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We present in detail a statistical approach for the reference-frame-independent
detection and characterization of multipartite entanglement based on moments of
randomly measured correlation functions. We start by discussing how the corresponding moments can be evaluated with designs, linking methods from group and
entanglement theory. Then, we illustrate the strengths of the presented framework
with a focus on the multipartite scenario. We discuss a condition for characterizing genuine multipartite entanglement for three qubits, and we prove criteria
that allow for a discrimination of W -type entanglement for an arbitrary number
of qubits.

1 Introduction
The experimental detection of multipartite entanglement usually requires a number of appropriately chosen local quantum measurements which are aligned with respect to a previously
shared common reference frame [1, 2]. The latter, however, can be a challenging prerequisite
for photonic free-space quantum communication over distances of several hundreds of kilometers [3, 4], which is currently in the process of being extended to space involving satellites
orbiting the earth [5–8]. Here, due to the motion, distance and number of involved satellites,
the issue of sharing classical reference frames becomes particularly challenging, making the
development of alternative detection strategies desirable.
In recent years, there has been a number of proposals of experimental protocols that avoid
the need of sharing classical reference frames. One possibility is to encode logical qubits
into rotational invariant subspaces of combined degrees of freedom of photons, i.e. their
polarization and transverse degrees of freedom [9, 10]. While the latter procedure provides
one with a complete experimental toolbox for alignment free quantum communication, one
can also find experimentally less demanding strategies that allow for the reference frame
independent certification of entanglement. For instance, one can use entanglement criteria
that are invariant under local unitary (LU) transformations, commonly termed as referenceframe-independent [11–18]. This type of entanglement criteria requires that the experimenters
are capable of measuring a fixed set of local observables, but completely avoids the need of
aligning measurements among different parties.
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In several recent works it has been shown how to go beyond such procedures by relaxing
also the assumption of being able to measure a fixed set of local observables and instead
allow only for local measurements with settings drawn uniformly at random [19–27]. The
common idea of these approaches is to measure a certain correlation function, and average
the result over random local unitaries applied to the state. Clearly, in this scenario one has
to resort to statistical tools based on the moments of the resulting probability distribution of
correlations in order to infer the nonlocal properties of the underlying quantum states (see
also Fig. 1). Furthermore, apart from its reference-frame-independent nature, such protocols
are advantageous for the characterization of large multipartite systems where a complete
reconstruction of the underlying quantum state becomes practically impossible due to the
required measurement resources.
So far, however, most of the aforementioned approaches have been focused on the lowest statistical moments only [19, 20, 23–25, 27], and applied them to the detection of either
the absence of full-separability [19, 20], or bi-separability with respect to a predetermined
bipartition [23–25, 27]. Though the latter approaches have proven useful for experimental
implementations in trapped ion experiments [24, 27], it is important to note that the knowledge of all moments corresponding to different sectors, i.e., subsets of the involved parties,
gives more insight into the entanglement properties of the underlying state. For the case
of second moments, this follows from the relation between the respective moments and socalled sector lengths which have been independently under investigation in the context of
entanglement detection [28–30]. Similar insights have been reached in Ref. [26] where the
detection and characterization of multipartite entanglement based on second moments was
studied experimentally with entangled photons.
Moreover, it has recently been demonstrated that a combination of statistical moments
beyond the second order can lead to further improvements in terms of entanglement detection [21]. In particular, it was shown that novel reference-frame-independent criteria for the
detection and also characterization of multipartite entanglement can be derived by expressing
the respective moments in terms of spherical designs, i.e., pseudo-random processes allowing
to mimic uniform averages over the sphere. This insight also has experimental consequences
because the evaluation of the respective moments in terms of spherical designs is exact and,
for multipartite systems involving a small or intermediate sized number of parties, does not
exploit too many measurement resources. Lastly, it was also shown that a quantification of
bipartite entanglement in terms of the respective moments is possible as well [22].
In the present contribution we will further investigate the potential of this framework.
After recalling for completeness some of the results from Ref. [21], we first discuss the characterization of multipartite entanglement classes based on the first two non-vanishing moments
in small multipartite systems consisting of three and four qubits. Finally, we prove two novel
criteria enabling the discrimination of W -type entangled mixed states for an arbitrary number
of parties.
The paper is organized as follows. In Sec. 2 we introduce the necessary theoretical tools
from Ref. [21], i.e., the moments of random correlation functions and the concept of unitary
and spherical designs (see Sec. 2.1 and 2.2, respectively). These are then used in Sec. 3 to
evaluate moments of random correlation functions of different order. Section 4 then focuses
on the application of the introduced framework to few-qubit system discussing the characterization of multipartite entanglement based on the first two non-vanishing moments. Lastly,
the criterion enabling the discrimination of W -type entanglement in multi-qubit systems is
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Figure 1: Example for entanglement detection using the statistics of random measurements. For a
given two-qubit state, one can measure the expectation value E(u1 , u2 ) = hσu1 ⊗ σu2 i in randomly
chosen local directions u1 and u2 . The figure shows a Histogram of the observed counts for 104
measured values of E(u1 , u2 ) with uniformly sampled directions u1 and u2 . Colors indicate three
different two qubit states: product state (blue), the two-body marginal state of the tripartite W -state
(orange) and a specific Werner state (green). The distributions share the same mean value and, in
fact, also the same variance (as one has R(2) = 1/9 in Eq. (4)), but the forth moment R(4) differs and
allows to detect the entanglement of the Werner state and the marginal state.

introduced in Sec. 5. Finally, we conclude in Sec. 6 and give a short outlook.

2 Theoretical framework
2.1 Moments of random correlations
To set the stage we consider a system of N d-dimensional quantum systems (qudits) prepared
in the initial state ρ. Subsequently, each of the qudits is measured in a randomly drawn basis
n

o

(1)
(d−1)
|u(0)
i := Un |(d − 1)n i
n i := Un |0n i, |un i := Un |1n i, . . . , |un

n=1,...,N

,

(1)

each specified by a random unitary transformation Un picked uniformly from the unitary
group U(d), i.e., according to the Haar measure. One round of such random measurements
†
yields the corresponding correlation function hU1 OU1† ⊗ . . . ⊗ UN OUN
i, where O describes an
arbitrary qudit observable diagonal in the computational basis {|0n i, . . . , |(d − 1)n i}, and h...i
denotes the expectation value with respect to the quantum state ρ. We note that in general
the choice of O is relevant if one considers systems of local dimensions d. However, it turns
out that in the case d = 2, which is the main focus of Secs. 4 and 5, any local qubit observable
will suffice1 .
Further on, as the unitary transformations Un are chosen randomly, a single set of random
measurement settings will not give much insight into the nonlocal properties of the initial state
1

This is a direct consequence of the isomorphism between SU(2)/Z2 and SO(3).
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ρ. In order to achieve this we have to perform several rounds of random measurements and
seek a statistical treatment in terms of the moments of the randomly measured correlation
functions. As we have assumed that each correlation function is characterized by a set of
Haar random unitaries {Un }n=1,...,N , we can define these moments as follows [21]:
(t)

R

Z

=
U (d)

Z

dη(U1 ) . . .

U (d)

† t
dη(UN )hU1 OU1† ⊗ . . . ⊗ UN OUN
i,

(2)

where t is a positive integer, and η the Haar measure on the unitary group U(d). It is important
to note that one can gain more information about ρ by considering also moments of smaller
qubit sectors, i.e., the respective reduced states, as has been investigated for t = 2 in Refs. [24–
30]. However, in the remainder of this manuscript we will focus on the characterization of
multipartite entanglement based on full N -qubit moments (2).
Further on, we note that the random observables U OU † , with U ∈ U(d), can be parametrized
by d(d − 1) angles. This follows directly from the fact that any U ∈ U(d) can be decomposed
as U = eiϕ Z1 XZ2 , where ϕ is a global phase, Z1 and Z2 are diagonal unitary matrices with
P
P
[Z1 ]11 = [Z2 ]11 = 1 and X is a unitary matrix with i [X]ij = i [X]ji = 1, for all j [31]. We
thus have that U OU † = Z1 XOX † Z1† and, since the matrices A are isomorphic to U(d − 1), a
simple count of parameters leads to d(d − 1). Hence, in the case of two-level systems (qubits)
we find that the local measurement settings are characterized by only two angles corresponding to the spherical coordinates fixing a direction on the Bloch sphere S 2 . In other words, we
(0)
(1)
can associate to each random basis (|un i := Un |0n i, |un i := Un |1n i), a direction un ∈ S 2 ,
defined by the components [un ]i = tr[σun σi ]/2, where σi , with i = x, y, z, denote the usual
Pauli matrices and σun = Un σz Un† . Equation (2) for the t-th moment thus becomes
R(t) =

Z
U (2)

Z

dη(U1 ) . . .

1
=
(4π)N

U (2)

Z

Z
S2

† t
dη(UN )hU1 σz U1† ⊗ . . . ⊗ UN σz UN
i

du1 . . .

S2

duN E(u1 , . . . , uN )t ,

(3)
(4)

where we defined E(u1 , . . . , uN ) := hσu1 ⊗ . . . ⊗ σuN i, and dui = sin θi dθi dφi denotes the
uniform measure on the Bloch sphere S 2 . In particular, it is easy to seefrom Eq. (4) that all
odd moments are zero due to the symmetry of the correlation functions E(u1 , . . . , uN ) with
respect to a reflection on the Bloch sphere: E(u1 , . . . , −ui , . . . , uN ) = −E(u1 , . . . , uN ).
In the following, we show that the moments R(t) can be calculated using unitary t-designs
(or spherical t-designs for d = 2), rather than averaging over the whole unitary group.

2.2 Designs
Generally speaking quantum designs are pseudo-random processes that allow to mimic uniform
averages over some group if one is only interested in moments up to some finite degree.
Depending on the specific choice of the group such processes are either referred to as unitary
or spherical designs. In the following, we will give short introduction to the two of them.
2.2.1

Unitary designs

Let us denote by Hom(r, s) the set of all homogeneous polynomials Pr,s (U ), with support
on the space of unitary matrices U(d), that is of degree at most r and s, respectively, in
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each of the matrix elements of U and their complex conjugates. For example, the polynomial
Pr=1,s=2 (U ) = U † V U V U † is of degree r = 1 and s = 2 in the entries of the matrix U . With
this we arrive at the following definition [32]: A unitary t-design is a set of unitary matrices
{Uk |k = 1, . . . , K (t) } ⊂ U(d), with cardinality K (t) , such that
(t)

Z
X
1 K
Pt0 ,t0 (Uk ) =
Pt0 ,t0 (U )dη(U ),
K (t) k=1
U (d)

(5)

for all homogeneous polynomials Pt0 ,t0 ∈ Hom(t0 , t0 ), with t0 ≤ t, and where η(U ) denotes the
normalized Haar measure on U(d).
We note that, while the existence of unitary designs has been proven [33], no universal
strategy for their construction in case of an arbitrarily given t exists. This fact led to the
study of approximate unitary designs for which the property (5) is accordingly relaxed [34–36].
However, in the remainder of this manuscript we will restrict ourselves to particular cases in
which exact design are known. A prominent example of an exact unitary t-design is given by
the multi-qubit Clifford group consisting of all unitary matrices mapping the multi-qubit Pauli
group onto itself. The latter has been shown to constitute a unitary 3-design [37], however,
it fails to be a unitary 4-design [38]. In the case of a single qubit the Clifford group has 24
π
elements which can be generated from the Hadamard gate H and the phase gate S = ei 4 σz .
Furthermore, in Ref. [39] the existence of a qubit 5-design of one qubit was noted. The latter
is given by the unitary representation of the special linear group SL(2, F5 ) of invertible 2 × 2
matrices over the finite field F5 with five elements. In App. A we shortly outline how to
generate this design.
2.2.2

Spherical designs

In Sec. 2.1 we saw that in the case of systems consisting of qubits the evaluation of the
moments R(t) boils down to local integrations over the spheres S 2 . In this case, instead of
using a unitary t-design to evaluate the respective moments, we can resort to the concept of
spherical designs. In general, a spherical t-design in dimension three consist of a finite set of
points {ui |i = 1, . . . , L(t) } ⊂ S 2 fulfilling the property
(t)
Z
X
1 L
1
0
Pt (uk ) =
du Pt0 (u),
4π S 2
L(t) k=1

(6)

for all homogeneous polynomials Pt0 : S 2 → R, with t0 ≤ t. It thus suffices to resort to
spherical t-designs as long as one is interested in calculating averages of polynomials of degree
at most t over the Bloch sphere S 2 .
One way to generate spherical designs is to extract them from unitary designs. For instance, by applying the elements of the single-qubit Clifford group to one of the Pauli matrices,
e.g. σz , we are left with the following set of inequivalent operators {±σx , ±σy , ±σz }. The
latter correspond to the following set of unit vectors {±ei |i = x, y, z} which form a spherical 3-design (see Fig. 2(a)). Similarly, one can generate a spherical 5-design from the 60
element unitary 5-design SL(2, F5 ). To do so, we calculate again all inequivalent directions
†
on the Bloch sphere originating from the operators σu(k) = U (k) σz U (k) , for all elements U (k)
of the unitary 5-design. The result is a set of 30 vertices on the Bloch sphere forming an
icosidodecahedron (see Fig. 2(c)).
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Figure 2: Plot of the Bloch vectors of various spherical designs, for d = 2, and their corresponding
polyhedra. The components of the Bloch vector are denoted as hσi i, with the Pauli matrices σx , σy ,
and σz . (a) 3-design with Kocta = 6 vertices forming an octahedron. (b) 5-design with Kicosa = 12
vertices forming an icosahedron. (c) 5-design with Kicosi = 30 vertices forming an icosidodecahedron.
(d) 7-design with K7−design = 24 vertices forming a deformed snub cube (red points). For comparison,
a regular snub cube only forms a 3-design (blue polyhedron).

In general, however, spherical designs are easier to find than unitary designs because
it is easier to search them directly by checking the relation (6) for sets of vertices on the
sphere S 2 . Such a search was carried out in Ref. [40] where a number of spherical designs
on the 2-sphere S 2 for t’s up to 20 and consisting of up to 100 elements were found. In
Fig. 2(b) and (d) we present two more examples of such spherical designs. The 5-designs
presented in Fig. 2(b) corresponds to an icosahedron with Kicosa = 12 vertices. Furthermore,
the 7-design with K7−design = 24 vertices, shown in Fig. 2(d), represents a deformed snub
cube, i.e., a regular snub cube with slightly smaller square faces and slightly larger triangular
faces [40]. Interestingly, the icosidodecahedron, presented in Fig. 2(c), and the regular snub
cube, presented in blue in Fig. 2(d), constitute only spherical 5- and 3-designs, respectively.
Lastly, we emphasize that for systems of larger local dimensions it is difficult to resort
to spherical designs instead of unitary ones for the evaluation of the moments R(t) . This
is due to the fact that the parametrization of the space of observables of the form U OU †
(see Sec. 2.1), is not in one to one correspondence with points on a generalized Bloch sphere
2
2
S d −1 . It rather forms a submanifold of S d −1 characterized by d(d − 1) parameters. Hence,
2
generalized spherical designs on S d −1 will not be useful in this case.
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3 Random moments from designs
†
We first note that the t-th power of the correlation function hU1 OU1† ⊗ . . . ⊗ UN OUN
i is a
polynomial of degree t in the entries of the local random unitary matrices Un ∈ U(d), and their
0
complex conjugates. Hence, in order to evaluate the moments R(t ) , with t0 ≤ t, it suffices to
0
† t
average hU1 OU1† ⊗ . . . ⊗ UN OUN
i locally over a respective unitary t-design instead over the
whole unitary group U(d). This leads to the result

R

(t0 )

(t)
K
X

1

=

(K (t) )N

0

hUk1 OUk†1 ⊗ . . . ⊗ UkN OUk†N it ,

(7)

k1 ,...,kN =1
(t)

for t0 ≤ t, and with a unitary t-design {Un }K
k=1 . Equation (7) is a general formula that allows
one to calculate the moments (4) up to a certain t provided a unitary t-design can be found.
In the remainder of this paper we will focus on the qubit case (d = 2) for which Eq. (7) takes
a particularly simple form. In this case Eq. (7) becomes
(t)

R

=

(t)
L
X

1
(L(t) )N

hσuk1 ⊗ . . . ⊗ σukN it ,

(8)

k1 ,...,kN =1

where L(t) ≤ K (t) denotes the count of the remaining non-equivalent measurement directions
{ui }i=1,...,L(t) , after dropping those for which j’s exist with σuki = σukj . Hence, in order to
calculate the moments R(t) for systems of qubits it is enough to average [E(u1 , . . . , uN )]t over
a finite number L(t) of nonequivalent Bloch sphere directions {ui |i = 1, . . . , L(t) } ⊂ S 2 which
themselves form a spherical t-design.
We explicitly evaluate the moments (8) using the 6 element spherical 3-design and 12
element spherical 5-design, presented in Sec. 2.2, yielding:
R(2) =
R(4) =

1
3N
1
6N

X

E(ei1 , . . . eiN )2 ,

(9)

i1 ,...,iN =x,y,z
6
X

E(v i1 , . . . v iN )4 ,

(10)

i1 ,...,iN =1

with the upper summation bounds given by L(3) /2 = 3 and L(5) /2 = 6, respectively. Note
that in Eqs. (9) and (10) the number of summands is L(t) /2 because for even t one can drop
the respective anti-parallel settings −ei and −v i . Also note that we always use those spherical
designs with the smallest number of elements, in order to minimize the number of involved
measurement settings.
In the remainder of the manuscript we will mainly focus on entanglement criteria involving
the first two non-vanishing moments, i.e., R(2) and R(4) . However, we emphasize that is
generally possible to evaluate also higher order moments using higher order designs. For
instance, with the deformed snub cube spherical 7-design {wi |i = 1, . . . , L(7) = 24} (see
Fig. 2(d)) we obtain the following formula for the sixth moment
(6)

R
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24

24
X

E(wi1 , . . . wiN )6 .

(11)

i1 ,...,iN =1

Quantum 2020-09-07, click title to verify. Published under CC-BY 4.0.

7

B

C

(a)

(b)

B
A

A

Figure 3: (a) Representation of the set of Bell diagonal states in the space spanned by the moments
R(2) and R(4) obtained from the analytical solution of the system of Eqs. (15)-(17). Labeled black
circles indicate the maximally mixed state (A), the pure product states (B) and the Bell states (C).
(b) Zoom into plot (a) in the range 0 ≤ R(2) ≤ 1/32 highlighting separable (blue solid lines) and
entangled (red dotted lines) Bell diagonal states. Note that for R(2) ≤ 1/33 all states are separable,
and for 1/33 ≤ R(2) ≤ 1/32 separable and entangled states have a non-zero overlap (striped region).
The white dashed curve indicates the entanglement criteria resulting form Eqs. (15)-(17).

Note that the number of summands in Eq. (11) cannot be reduced to L(7) /2, as in Eqs. (9)
and (10), because the deformed snub cube is not point symmetric.

4 Applications to qubit systems
4.1 Two qubits
A general two-qubit density matrix can be expressed in the following form
ρ=

X

1
14 + (a · σ) ⊗ 12 + 12 ⊗ (b · σ) +
ci,j σi ⊗ σj ,
4
i,j=x,y,z

(12)

where σ = (σx , σy , σz )> denotes the Pauli spin operator, a and b the local Bloch vectors of the
reduced subsystems of each individual qubit, and C = {ci,j }i,j=x,y,z = {tr[ρσi ⊗ σj ]}i,j=x,y,z
the correlation matrix. To start, we focus first on so-called Bell diagonal states, i.e. states
that are diagonal
in the Bell basis andwhose density matrix can be expressed in the following

P
way ρBD = 14 14 + j=x,y,z cj σj ⊗ σj , with real parameters cj , such that 0 ≤ |cj | ≤ 1, and
the corresponding eigenvalues λ1,2 = (1 ∓ cx ∓ cy − cz )/4 and λ3,4 = (1 ± cx ∓ cy + cz )/4. Bell
diagonal states are separable if and only if |cx | + |cy | + |cz | ≤ 1 [41].
Direct evaluation of Eq. (9) and (10) for Bell diagonal states yields:
1
R(2) = (c2x + c2y + c2z ),
9
2
27
R(4) = (c4x + c4y + c4z ) + (R(2) )2 ,
75
25
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which are polynomials of degree smaller or equal than four in the coefficients ci , with i = x, y, z.
In order to determine the borders of the set of Bell diagonal states in the space spanned by
the moments R(2) and R(4) we have to maximize (minimize), e.g., R(4) over the set of states
while keeping R(2) fixed. The latter optimization has been carried out in Refs. [21, 22] and
is presented in Fig. 3(a). Similarly, we can obtain the borders of the set of separable states
by additionally imposing the condition |cx | + |cy | + |cz | ≤ 1. It turns out that solving this
optimization problem is equivalent to finding the solution of the system of equations:
1 = |cx | + |cy | + |cz |,
α=
β=

c2x
c4x

+
+

c2y
c4y

+
+

c2z ,
c4z ,

(15)
(16)
(17)

where we used the transformations α := 32 R(2) and β := 152 R(4) /6 − α2 /2. The relevant solutions of Eqs. (15)-(17) have been derived in Ref. [21] and are presented in detail in Fig. 3(b).
We thus obtain a sufficient entanglement criterion which is a polynomial function of the moments R(2) and R(4) . We note that the latter criterion can be made necessary and sufficient
by including the next higher non-vanishing moment R(6) [21, 22].
Further on, in the case of general two-qubit states (12) one can always find corresponding
Bell diagonal states ρBD having the same moments. On the one hand, this is a consequence
of the fact that the moments R(t) are LU invariant which allows us to diagonalize the correlation matrix C = {ci,j }i,j=x,y,z . On the other hand, we can subsequently drop those terms
in Eq. (12) involving only the local Bloch vector components a and b by applying a local
P
dephasing operation ρ → 41 (ρ + i=x,y,z σi ⊗ σi ρσi ⊗ σi ). As the latter transformations are
completely positive and, in particular, correspond to the class of LOCC operations, we end
up with a resulting Bell diagonal state that has equal moments as the original two-qubit state
but whose entanglement cannot have increased. Hence, the derived entanglement criteria for
Bell diagonal states yield also sufficient entanglement criteria for general two-qubit states.
Lastly, we note that the results presented in Fig. 3 can be generalized in order to account
for a quantification of entanglement. In Ref. [22] it was shown that there exists a one-toone correspondence between the concurrence of a Bell diagonal state and its corresponding
moments R(2) , R(4) and R(6) . Likewise, for general two-qubit states ρ this one-to-one correspondence turns into a sufficient criterion allowing to lower bound the concurrence of ρ.

4.2 Three qubits
We move on now to the more involved multipartite scenarios and start with the simplest case
consisting of three qubits. However, already for three qubits a complete characterization of
the set of states in the space spanned by the moments R(2) and R(4) becomes considerably
more difficult due to the increased Hilbert space dimension and the more involved structure of
the space of multipartite entangled states. Nevertheless, there have been some formulations of
criteria allowing to detect three-qubit entanglement and also genuine three-qubit entanglement
based on the second moment only [14, 18, 29]. In the following, we will go beyond these results
and discuss the characterization of different classes of genuine multipartite entanglement in
terms of R(2) and R(4) .
Classes of genuine multipartite entangled states are usually defined through the concept
of stochastic local operations and classical communication (SLOCC) [44, 45] which form the
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Figure 4: The set of (bi-separable) three-qubit states on the plane spanned by R(2) and R(4) . The
subset of bi-separable states is displayed in light blue with thick blue boundaries. The lower bound of
the set of all states is displayed in solid black, and 150, 000 random three-qubit states are displayed in
gray. The conjectured criterion in Eq. (19) is displayed as a dashed, green line. The red circles label
the maximally mixed state (A), all pure product states (B), bi-separable states of the form |φi|Belli
(C), the uniform mixture of the bi-separable states √12 |0i(|00i+|11i) and √12 |1i(|01i+|10i) (D), the
three-qubit W -state (E) and the GHZ-state (F).

probabilistic counterpart of LOCC operations [42, 43]. In this framework, two pure N -qubit
states, |Ψi and |Φi, are equivalent if there exist LOCC operations allowing to transform them
into each other with some finite probability. Mathematically, SLOCC equivalence implies the
existence of invertible operations Ai , with i = 1, . . . , N , such that [44]
|Ψi = A1 ⊗ . . . ⊗ AN |Φi.

(18)

The states are then called SLOCC equivalent and the corresponding equivalence classes are
referred to as SLOCC classes. For systems consisting of three qubits there exist in total six SLOCC classes: the pure product states S (3) , three classes of bi-separable states
B1|23 , B12|3 and B13|2 , and two classes of genuinely multipartite entangled states, the W and the GHZ-class [44], referred to as W (3) and GHZ (3) , respectively. As their names suggest, W (3) and GHZ (3) consist
equivalent to the states
√ of those states which are SLOCC
√
|W3 i = (|001i+|010i+|100i)/ 3 and |GHZ3 i = (|000i+|111i)/ 2, respectively.
For mixed states one can define similar classes by taking the convex hull of the corresponding SLOCC classes [45]. In this way, we obtain the usual set of separable mixed
(3)
(3)
states Conv(S (3) ), the set of all bi-separable mixed states Conv(Bbi-sep ), with Bbi-sep :=
B1|23 ∪ B12|3 ∪ B13|2 , and consequently Conv(W (3) ) and Conv(GHZ (3) ), where the convex
P
P
hull is defined as Conv(X) := { i pi xi |xi ∈ X, pi ≥ 0, i pi = 1}. This definition leads
to the onion like structure of the set of three-qubit mixed states as presented in Ref. [45].
We note that in other contexts one might define mixed state analogs of W (3) and GHZ (3)
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E
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D

B
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Figure 5: Representations of different three-qubit SLOCC classes in the space spanned by the moments
R(2) and R(4) . Plotted points correspond to the moments of randomly generated quantum states from
the class of separable states (a), the pure W -class W (3) (b), its convex hull Conv(W (3) ) (c), and the
whole state space of three-qubit density matrices (d). Labeled red circles indicate the maximally mixed
state (A), all pure product states (B), bi-separable states of the form |φi|Belli (C), the three-qubit
W - (D) and GHZ-state (E) (see App. B for details on the sampling of the random states). While the
black solid lines connecting (B), (C) and (D) enclose the set W (3) , its mixed extension Conv(W (3) ) is
indicated by black dashed lines.
(3)

(3)

as Conv(W (3) ) \ Conv(Bbi-sep ) and Conv(GHZ (3) ) \ Conv(B bi-sep ), respectively, in order to
ensure that they only contain states which are genuinely multipartite entangled.
As genuine multipartite entanglement constitutes a necessary ingredient for many ap(3)
plications [46, 47], we start by distinguishing the set of bi-separable states Conv(Bbi-sep )
(3)

from the set of genuinely multipartite entangled states in Conv(GHZ (3) ) \ Conv(Bbi-sep ) and
(3)

Conv(W (3) ) \ Conv(Bbi-sep ) in order to find new entanglement criteria based on higher moments. To that end, we numerically optimize the moments R(2) and R(4) for mixed biseparable states and compare the result to an optimization over the set of all states. The
results are depicted in Figure 4 and show a clear difference between the two sets, allowing for
improved entanglement detection compared to any criterion based on R(2) alone. The boundary between the two sets can be approximated by a quadratic function, which is displayed in
the figure as well. This yields the following conjectured entanglement criterion for three-qubit
states:
1
2
(2)
R(4)
[972(R(2)
− 5].
(19)
ρbisep ≥
ρbisep ) + 90R
425
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We note that it is possible to prove a similar bound on the set of pure bi-separable states. To
do so, one simply assumes an arbitrary product of single- and two-qubit states |Bisepi =|φi|Ψi
(4)
(4)
for which the respective fourth moment factorizes to R|Bisepi = 15 R|Ψi . Subsequently, one can
(4)

(2)

apply the results of Sec. 4.1 in order to obtain the criterion R|Bisepi ≥ 54 R|Bisepi /35 . The latter
leads to a slightly tighter curve than the one corresponding to Eq. (19), shown in Fig. 4, thus
confirming the conjecture for pure separable states.
Next, we focus on the remaining SLOCC classes of fully separable states and the two
genuinely multipartite entangled ones. Figure 5 contains the results of a numerical analysis
aiming at identifying these classes through a mixture of numerical optimizations and the
generation of random states. For instance, Fig. 5(b) shows a numerical estimation of the
borders of the pure W -class W (3) , which is confirmed by more than 105 randomly generated
three-qubit states. Both, the numerical estimation of the borders of the pure W -class and the
generation of random states is based on the three-qubit standard form presented in Ref. [48].
The latter allows us to numerically determine the border of W (3) by numerically optimizing
the moments with respect to the standard form parameters. Furthermore, by drawing the
same parameters randomly we were able to sample states from W (3) (see App. B for details).
As the moments are invariant under LU transformations, this suffices to sample exhaustively
points in the (R(2) , R(4) )-plane corresponding to states in W (3) .
Further on, in Fig. 5(a), (c) and (d) we focus on the mixed SLOCC classes Conv(S (3) ),
Conv(W (3) ) and Conv(GHZ (3) ), respectively. However, due to the structure of the convex
hull these classes are more difficult to characterize. We thus only estimated their boundaries roughly by minimizing the moments over a subset of permutational invariant mixed
states: Conv({|000ih000|, |W3 ihW3 |, 18 /23 }) ⊂ Conv(W (3) ), the results of which are indicated
in Fig. 5 by black dashed lines. Moreover, by sampling states from S (3) , W (3) and GHZ (3) ,
applying random LU transformations and subsequently mixing them with randomly drawn
mixing parameters, we are able to sample states from the corresponding mixed classes. The
latter seem to cover quiet well the (R(2) , R(4) )-plane as presented in Fig. 5. However, we stress
that some areas of the (R(2) , R(4) )-plane are underrepresented by this procedure because of
the low sampling probability of the corresponding states. For instance, one can find sequences
of states in Conv(W (3) ) which converge towards the uniform mixture of the bi-separable states
√1 |0i(|00i+|11i) and √1 |1i(|01i+|10i) (see also Fig. 4). Hence, it is expected that the upper
2
2
boundary of the set Conv(W (3) ) shows a similar structure as that of the mixed bi-separable
sates presented in Fig. 4.
In conclusion, the above analysis shows that a discrimination of the mixed SLOCC classes
Conv(S (3) ), Conv(W (3) ) and Conv(GHZ (3) ) in terms of R(2) and R(4) is possible.

4.3 Four qubits
In this section we carry out a similar analysis in the slightly more complicate case consisting of
four qubits. The main aim will be to give the reader an impression of the growing complexity
of the problem of characterizing SLOCC classes in the space spanned by the moments R(2)
and R(4) by discussing important differences to the results presented in Sec. 4.2.
Figure 6 shows an overview of the characterization of four-qubit SLOCC classes. From this
we first note the remarkable resemblance between the set of separable three- and four-qubit
states (see Fig. 5(a) and 6(a)). In contrast, the respective four-qubit W -classes, W (4) and
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Figure 6: Representations of different four-qubit SLOCC classes in the space spanned by the moments
R(2) and R(4) . Plotted points correspond to the moments of randomly generated quantum states from
the class of separable states (a), the pure W -class W (4) (b), its convex hull Conv(W (4) ) (c), and the
whole state space of four-qubit density matrices (d). Labeled red circles indicate the maximally mixed
state (A), all pure product states (B), tri-separable states of the form |φi|φ0 i|Belli (C), bi-separable
states of the form |φi|W i (D), |φi|GHZ3 i (E) and |Belli|Belli (F), and the four-qubit W - (G) and
GHZ-state (H) (see App. B for details on the sampling of the random states). Again, the black solid
lines enclose the set W (4) and its mixed extension Conv(W (4) ) is indicated by black dashed lines.

Conv(W (4) ), show some more detailed structures which correspond to different types of biand tri-separable states (see Fig. 6(b) and (c)). Furthermore, one recognizes that in the fourqubit case the relative size of the pure, as well as the mixed W -classes is smaller in comparison
to the set of all states (see Fig. 6(d)). Lastly, we see that R(2) is maximized simultaneously
by the four qubit GHZ state |GHZ4 i and the bi-separable state |Belli|Belli consisting of a
product of two Bell states, the latter of which even maximizes R(4) . This last point shows
that it is no longer possible to detect genuine multipartite entanglement based solely on R(2) ,
(4)
as its maximum within the set Conv(Bbi-sep ) coincides with its maximum over all four-qubit
states. A similar conclusion can be reached for R(4) , as its value for the state |Belli|Belli is
larger than that for |GHZ4 i. If the detection of genuine multipartite entanglement is possible
for more than three qubits by suitably combining moments of different orders will be subject
of future investigations.
In order to understand some of the above observations, it is important to note that the
structure of multipartite entanglement classes of four qubits is already considerably more
complicated than for three qubits. In fact, in the case of four qubits we are dealing with
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infinitely many SLOCC equivalence classes [49]. Moreover, the onion like structure of the
mixed SLOCC classes given in the case of three qubits is no longer present [45, 48]. Hence,
it is generally possible to find states that are not contained in the W -class and at the same
time are not genuinely multipartite entangled.
In the next section we will push further in this direction and investigate the discrimination
of W -class states for an arbitrary number of qubits.

5 Discrimination of W -class states
In this Section we derive a criterion that allows for a discrimination of mixed W -class states
for an arbitrary number N of qubits based on the second moment R(2) . In particular, we find
that
R(2)
ρ ≤

5 − N4
=: χ(N ) ,
3N

(20)

for all ρ ∈ Conv(W (N ) ), with equality for the pure W -state
1
|WN i = √ (|10 . . . 0i+|010 . . . 0i + . . . +|0 . . . 01i) .
N

(21)

Hence, any multi-qubit state whose second moment violates the criterion (20) cannot belong
to the mixed W -class. While we have addressed such an indirect characterization of the class
Conv(W (N ) ) already by numerical means for up to ten qubits in Ref. [21], we provide here
an analytical proof of the criterion (20) for arbitrary N . The basic proof idea is to maximize
R(2) first over all pure states contained in W (N ) and then conclude by convexity that the
same value also yields the maximum over the class Conv(W (N ) ). Furthermore, the maximum
(2)
of Rρ , with ρ ∈ W (N ) , can be determined via a rather simple geometric argument, as the
(2)
value of Rρ can be associated with a section of the surface area of a square with side length
1 (see Fig. 8). For further details on the proof of criterion (20) see App. C.
In order to investigate the performance of criterion (20) we apply it to a N -qubit GHZ
state mixed with white noise, i.e., ρGHZ (p, N ) := p1/2N + (1 − p)|GHZN ihGHZN |, where
 √
(2)
|GHZN i = |0i⊗N +|1i⊗N / 2. As R1/2N = 0, for all N , it is easy to see that the second
moment of the noisy GHZ-state ρGHZ (p, N ) is given by
(2)

R(2) = R|GHZN i (1 − p)2 ,

(22)

where
(
(2)
R|GHZN i

=

2N −1 /3N ,
N odd,
(2N −1 + 1)/3N , N even.

(23)

In particular, it has been proven recently in Refs. [20, 29, 30] that the GHZ-value (23) also
yields the maximum of the second moment R(2) . Hence, the noisy GHZ state ρGHZ (p, N )
approaches the minimum and maximum of R(t) for the maximally mixed state and the GHZ
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Figure 7: Plot of the threshold value p∗ for the detection of the noisy GHZ state ρGHZ (p, N ) in terms
(N )
of the criteria R(2) ≤ χ(N ) (purple circles), Lin(R(2) , R(4) ) ≤ 0 (yellow squares) and hWGHZ i ≥ 0
(cyan diamonds), respectively, as a function of the number N of qubits.

state, respectively. With Eq. (22) in hand we can easily determine the noise threshold p∗ up
to which the GHZ state violates the criterion (20):
p∗ =

q

1
N
1 − 2 2 − 2 5 − 4 ,
N
√

1 −

−8
√ 10N
,
(2N +2)N

N odd,
N even.

(24)

As comparison, we also calculate the threshold value p̃∗ obtained from the SLOCC witness
(N )
found in Refs. [45, 50, 51]. The latter reads WGHZ := λ12N − |GHZN ihGHZN |, with λ = 3/4
for N = 3 and λ = 1/2 for N ≥ 4, and leads to
(
∗

p̃ =

2
7,
2N −1
,
2N −1

N = 3,
N ≥ 4.

(25)

Equations (24) and (25) are plotted in Fig. 7. While the SLOCC witness is more noise robust
for low number of qubits, our criterion (20) performs better for N > 5. In this respect, one
(N )
has to keep in mind that the SLOCC witness WGHZ also detects the genuine multipartite
entanglement of the states which partly explains the discrepancies between the performances
given in Eqs. (24) and (25) [1]. Asymptotically, for N → ∞, we find that the threshold value
p∗ approaches 1 which is a direct consequence of the fact that the bound (20) approaches zero
in the same limit. Equation (24) thus demonstrates the decreasing relevance of the W -class
in large multipartite systems.
Hence, if one is interested in the W -class alone it is already quiet exhaustive to consider
only the second moment R(2) . We further investigate this issue by considering a simple
generalizaiton of the criterion (20) which includes also the fourth moment R(4) . The idea is
to define a linear criterion in the (R(2) , R(4) )-plane that passes through the W -state |WN i and
the bi-seprable state |φi|WN −1 i. In App. C.2 we prove that this line indeed forms another
possible criterion, denoted as Lin(R(2) , R(4) ) ≤ 0, allowing to discriminate states of the W class Conv(W (N ) ). As for Eq. (20) we further study the performance of this criterion by
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applying it to the noisy GHZ-state ρGHZ (p, N ) and include the results into Fig. 7. We find
that in this particular case the generalized criterion Lin(R(2) , R(4) ) ≤ 0 does not provide
an advantage over that of Eq. (20). Nevertheless, it allows one to detect other classes of
states which are not in reach of criterion (20). For instance, the states |0i⊗(N −3) |GHZ3 i
yield the second moment R(2) = 4/3N which is smaller or equal to the bound χ(N ) , for
all N ≥ 4 (see Fig. 6(d) for the case N = 4). However, it violates the generalized criterion
Lin(R(2) , R(4) ) ≤ 0, for all N ≥ 3. Hence, depending on the class of states under consideration,
including the fourth moment can provide an advantage in detecting states outside of the Wclass Conv(W (N ) ).

6 Conclusion
In conclusion, we showed how to characterize multipartite entangled states in a reference
frame independent manner through moments of correlation functions obtained from locally
randomized measurements. As the latter correspond mathematically to uniform averages over
polynomials of finite degree, we were able to exploit the concept of pseudo-random processes in
order to evaluate them exactly for variable system sizes. In particular, we showed, in the case
of qubit systems, how to express the moments in terms of specific examples of spherical designs
and discussed the dependency of the involved number of measurements on the respective order
of the moments. As application of the introduced framework, we presented an analysis of the
structure of different classes of multipartite entangled states of few qubit systems using the
first two non-vanishing moments. Lastly, we introduced two novel criteria that allow for a
discrimination of W -type entangled states in terms of the second and fourth moment for an
arbitrary number of qubits.
The presented framework for the characterization of multipartite entanglement based on
randomized measurements promises advantages, in particular, in the limit of large system
sizes where conventional methods, such as state tomography, become impractical. In this
limit one can attempt to evaluate the moments (2) approximately using a finite number of
randomly measured correlation functions. As such an approach will consequently lead to
additional statistical errors, it will be subject of future investigations to develop analytical
methods allowing to predict such errors in advance.
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A Qubit unitary 5-design SL(2, F5 )
First, we extract a set of generators of SL(2, F5 ) from the GAP character library using the
package REPSN, as outlined in [39], leading to:
!

!

−1 0
−ω 11 − ω 14
ω6 + ω9
,
,
0 −1
−ω − ω 2 − ω 4 − ω 7 − ω 8 − ω 13 ω 11 + ω 14
!

!

ω 10
ω 11 + ω 14
0
ω5
,
,
2
8
10
10
3
−ω − ω
−ω
−ω
−ω − ω 17

(26)

with ω = ei2π/15 . Next, with the matrices (26) we generate the 120 group elements of
SL(2, F5 ) = {Sk |k ∈ {1, . . . , 120}} from which we can then extract an appropriate unitary
representation using the transformation:
√
Uk =

120
√ −1
X
Sk† Sk > 0.
P Sk P , with P :=

(27)

k=1

Further on, after eliminating those matrices that are equal up to a global phase eiφ , we end
up with a set of 60 unitary matrices representing the corresponding unitary 5-design.

B Generation of random states
In Sec. 4.2 and 4.3 we used standard forms of multi-qubit states in order to sample random
states from different SLOCC classes. Standard forms are multipartite generalizations of the
Schmidt decomposition, e.g., a three qubit standard form was introduced in [48]:
|Ψs.f. i = λ0 |000i + λ1 eiφ |100i + λ2 |101i + λ3 |110i + λ4 |111i,

(28)

where λi ≥ 0, with i = 0, . . . , 4, and 0 ≤ φ ≤ π. Any pure three-qubit state can be represented
by Eq. (28) plus an appropriate LU transformation. For a generalization of Eq. (28) to N partite systems of local dimensions d we refer the reader to Ref. [52]. More generally, standard
forms allow for a characterization of different SLOCC classes. For instance, with λ4 = φ = 0
and λi > 0, for i = 0, 1, 2, 3, Eq. (28) becomes a standard form describing the three-qubit
W -class W (3) . A similar standard form for the N -qubit W -class W (N ) has been presented in
Ref. [53]:
|WN (~x)i =

√

x0 |0 . . . 0i +

√

x1 |10 . . . 0i + . . . +

√

xN −1 |0 . . . 010i +

√

xN |0 . . . 01i.

(29)

where ~x = (x0 , . . . , xN )T , and |~x|1 = N
i=0 xi = 1. Hence, we can sample random pure states
from each of the mentioned classes by drawing randomly the respective real parameters and
apply additional random LU transformations. The latter step can be skipped in our case
as we are interested in the distribution respective moments R(t) of the states which are LU
invariant. In Fig. 5(b) and 6(b) of the main text we present randomly sampled three- and
four-qubit W -states in the (R(2) , R(4) )-plane.
In order to sample mixed quantum states different strategies have been studied in the
literature. One way is to draw a random pure state from a higher dimensional Hilbert
P
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space and subsequently trace over the extended dimensions [54]. This approach leads to
random states which are not homogeneously enough distributed in the space spanned by
the moments R(2) and R(4) . Alternatively, we can use the above methods for sampling
random pure states, apply additional random LU transformations and subsequently mix
them with randomly drawn mixing parameters, e.g., for Conv(W (N ) ) we sample ρW =
N

N

(α)
(α) †
(α)
N
N
|WN (~xα )ihWN (~xα )|
, with randomly drawn xi ’s
α=1 pα
i=1 Ui
i=1 Ui
P N
with 2α=1 pα = 1. Here, in contrast to the case of pure states, we cannot simply
P2N

and pα ’s

skip the
step of applying additional random LU transformations as the process of mixing the individual pure states can in general lead to a larger class of mixed states. However, we found
numerically that mixing of pure standard form states already exhausts quite well the numerically estimated lower boundaries shown in Fig. 5 and 6. Nevertheless, the outlined methods
to sample mixed states have of course their limits, as explained in the main text.

C Proof of the criteria presented in Sec. 5
C.1 Criterion based on R(2)
In the following, we prove the statement:
R(2)
ρ ≤

5 − N4
:= χ(N ) ,
3N

(30)

for all ρ ∈ Conv(W (N ) ), with equality for the pure W -state (21).
Proof. In order to prove the bound presented in Eq. (20) we first have to determine the
(2)
maximum value of R(2) for all pure W -states, i.e., χ(N ) := max|Ψi∈W (N ) R|Ψi . Given χ(N ) , we
can subsequently conclude by convexity of R(2) that for all ρW ∈ Conv(W (N ) ) the following
inequality holds:
R(2)
ρW ≤

X
α

(2)

(31)

ρ0 ∈W (N )



(2)
R|WN i

(2)

pα R|WN i ≤ max R|WN i := χ(N ) .



N
X
1
1
= N 1 + 8
1/N 2  = N
3
3
i<j;i,j=1

4
5−
N





.

(32)

In order to calculate the maximum χ(N ) , we first evaluate R(2) with respect to the standard
form (29) and subsequently optimize it with respect to the involved parameters (x0 , . . . , xN ).
This is sufficient because, on the one hand, for every state |Ψi ∈ W (N ) one can find an appro0 such that |Ψi = (U 0 ⊗. . .⊗U 0 )|W (~
∗
priate vector ~x0 and a LU transformation U10 ⊗. . .⊗UN
N x )i
1
N
(t)
and, on the other hand, the moments R are invariant under LU transformations. Evaluating
R(t) in terms of Eq. (29) thus yields


(2)
R|WN (~x)i
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<latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit>

<latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit>

<latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit>

<latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit>

<latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit>

<latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit>

<latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit>

<latexit sha1_base64="AlKM6oMHVKv8OS4xnuSaxrc1A3Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3VKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAQPI2j</latexit>

<latexit sha1_base64="AlKM6oMHVKv8OS4xnuSaxrc1A3Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3VKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAQPI2j</latexit>

<latexit sha1_base64="AlKM6oMHVKv8OS4xnuSaxrc1A3Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3VKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAQPI2j</latexit>

<latexit sha1_base64="pRlUFGgMgdvx5w6MqAZu6OpJVkM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AETRI2l</latexit>

<latexit sha1_base64="Jq6DIXDrhmvucMdfM/j1gJ7WFU8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AERwI2k</latexit>

<latexit sha1_base64="pRlUFGgMgdvx5w6MqAZu6OpJVkM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AETRI2l</latexit>

<latexit sha1_base64="Jq6DIXDrhmvucMdfM/j1gJ7WFU8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AERwI2k</latexit>

<latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit>

<latexit sha1_base64="pRlUFGgMgdvx5w6MqAZu6OpJVkM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AETRI2l</latexit>

<latexit sha1_base64="Jq6DIXDrhmvucMdfM/j1gJ7WFU8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AERwI2k</latexit>

<latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit>

<latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit>

<latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit>

<latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit>

<latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit>

<latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit>

<latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit>

<latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit>

<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>
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<latexit sha1_base64="AlKM6oMHVKv8OS4xnuSaxrc1A3Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3VKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAQPI2j</latexit>
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<latexit sha1_base64="Jq6DIXDrhmvucMdfM/j1gJ7WFU8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AERwI2k</latexit>

<latexit sha1_base64="Jq6DIXDrhmvucMdfM/j1gJ7WFU8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AERwI2k</latexit>

<latexit sha1_base64="pRlUFGgMgdvx5w6MqAZu6OpJVkM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AETRI2l</latexit>
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(2)

Figure 8: Geometric representation of the value of R|WN (~x)i , for N = 6, as the blue colored area within
PN
PN
a square of side length 1 for three different cases: with i=1 xi < 1 (a), with i=1 xi = 1 (b), and
(2)
with maximal R|WN (~x)i (c).

where ~x = (x0 , . . . , xN )T , and |~x|2 =
P
1− N
i=1 xi , yielding

qP

N
2
i=0 xi .

Next, we substitute the constraint x0 =



(2)

R|WN (~x)i



N
X
1
= N 1 + 8
xi xj  ,
3
i<j;i,j=1

(34)

where ~x = (x1 , . . . , xN )T . From here it remains to be checked if the maximum of Eq. (34)
is contained in the interior of the parameter space or lies on its boundaries determined by
P
the constraints 1 ≥ N
i=1 xi , and xi ≥ 0, for all i = 1, . . . , N . This question can already be
answered in terms of a simple geometric picture. To see this, we rewrite Eq. (34) as follows:



!2
N
N


X
X
1
(2)
R|WN (~x)i = N 1 + 4 
xi −
x2i  ,

3 
i=1

(35)

i=1

and note that the xi -dependent part in the rectangular brackets determines the size of the
blue area of the square with length 1 presented in Fig. 8. From this geometric picture one
(2)
recognizes that in order to reach the maximum value of R|WN (~x)i , the vector ~x has be on the
boundary determined by N
i=1 xi = 1. This is clear because if one takes an exemplary value
PN
(2)
of ~x with i=1 xi < 1, as shown in Fig. 8(a), one can simply increase the value of R|WN (~x)i
by increasing one of the components xi . Hence, if all the components xi are non-zero and the
P
maximum is on the boundary N
i=1 xi = 1, we are left with
P

(2)
R|WN (~x)i

1
= N
3

(

"

1+4 1−

N
X

#)

x2i

,

(36)

i=1

2
which is maximal whenever N
i=1 xi is minimal, i.e., if xi = 1/N for all i = 1, . . . , N (see
Fig. 8(c)). This solution corresponds exactly to the N -qubit W -state |WN i and leads to the
following value of the second moment

P
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In order to prove that Eq. (32) is the true maximum, it remains to be shown that R(2)
takes no larger value on the other boundaries. The remaining boundaries are those where 1 =
PN
i=1 xi and simultaneously k of the N remaining xi , with i = 1, . . . , k, and all permutations
thereof, are equal to zero. In all those cases we can use a similar geometric argument to find
that the maxima are reached whenever the remaining N − k components read xi = 1/(N − k),
leading to


(2)

R|WN (~x(k))i



N
X
1
1
1
=
= N 1 + 8
2
3
(N − k)
3N
i<j;i,j=1+k



4
.
N −k


5−

(37)

where ~x(k) denote all vectors with k vanishing components and N − k components equal to
(2)
(2)
1/(N − k). Hence, we have R|WN (~x(k))i < R|WN i , for all k = 1, . . . , N − 1, which shows that
the true maximum is taken by the W -state yielding Eq. (32).

C.2 Criterion based on a linear combination of R(2) and R(4)
We want to show that the linear bound connecting the points |WN i and |φi|WN −1 i in the
(R(2) , R(4) )-plane provides a bound for the detection of non-W -class states. To do so, it is
useful to note the following relations:
(4)

R|WN i =

83N 3 + 216N 2 − 176N − 96
,
27N 3 5N

(38)

and
1 (2)
(2)
R|φi|WN −1 i = R|WN −1 i ,
3
1 (4)
(4)
R|φi|WN −1 i = R|WN −1 i .
5

(39)
(40)

A line passing through the W -state |WN i and the bi-seprable state |φi|WN −1 i in the (R(2) , R(4) )plane can then be defined as follows
R̃4 = mR̃2 − b,

(41)

with the rescaled moments R̃t = (t − 1)N R(t) , and
−54N 4 + 196N 3 − 114N 2 − 28N + 24
,
27N 2 (N − 1)2
353N 4 − 1146N 3 + 829N 2 + 156N − 216
b=
.
27N 2 (N − 1)2

m=

(42)
(43)

Lastly, we need to prove that for all states in the W -class Conv(W (N ) ) the expression
Lin(R̃2 /3N , R̃4 /5N ) := R̃4 − mR̃2 − b is non-positive. In order to do so, we make use of
two facts: first, m < 0 for all N ≥ 2. Thus, the expression R̃4 − mR̃2 − b combines the
two convex functions R̃2 and R̃4 with positive coefficients, yielding again a convex function.
Hence, in order to prove the criterion it suffices to maximize R̃4 − mR̃2 − b over pure states in
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the W -class, i.e., W (N ) . Second, the expression is still invariant under local unitary transformations, thus we can optimize over pure states in the standard form (29) instead. For these
states, the second moment is given in Eq. (34) and the fourth moment reads
R̃4 = 1 +
+ 64

16 X
128 X 2 2 448 X
xi xj +
x x −
xi xj xk
3 i<j
3 i<j i j
9 i<j<k
X
i6=j,k∧j<k

x2i xj xk +

1664 X
xi xj xk xl .
9 i<j<k<l

(44)
(45)

where we have already eliminated x0 using the normalization constraint and all sums are
assumed to iterate over 1, . . . , N . Due to the symmetry of the target function and the constraints, we assume in the following that x1 ≤ x2 ≤ . . . ≤ xN . In order to maximize the
expression R̃4 − mR̃2 − b, we first show that for fixed x2 , . . . , xN , the optimum lies at the
boundary of the set of allowed values for x1 , namely x1 = N1 or x1 = 0. To do so, we closer
investigate the partial derivative of R̃4 − mR̃2 − b with respect to x1 which shows that it does
not vanish in the region [0, 1/N ] and thus implies that the optimum lies at the boundary.
In the first case, x1 = x2 = . . . = xN = N1 due to the ordering. In the second case,
inserting x1 = 0 into R̃4 − mR̃2 − b yields the same expression for the case of N − 1 particles,
except for the slope of m(N ), which still depends on the larger N . However, the optimization
of the remaining variables follows exactly the same steps, yielding for x2 the two candidates
x2 = 0 and x2 = N 1−1 . Thus, we end up with N + 1 candidate points for the optimum: (1)
x1 = . . . = xN = N1 , (2) x1 = 0, x2 = . . . = xN = N 1−1 , . . . , (N+1) x1 = . . . xN = 0. Inserting
all the candidates into R̃4 − mR̃2 − b yields zero for cases (1) and (2) as expected, as these
cases correspond to choosing |WN i and |0i|WN −1 i, and something negative for the remaining
ones, thus proving the bound.
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