided
p < o (i.e., the support of p is contained in the support of o), the geometric and sandwiched
divergences

Da(pllo) = ——logtr (o} (o=t pod)o0 ) (2)

a—1
i

Dalpllo) = ——togtr (% po'=)") | (3)

were respectively defined by [26] and by [29, 44]. The inverses here should be understood as
generalized inverses i.e., the inverse on the support. When p < ¢ is not satisfied, both quantities
are set to co. Whenever p and o0 commute, both definitions agree and as p and ¢ can be diagonalized
in the same basis this also matches with the classical definition (1). For this reason, throughout
the paper, if p and o commute, then we simply write D, (p||o) for the classical a-Rényi divergence
in definition (1).

Another natural definition is the measured Rényi divergence, which is obtained by perform-
ing the same measurement on p and o and then considering the classical Rényi divergence after
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performing the measurement:

Di(plo) = sup Da Zm vz plvz Y(va
{lvz) tees

| o tosesloles <vz|> @)

where the supremum is chosen over all orthonormal bases {|v;)}, of C¥. This definition was
proposed by [11, 18] and we refer to [5] for the equivalence between the different variants.

Contributions In this paper, we put forward another way of defining quantum Rényi divergences
through a convex optimization program. Even if such divergences may not have operational inter-
pretations in terms of some information processing task, we demonstrate in this paper that they
can nonetheless be useful tools for proofs and for computations. Given a € (1,00), we define the
# Rényi divergence of order o between two positive semidefinite operators p, o as

D (pllo) :

-log Q% (plo)

QE(pllo) == inf tr(4) st p<ofiA. (5)

Here o# 1 A denotes the f—geometrlc mean of o and A. We recall the definitions and properties of
the matrix geometric mean in Section 2 below. Using the joint concavity of the matrix geometric
mean, the optimization program in (5) is convex and for rational values of « it can be expressed
as a semidefinite program [14, 33]. We show the following properties:

e We prove in Section 3 that D7 satisfies the data processing inequality and it matches with
D, for commuting operators. In addition, it is subadditive under tensor product and when
regularized, it is equal to the sandwiched divergence i.e., we have (Proposition 3.4)

lim ~DF(p®"0®") = Dalplo).

n—,oo n

e We establish in Section 4 that the extension of D¥ to channels has an expression as a convex
optimization program (similar to the one for states (5)) and satisfies subadditivity under
tensor product as well as a chain rule property. Furthermore, when regularized, it gives the
regularized sandwiched divergence between channels.

We then give some applications of D# in Section 5.

e We show that, for @ > 1, the regularized sandwiched a-Rényi divergence between quantum
channels can be computed to arbitrary precision in finite time (Theorem 5.1).

e We prove a new chain rule property for l~)a for « > 1 (Corollary 5.2). In turn, the new
chain rule property allows us to characterize the strong converse exponent for channel dis-
crimination and show that in this regime adaptive strategies do not offer an advantage over
nonadaptive strategies (Section 5.2.1).

e We give improved bounds on amortized entanglement measures, which can be used for exam-
ple to bound the quantum capacity of channels with free two-way classical communication
(Section 5.2.2). We restrict our focus in this paper to the resource of entanglement, but we
expect the same techniques to be applicable in many other resource-theoretic frameworks [8].

In addition to these applications, we mention that a close variant of this divergence is introduced
in [7] to bound conditional entropies for quantum correlations.

Remark 1.1 (Convention for unnormalized p). We note that divergences are most interesting
when the first argument is normalized, i.e., tr (p) = 1 but it is convenient to keep the definition
general. To define it for a general positive semidefinite operator p, we use a convention which
is not standard. We choose for this work to use the exact same expression, e.g., (1) for the
classical case, (3) for the sandwiched Rényi divergence etc... even if p is not normalized. With
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this convention, Dq (p|o) = Ea(%ﬂa) + %5 logtr (p), which is slightly different from the more
standard choice made for example in [35] where the correction term for normalization is simply
logtr (p). Note however that the difference between these variants only depends on tr (p) and a,
and thus the two variants basically have the same properties even when p is not normalized. In
particular, we will be using the property that the regularized measured divergence is equal to the
sandwiched divergence, a property which clearly holds equally well for both conventions.

1.1 Notation

Let H be a finite dimensional Hilbert space and we write £ (H) for the set of linear operators on
H, P(H) for the set of positive semidefinite operators on H and Z(H) = {p € P(H) : tr (p) = 1}.
For A,B € Z(H), we write A > B if A— B € Z(H). We let [|Al = maxy)=1 [[A[¥)]| be
the operator norm of A. Also, for positive semidefinite operators A and B, we write A < B
when supp(A) C supp(B), where supp(A) denotes the support of A. We denote by spec(A) the
spectrum of A. For p,o € P(H) with p < o, we write Dpyax(p|lo) = loginf{A € R: p < Ao}.
When H = X ® Y for some Hilbert spaces X and Y, we often explicitly indicate the systems by
writing Axy for A € (X ® Y). Then Ax denotes try (Axy).

We denote by CP(X,Y) the set of completely positive maps from .Z(X) to Z(Y). For N €
CP(X,Y), we denote by J¥, € Z(X ®Y) the corresponding Choi state defined by J%, =
(Zx ® N)(®xx). Here X' is a copy of the space X, ®xx/ = >, . |[#)2'|x @ |z)a'|x/, where
{|]z)}» labels a fixed basis of X and X’ and Zx denotes the identity map on £ (X).

2 Geometric means and the Kubo-Ando theory

In [24], Kubo and Ando developed a general theory of operator means from operator monotone
functions. The goal of this section is to recall the properties of these means which will be useful for
the rest of this paper. This paper will deal with the operator means obtained from the operator
monotone functions f(z) = 2 for § € [0, 1] (the so-called S-matrix geometric mean), however we
keep the discussion general as we believe other choices of f can be useful.

Given an operator monotone function f : [0,00) — [0,00) such that f(1) =1, the Kubo-Ando
mean # is defined for any pair of positive semidefinite operators A, B and satisfies the following
properties [24], see also [34, Theorem 37.1 and the following discussion]:

(i) Monotonicity: A < C and B < D implies A# B < C#;D

(ii) Transformer inequality: M (A#;B)M* < (MAM*)#;(MBM?*), with equality if M is in-
vertible

(iii) Continuity: if' A,, | A and B, | B then A, #B, | A#;B
(iv) A#;A=A

(v) Joint-concavity:? for any A;, B; > 0 we have

> Ai#Bi < <ZA1> #r <ZBZ> : (6)
(vi) For invertible A, we have
A#B = AV2f (A—1/2BA—1/2) A2, (7)

Note that properties (ii) and (v) immediately imply that if A/ is a completely positive map,
then N (A#;B) < N(A)# ;N (B). In fact it is known that the inequality above is true even if we
only assume that N is a positive map (instead of completely positive), see e.g., [19, Proposition
3.30] or [26, Lemma 6.3].

By Ap | A we mean A7 > As > A3 > ...and A, — A

2Because the map (A, B) — A B is positively homogeneous, joint-concavity is equivalent to the inequality (6)
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Proposition 2.1. If N is a positive map and A, B > 0 then N (A#;B) < N(A)# ;N (B).
The Kubo-Ando mean has the integral representation [24]

A = jOA+ (imgere ) B [T Baut) (5)

for some measure p on (0,00) depending on f, and where for A’, B > 0, A’ : B denotes the parallel
sum of A" and B which satisfies [1, Theorem 9]

(x,(A": B)z) = y7iZnEfH (y, A'y) + (2, Bz). (9)
y+z=x

Some additional properties of the Kubo-Ando mean will be needed in this paper.

Proposition 2.2. For any operator monotone function f : [0,00) — [0,00), the following proper-
ties hold:

(vii) If B < A then the formula (7) is still valid provided we use the generalized inverse for A.

(UZZZ) Direct sum: (Al +A2)#f(B1 +Bz) = (Al#fBl)+ (Ag#fBQ), fO’f‘ any Al, AQ, Blv BQ 2 0
such that supp(A; + B1) L supp(As + Bs).

(iz) If f is such that limgyoz f(+) =0 then A#;B < A and if f(0) =0 then A#;B < B, for
any A, B > 0.

(z) If B, — B and B,, < A then A#;B, — A#;B.

Proof. (vii) Let P be the projector onto the orthogonal complement of supp(A4). For any £ > 0,
A + P is invertible, thus we have, by (7)

(A+eP)#,B = (A +eP)'/2f ((A L eP)V2B(A + gp)-m) (A+eP)V2.

Since A and P have orthogonal supports we have (A4 eP)~1/2 = A=Y/2 4 £¢71/2P where A71/2 is
the square root of the generalized inverse of A. It follows, since B < A, that (A +eP)~Y/2B(A +
eP)™1/2 = A=Y/2BA~1/2_ This implies

(A+eP)#B = (A2 4 £12P)f (A7V2BAY2) (412 4+ £1/2P),

Letting £ — 0, and using the continuity property (iii) we get the desired equality.

(viii) We first assume that Ay + As is invertible. Using the orthogonality of supports condition,
this implies that supp(A41) = supp(4; + B1) and supp(A4z) = supp(4s + By). In addition (A; +
Ag)™t = A7 + AJ'. Thus we can use (7) together with the orthogonality of supports condition
to compute the mean

(A1 + A2)#5(B1+ Bs) = (A1 + A2)1/2f ((A1 + A2)71/2(31 + Bs)(A1 + A2)71/2) (A1 + A2)1/2

— A% (A;l/zBlA;l/Q) AVZ a2y (A;1/232A;1/2) AL?

Using again (7) for each one of the two terms, we proved the desired statement when A; + As is
invertible. For the general case, we let P be the orthogonal projector onto supp(A; + By). Then
we apply the previous argument to A; + P and As + (I — P) for € > 0, and use the continuity
property (iii) to take the limit ¢ — 0 and conclude.

(ix) This follows from the integral representation (8) and the fact that supp((t4) : B) =
supp(A) Nsupp(B), which can be easily shown from the variational formulation (9).

(x) This follows from (vii) and the continuity of f. O

Remark 2.3 (Lack of continuity of #; in general). Property (x) is not true if we remove the
condition B,, < A. Indeed consider a unit vector v € H, and let A = vv* and B,, = v,v), where
v, # v are unit vectors for all n satisfying v,, — v. Then if f satisfies the conditions in property
(ix) in Proposition 2.2, we have that A#¢B,, = 0 for all n, and yet A#(lim, B,) = vv*.
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We will also need some specific properties that hold for f(x) = 2 for 3 € (0,1). For such a
function, we write the Kubo-Ando mean #; as #g.

Proposition 2.4. For any 8 € (0,1), we have
(zi) Tensor products: (A1 ® Ag)#s(B1 ® Bs) = (A1#sB1) ® (Ax#3Bs).
(zii) (aA)#5(bB) = a'= PP (A4 B) for any a > 0,b > 0.

Proof. (xi) When A; ® Az is invertible this follows from the formula (7). If not, note that for ¢ > 0
we have

(A1 +e1) @ (As + D) #(B1 @ By) = ((Ay +eD)#B1) © (As +<D)#Ba).  (10)

When € | 0, note that (A1 +eI)® (Aa+¢el) | A1 ® As. Thus by property (iii) we get the required
equality by taking the limit € | 0 in (10).

(xii) Using property (ix), if @ = 0 then both sides of the equality are 0. Otherwise, if a > 0 then
using the formula (7), we have that for any ¢ > 0, (a(A + &l))#3(bB) = a*Pb?((A + cI)#4B).
Using the continuity property (iii) and taking ¢ | 0, we have that (a(A+el))#5(bB) | (aA)#3(bB)
and ((A+el)#sB) | (A#3B) which establishes the desired statement. O

We note that the matrix geometric mean is often defined for positive semidefinite operators as
the limit as e — 0 of the formula (7) applied to A + eI and B + eI and this clearly matches with
the general approach of Kubo-Ando. This is the way it is presented in [6] and we refer to [22] for
a systematic study of the properties of the geometric Rényi divergence with this definition.

3 Properties for positive semidefinite operators

In this section we state and prove basic properties for the new quantity D (p||o).

Proposition 3.1 (First properties). The feasible set of (5) is nonempty iff p < o. Further-
more, if p < o the infimum in (5) is attained at some A < o, more precisely, at some A <
o= 2po= /2|2 1t (p) P where P is the projector on supp(c) and the inverses are generalized
inverses.

Proof. 1f (5) is feasible then p < o#,,,A < o by Proposition 2.2. Conversely, assume p < o then
A= |lo=Y2po= /2|2 p is feasible. In fact, we have

(071/210071/2>‘1 < ”071/210071/2 a-l (071/2p071/2> .

Using the operator monotonicity of ¢ — ¢/, we get

ez 1a
o1/2 <071/2p071/2) o1/2

oo

p< H071/2p071/2’
= 0#1/QA .

Note that this shows the program (5) always has a trivial achievable value of || =/2po /2|2 1tr (p).
Let P be a projector on supp(c), and let A be a feasible point of (5). Then PAP is also feasible
and satisfies tr (PAP) < tr (A). Indeed, by the transformer inequality we have

o#1 /o PAP > P(o#1,,A)P > PpP = p .

Thus this means we can restrict A to satisfy A < o. If we in addition assume that A achieves a value

for the objective function in (5) that is at least as good as the trivial value of ||o=/2po=1/2||% 1 tr (p),

we may assume that tr (A) < ||o=/2po~1/2||% 1t (p) which implies that A < ||o=/2po—1/2||% tr (p) P.
We can thus write Q¥ (p||o) = inf {tr(A) : 0#1/oA > pand A < |o=12po=1/2|| % tr (p) P}

The feasible set is closed (by Proposition 2.2) and bounded, hence the infimum is attained. O

We now show that D satisfies the main properties of a Rényi divergence: it satisfies the data-
processing inequality and for commuting states, it matches with the classical Rényi divergence.
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Proposition 3.2. Let a > 1. The function (p,0) — Q¥ (p,0) is jointly conver. Furthermore
D¥ is monotone under trace-preserving positive maps. More precisely, let p and o be positive
semidefinite operators on the Hilbert space X. Then if N is a positive and trace-preserving map

from Z(X) to Z(Y) then
DE (N (p)IIN(0)) < DF (pllo) -
In addition, if p and o commute, then D¥ (p|lo) = Dy (p||o).

Proof. Joint convexity follows directly from the joint concavity property of the matrix geometric
mean (6). In fact, for any positive semidefinite operators pg, p1, 00,01, Ao, A1 satisfying py <
o0#1/a Ao and p1 < 0141 /A1, we have for A € [0, 1]

(1= XN)po + Ap1 < (1 = N)oo#f1/a Ao + Ad1#1 /041
= ((1=XNoo)#1/a((1 = A)Ag) + (Ao1)#1/a(AA1)
§ ((1 — )\)O’O + )\01) #1/04 ((1 — )\)Ao + )\Al) .

Taking the minimum over Ay and A;, we obtain the desired result.

The data-processing inequality with positive trace-preserving maps follows immediately from
the monotonicity property of #;,, in Proposition 2.1. In fact, assuming that p < o (otherwise
the statement clearly holds) let A be an optimal point for Q¥ (p||o) so that p < o#1,,A. Then we
have that

N(p) < N(o#1/a4)
< N(o)#1/aN(4) ,

As such NV(A) is feasible for Q7 (N (p)||NV ()) with tr (M(A)) = tr (A), this proves that Q% (N (p) N (0)) <
QF (pllo).

To analyze the commutative case, consider p and ¢ commuting operators. It suffices to assume
that p < ¢ in what follows. To show that D¥ (p||o) < D, (p||c) it suffices to take A = p*ot=®
which commutes with p and 0. Then o#;/,4 = o!=V/*(p*ot=*)1/ = p. To prove D¥ (p|lo) >
D, (p|lo) consider a common eigenbasis |1),...,|d) for p and o and consider the map M(W) =
Zle [i)(i|Wi)i|. Note that M is completely positive and trace-preserving and we have M(p) = p
and M(o) = o. Given an optimal choice of A in the program (5) for p and o, we can write as
before

p=Mi(p) < M(c#1/aA)
< M(0)#1/aM(A)
= U#l/aM(A) .

Noting that tr (M(A)) = tr (A), we have constructed another optimal solution where the matrix
A commutes with p and o. In this case o#1,,A = 01 ~1/* A/ Thus, the condition p < o#1,,A
translates to o'/*~1p < A/ As all the matrices are diagonal in the same basis, we can take
both sides of this inequality to the power o and get p®o'~® < A. Taking the trace, we get that
Da(pllo) < D¥ (pllo). 0

Remark 3.3 (Non-monotonicity in ). We would like to emphasize that D¥ is not monotone in
a. This is illustrated in Figure 1 where we take p = |¢:}¢.| with |¢.) = /2|00) + /1 — ¢|11) and
o = 1® (e[0X0] + (1 — &)[1)1]).

Now we turn to properties of the divergence for tensor products and the relation to other
quantum Rényi divergences.

Proposition 3.4. Let a € (1,00). The quantity D¥ is subadditive under tensor products, i.e., for
p1,01 € P(H1) and pa, 05 € P(Hs), we have

D7 (p1 @ palloy ® 02) < DF (p1l|or) + DF (p2l|o2) - (11)
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Figure 1: Left: The solid line corresponds to D¥ (pxy||Ix ® py) as a function of o where pxy = |pcXbe|
with |¢c) = +/€]00) + /T — ¢|11). The dashed lines correspond to l~)a(pxy||IX ® py ). Note that in this case
ﬁa(pxyHIX ® py) = Dmax(pxv||Ix ® py) = 1 for all @ € (1,00) and all £ € (0,1) (this corresponds to
the black dotted line at the top). Right: The three divergences (for & = 3/2) as a function of £ € (0,0.2).
Note that D# and D converge to zero as € — 0, whereas this is not the case for D. The computations were
performed using the package [15].

In addition, for p,o € P(H) it can be related to the measured Rényi divergence as follows:

[0
Dl (pllo) < D¥(pllo) < DY (pllo) + o708 lspec(a)] . (12)
As a consequence,
. 1 M/ ®n RN\ _ M T 1 # ®n Qn
Jim Do (p"]|0™") = Dalpllo) = lim —DZ(p™"|lo™") (13)
and
D¥(pllo) < Da(pllo) < D¥(pllo) < Dalpllo) - (14)

Furthermore D (p||o) — Dmax(pl|o) when a — .

Proof. In order to show subadditivity, we may assume p; < o1 and ps < o2 (the statement clearly
holds otherwise). For b € {1,2}, let A, be a feasible solution for the program (5) for D¥ (p||o).
Then define A;5 = A1 ® As. Then, using the tensor product property in Proposition 2.2, we get

(01 ® 02)#1/0A12 = (01#1/0 A1) @ (02#1/0A2)
> p1®p2 .

In addition, tr (A;5) = tr (A;)tr (A2) and we thus get Q¥ (p; ® pa||o1 ®@02) < Q% (p1lo1)Q¥ (p2||02)
which proves subadditivity.

Next, to relate the different divergences, note that all of these divergences are finite if and only
if p < 0. So we focus on the case p < o. To show (12), it follows from the data-processing
inequality that for any choice of orthonormal basis {|v,)},, the measurement map M(W) =
> (v Nvg |[W v Xv,| satisfies DF (M(p)||M(c)) < D#(p||o). But as M(p) and M(o) commute,
D7 (M(p)||M(c)) = Do(M(p)||M(c)). Taking the supremum over measurements M, we have
D (pllo) < DE(pllo)-

In the other direction, consider the pinching map P, defined by P, (W) = ZAGSpec(o) I W1y,
where spec(o) denotes the set of eigenvalues of o and IT) is the projector onto the eigenspace of .
Consider an optimal solution A of (5) for the states Py (p) and 0. Then we have P, (p) < o#1 /0 A.
Using the pinching inequality p < |spec(c)|Ps(p) (see e.g., [17] or [35, Chapter 2]), we obtain

p < [spec(0) [Py (p) < Ispec(o)| - o#1/a A
= 1 /al[spec(@)|"A) .
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As such [spec(a)|*A is feasible for the optimization program (5) for p and o and thus Q7 (p||o) <
|spec(a)|*Q¥ (P, (p)||o). But note that P,(c) = o and it commutes with P, (p), so using Proposi-
tion 3.2, we have D# (P, (p)||o) = Do(Py(p)||Ps(c)) < D¥(p|lo). Putting everything together, we
get

«
a—1

DZ (pllo) < Dgl(pllo) + log [spec(a)] .

As a result, we have that for any integer n > 1,

1 1 1 1 «
7DM N QOn <7D# Xn|| On <7DM N || Qn - 1 n )
DYoo) < —DF (p o) < D (" 0®") 4 " log fspec(s™")
But it is well-known that |spec(c®")| < (n + 1)4m* =1 This shows that the regularization of
both D# and DM give the same value. But the regularization of the measured Rényi divergence
is known to be equal to D, [27] (see also [35, Theorem 4.1]). The inequality D, (p|c) < D¥ (p||o)
then follows directly because, by subadditivity of D# we have

- 1 1
D, = lim —D¥(p®"||c®") = inf —D¥(p®"||c®") < D¥ :
(pllo) = lim —DZ(p™"(|lo") = inf DT (p™"[|e®") < DZ (pllo)

We now show that D#(p|lo) < Du(p||o). Recall that Dy (pllo) = L logtr (o#ap), where, for
p K 0, 0#4p is defined by

oHap = o1/? (0_1/2p0_1/2>a01/2 7

where generalized inverses are used if ¢ is not invertible. If we choose A = o#,p, it is immediate
to verify that

U#l/aA = 0#1/(1(0'#04/0) =p

which means that A is feasible for (5), and so D¥(p|c) < Da(pl|c). We note that for o € (1,2]
this inequality actually follows immediately from the fact that ﬁa is the maximal Rényi divergence
satisfying the data-processing inequality [26]. As illustrated in Figure 1, there can be a large gap
between D# and D,.

Finally we prove that D¥(p||c) — Dmax(pllc) when a — oo. We saw in Proposition 3.1
that Q7 (pllo) < ||0’1/2p071/2”:o_1 tr (p) = 2Pmax(Pllo)(@=Dty (p) which implies that D# (p||o) <
Diax(pllo) + 25 logtr (p). On the other hand it is known (see e.g., [29, Proposition 4]) that

Deo(pllo) = Dimax(pllo) when o@ — oo thus we get the desired result.
O

We conclude this section by establishing additional useful properties of Q7.

Proposition 3.5 (Additional properties for Q#). For any o > 1, the following hold. (a) Isometric
invariance: if V is an isometry, i.e., V*V = I then Q¥ (VpV*||[VoV*) = Q% (p| o). (b) Positive
homogeneity: Q¥ (Ap||Aa) = AQ¥ (p|lo) for X > 0. (c) Block additivity: Q¥ (p1 + pa|lo1 + 02) =
Q% (pillor) + Q¥ (p2]|o2) provided supp(p1 + o1) L supp(pz + 02).

Proof. (a) The inequality Q% (VpV*||[VaoV*) < Q% (p||o) follows from the data-processing inequal-
ity. For the other inequality if A is an optimal point for Q% (V pV*||VaV*), using the transformer
inequality, V*AV is feasible point for the program defining Q# (p||c). But as VV* < I, we have
tr (V*AV) = tr (AVV™) < tr (A), which proves the desired result.

(b) Immediate to verify from the definition of Q¥ (p| o).

(c) We use the fact that (A; + Ao)#1/a(B1 + B2) = (A1#1/aB1) + (Aa#1/aB2) established in
Section 2. Let Pj, P be projectors on supp(p; + o1) and supp(p2 + o2) respectively. For the
inequality Q7 (p1 + p2llo1 + 02) < Q% (p1llo1) + Q¥ (p2||o2), consider A; and A two optimal
points for Q¥ (p1||o1) and Q¥ (p2||o2), respectively. Using the transformer inequality and the or-
thogonality condition, note that P; Ay P; and P, Ay P, are also optimal points for Q7 (p1]|o1) and
Q7 (p2|lo2). Using the property of the geometric mean for orthogonal sums of operators, we get
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that Py Ay P) + Py Ay P, is feasible for the program defining Q7 (p1 + p2|oy + 02).

For the reverse inequality. Let A be an optimal solution in the definition of Q¥ (p; + pa|lo1 + 02)
so that (o1 + 02)#1/aA > p1 + p2. Let m(A) = PLAP, + PAP, be the projection map on
“block-diagonal” operators. Then, letting ¢ = 01 + 02 and p = p; + p2 we have

U#l/aﬂ—(A) = ﬂ—(U)#l/oﬂT(A) > 71—(0#1/0414) > 7T(p) =p.

Since trm(A) = tr A, it follows that 7(A) is also an optimal solution in the definition of Q¥ (p; +
p2llor + 02). Call Ay = PLAP, and As = P,AP,. By the previous equation and the block
additivity of the geometric mean, we see that 014/, A1 > p1 and 0241/, A2 > p2. This implies
that Q7 (p1|lo1) < tr Ay and Q¥ (pa||oa) < tr Ay, which in turn implies Q7 (p1|lo1) + Q7 (p2|o2) <
trm(A) = Q% (p||o) as desired. O

An immediate consequence of the proposition above is that if |¢) is a unit normed vector in H

then Q% (p @ [¥)¥llo @ [¥)¥]) = QF (pllo), because the map V]¢) = [¢) @ |¢)) is an isometry. In
turn this implies the following useful property for classical-quantum states.

Proposition 3.6. Let ¥ be a finite set, p(x) > 0, p(z) and o(x) € P(H) for all x € . Then,
Q7 has the direct-sum property for classical-quantum states:

w@yuﬂwuzpuww) > (@) Q% (p(@)]lo(@)) -

reX reEX reX

4 Properties for positive maps

The notion of divergence between states can naturally be extended to a divergence between channels
by maximizing over the input states. Here we consider the stabilized version where a reference
system that is unaffected by the channels is allowed. Let X, X', Y be Hilbert spaces with dim X =
dim X’ and N, M be completely positive maps from Z(X’) to Z(Y). It will be convenient
to write the definition of the channel divergence in terms of the Choi states of the channels.
For this, we define ®xx/ as an unnormalized maximally entangled state of the form ®xx =
Y e 2N |x @ |2)(2'|x/, where {|x)}, labels a fixed basis of X and X’. Then we let Ty =
(Zx @ Nxv)(Pxx) and JXY = (Zx @ M x5y )(Pxx) be the Choi matrices of these channels.
Here Ix denotes the identity map on Z(X). Observe that for any den81ty operator w € Z(X),

wXJ YwX = (Zx ®Nx'y)(Qxx') where Qx x is the pure state w <I>XX/wX For any divergence
D, the corresponding channel divergence is defined as:

D[ M) := D(wiJywkwd T w? 15
WN[M) = sup (Wi Ixywillwix Ixyws) - (15)
wx €2(X)

We refer to [25] for a more detailed discussion of this definition. For D = D, our first result is
an expression for the channel divergence in terms of a convex optimization program.

Theorem 4.1. For any a € (1,00) and completely positive maps N and M, we can write

DF VM) = 1 TogQF (W[|.M) (16)

QEWIM) = inf [y (Axy)lloo st Ty < TR #1jadxy (a7)

where ||.||s denotes the operator norm.
Remark 4.2. Note that the constraint in (17) is jointly convex in J%y and J{4 .

Proof. First, if Jy < J# is not satisfied, then both quantities are co: we can take wy = ﬁ
in (15) and have D¥ (N|M) = oo, and on the other hand the optimization program in (17) is
infeasible. So we may assume that J%y < J{4 in what follows. We have to show that

1 11 1 )
sup Qf(w)2<J§(\[YW)2<||W)2<J§AYW§() = AmH;OHtrY(AXY)”oo s.t. Jé}fyﬁj)/}/[y#l/aAXY-
wx €D (X) Xy 2> (
18)
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We will start by showing that, if we strengthen the condition wx € 2(X) withwyx € 2(X),wx >
0 in the left-hand side, equality holds. We will later show that the condition wx > 0 leads to the
same quantity. With this additional condition, the left-hand side of (18) is

sup min tr(Bxy 19
wxE@LX)BXYZO ( ) ( )
wx >0
N 1oy L
wixIxyws < (Wi JIKywx)#1/aBxy - (20)

Now using the fact that wx is invertible together with the transformer inequality, we get

(wk XYWX)#l/a Xy = Wy Xy#l/a(wx xywy®) | wx

Thus, the constraint in (20) is equivalent to
1 _1
Ty € I #1/a(wx? Bxywy?) -
_1 _1
Thus, by performing a change of variable Axy = wy?Bxywy?, the program in (19) becomes

1 1
sup min tr (w)Q(Awa;()
wx €P(X) Axy 20

wx >0

Ty < J)/(\‘AY#I/aAXY .

Now using Sion’s minmax theorem, observe that we can exchange the minimization and the maxi-
mization. In fact, the objective function is linear in both wx and in Axy, and the set of invertible
density operators is convex. In addition, as we assumed that Jﬁ}fy < J{4,, using Proposition 3.1,
we may restrict the set of Axy we optimize over to be convex and compact. To conclude, it suffices

to observe that sup,, co(x) tr (WxAxy) = [[try Axy|oo-
wx >0
Since replacing the condition wx > 0 by wx > 0 can only decrease the LHS of (18), we have

shown the direction > of (18). It thus remains to show the direction <. Take an optimal feasible
solution Axy of (17) and let us write A for its value. Now consider an wx € 2(X) and define
1 1

A%y = wiAxyw}. By construction tr (4%, ) < A. In addition, we have

1 1 1 1
wiJRywy < wi (T #1edxy) wi
1 1
< (WR IV w)#Fr1e Ay
where we used the transformer inequality. As such A%y is feasible for the defining optimiza-

1 11 1 1 PR 1
tion program for Q¥ (w2 JAw ||lw2 J w2 ), and this implies Q¥ (w2 JAy w2 |wZ Jw3) < A
Taking the supremum over wyx completes the proof.

An immediate corollary is that the channel divergence is subadditive.

Corollary 4.3. For any o € (1,00) and completely positive maps N1, No, My, My, we have
D¥ (N1 @ N[ My @ M) < DF(N1[|My) + DF (N2 M)

Proof. Let A%ﬁYl be a feasible solution for the program (17) for the channels Aj and M; and
A%y, for Ny and M. Then using the fact that JM1®V2 = JM @ JM2 and the tensor product
property of the mean (Proposition 2.2), we have that A¥ y y.y, = A y, ® A%y, is feasible for
N1 ®@ Nz and My ® My and |[tr Y1Y2A¥1X2Y1Y2||OO = |ltr Y1A§(1Y1||OO||U‘ Y2A§(2Y2||OO' O

Next, we prove that as for states, the regularized channel divergence is equal to the regularized
sandwiched Rényi divergence. Note that unlike for states, the sandwiched Rényi divergence of
channels is not additive in general, see [13] for an example.
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Lemma 4.4. Let N and M be completely positive maps from L (X) to £L(Y). For anyn > 1
and o € (1,00),

1 «

1
— D#F(N\N®N ®@ny _ — 2
—DEWEMMET) = ————=(d” + d)log(n +d) <

~ 1
Da(NO" M) < ~DF (N[ ME")

S|

where d = dim X dim Y .

Proof. The second inequality follows immediately from the fact that D, < D¥; see Proposition 3.4.

For the other direction, the channels N®" and M®" are covariant with respect to the repre-
sentation of the symmetric group &,,. In fact, for 7 € &,,, if we denote Px () the operator on the
space X®" that permutes the n tensor factors according to =, then

NE(Px(m) . Px(m)") = Py(m)N€"( . )Py(n)*,

and similarly the same relation holds for M®". Using the definition (15), we have

1 1 1 1
DEN®|M®™) = sup  DF(wi. (JN) P whawha (4P wE.) -
wxmn E@(X®")

Using [25, Proposition I1.4] for the divergence D# (which satisfies the data-processing inequality
as shown in Proposition 3.2), we may restrict the optimization to permutation-invariant states and
get

EOY: 1 1 M 1
DEN® M) = sup DF (win (JRy)® wkn [win (JX5)F wWEn) -
wxn €D(XE™)
[Px (m),wxn]=0VY7E&,
Now consider such a permutation-invariant wx» and we use the relation to the measured Rényi
divergence in (12):
#(,.3 (TN \®n 3 5 M \®n, 3
Di (win (Jxy )" win [[Win (JXy )" WFn)

1 1 1 1
< DM (WE (TP w i llwdn (JE) " wEa) +

« 1 L
2 Tog Ispec(wk ()" wk )

1 1
Now note that if wyn is permutation-invariant, then so is the operator w%, (J{)®"w%, on (X ®
Y)®". As such, using Lemma A.1,

[specwin (49) % wk) | < (n 4+ 1) (n+ )"
where d := dim X dim Y. Taking the supremum over all wxn, we get
DF (N |M®") < DN |ME™) + —=(d? + d) log(n + d)
< Do(N®" | ME) 4 ﬁ(d? +d)log(n +d) .
This gives the desired result. O

The channel divergence satisfies a chain rule property for any « € (1,00), as the one satisfied
for the geometric divergence D, [12].

Proposition 4.5. Let a € (1,00). Let prx/,orx: € P(R® X'), N, M be completely positive
maps from L (X') to L(Y). Then

D¥((Zr @ Nx'y) (prx ) |(ZTr @ Mx/oy )(orx') < DE(N|M) + D¥ (prx/|lorx) -

Proof. Let Axy be an optimal solution for (17) for the maps N and M and Agx be an optimal
solution for (5) for prxs and orx/. Then note that

(Zr @ Nxoy)(prx) = (@x x|y @ prx/|®xxr)  (Tr ® Mxoy)(0rx) = (@x x| J&Y @ orx [Pxxr) -
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Combining the properties of Axy and Apx using Proposition 2.2, we get
Iy ® prxr < (J ® orx)#1/a(Axy ® Arx/) .
Then using the transformer inequality, we have

(®xx/| TNy @ prx/|®xx/) < (‘I’XX/|((J§/[Y ® opx)#1/0(Axy ® Arx’))|Pxx/)
< ((2xx/ (T @ orx )| Pxx))#1/a ((Pxx|(Axy ® Arx/)|Pxx7)) -

To conclude it suffices to compute

tr ((Pxx/|(Axy ® Arx/)|Pxx/)) = (Pxx/[try(Axy) @ tr p(Arx/)|Pxx)
S ||trYAXYHoo<(I)XX’|IX ®trR(ARX’)|cI)XX’>

= |try Axylootr (Arx") ,
which after taking the logarithm establishes the desired inequality. O

Remark 4.6. Note that the chain rule can be seen as a generalization of the data processing
inequality. In fact, we can take the R system to be trivial and if the maps are the same N' = M
and in addition trace-preserving, then D¥ (N||M) = 0.

5 Applications

In this section we present some example applications of the newly introduced divergences. Most
of these applications are related to the regularized sandwiched divergence between channels. For
a > 1, we denote

DEE(W|M) = lim %5Q(N®”||M®") . (21)

We note that as the sequence %f)a (N@™| M®™) is superadditive, using Fekete’s lemma, the limit
exists and can be replaced by a supremum over n. Regularized entropic quantities appear exten-
sively in quantum information theory but it is unclear how to compute them (or even whether
they are computable to start with) as we do not have control on the convergence speed in the
regularization. Using D7, one can quantify the convergence speed explicitly for ﬁ}fg and thus

show that this quantity is computable.

5.1 Converging hierarchy of upper bounds on the regularized divergence of channels

Theorem 5.1. Let o € (1,00) and N, M be completely positive maps from L(X) to L(Y). Then
for any m > 1,

1

1 ~
DM = — (i d) log(m + d) < DEWM) < —DF (N M) |

3=

where d = dim X dimY. We can also write

Dis(V M) = — Do (W[ ME™) < () logm + ) (22)

Proof. The lower bound follows immediately from Lemma 4.4 with m = n. For the upper bound,
using the fact that D, < D¥ and the subadditivity property in Corollary 4.3 we have for any n,m

5Q(N®mn||M®mn) < Dt(N®m7z||M®mn)
< nDF(NE™(|ME™)
Dividing by mn and taking the limit as n — oo concludes the proof of the upper bound. The

inequality (22) follows from this upper bound together with Lemma 4.4 (more specifically, the
lower bound there applied for m = n). O
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Note that for any finite m, the quantity = D# (N®™|| M®™) can be approximated to arbitrary

accuracy and this shows that ﬁfjg can be approximated within additive € in finite time. The
precise analysis of the running time as a function of the bit size of the input is a subtle question
that is outside the scope of this work. But staying at a high level, the running time of this
algorithm will be exponential in the input and output dimensions of the channels. In fact, we can
take m = [(fﬁ‘iel where d is the dimension of the Choi state of the channels A” and M, and
then compute D# (N®™||M®™). The channels N®™ and M®™ have a Choi state of dimension
d™ and thus the convex program defining D# (N®™|| M®™) can be approximated in time that is
polynomial in d™ using the ellipsoid algorithm. Overall, the running time is exponential in d.

As the regularized divergence between channels appears in the analysis of many information
processing tasks, we believe this result will be useful in obtaining improved characterizations of such
tasks. An example is the task of channel discrimination, for which the regularized Umegaki channel
divergence governs the asymptotic error rate [13, 39, 43]. One could also obtain upper bounds on
quantum channel capacities, such as the classical capacity, in terms of regularized divergence
between channels (see e.g., [41]). In fact, closely followmg the approach of [12] to upper bound
the classical capacity of a quantum channel and replacing D with D#, one does obtain improved
bounds, including for the amplitude damping channel. However, the 1mpr0vements obtained by
such a direct application of [12] were small, typically less than 1%. To give an example, for a
damping parameter vy = 0.5, we obtain (using D¥ with two copies of the channel) an upper bound
on the capacity of 0.7694... whereas the previous bound (using Dyyax or ﬁa) was 0.7716... [40, 41].
We leave the further exploration of this question for future work.

5.2 A chain rule for the sandwiched Rényi divergence

Our second application is a chain rule for the sandwiched Rényi divergence, which once again
features the regularized divergence between channels. Such a chain rule was proved in [13] for the
Umegaki relative entropy.

Corollary 5.2 (Chain rule for the sandwiched Rényi divergence). Let « € (1,00). Let prx+,0rx’ €
P(RX'"), Ny M be completely positive maps from L (X') to L(Y). Then

Do((ZTr ® Nxroy) (prx ) (Zr ® Mx:5y ) (0rx)) < DEE(N|IM) + Da(prx:lorx:) . (23)

Proof. We apply the chain rule in Proposition 4.5 to the states p s and JRX, and the channels
N@" and M®" and get

1 1 1

EDQ#((IR ®@ Nxroy)(prx )" [(Zr @ Mxiy)(0rx)®") < EDZ? (N M) + EDf(p%X’ lox:) -
Taking the limit as n — oo, the state divergences becomes sandwiched divergences using (13) and
the channel divergence becomes the regularized channel sandwiched divergence using Lemma 4.4.

O

Remark 5.3. It is unclear whether taking the limit o — 1 in this chain rule recovers the chain rule
proved in [13]. The reason for this difficulty is that it remains open whether lim,; DI8(N || M) =
Dres(N||M).

It is also possible to phrase the chain rule in terms of amortized divergences as introduced
in [43]. For a divergence D, the amortized divergence is defined as

D*(N (M) = sup D((Zr @ N)(prx)I(Zr ® M)(0rx)) — D(prx|lorX)
PRXED(RX),0rx €Z2(RX)

(24)
where the supremum also runs over all finite dimensional spaces 2. When D is the sandwmhed
Renyl divergence D,,, note that for positive real numbers 3 and v, we have D, (Bpllvo) = Duo(pllo)+

—25log B —logy. As a result, for any nonzero prx,orx € Z(RX), we have

Do((Zr ® N)(prx)|(Zr @ M)(0rx)) — Dalprxllorx)
_ PRX ORX B PRX | ORX
=D ((zwe 0 ({5 1ame M (55)) - Be (S ) - @

Accepted in {Yuantum 2021-01-09, click title to verify. Published under CC-BY 4.0. 13




which means that in (24), we can also take the supremum over all nonzero positive semidefinite
operators.

Theorem 5.4 (Amortization = regularization for sandwiched divergence). For any completely
positive maps N', M and any o > 1, we have

DN | M) = DN M) (26)

Proof. The inequality < follows immediately from the chain rule in (23).
The inequality > is actually true for any generalized divergence and was observed in previous
works [39, 43]. Note that we can equivalently write the channel divergence as

DoV M) = sup  Da((Zx @ Nxoy) (@) (Zx @ Mxioy)(9))
bxx ED(XRX')
where as usual X’ and X have the same dimension. Thus, denoting the n copies of X by
X1,Xs,..., X, and using the shorthand Xi] to denote X;X; ;... X;, we have

EOL(N®”HM®”) = sup Ea((IXIL ®N®/7L_>Y)(¢)H(IXI‘ ®M;827_>Y)(¢))
¢XILXI? €P(X®nRX/®n)
n—1

= s Z(ﬁa«mw@fﬁ;)®Ix':/+2><¢>||<zxmﬁ@M?éﬁfwzxmw)

¢XILX’? i=0

— Da((@xy @ NEEy ® Ixrp, )| Txpxn,, ® MELy ® IXf;H)(@))

n—1
~ ®(1+1 ®(1+1
<> sup (Da«zxy SN @ T )@0)| (Txpxom,, @ MPET) @ Twon)(9))

i=0 ¢Xilxl§1,

~ Do((Zxp @NF! Ly @ Txm )(@O)|(Txpxm , @ My © IX/;LH)(@Z’))) .

Note that in the ¢-th term, we subtract two expressions that differ by an application of the channels
N and M on the system X;,1 and so the remaining systems can be considered as the R system
in the definition (24). Using in addition the observation in (25) saying that p and o need not be
normalized, we get that each term is bounded by D?(A[|M). Thus,

Da(N®"|M®") < nDi (N M)
which gives the desired result. O

The concept of amortization is particularly useful when analyzing information processing tasks
that have an adaptive aspect. We discuss some examples below.

5.2.1 Channel discrimination

We discuss the example of channel discrimination, referring to [10, 43] for a more detailed and
precise presentation of the problem and the relevant references on the topic. Imagine we would
like to distinguish between two quantum channels A/ and M having black box access to n uses
of one of them. The task of adaptive channel discrimination is to decide which channel we are
dealing with. The word adaptive here refers to the fact that our use of one of the black boxes can
depend on the outcomes of a previously used black box. By contrast, a strategy is called parallel
(or nonadaptive) if the n black boxes are used in parallel on a fixed input state. As is common
in hypothesis testing, we call the type I error the probability o, that the channel is actually N
but our procedure says M and the type II error 3, is the other kind of error and the goal is to
determine the tradeoff between these two errors. Multiple regimes can be considered, the most
studied is the asymmetric or Stein setting where we set o, < ¢ for some € € (0,1) and consider
the asymptotic behavior of the optimal type II error —1 log 3,,. The works [13, 39, 43] establish

n

that if we take ¢ — 0 this is given by the regularized Umegaki relative entropy D*&(N||M)3. Our

3We recall that the Umegaki quantum relative entropy (also called simply quantum relative entropy) is defined
as D(pllo) = tr (p(log p — log #)) [18, 36]
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focus here is on the strong converse regime, i.e., we require 3, < 27" with r > D"™8(N||M) and
we consider the behavior of a,,. As far as we are aware, it is not known whether in this case we
always have «,, — 1 (this would be a strong converse property). However, we can always consider
the following quantity which measures how quickly «,, goes to 1 when it does so:

_ 1
H(r,N,M) = inf {limsup ——log(1 — a) : limsup — - log Bn < —7“} )

adaptive strategies n—o0o n n—oo
Note that if a,, does not converge to 1 exponentially fast, then this quantity is 0.

A lower bound is given in [43, Proposition 20] for this quantity:

H(r, N, M) > sup 71 (r—DaVIM)) - (27)

a>1

We note that [43, Proposition 20] actually shows something stronger: for any n, any adaptive
strategy and any « > 1, we have

o —

1 1 1 na
~Ltog(1 —an) 2 T (~T1og . - a1

Thus, for any family of strategies satisfying lim sup,,_, . %log Bn < —7r, we have

1
lim sup —— log(1 — a,) > lim inf

n—o00 n n—oo

a-l (—logﬂn 153<N|M>)

( hmsup logﬁn Ez(NHM))

n—oo

I \/

( — D NHM))

which establishes (27).

Using equality (26) together with the explicit convergence bounds in Theorem 5.1 as well as
the strong converse exponent established for states [27], we show that this bound is in fact tight.
This generalizes the result of [10] who considered the case where M is a replacer channel, i.e.,
M(W) = tr (W)o for some state o.

Theorem 5.5. For any completely positive and trace-preserving maps N, M and any r > 0, we
have

_ a—1 ~

H(r,N,M) = sup =~ (1" - fog(NHM)) . (28)
a>1 «

In addition, the achievability uses a nonadaptive strategy and this shows that adaptive strategies

do not offer an advantage in this setting.

Remark 5.6 (Continuity of D**8 when o — 1). Note that this result implies that H (r, N, M) = 0
if 7 < infasq DXE(N|M) and H(r, N, M) > 0 if 7 > infys1 D8(N||M). As the behaviour of
D8 as o — 1 remains unclear, we cannot rule out that D™8(AN||M) < infaq DIE(N||M) for
some channels, and so it remains open whether a strong converse property holds in general.

Proof. As usual, we will assume JV < JM, as otherwise, D™8(N||M) = oo and the statement is
void. The lower bound > follows immediately from (27) and equality (26).

For the upper bound, the idea is to use the characterization of [27] for the strong converse
exponent for state discrimination. They show that for any states p and o and r > 0, there is a family
of strategies to distinguish between p®" and o®" with type II error probability 3,(p,o) < 27"™
and achieving a type I error probability a,,(p, o) satisfying

1 -1 ~
lim sup —— log(1 — an(p,7)) < sup “— (7= Da(pl|o)) -

n—o00 n a>1

Let ¢ > 0 and choose an integer m so that -1 (d? + d)log(m + d) < & where d=dimXdimY.
For any state w € 2(X®™) we can apply this result to the states wi N w3 and wrJMT W3
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and get a sequence of strategies achieving limsup,,_, ., < log 3, (W2 N wa ws M WE) < —rm
and

1 1 m 1 m 1 - =~ 1 m 1 m 1
limsup—flog(l—ozn(oﬂJN® w%,waM® uﬁ))gsmpai(7"17”L—D,X(c/.ﬁfv® oﬂHw%JM@ oﬁ)) .
n—o0o n a>1 @

(29)

We choose wy, to achieve up to ¢ the infimum over w € 2(X®™) with w > 0 of the right hand side
and for this w,,, we have a strategy achieving

. 1 1 ®@m L 1 ®m L _
lim sup — log By, (w2, J wa, w2, JM wR) <27
n—oo N

and

1 1 m L 1 m L
limsupfflog(lfOzn(w,%JN® wfn,wﬁ@JM(@ wk))
n—o00 n

< inf  sup a (rm—ﬁa(w%JN@’mw%Hw%JM@mw%)) +e. (30)
WED(XB™)ax>1 O

w>0

Now we observe that for any channels A and B such that J* < J5, we can perform the change
of variable u = O‘T_l and get

a—1 ~ 1 1 1 1
inf sup (’/‘—D w2 JAw? |w? JBw? ) = inf sup f(w,u), 31
W€@>(OX) a>1 « a( ” ) w€@>(OX)u€(O,1)f( ) ( )

where we defined the function f : 2(X)x(0,1) = R by f(w,u) = ur—uf)l% (w2 JAw? |[w2 JBw?).

We extend the function f to f(w,0) = 0 and f(w,1) = r — Dpax (w2 JAw? |wz JBw?). Note that as
1 1 1 1

we assumed JA < JB, we have Dy (w2 JAw? w2 JBw?) < oo and we even have for any w > 0,

Diax(w? JAw? w2 JBw?) = Dyax (A||B) is independent of w. As we will see shortly, for any w > 0,

the function u +— f(w,u) is thus continuous on [0,1]. As such we have

inf  sup f(w,u)= inf max f(w,u). 32
w€@>(0X)ue(0,1)f( ) w€@>(OX)u€[07l]f( ) (32)

We are now ready to apply Sion’s minimax theorem. To do this, we check the following conditions:
o For any w € Z(X) with w > 0, the function v — f(w,u) is concave and continuous on
the compact interval [0, 1]. This follows from [27, Remark IV.13 or the discussion preceding
Lemma IV.9] which shows that u — uD _1_ (w2 JAwz||wz JBw?) is convex and continuous

on [0,1). It is also clear that extending it continuously to « = 1 preserves the two properties.

o For any u € [0,1], the function w — f(w,u) is convex and continuous on the convex set
{w € D(X) : w > 0}. For u € {0,1}, this is trivial as the function is constant. For u € (0,1),
this follows immediately from Lemma A.2.

Applying Sion’s minimax theorem, we can exchange the inf and max in (32) and get

inf supa_ (r—ﬁa(w%JAw%Hw%JBw%)) = max inf ur—uﬁ#(w%JAw%Hw%JBw%)
weED(X)a>1 w€0,1] weP(X) T—u
w>0 w>0
= max { sup ur —uD 1 (A|B),0,r — DmaX(AHB)} .
u€(0,1) o

Note that for the second equality we used equality (36) saying that we can drop the w > 0 condition

in the infimum. Now as Do < Dmax, we have sup,¢ (g 1) ur — uD_1_(A[|B) = sup,e (o) u(r —

Dinax(A||B)) > max{0,r — Dimax(A||B)} so we can drop the terms 0 and r — Dy,ax (A||B) from the
maximization. Thus, (30) becomes

. 1 1 ®@m L 1 ®@m L1 —
lim sup —— log(1 — an(wfnJN wd, w2 JM w?)) < sup
n—o00 n a>1 «

(rm — D, (J\/®m||M®m)) +e.
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Using the finite convergence bounds in (22) for Efjg , we get

— 1=~ —11 ~
& DrEW M)

| /\

o NE | ME™) 4 %(d2 + d) log(m + d)

IN

—Da(/\/'®m||/\/t®m) e
m

recalling our choice of m. Thus,

a—1
sup
a>1 «

1 ~ m m a—1 myre
(r - EDQ(N@’ |M® )) < sup — (r — Dag(NH/\/l)) +e. (33)

a>1

As a result, we have

1 1 1 m 1 -1 ~
— limsup —— log(1 — an(wﬁlJN(X) w;l,o.)mJ/\’t(29 7%)) < sup (r — D;eg(NHM)) +2¢ .

m n—oo n a>1 &
In other words, we have constructed a sequence of strategies for distinguishing between A/®™" and
MEM for n > 1 with a type II error 8,,, and a type I error o, satisfying

1 1
— limsup — log Bpm < —7 .
m n—ooco N

and

1 -1
— limsup —— log(l — Qpm) < SUp T (r - Dreg(/\/HM)) +2¢ . (34)

m n—oco a>1

To conclude, we define a strategy for distinguishing between N'®* and M®* for k that is not
necessarily of the form mn for some n. For that, we write k = mq+ p with 0 < p < m and we only
use mgq copies of the channel and apply the above argument. We thus obtain exactly the same
type I and type II errors as for mgq copies, i.e., oy = qumq and By = Bpg. With this notation, we
have

1
- log B = log Bmq < log Bmg = log Bmg -

1
k mq+p m(g+1) q+1mgq

As k — 00, we have ¢ — oo so

1
lim sup T log B < lim sup m— log Bmq < —1 .

k—o0 q—r00

In addition, using the same notation, the type I error satisfies

1 1
% log(1l — ay) < “ma log(1 — umgq) -

As a result, (34) implies that
. 1 a—1 ~ o
limsup — 1 log(1 — o) < sup “—— (7 = DEE(W|M)) + 2z .
k—o0 k a>1 «

As this is valid for any € > 0, we obtain the claimed result. O

5.2.2 Bounds on amortized entanglement measures and applications

Another task that has an adaptive nature is the task of quantum communication using free two-way
classical communication. In order to analyze such tasks, one usually considers an entanglement
measure and tracks its value during the rounds of the protocol. Here, we will focus on measures
of the following form: for « € [1, 00| and some convex subset C(X : Y) C Z(XY), we can define
for a bipartite state pxy

Eqc(X:Y), = geci?)i;;Y) Da(pxylloxy)
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When it is clear from the context o and C will be dropped from the notation. Note that this
quantity is quasiconvex in pxy. In fact using the joint quasiconvexity of D,,, we have for A € [0, 1],
p°pt € 2(XY) and 0%,0' € C(X :Y)

Da(M” + (1= Np A + (1 = o) < max{Da(p0°), Da(p' o)} -

Taking the infimum over ¢° and o', we get the quasiconvexity of F(X :Y) p in p. To make this a
useful correlation measure, we will assume that C(X : Y') contains all the product states ¢x ® 1y,
and as we assumed convexity of C(X :Y), it also contains the set of all separable states. Many
studied quantum correlation measures are special cases:

e For the relative entropy of entanglement, C is the set of separable states and a = 1, but the
full range « € [1, 00] has also been used, in particular for the study of adaptive protocols [9,
30, 42].

e For the Rains bound, C = PPT’ := {oxy € 2(XY): |lox%|l1 <1} and o = 1 [31], and the
version with @ = oo has also been studied in [4, 38]. The notation Ty denotes the partial
transpose on system Y with respect to some fixed basis.

One can then naturally define the entanglement of a quantum channel Nx_,y as

E(N) = sup E(X/ : Y)(Ix/®/\/x—>y)(ﬁxlx) s
PED(X'X)
where the supremum also runs over arbitrary finite dimensional systems X’. Note that using the
quasiconvexity of F in the state, we may restrict px x to be pure. Thus, whenever the set C is
invariant under local isometries (which will be the case here), it suffices to take X’ to have the
same dimension as X. The amortized version is then defined as

Ea(/\/) = , sEu@p(Xlxy)E(Xl : YY,)(IX’Y/®NX—>Y)(pX/XY/) - E(XIX : Y/)
X'Xvy’

PXIXY! )

where the supremum runs over arbitrary finite dimensional systems X'Y”’. Note that if Y’ is
trivial, we recover E(N) but in general it is not clear how to bound the dimensions of the systems
X’ and Y’'. Amortized quantities allow one to place upper bounds on the rates of protocols
allowing two-way communication, as shown for example [3] in the context of bidirectional channel
capacities and in [4, 23] in the context of quantum/private communication with free two-way
classical communication. For completeness, we illustrate this methodology in the following simple
lemma that bounds the quantum correlations that can be obtained by a process of the form given
in Figure 2. For convenience of notation, we will be using the trivial 1-dimensional system Y.

X5 X3 X X1
N K}
Fo N Fi N Fo o P
N
Yy Y/ Y, Yo
p(O) p(l) p(2) p(”"t‘l)

(n+1)

Figure 2: The state py," ’y,, is generated by a sequence of quantum channels as indicated in the Figure. The
n+1l " n+1

channels F; should be considered as free operations (e.g., modeling two-way classical communication) between
Alice (top) and Bob (bottom) and A is a quantum channel going from Alice to Bob.

Lemma 5.7. Let pﬁ??y, be a quantum state in C(X(, : Yy) and assume that the quantum channels
0-0
Fi map elements in C(X| : Y;Y{) to elements in C(X[ 1 Xiy1 : Y/, ). Then the state pg?,ﬂ)y,

n+1l-"n+1
generated as in Figure 2 satisfies

E(X’;L+1 : Y,,;+1)p(’n+1) < nE&(J\/) .
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Proof. Using the definition of E, we can write

. +1)
E(X/ (Y ) +1) = inf D ( (n ||0' / 4 )
+1 * fn41/pntn) [ / / X Y,
! g 7 :1+1 rlL+1€C( 7/z+1:)71+1) X” 1Y" ! nh e

inf 15(]%(/\/ () ,)]-" / )
ox;Lyny,;éIcl(X;:YnYTi) o (Fn (Wxuov (0, x,v) ) 10 (00 vv7)

IN

IN

. N (n)
inf D, (NXﬁYn (Px/ x,y ) lox, vy,
TX! Yn Y] €C(X):Y,Y)) n n

= E(X5, YY) N, v, (o)
< F*N)+ E(X, X, : Y,,:)p(n) ,

using the definition of the amortized quantity E*(N'). Repeating this argument, and using the
fact that E(X( : Yy),w© = 0, we obtain the desired result. O

However, the issue with the amortized quantity E*(N) is that it is unclear how to compute
it. Using our chain rule, one can upper bound this E*(N) in terms of a regularized divergence
by finding channels M having the right properties. Then one can use Theorem 5.1 to obtain
computable upper bounds on the regularized divergence.

Lemma 5.8. Let Mx_,y be a completely positive map satisfying the following property. For any
pxyy € 2(X'YY') and any ox'xy € C(X'X : Y’), we have

E(X':YY"), < Da(pxryy || (Zxn ® Mxoy)(oxxy)) - (35)
Then
E*(N) < DN IM).
Proof. Consider px'xy and let ox/xy: € C(X’X :Y’). Applying the chain rule, we obtain

Da(Nx sy (pxrxy ) IMx sy (0x:xv)) < DIS(N||M) + Dalpxrxy loxixy:) -

Thus,
E*N) = sup E(X': YY/)(IX,Y@NX_}Y)@X,X” -EX'X: Y/)Px'xy
pPxixy €D(X'XY)
= sup sup (E(XI : YY/)(IX/y/®NX—>Y)(pxlxy) - Ba(pX’XY’HUX’XY’))
Px/xy! €ED(X'XY) 051 xy €EC(X'X:Y)
< sup sup (EQ(NXHYQ)X’XY’)||MXHY(UX’XY)) - lN)a(pX’XY’ HUX’XY’))

Pxixy! €ED(X'XY) 0xrxy €C(X'X:Y)
< D'8(N||M) .
O

We could then apply this methodology to a variety of tasks. Here we consider the task of quan-
tum communication between Alice and Bob with free classical two-way communication. For that,
we will fix C to be the set known as PPT’ [31] defined by C(X : V) = {oxy € P(XY) : [lox% | <
1} and a € (1,00). We then have to find a set of channels M satisfying the condition (35). For
that we use set of channel used in [12] (this choice can be traced back to [20]),

Vo ={MeCP(X:Y):[|Oy o Mx_yl|o <1},

where Oy denotes the transpose map and the diamond norm of a linear map A from Z(X’) to
Z(Y) is defined by ||Allec = sup{||(Zx @ Ax'—y)(Wxx)|1 : |[Wxx|1 < 1}. Notice that any
M € Vg satisfies the condition (35) as M(ox/xy’) € C(X : YY') for any ox/xy € C(X'X : Y).
In fact, we have for any ox xy such that ||O';};(Y, i <1, we have

-
IMx oy (oxixy) T |l1 = |0y o Mx Ly (05 xy) 1

-
< [©y o Mx—yllslloxixy lIn
<1.
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Proposition 5.9. Let ¢ € [0,1], k € Ny and consider a state pg{, Uy, generated as in Figure 2
n+l1tn41

with the quantum channels F; that preserve the property PPT’ (which is in particular the case for
classical two-way communication and local operations). Assume that X] ., and Y, | are k-qubit

systems and that tr (pg?,ﬂ)y, UOk) > 1 — ¢, with U = |UYV| is a mazimally entangled state

+1 " n+1

|P) = %(|OO> + |11)). Then, for any a € (1,00) and any M € Ve,

b Drsvim

— mlog(l —e).

Proof. Applying Lemma 5.7 and then Lemma 5.8 for the choice of C and M described above, we
have

E(Xji1 Y1) < nEYN)
< nDEN|IM) .

We now want to relate the quantity E(X), 1 : Y, ),m+n to € and k. Using the data processing

inequality for D, with the completely positive and trace-preserving map A(W) = tr (WU®k)|0)0|+
(1 — tr (WW=k))[1)1], we have

RV = (n+1)
E(Xn+1 ' Yn+1)p("+1) o Tx/ v/ éréan+1 7;+1) Da(pr+1 n+1 H X”+1Y7i+1)
n+1 n+1
> inf 8o ( (P W)t (o v @@k))
X 72+16C(Xn+1 Yoi1) X +1 nh e ’
where 6,(p|lq) = =15 log (p¢' = + (1 — p)*(1 — ¢)'~*) is the binary Rényi divergence. By as-
sumption tr (pg?,ﬂ)y, U®k) > 1—¢ and for any state ox/ . v;,, thatis PPT’, we have tr (O'XL+1YT:/+1 TOF) <

1+1"n+1
27k [31]. As a result, as a > 1, we have

1 —
504 ( (pA()?/Jrl)yv \If®k)||tr (O'X/ v/ \I/®k)> 2 o 1 log ((1 _ 5)‘12’9(0( 1))

nt+1in41 11 n+1

«
a—lOg( e)+k

Putting everything together, we obtain the desired bound. O

Using the fact that D*8(A||M) < D#(N|| M) and the fact that the set of channels V@ is repre-
sentable by a semidefinite program, we obtain efficiently computable bounds min ypey, D (N||M)
on the quantum capacity assisted with free PPT'-preserving operations. As we also have Dreg (N||M) <
LD#N®™ | ME™) for any m > 1, minpeve = DF (NE™|ME™) is also a valid upper bound but
it is not clear how to compute it efficiently when m > 2. Nonetheless, one can use the map M € Vg
that minimizes minyev, D¥ (NV]|M) and evaluate = D# (N®™|| M®™) for this map. We illustrate
these bounds in Figure 3 for the amplitude damping channel, where we obtain an improved bound
compared to using the geometric Rényi divergence D, in [12].

6 Discussion

We have presented a family of quantum a-Rényi divergences for a > 1 based on the geometric
mean. The framework is in fact more general and allows us to define quantum divergences in a
similar way using a Kubo-Ando mean for any operator monotone function g : [0,00) — [0, 0).
As we mostly used generic properties of operator means to establish properties of D¥, we expect
analogous properties for more general functions g to hold. For example, for any convex function f,
the f-divergence between distributions P and @ is defined as Q¢ (P||Q) = >, f( Q(w)) (z). When

f(t) =t~ with a > 1, we obtain (after applying ﬁ log) the a-Rényi divergence. Several quantum
f-divergences have been proposed, see e.g., [19]. In the special case where f is bijective and its
inverse f~! is operator monotone, then using the Kubo-Ando mean associated with ¢ = f~1, we
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Figure 3: Upper bounds on the quantum capacity with free PPT’ preserving operations for the amplitude

damping channel defined by A7, (p) = ([0X0] & v T=3]1)(11)p(|0X0] + v/T=A|L1]) + 7|0K1]|10]. The solid
plot shows min {minMeve D#ENL||M) € {1.1,1.2,.. .,2}}. The dashed plot shows %DQ#(N§3‘|M®m)

where M = argmin ¢y, D¥ (N,||M) and we observe a slightly improved bound compared to the solid plot.

The dotted plot shows the bound obtained using ﬁa from [12], which happens to match with the bound based
on Dmax for the amplitude damping channel as shown in [12].

would obtain a quantum version of the f-divergence. Here, we focused on the case f(t) = ¢* and
correspondingly g(t) = t'/®, but it would be interesting to explore other choices of g and potential
applications. In a different direction, a variant of D is defined in [7], using the %—geometric mean
but one takes the geometric mean k times iteratively with different variables. More generally,
we hope that our work encourages the study of further quantum divergences that are defined via
convex optimization programs.

We leave multiple open questions. A specific question is whether lim,_,; D¥ (p||o) is equal
to the Belavkin-Staszewski divergence D(p||c) [2]? Numerical examples suggest that this should
be the case. Another question is whether it is possible to define D# when o < 1 with sim-
ilar properties? The natural extension would be to define D¥(pllo) = 15 log Q¥ (p|lo) with
Q% (pllo) = max{tr (A) : p > o#1,,A}. But with this definition, it is simple to check using the
operator monotonicity of ¢ — t* for v € [0,1] that D#(p||c) = Dq(p|lc) which means that we
cannot have the property (13) for example. This argument does not go through when a > 1 as
t — t“ is not operator monotone in this regime. It would also be interesting to generalize the diver-
gences introduced here to infinite-dimensional spaces or even to von Neumann algebras. Another
important question that is left open is whether DJ® converges to D"® when oo — 1.
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A Various results

The following standard lemma about permutation invariant operators was used for the proof of
Lemma 4.4.

Lemma A.1. Let X be a permutation-invariant operator on (CH)®" j.e., [P(n), X] =0 for any
permutation © € &, and P(m)|h1) ®@ -+ @ |[{n) = [thr—1(1)) @ -+ @ [r-1(1)). Then

spec(X)| < (n+ 1)%(n+d)* .

Proof. P defines a representation of the symmetric group &, on (C?)®" and its decomposition
into irreducible representations is well-known, see e.g., [16, Section 5.3]. In fact, its irreducible
representations are labelled by the set Z,, 4 of Young diagrams of size n with at most d rows. For
A € I, 4, we denote by py the corresponding irreducible representation acting on the space V).
Each p) appears in general multiple times in P and this is taken into account by introducing the
multiplicity space Uy (which happens to correspond to an irreducible representation of the unitary
group but we will not use this here). Summarizing, the operator P(7) can in the Schur basis be
written as

P(m)= Y |\ @Iy, @paln) .

)\eIn,d

We now express the operator X in the Schur basis

X = Z I @ ux iunir] © X(xa,0ir)
MN€ET, q
i€[m(N)],i' €[m(N)]

where we have introduced orthonormal bases {ux ; }iem(x) Of the spaces Uy (m()) is the dimension
of Uy) and X5 ;),(n,ir) can be seen as an operator from Vys to V. We can now write the products
P(m)X and X P(n) as

P(m)X = > AN @ [wnifwnirl @ pa(m) X i, o0 )
AN €T g
i€[m(N)],i’ €[m(N\)]
XP(r) = > AN @ [ idunir] @ Xy, oD () -
)\,)\IGInyd

i€[m(N)],i' €[m(\)]

Applying Schur’s lemma, we get that X\ ;) v,y = 0if A # N and Xy ) ) = a6 v, for
some scalar xy ; ;. Defining the operator Xy, = Ei,i'em(/\) T [Un,i Ui |, we can write X as

X= Y [MAN®Xy, ey, .
)\EIn,d

As a result, |spec(X)| < |Z,.q4|maxym(A). But it is well-known that |Z,q4| < (n + 1)? and
maxy m(A) < (n+ d)? (see e.g., [16, Section 6.2]). This concludes the proof of the claim. O

We also need the following concavity and continuity statement.

Lemma A.2. Let N, M be completely positive maps from L(X) to L(Y) and o« > 1. The
Sfunction

w € D(X) s Do(w? JNw? ||lw? JMw?)
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is concave and thus continuous on {w € Z(X) : w > 0}. In addition, it is lower semicontinuous
on Z2(X) and as a result, we have

sup Ea(w%JNw%Hw%JMw%) = sup ﬁa(w%JNw%Hw%JMw%) . (36)
weD(X) weA(X)
w>0

Proof. The concavity is very similar to the argument in [41] for o = 1. Let wg,w1 € Z(X), A € [0, 1]
1
and w = (1 — A)wo + dwi. Note that both w?|®)xx and /(1 — N)|0) ® wZ|®)xx + VA1) @

1
w?|®)x x are purifications of the state w. By the isometric equivalence between purifications, we
have

ﬁa(W%JNW%Hw%JMW%)

= Da (1= N)/0)0) ©wd JVwd + AL @ wP JNw? + VAT = V0N © we TN w? + VAL = NILY0| © wi TN wE
1 1 1 1 1 1 1 1

‘ (1= N[0X0] ® wg JMwg + MY @ wZ JMw? + VA1 = N)[0X1] @ wg JMw? + /A1 = N)[1X0] @ w? Jng)

~ 1 1 1 1 1 1 1 1
> D (1= N[0)0] @ g JVw§ + MK @ wf JVef [[(1 = 2)[0)0] @ o JMwi + AL @ wf JMwf )

where we used the data-processing inequality in the last line. Now writing Ba = ﬁ log @a, and

using the definition of @a, we have

Qa (1= N)10X0] @ wF N eg + ALK @ wf JVwF (1 = NIOXO] @ i TN + ALY @ wi Mw? )

1
2

~ 1 11 1 ~ 1 1 1
= (1 = NQa(wg JNw§ lwg JMwi) + AQa(wf TN wi lwf JMwE) .
Using the concavity of the logarithm, we finally obtain
~ ~ 1 1 1 1 ~ 1 1 1 1
Do (w? JNw? ||lw? JMw?) > (1 = A)Da(wE JNwi |lwg JMwE) + ADo (w? TN w? |w? JMw?).

And it is well-known that concavity implies continuity on the relative interior [32, Theorem 10.1].
The lower semicontinuity follows from the continuity of w +— (w%JN w2, wzJ Mw%) and the
lower semicontinuity of Ea from Lemma A.3.
To show (36), for any w € Z(X) let w, = (1 — 2)w+ L Lo Then w, > 0 for all n and by
lower semicontinuity,

~ ~ 1 L1 1
Dy (w? JNw? ||w%JMw%) < liminf Dy (w2 JNw |wi JMw? )
n—oo

0eD(X)
0>0

< sup Do (02JVN07 |67 JMO?) .

Taking the supremum over w € Z(X) gives the desired equality. O

The following lower semicontinuity statement is standard (see e.g, [28, Corollary 3.27] and
[21, Proposition 3.10] for the general von Neumann algebra setting). We include a proof for
completeness.

Lemma A.3. For any o € (1,00), the function

D, : Z2(H) x P(H) - RU {0}
(p.0) = Da(pllo)
is lower semicontinuous.

Proof. Let (p,0) be such that p < o. Our objective is to show that for any sequence (p,, o)
converging to (p, o), we have liminf,, oo Do(pnl|on) > Da(pllo). We first observe that if we restrict
ourselves to the set & (supp(c)) x L (supp(o)), then D, is continuous at (p, o) as a composition
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of continuous functions. Now let P be the projector onto supp(c). Using the data-processing
inequality and the fact that P(I — P) = 0, we have

Qva(anUn) > @a (PpnP+ (I_P)pn(I_P)||PUnP+ (I_ P)Un(I_ P))
= @a(PpnP”PO'nP) +éa((1_ P)pn(l_ P)||(I_P)0n(1_ P))
> Qu(PpyP|Po,P) .

Now the sequence (Pp,, P, Po,P) is in & (supp(c)) x L (supp(c)) and converges to (p,o). Using
continuity of the function restricted to this set we obtain the desired result. We remark that
D,, is not continuous in general even in the classical case: consider for example p, = |0X0| +
n~1)(1] and o, = [0)0] + n~ =T [1)(1] with p = o = [0Y0] then Dy (p|jc) = 0 but Da(ppllon) =
—Lolog (1+n~*n**) = L is bounded away from 0.

Now assume that we do not have p < o. In this case, our objective is to show that for
any sequence (pn,o,) converging to (p,o), we have D,(py|o,) — oo as n — oco. Note that
supp(p) € supp(c) implies that supp(c)* € supp(p)*. Let |v;) € supp(c)® but not in supp(p)=.
Then complete it {|v1),...,|vq)} into an orthonormal basis of 7 and define the completely positive
and trace-preserving map M by M(W) = >, |v;) v;|W |v;)}(v;|. By the data-processing inequality,
we have for any n,

lN)a(anUn) > Ba(M(pn)”M(Un))
1
a—1

> log((vi|pnlv1))* ({v1]omlvr))

But then lim, o {v1|pn|vi) = (vilplv1) > 0 (as |v1) € supp(p)?) and limy, oo (v1|on|v1) =
(vilo|v1) = 0, which leads to the desired result. O
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