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Time crystals are genuinely non-equilibrium quantum phases of matter that
break time-translational symmetry. While in non-equilibrium closed systems
time crystals have been experimentally realized, it remains an open question
whether or not such a phase survives when systems are coupled to an envi-
ronment. Although dissipation caused by the coupling to a bath may stabilize
time crystals in some regimes, the introduction of incoherent noise may also
destroy the time crystalline order. Therefore, the mechanisms that stabilize a
time crystal in open and closed systems are not necessarily the same. Here,
we propose a way to identify an open system time crystal based on a single
object: the Floquet propagator. Armed with such a description we show time-
crystalline behavior in an explicitly short-range interacting open system and
demonstrate the crucial role of the nature of the decay processes.

1 Introduction and outline
Statistical mechanics has been extremely successful in describing the behavior of systems
at equilibrium and, occasionally, even the relaxation towards it. During the last decades,
countless efforts have been devoted to genuinely non-equilibrium systems. In particular, a
lot of attention has been drawn to non-equilibrium Floquet systems, i.e., systems under-
going time-periodic dynamics. Those systems have found numerous applications that go
from thermal machines and transport [1–5], to Floquet engineering [6–8], as well as the
discovery of non-equilibrium phases of matter [9–18]. This work focuses on the latter, the
so-called time crystals.

A system has discrete time-translational symmetry if the generator of the evolution, at
any time t, is invariant under the transformation t 7→ t + T , where T is the period. The
pioneering ideas of time-crystals proposed in [19] and polished by subsequent discussions
in [20], led to the concept of discrete time crystals (DTCs), first put forward in [11, 15] and
then experimentally realized in [13, 14]. A discrete time crystal is a many-body system
that breaks discrete time-translational symmetry showing robust subharmonic response (to
be precised below). Closed quantum systems might display oscillations in a wide variety
of scenarios; e.g., from Rabi oscillations of quantum optical systems to Bloch oscillations
in lattices. Hence, criteria on how to identify a time crystal are essential to understand
this non-equilibrium phase of nature. In closed systems, a discrete time crystal phase is
characterized by an observable O acting as an order parameter whose expectation value
O(t) = tr [Oρ(t)] must fullfill the three following conditions: [10, 21, 22]:
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(I) Time-translation symmetry breaking: the order parameter is less symmetric
than the Hamiltonian, i.e., O(t + T ) 6= O(t) when H(t + T ) = H(t). For the DTC
we recover O(t) after an integer number of periods N > 1, O(t+NT ) = O(t).

(II) Rigidity of the oscillations: O(t) shows a fixed oscillation period NT without
fine-tuned Hamiltonian parameters. Equivalently, the oscillations should lock-off at
frequency 2π/(NT ).

(III) Persistence to infinite time: the non-trivial oscillation with period T must persist
for infinitely long time in the thermodynamic limit.

Nevertheless, it is not clear whether this phase of matter survives the action of an envi-
ronment or, even more interesting, if the environment can help to stabilize it [12]. For
instance, the discrete time crystal appearing in a disordered one dimensional Ising spin
chain (the so-called πSG) cannot survive the coupling to an environment [23]. As a result,
efforts have been redirected mostly towards the study of open mean-field models with col-
lective interactions [17, 18, 24] or short-ranged perturbations from them [25] coupled to an
environment. In such models, some signatures of time crystallinity have been theoretically
predicted, but there is a still a controversy on whether the mean-field description used
on those models could sweep under the carpet part of the relevant physics which would
destroy the time crystalline order. Part of the controversy is related to the fact that there
is no well-posed description of what an open system time-crystal should be.

In this work we propose plausible criteria to define and characterize discrete time
crystals in open systems governed by a Lindblad master equation. Our study is based on the
analysis of the so-called Floquet propagator and the properties the associated Liouvillian
must have in order to support time crystallinity. Further, we investigate the stability
mechanisms and analyze how time crystals can be implemented in open systems. Also,
there has been some discussion around the possibility that only mean-field models can
exhibit time crystalline order in open quantum systems. Only very recently, the possibility
of having time crystals in an open Ising model have been discussed [26]. Our analysis shows
that collective interactions are not crucial features to observe time-crystalline behavior.
Nonetheless, our findings show that collective decay processes are relevant in order to have
subharmonic oscillations that are more robust to errors.

The outline of the article is as follows: In Sec. 2, we present in detail the most relevant
tools and concepts used throughout. In Sec. 3, we introduce the definition of time crystals
in open systems and derive some important properties to further characterize them. In
section Sec. 4, a collection of low dimensional open system examples is introduced in order
to build up some intuition on how to reach stability of time crystals. Sec. 5 and Sec. 6
form the main body of this work, there we present a short range many-body model (XY
model) and evaluate its properties and validity as an open system time crystal using the
definitions proposed in Sec. 3. To this aim we derive its corresponding master equation
and solve it numerically. Finally, we present our conclusions. An expert reader which is
not interested in details may go directly to Sec. 3 and Sec. 6, where the definition of the
open system time-crystals and the results for our case of study are respectively given.

2 Open quantum system dynamics: concepts and tools
In this section, we introduce the tools of –Markovian– open quantum systems and fix
the notation used throughout the article. In what it follows, H denotes a Hilbert space
of dimension dH. States are positive and trace-one operators that we denote by Greek
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symbols, for instance, ρ ∈ S(H) being S(H) the set of states. The set of operators in this
Hilbert space is Op(H), and its elements are denoted by regular text characters A ∈ Op(H).
Likewise, the set of superoperators, i.e., linear maps between operators, are denoted with
calligraphic symbols A ∈ SOp(H).

2.1 Open systems dynamics
Consider a closed time-independent physical system whose dynamics is generated by a
Hamiltonian H ∈ Op(H). Then, the Schrödinger equation:

∂t |Φ〉 = −iH |Φ〉 → |Φ(t)〉 = e−iHt |Φ(0)〉 , (1)

and the state |Φ〉 undergoes unitary dynamics. Often, one is interested only on the dy-
namics of a reduced set of the degrees of freedom commonly referred to as system (S).
Complementary to those, there are bath (B) or environment degrees of freedom. A parti-
tion H = HS + HSB + HB is always possible, where the subscript indicates the degrees of
freedom of the system (S), the bath (B) or both at the same time (SB). The Markovian
evolution of a reduced system S is generated by the so-called Lindblad master equation:

∂tρ = L(ρ) = −i [HS , ρ] +
∑
α

(
LαρLα† − 1

2
{
Lα†Lα, ρ

})
. (2)

where L ∈ SOp(H) is the Liouvillian superoperator and Lα are the jump operators. We
assume the Liouvillian to be time-independent unless otherwise stated. When the state
of the system is initially uncorrelated from that of the environment, Eq. (2) can be de-
rived from Eq. (1) under three key approximations [27, 28]: the coupling between the
system and the environment is weak (weak-coupling approximation), and the environment
equilibrates fast (Markov approximation). In addition, the fast rotating terms are usually
disregarded (secular approximation). Note that Eq. (2) is a hermiticity preserving equa-
tion, i.e., L(ρ†) = (L(ρ))†. Such evolution generates a family of completely-positive and
trace-preserving (CPTP) maps of the form E(t) = exp(Lt). The superoperator E(t) is
known as the evolution map and satisfies E(t+ t′) = E(t) ◦ E(t′) and E(0) = I, where I is
the identity map.

Since linear operators form a vector space, it is possible to represent them as vectors of
a larger Hilbert space using a procedure known as vectorization. Given a basis {|i〉} of H,
the vectorization consists in, essentially, the replacement A =

∑
ij Aij |i〉 〈j| ∈ Op(H) 7→

|A⟫ =
∑
ij Aij |i〉 ⊗ |j〉

∗ ∈ H ⊗ H. Accordingly, a product of the form AρB should be
replaced by A ⊗ BT |ρ⟫. Hence, the same transformation holds for linear superoperators,
like the Liouvillian L, being now regular operators on H⊗H, i.e. A(ρ) 7→ A |ρ⟫. The inner
product in the extended Hilbert space is given by the Hilbert-Schmidt product defined by
⟪A|B⟫ = tr

[
A†B

]
. It automatically introduces the notion of adjoint superoperator which,

for all A,B ∈ Op(H) fulfills

⟪A|A(B)⟫ = tr
[
A†A(B)

]
= tr

[
(A‡(A))†B

]
= ⟪A‡(A)|B⟫ , (3)

with the property A(·) = B · C ⇒ A‡(·) = B† · C†. In particular, the adjoint Lindblad
equation yields

L‡(A) = i [HS,A] +
∑
α

(
Lα† [A,Lα] +

[
Lα†,A

]
Lα
)
. (4)

In essence, the vectorization procedure provides a matrix representation of the Liouvillian
L. Therefore, some features of the evolution can be learned from its spectral decomposition,
which is the objective of the following subsection.
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2.2 Spectral properties of the Liouvillian
A way to grasp the properties of the dynamics of an open system is by analyzing the
spectrum of the Liouvillian matrix L. We focus here in the case of a diagonalizable Liou-
villian and refer the interested reader to App. A and references [27, 29–31] for an extended
discussion of the non-diagonalizable case. The set of d2

H eigenvalues {λµ} are found as the
roots of the characteristic polynomial PL(λ) = det(L − λI). The corresponding ordinary
left and right eigenvectors are defined as non-trivial solutions of the equations

L‡ |lµ⟫ = λ∗µ |lµ⟫ ,
L |rµ⟫ = λµ |rµ⟫ . (5)

The spectral decomposition above has the following properties :

(i) The eigenvalues of L are either real or come by conjugate pairs. Also, the positivity
of the evolution requires the eigenvalues to have negative real part Reλµ ≤ 0.

(ii) Ordinary eigenvectors corresponding to different eigenvalues are linearly independent.

(iii) The ordinary eigenvectors of L and L‡ can be chosen bi-orthogonal, i.e. ⟪lµ|rν⟫ = δµν .
More compactly, for diagonalizable L, we have W‡l Wr = I, where the columns of Wr

are the right eigenvectors |rµ⟫ (and similarly for Wl).

(iv) The evolution map has the form E(t) = exp(Lt) and, therefore, E(t) and L share the
same left and right eigenvectors.

(v) For any time-independent L there is always one eigenvalue λ0 = λ∗0 = 0, with left
eigenvector ⟪1|. The corresponding right eigenvector |r0⟫ fulfills E(t) |r0⟫ = |r0⟫
and is often referred to as the steady-state. However, note that there may be other
non-decaying eigenvectors |rµ⟫ such that Reλµ = 0.

The possibility of having multiple non-decaying states, as stated in property (v), is often
disregarded. This possibility implies that the asymptotic state of a system, i.e. ρ(t→∞),
is not unique. To capture this asymptotic behavior, we introduce the notion of asymptotic
subspace:

As(H) = span {rµ : Reλµ = 0} , (6)

which will become of crucial importance to this work. From now on, we denote by Ψµ

a general element of As(H). Some coments are in order: First, we remark that Ψµ are
general elements of Op(H) and not always proper quantum states. Also, the elements Ψµ

are non-decaying rather than steady, since a non-zero imaginary part Imλµ 6= 0 causes
them to gain a time-dependent phase. It can be proven, see for instance [32], that the
asymptotic subspace can be always diagonalized, otherwise the dynamics would explode
as t → ∞. We refer to the subspace orthogonal to As(H) as the decay space D(H) (see
Fig.1a). Finally, we also define the dissipative gap ∆ as:

∆ := min
µ
|Reλµ| such that Reλµ 6= 0, (7)

which is the relevant quantity that fixes the time-scale of convergence towards the asymp-
totic state of the system.
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Figure 1: (a) Schematic decomposition of H ⊗H in terms of the asymptotic (blue) and decay (red)
subspaces. (b) Typical spectrum of a CPTP map where the peripheral spectrum is colored in blue and
the decaying subspace in red.

2.3 Conserved quantities of the evolution
In closed systems, any symmetry of the Hamiltonian is a conserved quantity of the evo-
lution. In dissipative systems, this is not always the case, and the relation between sym-
metries and conserved quantities is, in general, more complex. A correspondance be-
tween asymptotic states and conserved quantities was presented in [33]. Essentially, given
Ψµ ∈ As(H) with purely imaginary eigenvalues λµ = iφµ, there is a corresponding con-
served quantity jµ ∈ Op(H) such that, for any initial state ρ(0), the asymptotic state is
given

ρ(t) =
∑
µ

eiφµtjµΨµ + O(e−∆t), (8)

where jµ = tr[j†µρ(0)] is the imprint of the initial state on the conserved quantities. For
instance, when there is only one asymptotic state, j0 = 1 is the only conserved quantity and
its expectation value j0 = tr [ρ(0)] = 1 is preserved throughout the evolution. In [33], the
authors found an analytic expression for the conserved quantities jµ in terms of, essentially,
the Liouvillian L and the asymptotic states Ψµ. This relation is used throughout Sec. 4 to
compute the conserved quantities in some exemplary models.

3 Discrete time crystals beyond closed systems
In the former section, we have discussed the evolution of systems under a time-independent
Liouvillian L. We are ultimately interested in time crystals and, therefore, the discussion
should be extended to time-periodic evolutions L(t + T ) = L(t). For time-dependent
systems, the evolution map is given by the well-known Dyson solution:

E(t) = T exp
(∫ t

0
dsL(s)

)
, (9)

where T is the time-ordering operator. Note that, in this situation, the spectral properties
of the instantaneous L(t) are no longer relevant. For time-periodic systems, the evolution
map for a period T

EF = T exp
(∫ T

0
dsL(s)

)
, (10)
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is known as the Floquet propagator [17], and encodes the information about the strobo-
scopic evolution of the system. Namely, for times tn = nT with n ∈ N, the evolution
map is E(tn) = EnF = EF ◦ · · · ◦ EF. The map EF is positive and, therefore, its eigenvalues
lie within the unit disk. Moreover, the trace preserving condition guarantees at least one
eigenvalue equal to one. In this picture, the asymptotic subspace corresponds to the span
of eigenvectors whose eigenvalues lie on the radius one circle (see Fig.1b). For this reason,
the set of eigenvalues associated to the asymptotic subspace is termed peripheral spectrum.
The following question arises: can we use the spectrum of EF to characterize time crystals
in open systems? The answer to this question is positive and we formalize it below.

As discussed in the introduction, time crystals in closed systems are identified by ex-
hibiting: (I) discrete time-translational symmetry breaking, (II) rigidity on the
subharmonic response of the order parameter and (III) the infinite persistence of the
subharmonic response in the thermodynamic limit. Based in these conditions, we propose
to characterize an open system time crystal using a single object, the Floquet propagator
EF. We denote the eigenvalues of EF as {εµ} and, again, the left and right eigenvectors are

E‡F |lµ⟫ = ε∗µ |lµ⟫ ,
EF |rµ⟫ = εµ |rµ⟫ . (11)

The associated Floquet asymptotic subspace corresponds now to As(H)F = span {rµ : |εµ| = 1}
and again we denote its elements by Ψµ. With these definitions settled, a many-body sys-
tem can be identified as an open time crystal if its Floquet propagator fulfills:

(I) Time-translation symmetry breaking: there exists at least one eigenvalue ε? ∈
{εµ} such that ε? 6= 1 but εN? = 1 for some integer N .

(II) Rigidity of the oscillations: In the thermodynamic limit, the eigenvalue ε? is
linearly robust. Namely, given a deformation of the evolution EF 7→ EF + ηV the
susceptibility χ(1) =

∣∣∣(∂εµ?/∂η)η=0

∣∣∣ = 0.

(III) Persistence of the oscillations to infinite time: The time-scale of decay of the
subharmonic oscillations is fixed by the dissipative Floquet gap ∆F = (−1/T ) log |ε?|,
which is zero if ε? is in the peripheral spectrum.

A system fulfilling (I)–(III) displays, in the thermodynamic limit, infinitely-lived and robust
subharmonic response and, therefore, it is in a time-crystal phase. In the opposite case,
the system typically equilibrates reaching the thermal phase.

We remark that our definition of the time-crystal phase, specially condition (II), is done
in a weak sense. Namely, for equilibrium phases of matter, one requires absolute (i.e., to all
orders) stability against perturbations in the thermodynamic limit. In contrast, condition
(II) is a necessary condition of absolute stability but, obviously, not sufficient. However,
from a practical perspective, the difference between the linear and the absolute stability
conditions will only be apparent for presumably very long times. Therefore, we consider
here only the linear stability and leave the tightening of condition (II) for future research.
Let us illustrate the behavior of a system in a time-crystal phase, with subharmonic oscil-
lations of periodicity 2T . In this case, the Floquet propagator has two eigenvalues ε0 = 1
and ε? = eiπ. The state of the system after a large number of oscillations n is well approx-
imated, using Eq. (8), by

lim
n→∞

ρ(nT ) = lim
n→∞

EnF (ρ(0)) ≈ Ψ0 + (−)nj?Ψ?, (12)
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where we used j0 = tr[ρ(0)] = 1. As a result, the expectation value of the order parameter
after n periods is

O(nT ) = tr[OEnF(ρ(0))] ≈ tr[OΨ0] + (−)nj?tr[OΨ?]. (13)

Therefore, one observes long-lived subharmonic oscillations if:

(a) the choice of the initial state ρ(0) is such that tr[j†?ρ(0)] 6= 0, i.e., the initial state has
some overlap with the conserved quantity j?, and

(b) the choice of the order parameter O is such that tr[OΨ?] 6= 0, i.e., the order parameter
is sensible to the subharmonic oscillations.

3.1 Open systems and the kicked protocol
Before proceeding to further study the implications of our definition of the time-crystal
phase, it is timely to motivate our choice of the driving protocol L(t). In general, an
analytically tractable expression of EF is impossible to obtain. In particular, starting from
a microscopic system-bath model, the computation of EF demands, as a first step, finding
the time-ordered exponential of a time-periodic Hamiltonian. This is already a difficult
problem on its own (see for instance [34, 35]). In this work, we focus in what we call kicked
protocols, for which the computation of EF is analytically doable. We start by considering
a total Hamiltonian:

H(t) = HS + H′S(t) + HSB + HB = H + H′S(t) (14)
H′S(t) = g

∑
n

δ(t− nT )HK , (15)

where H is explicitly time-independent and n ∈ N. Then, for σ(0) = ρ(0)⊗ρB the evolution
over one period of the system is

ρ(T ) = UKtrB
[
e−iHTσ(0)eiHT

]
U†K ⇒ ρ(T ) = EF(ρ(0)) = UK

(
eLTρ(0)

)
U†K, (16)

where L is the Liouvillian of the static dissipative evolution, and UK = exp(−igHK) is
the unitary kick operator. Therefore, for a kicked open system, one can use the dissipation
model of the time-independent problem, with the dynamics being interrupted periodically
by the unitary kick. Note that, the Born approximation guarantees the state of the bath to
remain unchanged after one period of the evolution. Therefore, we can iterate this process
to obtain the state of the system at stroboscopic times tn. The kicked protocol is used, for
instance, in the models studied in [17, 24, 25].

3.2 Useful observations for open system time crystals
In view of the relevance of the Floquet propagator EF, we here analyze some of its prop-
erties. We focus on the kicked protocol described in the previous subsection. Namely, a
two step evolution consisting on a dissipative dynamics L during a time T , followed by a
unitary kick UK. The proofs of the following observations can be found in App. B.

Observation 1 (kicked system propagator)
The Floquet propagator EF of a system under a kicked protocol takes the simple form:

EF(·) = UK

(
eLT (·)

)
U†K 7→ EF = UK ⊗U∗K exp (LT ) , (17)
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and has always an eigenvalue ε0 = 1.

Despite the similarity of Eq. (17) with a unitary transformation, it is important to
note that the spectrum of L and EF are, in general, not correlated. In observation 2 and
observation 3 we detail the relation between the spectra of unitarily connected CPTP maps.

Observation 2 (kicked spectrum)
The spectrum of a CPTP map E is generically changed under a kick UK = UK ⊗ U∗K cor-
responding to E ′ = UKE. This is, for instance, the case of EF.

Observation 3 (unitarily transformed spectrum)
The spectrum of a CPTP map E is unchanged under the unitary transformation UK =
UK ⊗U∗K corresponding to E ′′ = UKEU‡K.

In our time crystal definition, we already introduced that having more than one state
in As(H)F is a necessary condition to observe time-translation symmetry breaking. In
observation 4, we detail the relation between time crystals and multistability.

Observation 4 (multistability and time crystals)
A CPTP Floquet map EF supports time crystalline behavior only if dim As(H)F > 1. The
converse is not true, i.e., there are multistable systems without subharmonic oscillations.

Therefore, the structure of As(H)F is crucial in order to observe subharmonic oscilla-
tions. Then, knowing that the spectrum of EF differs from that of L, how do their respective
asymptotic subspaces relate?

Observation 5 (asymptotic space of a kicked evolution)
Consider {|ψk〉} and {|φk〉} two basis of H and a CPTP map E. We denote Su the
subset of basis elements of H ⊗ H for which the map E acts unitarily, namely the set
Su = {|ψk〉〈ψk| : E(|ψk〉〈ψk′ |) = |φk〉〈φk′ |}. Then, it exists a unitary kick UK such that
EF = UK ⊗U∗KE has at least |Su| elements in its asymptotic space.

We remark that, in general, observation 5 implies that the dimension of the asymptotic
space of a CPTP map E can increase, decrease or stay equal after a unitary kick.

Finally, we present a protocol that exhibits subharmonic response for a CPTP map.

Observation 6 (a protocol for sub-harmonic response)
A general kicked protocol on a CPTP map E with a unitary UK that gives rise to sub-
harmonic response can be obtained by demanding:

(i) the map E exhibits static multistability, i.e., the peripheral spectrum contains only
eigenvalues εµ = 1.

(ii) the unitary kick UK = UK ⊗ U∗K acts independently on the asymptotic and decay
spaces, i.e., UK = UAs ⊕ UD.

(iii) the unitary kick UAs has eigenvalues uα = exp(inα2π/N) with nα ∈ Z, and at least
one eigenvalue is different from one.

Even though the conditions in observation 6 are restrictive, we shall see that they are
met for the many-body system studied in Sec. 5.
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4 Exemplary: Few-body periodically driven open systems
The structure of the asymptotic subspace As(H) is crucial to identify when a physical sys-
tem can support subharmonic response. To gather some intuition, we present a collection
of one and two qubit models with different structures of As(H). For each model, we are
interested in:

(i) finding the asymptotic states {Ψµ} and the corresponding conserved quantities {jµ},

(ii) studying the subharmonic response of a kicked protocol,

(iii) studying the rigidity of the oscillations by perturbing the driving protocol.

The rigidity must be defined with respect to a given perturbation V. In this work, we
pay special attention to rotation errors. Consider a rotation U(θ) = exp(−iθG), where
G is the generator of the rotation and θ the rotation angle. A rotated state is defined
as ρθ = U(θ)ρ0U(θ)†. If the unitary rotation has been implemented imperfectly, namely
θ 7→ θ + η, the perturbation V is found as

ρθ+η = U(θ)ρ0U(θ)† − iη[G,U(θ)ρ0U(θ)†] + O(η2),
V(·) = −i[G,U(θ)(·)U(θ)†]. (18)

Then, the first order susceptibility of an eigenvalue εµ can be easily computed using per-
turbation theory: χ(1) = ⟪lµ|V|rµ⟫ (see App. C).

The analysis displayed in this section reveals the importance of coherent decay processes
in preserving the subharmonic oscillations to long times. In the following, X,Y and Z
denote the Pauli matrices.

4.1 A single qubit: Dephasing
The simplest example of dissipative evolution supporting more than one steady state is
pure dephasing. Consider the Liouvillian

L(ρ) = −i(h/2)[Z, ρ] + κ (ZρZ− ρ) . (19)

Since the Hamiltonian and the jumps commute we have dim(As(H)) = 2. Introducing the
basis Z |k〉 = (−)k |k〉, we find the asymptotic states Ψ0 = |0〉〈0| and Ψ1 = |1〉〈1| both with
eigenvalue λµ = 0. This is a very particular evolution for which L‡ = L and, therefore,
the two conserved quantities are j0 = |0〉〈0| and j1 = |1〉〈1|. Alternatively, we can recover
the trace as a conserved quantity by defining the rotated states Ψ̃µ = (Ψ0 + (−)µΨ1)/2,
which leads to the conserved quantities j0 = 1 and j1 = Z. The subharmonic response
is achieved by the unitary kick UK = exp(−iπX/2) = −iX, and the Floquet propagator
reads EF = X⊗X exp(LT ). The spectrum of EF is given by:

{εµ} =
{

1,−1, e−2κT ,−e−2κT
}
. (20)

The basis of As(H)F is again given by Ψ̃µ = |0〉〈0|+ (−)µ |1〉〈1| fulfilling EF(Ψ̃µ) = (−)µΨµ

with µ = 0, 1. Then, for an initial state of the form ρ(0) = a |0〉 〈0| + (1 − a) |1〉 〈1| with
a ∈ [0, 1], we find ρ(nT ) = a |0⊕ n〉〈0⊕ n|+(1−a) |1⊕ n〉〈1⊕ n|, with ⊕ the sum modulo-
2. Hence, it gives rise to subharmonic oscillations in the order parameter Z of amplitude
2a− 1.

Finally, we compute the first order susceptibility χ(1) = ⟪Ψ1|V|Ψ1⟫. The perturbation
map corresponding to a rotation error of the form UK = exp(−i(π + η)X/2), is given by
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V(·) = −i/2[X, EF(·)]. For simplicity in the calculations, we take h = 0 in Eq. (19). The
spectrum of EF(η) = EF + ηV to first order in η is

{εµ} =
{

1,−1, e−2κT ,−e−2κT
}

+ O(η2), (21)

which implies χ(1) = 0 indicating linearly robust subharmonic oscillations.

4.2 Two qubits: decoherence free subspace
We have studied a one-qubit scenario where As(H) had two asymptotic states, correspond-
ing to the diagonal elements of the density matrix. In this subsection, we consider the larger
Hilbert space of two two level systems, H = C2 ⊗ C2. A new structure of As(H), that
contains also coherences, can now arise. These instances of asymptotic space are known as
decoherence free subspaces and have been studied in the literature as dissipation protected
memories (see for instance [32, 36–38]). For convenience, we also introduce the Bell basis:

|ψα〉 = |0, α〉+ |1, 1⊕ α〉√
2

& |φα〉 = |0, α〉 − |1, 1⊕ α〉√
2

, (22)

for α = 0, 1 and ⊕ is sum modulo-2. We consider two different situations: independent and
collective jump operators. After computing the asymptotic subspace and the conserved
quantities of both scenarios, we also analyze the subharmonic oscillations induced by a
kicked protocol.

Independent jump operators
We consider first the case of no Hamiltonian and independent noise operators such that

Li(ρ) =
∑
α

(
LαρLα† − 1

2{L
α†Lα, ρ}

)
with Lα = |ψα〉〈φα| . (23)

In this context, independent refers to the fact that the jump operators contain a single
transition. Imposing Li(ρ) = 0, one obtains As(H) = span{Ψαβ} where Ψαβ = |ψα〉 〈ψβ|
and, therefore, dim(As(H)) = 4. The conserved quantities read [33]:

jαβ = |ψα〉〈ψβ|+ δαβ |φα〉〈φβ| . (24)

The conserved quantities j00 and j11 indicate that the populations of the levels α = 0 and
α = 1 are preserved. The other two conserved quantities j01 and j10 indicate that the
coherence in the ψ-block is preserved, while the coherence in the φ-block is destroyed by
the dissipation.

Collective jump operator
If now we consider a collective jump operator such that

Lc(ρ) = LρL† − 1
2{L

†L, ρ} with L =
∑
α

|ψα〉〈φα| . (25)

Imposing Lc(ρ) = 0, the same asymptotic space As(H) = span{Ψαβ} is found. The key
difference is spotted by looking at the conserved quantities. We encounter

jαβ = |ψα〉〈ψβ|+ |φα〉〈φβ| , (26)
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and therefore, the coherences within the φ-block are preserved as well. As we shall see,
the coherent preserving dissipation processes, provided by the collective jump operators,
are crucial to preserve the subharmonic oscillations to later times.

We introduce for convenience the local Pauli matrices Xr, Yr and Zr for r = 1, 2
such that, for instance, X1 |00〉 = |10〉. Likewise, we also define the total magnetization
Ma =

∑
r Ar for a = x, y, z. For both dissipative dynamics Li and Lc, subharmonic

response is achieved with the unitary kick UK = exp(−i(π/2)Mz). Using the same symbol
EF = UK ⊗U∗K exp(LT ) for both L = Li and L = Lc, we obtain

EF(Ψαβ) = (−)α+βΨαβ. (27)

Then, the coherence elements Ψ01 and Ψ10 display subharmonic response for N = 2,
while the populations are steady. Finally, we can compute the linear susceptibility χ(1) =
⟪jαβ|V|Ψαβ⟫ with V(·) = −(i/2)[Mz, EF(·)]. Using Mz |ψα〉 = 2δα0 |φα〉 it is easy to show
that χ(1) = 0 for, both, Li and Lc. Therefore, the system shows linearly robust subhar-
monic oscillations.

A question remains still open. Is it possible to observe this time-crystalline behavior
in a many-body open system, that is, where interactions play a role? Interestingly, the
states |ψα〉 can be interpreted as the two ground states of the Ising Hamiltonian of two
particles HS = −JX1X2. In the following sections, we investigate the many-body open
system generalization of the Ising model.

5 The open XY model
Let us investigate the stability of a time crystal in the paradigmatic short-range XY chain,
described by the Hamiltonian:

Hξ = −J
L∑
r=1

(1 + γ

2 XrXr+1 + 1− γ
2 YrYr+1 + hZr

)
, (28)

representing a 1D chain of L spins that interact anisotropically. This model has been largely
investigated in the literature. For completeness, we summarize here its main features and
show its quantum phase diagram in Fig. 2a. We impose periodic boundary conditions ( i.e.
Xr = XL+r, and the similarly for Yr, and Zr), restrict ourselves to L even, and gather the
Hamiltonian parameters as ξ = (J, γ, h). The Hamiltonian Hξ exhibits several symmetries
(see, for instance, [39]): (i) a rotation by π/2 along the z-axis interchanges the x and y spin
interactions and it is equivalent to γ ↔ −γ, (ii) a reflection of the spins with respect to the
x-y plane is equivalent to h ↔ −h. Hence, it is sufficient to study the phase diagram for
γ, h ≥ 0. It is well known that this system undergoes a quantum phase transition at h = 1,
that goes from an ordered phase for h < 1 to a disordered phase for h > 1. Moreover,
the isotropic line γ = 0 displays a continuous symmetry generated by the magnetization
Mz =

∑
r Zr. The so-called Ising line, at γ = 1, separates the regions with attractive and

repulsive interactions along the y-axis for γ < 1 and γ > 1 respectively. Finally, the ground
state of a Hamiltonian lying on top of the line h2 + γ2 = 1 correspond to product ground
states for all length chains L with exact degeneracy in both parity blocks (see App. F or
[39]).

A master equation of the form in Eq. (2) arises from a microscopic system-reservoir
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description with:

H = Hξ + HSB + HB,

HSB = εMz ⊗ B := ε
∑
k

L∑
r=1

Zr ⊗ (gkb†k + g∗kbk),

HB =
∑
k

Ωk(b†kbk + 1/2), (29)

where k labels the different modes bk with frequency Ωk > 0 of the bath, gk is the complex
coupling strenght to that mode, and ε is a dimensionless perturbation parameter that we
will set to one at the end of the computation. A similar system-bath Hamiltonian was used
in [40] to study transport properties through spin chains. Note that the coupling to the
bath is global in the sense that all particles are identically coupled to the reservoir k. In
this section, we aim at deriving a dynamical equation for the reduced degrees of freedom
of the system in two steps: first diagonalizing the system Hamiltonian Hξ and, second,
tracing out the degrees of freedom of the bath.

5.1 Diagonalization of the XY model
The first step towards the derivation of the master equation is to bring the Hamiltonian
of the XY model into its diagonal form. It is well known that, for this model, this can
be achieved using the Jordan-Wigner, Fourier and Bogoliubov transformations [39, 41,
42]. Note that [P,Hξ] = 0 where P =

∏
r Zr is the parity operator. Therefore, the

diagonalization of Hξ can be done separately in two parity sectors with eigenvalues p = ±1.
The well-known diagonalization procedure is shown by completeness in App. E and leads
to:

H±ξ = 1
2
∑

q∈BZ±

Eξ,q
(
d†ξ,qdξ,q − dξ,−qd

†
ξ,−q

)
=

∑
q∈BZ±

Eξ,q(d†ξ,qdξ,q − 1/2), (30)

where ± stands for the even and odd parity sectors, dξ,q are the Bogoulibov fermions and
the energy dispersion is given by:

Eξ,q = Eξ,−q = 2J

√(
h− cos

(2π
L
q

))2
+
(
γ sin

(2π
L
q

))2
. (31)

The label q represents the quasi-momentum and takes values in the Brillouin zone:

BZ+ = {q = m+ 1
2 m ∈ {−L/2, · · · , L/2− 1}} for H+

ξ ,

BZ− = {q = ±m m ∈ {−L/2, · · · , L/2− 1}} for H−ξ . (32)

Since ωξ,q > 0, the ground state |p,GS〉 of Hpξ corresponds to the vacuum of Bogoulibov
fermions in the p parity sector.

5.2 Derivation of the master equation
We are now ready to derive the master equation. We sketch here the crucial parts of the
derivation, while details are given in App. H. For simplicity we assume only one reservoir,
since the extension to multiple reservoirs is straightforward. The starting point is the
well-known Redfield equation in the rotating frame of Hξ + HB:

˙̃ρ(t) = −
∫ ∞

0
dstrB [HSB(t), [HSB(t− s), ρ̃(t)⊗ ρeq]] + O(ε3). (33)
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where ρeq ∝ exp(−βHB) is a Gibbs state at inverse temperature β. The jump operators
arise from the decomposition of the Mz into the eigenmodes of the system Hamiltonian. For
every quasimomentum q, the magnetization can be divided into three different rotating fre-
quencies: ωαξ,q ∈ {0, 2Eξ,q,−2Eξ,q} for α ∈ {0, ↑, ↓} respectively. Then, the magnetization
can be decomposed as:

Mz(t) = −
∑

q∈BZ±

∑
α

Lαξ,qe
iωαξ,qt, (34)

where L0
ξ,q = cos θξ,q(d†ξ,qdξ,q − dξ,−qd

†
ξ,−q), L

↑
ξ,q = sin θξ,qd†ξ,qd

†
ξ,−q = L↓†ξ,q, and the rotation

angle

θξ,q = tan−1

 γ sin
(

2π
L q
)

h− cos
(

2π
L q
)
 . (35)

We introduce the correlation function C(t) = trB[B(t)Bρeq], and the real part of its Fourier
transform κ(ω) = Re[C(ω)]. Inserting the decomposition in Eq. (34) and the definition of
κ(ω) into Eq. (33), it follows

˙̃ρ(t) = −ε2
∑
q,q′

∑
α,α′

κ(ωαξ,q)
2 e

−i(ωαξ,q−ω
α′
ξ,q′ )t

(
Lα†ξ,qL

α′
ξ,q′ ρ̃(t)− Lα

′
ξ,q′ ρ̃(t)Lα†ξ,q

)
+ h.c.. (36)

The final step consists in using the secular approximation, that selects only those
terms that fulfill the resonant condition ωαξ,q − ωα

′
ξ,q′ = 0. We now see that two different

situations arise: in one hand, if ξ is such that the dispersion of the energy as a function
of q is approximately flat, for instance at (γ, h) = (1, 0), the resonant condition results
in α = α′. If, on the other hand, the dispersion is large enough, only those terms with
α = α′ and q = q′ are resonant. These two conditions lead to collective and independent
decay processes in the sense of Subsec. 4.2. Replacing ε 7→ 1, we arrive to the collective
and independent Liouvillians:

ρ̇ = Lc(ρ) = −i [Hξ, ρ] + κ↓ξ

(
LξρL

†
ξ −

1
2
{
L†ξLξ, ρ

})
+ κ↑ξ

(
L†ξρLξ −

1
2
{
LξL

†
ξ, ρ
})

, (37)

ρ̇ = Li(ρ) = −i [Hξ, ρ] +
∑
q

∑
α=↑,↓

καξ,q

(
Lαξ,qρL

α†
ξ,q −

1
2
{
Lα†ξ,qL

α
ξ,q, ρ

})
. (38)

where Lξ =
∑
q L
↓
ξ,q, κ

↑↓
ξ,q = κ(ω↑↓ξ,q), and κ↑↓ξ = κ(ω↑↓ξ,0). In analogy to the examples of

Sec. 4, the nature of the jump operators determines whether the coherence is preserved in
the decay process and, consequently, has a direct impact on the lifetime of the subharmonic
oscillations.

5.3 The battle against decoherence
Before proceeding with the analysis of the open XY model as a time crystal, we discuss the
decoherence process induced by Lc and Li. First of all, for the open XY chain, the parity P
is a strong symmetry of the system, namely, it commutes with both, the Hamiltonian and
the jump operators. In the vectorized picture, this strong symmetry leads to the partition:

|ρ⟫ =

 ρ+
ρcoh
ρ−

 , L =

 L+ 0 0
0 Lcoh 0
0 0 L−

 , (39)
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where L± are bona fide Liouvillians acting on the positive and negative parity blocks. It
remains to check the action on the coherence part ρcoh. For convenience, we introduce the
notation |p,~s〉 for an eigenstate of parity p of energy E~s and such that d†ξ,qdξ,q |p,~s〉 = sq.
Then, taking ρcoh = |+, ~s〉〈−, ~s ′| we have

Li |ρcoh⟫ =
(
−i(E~s − E~s′)−

∑
q

κ↓ξ,q sin2(θξ,q)(sq + s′q)
)
|ρcoh⟫ , (40)

leading to an exponential decoherence process of all excited states. However, introducing
Ψpp′ = |p,GS〉〈p,GS|, Ψ̇+− = Ψ̇−+ = 0 when the two ground states are exactly degenerate.

As we shall see, the subharmonic oscillations have a coherent origin. As we identified in
Sec. 4, coherences can be preserved for collective decay processes. Hence, we expect systems
with small dispersion, and therefore obeying the collective equation ρ̇ = Lc(ρ), to display
more rigid oscillations than those with a large dispersion well-described by ρ̇ = Li(ρ).

6 Characterization of the open XY time crystal
Having derived the master equation of the open XY model from a microscopic description,
we aim now at characterizing the behavior of the system under periodic driving. To take
advantage of the knowledge on the quantum phase diagram obtained in Subsec. 5.1, we
restrict ourselves to study the time crystal also at zero temperature. In this scenario,
we find a multidimensional As(H) that supports time-crystalline order. We consider the
kicked protocol consisting in the dissipative evolution of the open XY chain during a
time T , followed by the instantaneous kick UK = exp (−iπMz/2) = P. We are primarily
interested in evaluating properties (I)-(III) stated in Sec. 3. Our analysis relies on exact
diagonalization of the Liouvillian matrix, which becomes costly very fast, as the number
of spins L increases. Recall that the dimension of L ∈ Op(H ⊗H) is d2

H × d2
H. For this

reason, we analyze the dynamics for relative small system size under the use of periodic
boundary conditions, reducing then the effects arising from the finite size of the lattice.

As discussed previously, the rigidity must be defined with respect a given perturbation.
Throughout this section, we consider a global rotation error η in the rotation angle such
that

UK = exp
(
−i(π + η)Mz

2

)
. (41)

For this error, the perturbation map has the form V(·) = −(i/2)[Mz, EF(·)]. Moreover, in
Subsec. 6.2 we briefly discuss the case where the error depends on the chain site which
induces disorder in the system.

6.1 The phase diagram
It is expected, from the analysis in Subsec. 5.3, that the subharmonic oscillations are
more robust at those points of the diagram where collective decay processes are predicted.
Recall that collective decay occurs when the dispersion of the energy is approximately flat.
Here, we aim at quantifying the robustness through the dissipative Floquet gap ∆F. As
discussed in Subsec. 3.2, the kicked protocol considered relies on the degeneracy of the
ground states |±,GS〉. If the degeneracy is not exact, the subharmonic oscillations show a
beating behavior that destroys the periodic structure of the oscillations. However, in the
thermodynamic limit the degeneracy condition is guaranteed for any point in the ordered
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phase (h < 1). For finite systems, as in our numerical study, the exact degeneracy is only
found along the factorization line γ2 + h2 = 1. Along this line, the dispersion is given by

ωξ,q = J

∣∣∣∣1− h cos
(2π
L
q

)∣∣∣∣ , (42)

and therefore, we expect the sub-harmonic oscillations to be more robust against errors for
small magnetic field h. In Fig. 2b, we show a contour plot of the dissipative Floquet gap
∆F as a function of the transverse field h and the error η in Eq. (41). Our calculations
are done at the factorization line for a chain of L = 6 spins. The inverse Floquet gap
∆−1

F fixes the time-scale of decay of the oscillations and, therefore, it is a measure of
the rigidity of the oscillations. As expected, we see in Fig. 2b, that the rigidity of the
oscillations decreases as we turn on the transverse field h. After a value h ≈ 0.2, the
rigidity of the oscillations stabilize. Finally, at a transverse field h ≈ 0.9 the region of
rigid oscillations increases again. This behavior is explained the following way: in the
limit h → 1, the Hamiltonian Hξ commutes with the magnetization Mz implying that
they have a common eigenbasis. Then, coherence element Ψ+− = |+,GS〉〈−,GS| is a right
eigenvector of EF(η) and has, for all values of η, a modulus one eigenvalue. Therefore, the
oscillations do not decay and ∆F → 0. However, this rises an important remark: there
are systems, which have non-decaying oscillations that are not necessarily subharmonic.
In the case h → 1, the non-decaying oscillations show a beating pattern that breaks the
subharmonic response. For this reason, in Fig. 2c we show a complementary contour plot
of the magnitude δF = |ε?+1|, namely the distance to the time-crystal state. The quantity
δF indicates how faithful are the subharmonic oscillations and, for this reason, we may look
at Fig. 2c as a pseudo phase diagram for the time crystal phase. In Fig. 2c, the stabilizing
effect of the coherent decay processes is clearer as the region of stability diminishes clearly
when h increases. Finally, the linear susceptibility χ(1) = |∂ε?/∂η|η=0 can be identified as

χ(1) = lim
η→0

|ε? − (−1)|
η

= lim
η→0

∣∣∣∣δFη
∣∣∣∣ , (43)

and, therefore, can be read from Fig. 2c.

6.2 Robustness to disorder
At the time of completion of this manuscript it was noted in [43] that a permutationally
invariant system is linearly robust to disorder. A similar idea applies to the open-XY time
crystal. To be more precise, consider that we kick the system with the disordered pulse

H′S(t) =
∑
n

δ(t− nT )
L∑
r=1

(π + ηδr)
Zr
2 , (44)

where η parametrizes the disorder strength, and δr measures of the fluctuation at site r
subject to

∑
r δr = 0. To first order, the disordered perturbation map Vδ is

Vδ(ρ) = −iη2
∑
r

δr[Zr, EF(ρ)]. (45)

Hence, the first order susceptibility χ(1) can be computed as

χ(1)
µ = |εµ|2 |⟪lµ|Z1 ⊗ 1− 1⊗ Z1|rµ⟫|

(∑
r

δr

)
= 0 (46)

where we have used the permutationally invariance of the system. Therefore, it is guaran-
teed that the system is linearly robust to disorder.
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6.3 Time translation symmetry breaking
The most characteristic feature of time crystals is discrete time-translation symmetry
breaking. For the open XY time-crystal, a valid order parameter is the local observable
mx = 1/L

∑
r Xr, namely, the magnetization per spin along the x-axis. This observable

does not transform trivially under the parity operation and, therefore, it detects the sub-
harmonic oscillations. In Fig. 3a and Fig. 3b we show the subharmonic oscillations for chain
of L = 6 spins with parameters (γ, h) = (1, 0) and (γ, h) = (1/

√
2, 1/
√

2) respectively. For
each parameter set, we consider rotation errors η = (0, π/40, π/20) which corresponds to
the crossings of the dotted lines in Fig. 2b. As the initial state of the evolution we take
|ψ(0)〉 = (|+,GS〉 + |−,GS〉)/

√
2. In Fig. 3a, we observe that the oscillations are rigid

against errors for (γ, h) = (1, 0) where coherent decay processes are expected. Contrarily,
in Fig. 3b we observe that the oscillations decay faster when we introduce the rotation
error η, in agreement with the computation of ∆F in Fig. 2b. Another relevant observation
is that the amplitude of the oscillations decreases with h. The amplitude of the oscillations
can be analytically computed for η = 0 along the factorization line (see App. F) and is
given by:

|mx(nT )| =
√

2γ
1 + γ

=

√
2
√

1− h2

1 +
√

1− h2
. (47)

It is important to note that the oscillations can also be seen for an initially local state. In
Fig. 3c, we show the subharmonic oscillations at (γ, h) = (1/

√
2, 1/
√

2) for the initial pure
state |ψ(0)〉 =

⊗
r(|0〉r + |1〉r)/

√
2. We observe that the subharmonic oscillations reappear

after a transient time. However, due to the incoherent decay processes, the amplitude is
slightly damped.

6.4 Scaling with the length of the chain
In this subsection, we aim at studying the scaling of the time-crystalline behavior with
the chain length L. As we have briefly discussed, we expect the finite size effects of a
closed chain with periodic boundary conditions to become quickly unimportant. Exact
diagonalization of a Liouvillian of L = 8 spins is already computationally demanding.
Therefore, we avoid using this method to study the robustness of the oscillations. However,
we are still able to integrate the equation of motion using, for instance, a standard Runge-
Kutta method. In Fig. 3d, we show the amplitude of the oscillations in the magnetization
after ten periods mx(10T ) as a function of the chain length L, that we are able to scale up
to L = 10 spins. Fixing the error of the protocol η, we observe that, as L increases, the
system becomes more robust to the same error of rotation, and the amplitude mx(10T )
becomes larger. However, already for L = 8 particles, it stabilizes as finite size effects
are no longer important. This result indicates that the subharmonic oscillations are both,
present and robust, in a wide range of lengths that go from relatively small system sizes
to the thermodynamic limit.

7 Conclusions
In this article we have presented some self-contained results concerning the existence and
properties of time crystals in open systems whose evolution is described with a Lindblad
master equation. After introducing the tools of Markovian quantum open system dynamics,
we have provided a compact definition of an open system time crystal derived from the
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2<latexit sha1_base64="jk/1fpohXujb3eq/tOFNvjxoFrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffW+Mug==</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

1<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>

Disordered Phase
<latexit sha1_base64="PEELNcRiJiWIckOr2cPlFHQRUcU=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIVmE3CloGtbCMYB6QhDA7e5MMmX0wc1cMyzb+io2FIrZ+hp1/4yTZQhMPXDicc+/MvceLpdDoON/W0vLK6tp6YaO4ubW9s2vv7Td0lCgOdR7JSLU8pkGKEOooUEIrVsACT0LTG11P/OYDKC2i8B7HMXQDNghFX3CGRurZhx2ER0xvhI6UDwp8Whua57KeXXLKzhR0kbg5KZEctZ791fEjngQQIpdM67brxNhNmULBJWTFTqIhZnzEBtA2NGQB6G46PSCjJ0bxaT9SpkKkU/X3RMoCrceBZzoDhkM9703E/7x2gv3LbirCOEEI+eyjfiIpRnSSBvWFAo5ybAjjSphdKR8yxTiazIomBHf+5EXSqJTds3Ll7rxUvcrjKJAjckxOiUsuSJXckhqpE04y8kxeyZv1ZL1Y79bHrHXJymcOyB9Ynz8qvZbE</latexit>

Ordered Phase
<latexit sha1_base64="/NrYmPLCjlnuy5f5I11kStIz23Y=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoPgKcxEQY9BL96MYBZIhtDTU5M06VnorhHjEPwVLx4U8ep/ePNv7CwHTXxQ8HivqrvqeYkUGm3728otLa+sruXXCxubW9s7xd29ho5TxaHOYxmrlsc0SBFBHQVKaCUKWOhJaHqDq7HfvAelRRzd4TABN2S9SASCMzRSt3jQQXjA7Eb5oMCntb55a9QtluyyPQFdJM6MlMgMtW7xq+PHPA0hQi6Z1m3HTtDNmELBJYwKnVRDwviA9aBtaMRC0G422X5Ej43i0yBWpiKkE/X3RMZCrYehZzpDhn09743F/7x2isGFm4koSREiPv0oSCXFmI6joL5QwFEODWFcCbMr5X2mGEcTWMGE4MyfvEgalbJzWq7cnpWql7M48uSQHJET4pBzUiXXpEbqhJNH8kxeyZv1ZL1Y79bHtDVnzWb2yR9Ynz+76pVm</latexit>

Ising Line
<latexit sha1_base64="SvzlNhX4xn1PxmrfKlMK08994K8=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0HwFHajoMegFwUPEcwDkhBmJ5NkyOzsMtOrhjWf4sWDIl79Em/+jZPHQRMLGoqq7pnuCmIpDHret7O0vLK6tp7ZyG5ube/surm9qokSzXiFRTLS9YAaLoXiFRQoeT3WnIaB5LVgcDn2a/dcGxGpOxzGvBXSnhJdwShaqe3mmsgfMb02QvXIjX1k1HbzXsGbgCwSf0byMEO57X41OxFLQq6QSWpMw/dibKVUo2CSj7LNxPCYsgHt8YaliobctNLJ6iNyZJUO6UbalkIyUX9PpDQ0ZhgGtjOk2Dfz3lj8z2sk2D1vpULFCXLFph91E0kwIuMcSEdozlAOLaFMC7srYX2qKUObVtaG4M+fvEiqxYJ/UijenuZLF7M4MnAAh3AMPpxBCa6gDBVg8ADP8ApvzpPz4rw7H9PWJWc2sw9/4Hz+AGPBlBQ=</latexit>

Factorizable Line
<latexit sha1_base64="QFL15KXoQ9CU6gjViwnYEQdGr9o=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJWZKuiyKIgLFxXsA9qhZNJMG5rJDMkdsQ5146+4caGIW//CnX9j2s5CWw8EDufck+QePxZcg+N8W7mFxaXllfxqYW19Y3PL3t6p6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAHF2O/cceU5pG8hWHMvJD0JA84JWCkjr3XBnYP6SWhECn+QEwOX5u7Rh276JScCfA8cTNSRBmqHfur3Y1oEjIJVBCtW64Tg5cSBZwKNiq0E81iQgekx1qGShIy7aWTDUb40ChdHETKHAl4ov5OpCTUehj6ZjIk0Nez3lj8z2slEJx5KZdxAkzS6UNBIjBEeFwH7nLFKIihIYQqbv6KaZ8oU4cprWBKcGdXnif1csk9LpVvToqV86yOPNpHB+gIuegUVdAVqqIaougRPaNX9GY9WS/Wu/UxHc1ZWWYX/YH1+QP3Lpc2</latexit>

Isotropic Line
<latexit sha1_base64="Tbypk7D4JthriKP6SN+NDcBgxCI=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2WmCrosulFwUcE+oB1KJk3b0EwyJHfEMhT8FTcuFHHrd7jzb0zbWWjrgQuHc+5N7j1hLLgBz/t2ckvLK6tr+fXCxubW9o67u1c3KtGU1agSSjdDYpjgktWAg2DNWDMShYI1wuHVxG88MG24kvcwilkQkb7kPU4JWKnjHrSBPUJ6YxRoFXOKb+1D445b9EreFHiR+BkpogzVjvvV7iqaREwCFcSYlu/FEKREA6eCjQvtxLCY0CHps5alkkTMBOl0/TE+tkoX95S2JQFP1d8TKYmMGUWh7YwIDMy8NxH/81oJ9C6ClMs4ASbp7KNeIjAoPMkCd7lmFMTIEkI1t7tiOiCaULCJFWwI/vzJi6ReLvmnpfLdWbFymcWRR4foCJ0gH52jCrpGVVRDFKXoGb2iN+fJeXHenY9Za87JZvbRHzifP8J2lf4=</latexit>

(b)

0.0
<latexit sha1_base64="aMYv8Y3BAtKy7FIFMMOekUXmm18=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LXjxWtB/QLiWbzrah2eySZIWy9Cd48aCIV3+RN/+NabsHbX2Q8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg1t1++WK/ecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n81Wn5MwqAxLGyj5pyFz93ZHRSOtJFNjKiJqRXvZm4n9eNzXhtZ9xmaQGJVsMClNBTExmd5MBV8iMmFhCmeJ2V8JGVFFmbDolG4K3fPIqadWq3kW1dn9Zqd/kcRThBE7hHDy4gjrcQQOawGAIz/AKb45wXpx352NRWnDynmP4A+fzB1NGjSo=</latexit> 0.5

<latexit sha1_base64="cJMY6+PI9dH/F4Umn17uuiHlFu0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CklV9Fj04rGi/YA2lM120i7dbMLuRiilP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLU8G18bxvZ2V1bX1js7BV3N7Z3dsvHRw2dJIphnWWiES1QqpRcIl1w43AVqqQxqHAZji8nfrNJ1SaJ/LRjFIMYtqXPOKMGis9eO5lt1T2XG8Gskz8nJQhR61b+ur0EpbFKA0TVOu276UmGFNlOBM4KXYyjSllQ9rHtqWSxqiD8ezUCTm1So9EibIlDZmpvyfGNNZ6FIe2M6ZmoBe9qfif185MdB2MuUwzg5LNF0WZICYh079JjytkRowsoUxxeythA6ooMzadog3BX3x5mTQqrn/uVu4vytWbPI4CHMMJnIEPV1CFO6hBHRj04Rle4c0Rzovz7nzMW1ecfOYI/sD5/AFa2o0v</latexit>

1.0
<latexit sha1_base64="gX4OE2tCCD6rtIZEb02M3+ZtMRI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iqoMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB9/1euWK53pzkFXi56QCOeq98le3n7As5gqZpMZ0fC/FYEI1Cib5tNTNDE8pG9EB71iqaMxNMJmfOiVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0XUwESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTSrrn/hVu8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBUzI0r</latexit>

⇡

10
<latexit sha1_base64="TTc3LfZNmPuYWSFdjkOYP2Ckz4I=">AAAB9XicbVBNS8NAEJ31s9avqkcvi0XwVJIq6LHoxWMF+wFNLJvtpl262YTdjVJC/ocXD4p49b9489+4bXPQ1gcDj/dmmJkXJIJr4zjfaGV1bX1js7RV3t7Z3duvHBy2dZwqylo0FrHqBkQzwSVrGW4E6yaKkSgQrBOMb6Z+55EpzWN5byYJ8yMylDzklBgrPXihIjTzEp5nrpP3K1Wn5syAl4lbkCoUaPYrX94gpmnEpKGCaN1zncT4GVGGU8HyspdqlhA6JkPWs1SSiGk/m12d41OrDHAYK1vS4Jn6eyIjkdaTKLCdETEjvehNxf+8XmrCKz/jMkkNk3S+KEwFNjGeRoAHXDFqxMQSQhW3t2I6IjYIY4Mq2xDcxZeXSbtec89r9buLauO6iKMEx3ACZ+DCJTTgFprQAgoKnuEV3tATekHv6GPeuoKKmSP4A/T5A4oEkog=</latexit>

⇡

20
<latexit sha1_base64="Gtm7bKdqyOA65xkkkDazxRZPH3c=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YAmls120y7dbJbdjVJC/ocXD4p49b9489+4bXPQ1gcDj/dmmJkXSs60cd1vZ2V1bX1js7RV3t7Z3duvHBy2dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnHN1O/80iVZom4NxNJgxgPBYsYwcZKD36kMMl8yfKs7ub9StWtuTOgZeIVpAoFmv3Klz9ISBpTYQjHWvc8V5ogw8owwmle9lNNJSZjPKQ9SwWOqQ6y2dU5OrXKAEWJsiUMmqm/JzIcaz2JQ9sZYzPSi95U/M/rpSa6CjImZGqoIPNFUcqRSdA0AjRgihLDJ5Zgopi9FZERtkEYG1TZhuAtvrxM2vWad16r311UG9dFHCU4hhM4Aw8uoQG30IQWEFDwDK/w5jw5L8678zFvXXGKmSP4A+fzB4uKkok=</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

h
<latexit sha1_base64="Avqj6DgOR2NBV6dY7Rsio1T0XiY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fz0eM8A==</latexit>

⌘
<latexit sha1_base64="jpVdjwnRsHnjvYQzwTGHXHUPFLk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7d3YTdiVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkLvc7T9xYEelHnMbcV3SkRSgYxVzqc6SDStWtuXOQVeIVpAoFmoPKV38YsURxjUxSa3ueG6OfUoOCST4r9xPLY8omdMR7GdVUceun81tn5DxThiSMTFYayVz9PZFSZe1UBVmnoji2y14u/uf1Egxv/FToOEGu2WJRmEiCEckfJ0NhOEM5zQhlRmS3EjamhjLM4ilnIXjLL6+Sdr3mXdbqD1fVxm0RRwlO4QwuwINraMA9NKEFDMbwDK/w5ijnxXl3Phata04xcwJ/4Hz+AAowjjw=</latexit>

0.02
<latexit sha1_base64="o+jm6nBICCpdwOyYVo6NKaS7Stg=">AAAB63icbVDLSgMxFL3xWeur6tJNsAiuykwVdFl047KCfUA7lEyaaUOTzJBkhDL0F9y4UMStP+TOvzHTzkJbD4QczrmXe+8JE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic0lr+bVB5Wq++bAq8QvSBUKNAeVr/4wpqlkylJBjOn5XmKDjGjLqWCzcj81LCF0Qkas56gikpkgm+86w+dOGeIo1u4pi+fq746MSGOmMnSVktixWfZy8T+vl9roJsi4SlLLFF0MilKBbYzzw/GQa0atmDpCqOZuV0zHRBNqXTxlF4K/fPIqaddr/mWt/nBVbdwWcZTgFM7gAny4hgbcQxNaQGEMz/AKb0iiF/SOPhala6joOYE/QJ8/xISNZg==</latexit>

0.10
<latexit sha1_base64="A7/ofKrqZ2IU3GmrvfUN4l8m13I=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hqQY9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55Lm+N6zWPNdbAK0TvyA1KNAaVr8Go5ikgkpDONa673uJCTKsDCOcziuDVNMEkyke076lEguqg2xx6xxdWGWEoljZkgYt1N8TGRZaz0RoOwU2E73q5eJ/Xj810U2QMZmkhkqyXBSlHJkY5Y+jEVOUGD6zBBPF7K2ITLDCxNh4KjYEf/XlddKpu/6VW39o1Jq3RRxlOINzuAQfrqEJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AHDAY1l</latexit>

0.08
<latexit sha1_base64="gHo82tq+3wqgQyzTWWM68VdUYdE=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS6LblxWsA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmprPQ1gMhh3Pu5d57gpgzbVz32yltbG5t75R3K3v7B4dH1eOTro4SRWiHRDxS/QBrypmkHcMMp/1YUSwCTnvB7C7ze09UaRbJRzOPqS/wRLKQEWwyya27zVG1Zr8caJ14BalBgfao+jUcRyQRVBrCsdYDz42Nn2JlGOF0URkmmsaYzPCEDiyVWFDtp/muC3RhlTEKI2WfNChXf3ekWGg9F4GtFNhM9aqXif95g8SETT9lMk4MlWQ5KEw4MhHKDkdjpigxfG4JJorZXRGZYoWJsfFUbAje6snrpNuoe1f1xsN1rXVbxFGGMziHS/DgBlpwD23oAIEpPMMrvDnCeXHenY9lackpek7hD5zPH82cjWw=</latexit>

0.04
<latexit sha1_base64="OLYxHlNxkhITyUrOgHRR0x1RERw=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmprPQ1gMhh3Pu5d57gpgzbVz32yltbG5t75R3K3v7B4dH1eOTro4SRWiHRDxS/QBrypmkHcMMp/1YUSwCTnvB7C7ze09UaRbJRzOPqS/wRLKQEWwyya27zVG1Zr8caJ14BalBgfao+jUcRyQRVBrCsdYDz42Nn2JlGOF0URkmmsaYzPCEDiyVWFDtp/muC3RhlTEKI2WfNChXf3ekWGg9F4GtFNhM9aqXif95g8SEN37KZJwYKslyUJhwZCKUHY7GTFFi+NwSTBSzuyIyxQoTY+Op2BC81ZPXSbdR967qjYdmrXVbxFGGMziHS/DgGlpwD23oAIEpPMMrvDnCeXHenY9lackpek7hD5zPH8eMjWg=</latexit>

0.06
<latexit sha1_base64="e69+lrzjroNVB08TjguypyHN0Cw=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqsxUUZdFNy4r2Ae0Q8mkmTY0yQxJRihDf8GNC0Xc+kPu/Bsz01lo64GQwzn3cu89QcyZNq777ZTW1jc2t8rblZ3dvf2D6uFRR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepf53SeqNIvko5nF1Bd4LFnICDaZ5Nbdq2G1Zr8caJV4BalBgdaw+jUYRSQRVBrCsdZ9z42Nn2JlGOF0XhkkmsaYTPGY9i2VWFDtp/muc3RmlREKI2WfNChXf3ekWGg9E4GtFNhM9LKXif95/cSEN37KZJwYKsliUJhwZCKUHY5GTFFi+MwSTBSzuyIywQoTY+Op2BC85ZNXSadR9y7qjYfLWvO2iKMMJ3AK5+DBNTThHlrQBgITeIZXeHOE8+K8Ox+L0pJT9BzDHzifP8qUjWo=</latexit>

Thermal
<latexit sha1_base64="g/wfZVykn8QresOudo2MxHsZZn8=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoxWOEvCBZw+ykkwyZ2V1metWw5D+8eFDEq//izb9xkuxBEwsaiqpuuruCWAqDrvvtrKyurW9s5rby2zu7e/uFg8OGiRLNoc4jGelWwAxIEUIdBUpoxRqYCiQ0g9HN1G8+gDYiCms4jsFXbBCKvuAMrXTfQXjCtDYErZicdAtFt+TOQJeJl5EiyVDtFr46vYgnCkLkkhnT9twY/ZRpFFzCJN9JDMSMj9gA2paGTIHx09nVE3pqlR7tR9pWiHSm/p5ImTJmrALbqRgOzaI3Ff/z2gn2r/xUhHGCEPL5on4iKUZ0GgHtCQ0c5dgSxrWwt1I+ZJpxtEHlbQje4svLpFEueeel8t1FsXKdxZEjx+SEnBGPXJIKuSVVUiecaPJMXsmb8+i8OO/Ox7x1xclmjsgfOJ8/KRWS8A==</latexit>

Time-crystal
<latexit sha1_base64="SzXb8Mve1AF26hccVXsx4Sdzv/E=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBiyWpgh6LXjxW6Be0oWy2k3bp5oPdiRhC/StePCji1R/izX/jts1BWx8MPN6bYWaeFwuu0La/jcLa+sbmVnG7tLO7t39gHh61VZRIBi0WiUh2PapA8BBayFFAN5ZAA09Ax5vczvzOA0jFo7CJaQxuQEch9zmjqKWBWe4jPGLW5AGcM5kqpGI6MCt21Z7DWiVOTiokR2NgfvWHEUsCCJEJqlTPsWN0MyqRMwHTUj9REFM2oSPoaRrSAJSbzY+fWqdaGVp+JHWFaM3V3xMZDZRKA093BhTHatmbif95vQT9azfjYZwghGyxyE+EhZE1S8IacgkMRaoJZZLrWy02ppIy1HmVdAjO8surpF2rOhfV2v1lpX6Tx1Ekx+SEnBGHXJE6uSMN0iKMpOSZvJI348l4Md6Nj0VrwchnyuQPjM8fa6iVRA==</latexit>

0.00

T�F

(c)

0.0
<latexit sha1_base64="aMYv8Y3BAtKy7FIFMMOekUXmm18=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LXjxWtB/QLiWbzrah2eySZIWy9Cd48aCIV3+RN/+NabsHbX2Q8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg1t1++WK/ecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n81Wn5MwqAxLGyj5pyFz93ZHRSOtJFNjKiJqRXvZm4n9eNzXhtZ9xmaQGJVsMClNBTExmd5MBV8iMmFhCmeJ2V8JGVFFmbDolG4K3fPIqadWq3kW1dn9Zqd/kcRThBE7hHDy4gjrcQQOawGAIz/AKb45wXpx352NRWnDynmP4A+fzB1NGjSo=</latexit> 0.5

<latexit sha1_base64="cJMY6+PI9dH/F4Umn17uuiHlFu0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CklV9Fj04rGi/YA2lM120i7dbMLuRiilP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLU8G18bxvZ2V1bX1js7BV3N7Z3dsvHRw2dJIphnWWiES1QqpRcIl1w43AVqqQxqHAZji8nfrNJ1SaJ/LRjFIMYtqXPOKMGis9eO5lt1T2XG8Gskz8nJQhR61b+ur0EpbFKA0TVOu276UmGFNlOBM4KXYyjSllQ9rHtqWSxqiD8ezUCTm1So9EibIlDZmpvyfGNNZ6FIe2M6ZmoBe9qfif185MdB2MuUwzg5LNF0WZICYh079JjytkRowsoUxxeythA6ooMzadog3BX3x5mTQqrn/uVu4vytWbPI4CHMMJnIEPV1CFO6hBHRj04Rle4c0Rzovz7nzMW1ecfOYI/sD5/AFa2o0v</latexit>

1.0
<latexit sha1_base64="gX4OE2tCCD6rtIZEb02M3+ZtMRI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iqoMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB9/1euWK53pzkFXi56QCOeq98le3n7As5gqZpMZ0fC/FYEI1Cib5tNTNDE8pG9EB71iqaMxNMJmfOiVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0XUwESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTSrrn/hVu8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBUzI0r</latexit>

⇡

10
<latexit sha1_base64="TTc3LfZNmPuYWSFdjkOYP2Ckz4I=">AAAB9XicbVBNS8NAEJ31s9avqkcvi0XwVJIq6LHoxWMF+wFNLJvtpl262YTdjVJC/ocXD4p49b9489+4bXPQ1gcDj/dmmJkXJIJr4zjfaGV1bX1js7RV3t7Z3duvHBy2dZwqylo0FrHqBkQzwSVrGW4E6yaKkSgQrBOMb6Z+55EpzWN5byYJ8yMylDzklBgrPXihIjTzEp5nrpP3K1Wn5syAl4lbkCoUaPYrX94gpmnEpKGCaN1zncT4GVGGU8HyspdqlhA6JkPWs1SSiGk/m12d41OrDHAYK1vS4Jn6eyIjkdaTKLCdETEjvehNxf+8XmrCKz/jMkkNk3S+KEwFNjGeRoAHXDFqxMQSQhW3t2I6IjYIY4Mq2xDcxZeXSbtec89r9buLauO6iKMEx3ACZ+DCJTTgFprQAgoKnuEV3tATekHv6GPeuoKKmSP4A/T5A4oEkog=</latexit>

⇡

20
<latexit sha1_base64="Gtm7bKdqyOA65xkkkDazxRZPH3c=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YAmls120y7dbJbdjVJC/ocXD4p49b9489+4bXPQ1gcDj/dmmJkXSs60cd1vZ2V1bX1js7RV3t7Z3duvHBy2dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnHN1O/80iVZom4NxNJgxgPBYsYwcZKD36kMMl8yfKs7ub9StWtuTOgZeIVpAoFmv3Klz9ISBpTYQjHWvc8V5ogw8owwmle9lNNJSZjPKQ9SwWOqQ6y2dU5OrXKAEWJsiUMmqm/JzIcaz2JQ9sZYzPSi95U/M/rpSa6CjImZGqoIPNFUcqRSdA0AjRgihLDJ5Zgopi9FZERtkEYG1TZhuAtvrxM2vWad16r311UG9dFHCU4hhM4Aw8uoQG30IQWEFDwDK/w5jw5L8678zFvXXGKmSP4A+fzB4uKkok=</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

h
<latexit sha1_base64="Avqj6DgOR2NBV6dY7Rsio1T0XiY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fz0eM8A==</latexit>

⌘
<latexit sha1_base64="jpVdjwnRsHnjvYQzwTGHXHUPFLk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7d3YTdiVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkLvc7T9xYEelHnMbcV3SkRSgYxVzqc6SDStWtuXOQVeIVpAoFmoPKV38YsURxjUxSa3ueG6OfUoOCST4r9xPLY8omdMR7GdVUceun81tn5DxThiSMTFYayVz9PZFSZe1UBVmnoji2y14u/uf1Egxv/FToOEGu2WJRmEiCEckfJ0NhOEM5zQhlRmS3EjamhjLM4ilnIXjLL6+Sdr3mXdbqD1fVxm0RRwlO4QwuwINraMA9NKEFDMbwDK/w5ijnxXl3Phata04xcwJ/4Hz+AAowjjw=</latexit>

0.02
<latexit sha1_base64="o+jm6nBICCpdwOyYVo6NKaS7Stg=">AAAB63icbVDLSgMxFL3xWeur6tJNsAiuykwVdFl047KCfUA7lEyaaUOTzJBkhDL0F9y4UMStP+TOvzHTzkJbD4QczrmXe+8JE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic0lr+bVB5Wq++bAq8QvSBUKNAeVr/4wpqlkylJBjOn5XmKDjGjLqWCzcj81LCF0Qkas56gikpkgm+86w+dOGeIo1u4pi+fq746MSGOmMnSVktixWfZy8T+vl9roJsi4SlLLFF0MilKBbYzzw/GQa0atmDpCqOZuV0zHRBNqXTxlF4K/fPIqaddr/mWt/nBVbdwWcZTgFM7gAny4hgbcQxNaQGEMz/AKb0iiF/SOPhala6joOYE/QJ8/xISNZg==</latexit>

0.10
<latexit sha1_base64="A7/ofKrqZ2IU3GmrvfUN4l8m13I=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hqQY9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55Lm+N6zWPNdbAK0TvyA1KNAaVr8Go5ikgkpDONa673uJCTKsDCOcziuDVNMEkyke076lEguqg2xx6xxdWGWEoljZkgYt1N8TGRZaz0RoOwU2E73q5eJ/Xj810U2QMZmkhkqyXBSlHJkY5Y+jEVOUGD6zBBPF7K2ITLDCxNh4KjYEf/XlddKpu/6VW39o1Jq3RRxlOINzuAQfrqEJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AHDAY1l</latexit>

0.12
<latexit sha1_base64="M6hJXyikft9/GSblwbzwnrdnNTg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hqQY9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55Ll+fVitea63AFonfkFqUKA1rH4NRjFJBZWGcKx13/cSE2RYGUY4nVcGqaYJJlM8pn1LJRZUB9ni1jm6sMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qopsgYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHxVGwI/urL66RTd/0rt/7QqDVvizjKcAbncAk+XEMT7qEFbSAwgWd4hTdHOC/Ou/OxbC05xcwp/IHz+QPGCY1n</latexit>

0.08
<latexit sha1_base64="gHo82tq+3wqgQyzTWWM68VdUYdE=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS6LblxWsA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmprPQ1gMhh3Pu5d57gpgzbVz32yltbG5t75R3K3v7B4dH1eOTro4SRWiHRDxS/QBrypmkHcMMp/1YUSwCTnvB7C7ze09UaRbJRzOPqS/wRLKQEWwyya27zVG1Zr8caJ14BalBgfao+jUcRyQRVBrCsdYDz42Nn2JlGOF0URkmmsaYzPCEDiyVWFDtp/muC3RhlTEKI2WfNChXf3ekWGg9F4GtFNhM9aqXif95g8SETT9lMk4MlWQ5KEw4MhHKDkdjpigxfG4JJorZXRGZYoWJsfFUbAje6snrpNuoe1f1xsN1rXVbxFGGMziHS/DgBlpwD23oAIEpPMMrvDnCeXHenY9lackpek7hD5zPH82cjWw=</latexit>

0.04
<latexit sha1_base64="OLYxHlNxkhITyUrOgHRR0x1RERw=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmprPQ1gMhh3Pu5d57gpgzbVz32yltbG5t75R3K3v7B4dH1eOTro4SRWiHRDxS/QBrypmkHcMMp/1YUSwCTnvB7C7ze09UaRbJRzOPqS/wRLKQEWwyya27zVG1Zr8caJ14BalBgfao+jUcRyQRVBrCsdYDz42Nn2JlGOF0URkmmsaYzPCEDiyVWFDtp/muC3RhlTEKI2WfNChXf3ekWGg9F4GtFNhM9aqXif95g8SEN37KZJwYKslyUJhwZCKUHY7GTFFi+NwSTBSzuyIyxQoTY+Op2BC81ZPXSbdR967qjYdmrXVbxFGGMziHS/DgGlpwD23oAIEpPMMrvDnCeXHenY9lackpek7hD5zPH8eMjWg=</latexit>

0.06
<latexit sha1_base64="e69+lrzjroNVB08TjguypyHN0Cw=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqsxUUZdFNy4r2Ae0Q8mkmTY0yQxJRihDf8GNC0Xc+kPu/Bsz01lo64GQwzn3cu89QcyZNq777ZTW1jc2t8rblZ3dvf2D6uFRR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepf53SeqNIvko5nF1Bd4LFnICDaZ5Nbdq2G1Zr8caJV4BalBgdaw+jUYRSQRVBrCsdZ9z42Nn2JlGOF0XhkkmsaYTPGY9i2VWFDtp/muc3RmlREKI2WfNChXf3ekWGg9E4GtFNhM9LKXif95/cSEN37KZJwYKsliUJhwZCKUHY5GTFFi+MwSTBSzuyIywQoTY+Op2BC85ZNXSadR9y7qjYfLWvO2iKMMJ3AK5+DBNTThHlrQBgITeIZXeHOE8+K8Ox+L0pJT9BzDHzifP8qUjWo=</latexit>

Thermal
<latexit sha1_base64="g/wfZVykn8QresOudo2MxHsZZn8=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoxWOEvCBZw+ykkwyZ2V1metWw5D+8eFDEq//izb9xkuxBEwsaiqpuuruCWAqDrvvtrKyurW9s5rby2zu7e/uFg8OGiRLNoc4jGelWwAxIEUIdBUpoxRqYCiQ0g9HN1G8+gDYiCms4jsFXbBCKvuAMrXTfQXjCtDYErZicdAtFt+TOQJeJl5EiyVDtFr46vYgnCkLkkhnT9twY/ZRpFFzCJN9JDMSMj9gA2paGTIHx09nVE3pqlR7tR9pWiHSm/p5ImTJmrALbqRgOzaI3Ff/z2gn2r/xUhHGCEPL5on4iKUZ0GgHtCQ0c5dgSxrWwt1I+ZJpxtEHlbQje4svLpFEueeel8t1FsXKdxZEjx+SEnBGPXJIKuSVVUiecaPJMXsmb8+i8OO/Ox7x1xclmjsgfOJ8/KRWS8A==</latexit>

Time-crystal
<latexit sha1_base64="SzXb8Mve1AF26hccVXsx4Sdzv/E=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBiyWpgh6LXjxW6Be0oWy2k3bp5oPdiRhC/StePCji1R/izX/jts1BWx8MPN6bYWaeFwuu0La/jcLa+sbmVnG7tLO7t39gHh61VZRIBi0WiUh2PapA8BBayFFAN5ZAA09Ax5vczvzOA0jFo7CJaQxuQEch9zmjqKWBWe4jPGLW5AGcM5kqpGI6MCt21Z7DWiVOTiokR2NgfvWHEUsCCJEJqlTPsWN0MyqRMwHTUj9REFM2oSPoaRrSAJSbzY+fWqdaGVp+JHWFaM3V3xMZDZRKA093BhTHatmbif95vQT9azfjYZwghGyxyE+EhZE1S8IacgkMRaoJZZLrWy02ppIy1HmVdAjO8surpF2rOhfV2v1lpX6Tx1Ekx+SEnBGHXJE6uSMN0iKMpOSZvJI348l4Md6Nj0VrwchnyuQPjM8fa6iVRA==</latexit>

0.00

0.14

�F

Figure 2: (a) The quantum phase diagram of the XY model with the quantum phase transition h = 1
represented by the red dashed line. (b) Contour plot of the dissipative Floquet gap ∆F along the
factorization line h2 + γ2 = 1 for L = 6 spins. The vertical dashed lines correspond to h = 0, 1/

√
2

while the horizontal dashed lines correspond to η = π/40, π/20. (c) Contour plot of δF = |ε? +1| along
the factorization line h2 +γ2 = 1 for L = 6 spins. The vertical dashed lines correspond to h = 0, 1/

√
2

while the horizontal dashed lines correspond to η = π/40, π/20.
Parameters: JT = 10, β−1 = 0, κ(ω) = κ0ω, κ0 = 0.01J .
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⌘ = ⇡/40
<latexit sha1_base64="CtOjF0K6Ec2de3RWZlj60jX14l4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKe7GgF6EoBePEcwDskuYnfQmQ2YfzswGQsh3ePGgiFc/xpt/4yTZgyYWNBRV3XR3+YngStv2t5VbW9/Y3MpvF3Z29/YPiodHTRWnkmGDxSKWbZ8qFDzChuZaYDuRSENfYMsf3s381gil4nH0qMcJeiHtRzzgjGojeS5qSm6Im/CLqt0tluyyPQdZJU5GSpCh3i1+ub2YpSFGmgmqVMexE+1NqNScCZwW3FRhQtmQ9rFjaERDVN5kfvSUnBmlR4JYmoo0mau/JyY0VGoc+qYzpHqglr2Z+J/XSXVw7U14lKQaI7ZYFKSC6JjMEiA9LpFpMTaEMsnNrYQNqKRMm5wKJgRn+eVV0qyUncty5aFaqt1mceThBE7hHBy4ghrcQx0awOAJnuEV3qyR9WK9Wx+L1pyVzRzDH1ifP96MkNs=</latexit>

⌘ = ⇡/20
<latexit sha1_base64="BAkyl33aWW6B0O8Gcpcadkr/qeo=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8xd0o6EUIevEYwTwgu4TZSW8yZPbhTG8gLPkOLx4U8erHePNvnCR70MSChqKqm+4uP5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwqeNUcWjwWMaq7TMNUkTQQIES2okCFvoSWv7wbuq3RqC0iKNHHCfghawfiUBwhkbyXEBGb6ibiPOq3S2V7Yo9A10mTk7KJEe9W/pyezFPQ4iQS6Z1x7ET9DKmUHAJk6KbakgYH7I+dAyNWAjay2ZHT+ipUXo0iJWpCOlM/T2RsVDrceibzpDhQC96U/E/r5NicO1lIkpShIjPFwWppBjTaQK0JxRwlGNDGFfC3Er5gCnG0eRUNCE4iy8vk2a14lxUqg+X5dptHkeBHJMTckYcckVq5J7USYNw8kSeySt5s0bWi/VufcxbV6x85oj8gfX5A9uCkNk=</latexit>

1.0
<latexit sha1_base64="gX4OE2tCCD6rtIZEb02M3+ZtMRI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iqoMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB9/1euWK53pzkFXi56QCOeq98le3n7As5gqZpMZ0fC/FYEI1Cib5tNTNDE8pG9EB71iqaMxNMJmfOiVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0XUwESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTSrrn/hVu8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBUzI0r</latexit>

0.5
<latexit sha1_base64="cJMY6+PI9dH/F4Umn17uuiHlFu0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CklV9Fj04rGi/YA2lM120i7dbMLuRiilP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLU8G18bxvZ2V1bX1js7BV3N7Z3dsvHRw2dJIphnWWiES1QqpRcIl1w43AVqqQxqHAZji8nfrNJ1SaJ/LRjFIMYtqXPOKMGis9eO5lt1T2XG8Gskz8nJQhR61b+ur0EpbFKA0TVOu276UmGFNlOBM4KXYyjSllQ9rHtqWSxqiD8ezUCTm1So9EibIlDZmpvyfGNNZ6FIe2M6ZmoBe9qfif185MdB2MuUwzg5LNF0WZICYh079JjytkRowsoUxxeythA6ooMzadog3BX3x5mTQqrn/uVu4vytWbPI4CHMMJnIEPV1CFO6hBHRj04Rle4c0Rzovz7nzMW1ecfOYI/sD5/AFa2o0v</latexit>

0.0
<latexit sha1_base64="aMYv8Y3BAtKy7FIFMMOekUXmm18=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LXjxWtB/QLiWbzrah2eySZIWy9Cd48aCIV3+RN/+NabsHbX2Q8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg1t1++WK/ecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n81Wn5MwqAxLGyj5pyFz93ZHRSOtJFNjKiJqRXvZm4n9eNzXhtZ9xmaQGJVsMClNBTExmd5MBV8iMmFhCmeJ2V8JGVFFmbDolG4K3fPIqadWq3kW1dn9Zqd/kcRThBE7hHDy4gjrcQQOawGAIz/AKb45wXpx352NRWnDynmP4A+fzB1NGjSo=</latexit>

�0.5
<latexit sha1_base64="mUKywcIkM8S7xDkDJP61gmMVSqA=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSRV0WPRi8cK9gPaUDbbTbt0dxN2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZemHCmjed9Oyura+sbm6Wt8vbO7t5+5eCwpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4vsv99hNVmsXy0UwSGgg8lCxiBJtcOvfcq36l6rneDGiZ+AWpQoFGv/LVG8QkFVQawrHWXd9LTJBhZRjhdFrupZommIzxkHYtlVhQHWSzW6fo1CoDFMXKljRopv6eyLDQeiJC2ymwGelFLxf/87qpiW6CjMkkNVSS+aIo5cjEKH8cDZiixPCJJZgoZm9FZIQVJsbGU7Yh+IsvL5NWzfUv3NrDZbV+W8RRgmM4gTPw4RrqcA8NaAKBETzDK7w5wnlx3p2PeeuKU8wcwR84nz/EfY1m</latexit>

�1.0
<latexit sha1_base64="w6eqklF0PLhuH+OKQ1afMkZE2sA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGpgh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWxy6cJ3vUG15rneHGiV+AWpQYHmoPrVH8YkFVQawrHWPd9LTJBhZRjhdFbpp5ommEzwiPYslVhQHWTzW2fozCpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6CjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Eh+Msvr5J23fUv3frDVa1xW8RRhhM4hXPw4RoacA9NaAGBMTzDK7w5wnlx3p2PRWvJKWaO4Q+czx++b41i</latexit>

t/T
<latexit sha1_base64="bahFXlnCZp2SJ0P2WN1zzgr/aQo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe5GQY9BLx4j5gXJEmYns8mQ2dllplcIIZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3cxvPXFtRKzqOE64H9GBEqFgFK30iBf1XrHklt05yCrxMlKCDLVe8avbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8xPnZIzq/RJGGtbCslc/T0xoZEx4yiwnRHFoVn2ZuJ/XifF8MafCJWkyBVbLApTSTAms79JX2jOUI4toUwLeythQ6opQ5tOwYbgLb+8SpqVsndZrjxclaq3WRx5OIFTOAcPrqEK91CDBjAYwDO8wpsjnRfn3flYtOacbOYY/sD5/AHy842T</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

25
<latexit sha1_base64="lglWbAteED5xw1fskoUDIt+qCn0=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9VC97pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNKsV77xSvb8o127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nD/LZjPk=</latexit>

50
<latexit sha1_base64="rJu83RzuBy9M+rTI7j0fUYwtmkM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGK/YA2lM120y7dbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrp4dLtlcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6miETd+Nrt0Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhtZ8JlaTIFZsvClNJMCbTt0lfaM5Qji2hTAt7K2FDqilDG07RhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw+uoAZ3UIcGMAjhGV7hzRk5L8678zFvXXHymSP4A+fzB+/UjPc=</latexit>

75
<latexit sha1_base64="hyBa4cw7TCq6egTSeHR/nwdeiKY=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHZRg0eiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoXrVK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpqVsndRrtxflmo3WRx5OIFTOAcPqlCDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH6coz+</latexit>

100
<latexit sha1_base64="+XXCPMj9XkYeSWUdUUxOGntcENg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04Lluv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBX1o0t</latexit>

mx
<latexit sha1_base64="zYyH3Z99EHyLCiJRRTQ/RgdriU0=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOT2WTIPJaZWTEs+QQvHhTx6hd582+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7rkWrDlHyw44SGAg8kixnB1kn3ovfUK5X9ij8DWiZBTsqQo94rfXX7iqSCSks4NqYT+IkNM6wtI5xOit3U0ASTER7QjqMSC2rCbHbqBJ06pY9ipV1Ji2bq74kMC2PGInKdAtuhWfSm4n9eJ7XxVZgxmaSWSjJfFKccWYWmf6M+05RYPnYEE83crYgMscbEunSKLoRg8eVl0qxWgvNK9e6iXLvO4yjAMZzAGQRwCTW4hTo0gMAAnuEV3jzuvXjv3se8dcXLZ47gD7zPH2fYjeA=</latexit>

⌘ = 0

(b) ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

■

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆◆◆◆◆

0 20 40 60 80 100

-1.0

-0.5

0.0

0.5

1.0

⌘ = ⇡/40
<latexit sha1_base64="CtOjF0K6Ec2de3RWZlj60jX14l4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKe7GgF6EoBePEcwDskuYnfQmQ2YfzswGQsh3ePGgiFc/xpt/4yTZgyYWNBRV3XR3+YngStv2t5VbW9/Y3MpvF3Z29/YPiodHTRWnkmGDxSKWbZ8qFDzChuZaYDuRSENfYMsf3s381gil4nH0qMcJeiHtRzzgjGojeS5qSm6Im/CLqt0tluyyPQdZJU5GSpCh3i1+ub2YpSFGmgmqVMexE+1NqNScCZwW3FRhQtmQ9rFjaERDVN5kfvSUnBmlR4JYmoo0mau/JyY0VGoc+qYzpHqglr2Z+J/XSXVw7U14lKQaI7ZYFKSC6JjMEiA9LpFpMTaEMsnNrYQNqKRMm5wKJgRn+eVV0qyUncty5aFaqt1mceThBE7hHBy4ghrcQx0awOAJnuEV3qyR9WK9Wx+L1pyVzRzDH1ifP96MkNs=</latexit>

⌘ = ⇡/20
<latexit sha1_base64="BAkyl33aWW6B0O8Gcpcadkr/qeo=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8xd0o6EUIevEYwTwgu4TZSW8yZPbhTG8gLPkOLx4U8erHePNvnCR70MSChqKqm+4uP5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwqeNUcWjwWMaq7TMNUkTQQIES2okCFvoSWv7wbuq3RqC0iKNHHCfghawfiUBwhkbyXEBGb6ibiPOq3S2V7Yo9A10mTk7KJEe9W/pyezFPQ4iQS6Z1x7ET9DKmUHAJk6KbakgYH7I+dAyNWAjay2ZHT+ipUXo0iJWpCOlM/T2RsVDrceibzpDhQC96U/E/r5NicO1lIkpShIjPFwWppBjTaQK0JxRwlGNDGFfC3Er5gCnG0eRUNCE4iy8vk2a14lxUqg+X5dptHkeBHJMTckYcckVq5J7USYNw8kSeySt5s0bWi/VufcxbV6x85oj8gfX5A9uCkNk=</latexit>

1.0
<latexit sha1_base64="gX4OE2tCCD6rtIZEb02M3+ZtMRI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iqoMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB9/1euWK53pzkFXi56QCOeq98le3n7As5gqZpMZ0fC/FYEI1Cib5tNTNDE8pG9EB71iqaMxNMJmfOiVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0XUwESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTSrrn/hVu8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBUzI0r</latexit>

0.5
<latexit sha1_base64="cJMY6+PI9dH/F4Umn17uuiHlFu0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CklV9Fj04rGi/YA2lM120i7dbMLuRiilP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLU8G18bxvZ2V1bX1js7BV3N7Z3dsvHRw2dJIphnWWiES1QqpRcIl1w43AVqqQxqHAZji8nfrNJ1SaJ/LRjFIMYtqXPOKMGis9eO5lt1T2XG8Gskz8nJQhR61b+ur0EpbFKA0TVOu276UmGFNlOBM4KXYyjSllQ9rHtqWSxqiD8ezUCTm1So9EibIlDZmpvyfGNNZ6FIe2M6ZmoBe9qfif185MdB2MuUwzg5LNF0WZICYh079JjytkRowsoUxxeythA6ooMzadog3BX3x5mTQqrn/uVu4vytWbPI4CHMMJnIEPV1CFO6hBHRj04Rle4c0Rzovz7nzMW1ecfOYI/sD5/AFa2o0v</latexit>

0.0
<latexit sha1_base64="aMYv8Y3BAtKy7FIFMMOekUXmm18=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LXjxWtB/QLiWbzrah2eySZIWy9Cd48aCIV3+RN/+NabsHbX2Q8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg1t1++WK/ecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n81Wn5MwqAxLGyj5pyFz93ZHRSOtJFNjKiJqRXvZm4n9eNzXhtZ9xmaQGJVsMClNBTExmd5MBV8iMmFhCmeJ2V8JGVFFmbDolG4K3fPIqadWq3kW1dn9Zqd/kcRThBE7hHDy4gjrcQQOawGAIz/AKb45wXpx352NRWnDynmP4A+fzB1NGjSo=</latexit>

�0.5
<latexit sha1_base64="mUKywcIkM8S7xDkDJP61gmMVSqA=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSRV0WPRi8cK9gPaUDbbTbt0dxN2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZemHCmjed9Oyura+sbm6Wt8vbO7t5+5eCwpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4vsv99hNVmsXy0UwSGgg8lCxiBJtcOvfcq36l6rneDGiZ+AWpQoFGv/LVG8QkFVQawrHWXd9LTJBhZRjhdFrupZommIzxkHYtlVhQHWSzW6fo1CoDFMXKljRopv6eyLDQeiJC2ymwGelFLxf/87qpiW6CjMkkNVSS+aIo5cjEKH8cDZiixPCJJZgoZm9FZIQVJsbGU7Yh+IsvL5NWzfUv3NrDZbV+W8RRgmM4gTPw4RrqcA8NaAKBETzDK7w5wnlx3p2PeeuKU8wcwR84nz/EfY1m</latexit>

�1.0
<latexit sha1_base64="w6eqklF0PLhuH+OKQ1afMkZE2sA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGpgh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWxy6cJ3vUG15rneHGiV+AWpQYHmoPrVH8YkFVQawrHWPd9LTJBhZRjhdFbpp5ommEzwiPYslVhQHWTzW2fozCpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6CjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Eh+Msvr5J23fUv3frDVa1xW8RRhhM4hXPw4RoacA9NaAGBMTzDK7w5wnlx3p2PRWvJKWaO4Q+czx++b41i</latexit>

t/T
<latexit sha1_base64="bahFXlnCZp2SJ0P2WN1zzgr/aQo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe5GQY9BLx4j5gXJEmYns8mQ2dllplcIIZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3cxvPXFtRKzqOE64H9GBEqFgFK30iBf1XrHklt05yCrxMlKCDLVe8avbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8xPnZIzq/RJGGtbCslc/T0xoZEx4yiwnRHFoVn2ZuJ/XifF8MafCJWkyBVbLApTSTAms79JX2jOUI4toUwLeythQ6opQ5tOwYbgLb+8SpqVsndZrjxclaq3WRx5OIFTOAcPrqEK91CDBjAYwDO8wpsjnRfn3flYtOacbOYY/sD5/AHy842T</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

25
<latexit sha1_base64="lglWbAteED5xw1fskoUDIt+qCn0=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9VC97pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNKsV77xSvb8o127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nD/LZjPk=</latexit>

50
<latexit sha1_base64="rJu83RzuBy9M+rTI7j0fUYwtmkM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGK/YA2lM120y7dbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrp4dLtlcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6miETd+Nrt0Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhtZ8JlaTIFZsvClNJMCbTt0lfaM5Qji2hTAt7K2FDqilDG07RhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw+uoAZ3UIcGMAjhGV7hzRk5L8678zFvXXHymSP4A+fzB+/UjPc=</latexit>

75
<latexit sha1_base64="hyBa4cw7TCq6egTSeHR/nwdeiKY=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHZRg0eiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoXrVK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpqVsndRrtxflmo3WRx5OIFTOAcPqlCDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH6coz+</latexit>

100
<latexit sha1_base64="+XXCPMj9XkYeSWUdUUxOGntcENg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04Lluv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBX1o0t</latexit>

mx
<latexit sha1_base64="zYyH3Z99EHyLCiJRRTQ/RgdriU0=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOT2WTIPJaZWTEs+QQvHhTx6hd582+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7rkWrDlHyw44SGAg8kixnB1kn3ovfUK5X9ij8DWiZBTsqQo94rfXX7iqSCSks4NqYT+IkNM6wtI5xOit3U0ASTER7QjqMSC2rCbHbqBJ06pY9ipV1Ji2bq74kMC2PGInKdAtuhWfSm4n9eJ7XxVZgxmaSWSjJfFKccWYWmf6M+05RYPnYEE83crYgMscbEunSKLoRg8eVl0qxWgvNK9e6iXLvO4yjAMZzAGQRwCTW4hTo0gMAAnuEV3jzuvXjv3se8dcXLZ47gD7zPH2fYjeA=</latexit>
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⌘ = ⇡/40
<latexit sha1_base64="CtOjF0K6Ec2de3RWZlj60jX14l4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKe7GgF6EoBePEcwDskuYnfQmQ2YfzswGQsh3ePGgiFc/xpt/4yTZgyYWNBRV3XR3+YngStv2t5VbW9/Y3MpvF3Z29/YPiodHTRWnkmGDxSKWbZ8qFDzChuZaYDuRSENfYMsf3s381gil4nH0qMcJeiHtRzzgjGojeS5qSm6Im/CLqt0tluyyPQdZJU5GSpCh3i1+ub2YpSFGmgmqVMexE+1NqNScCZwW3FRhQtmQ9rFjaERDVN5kfvSUnBmlR4JYmoo0mau/JyY0VGoc+qYzpHqglr2Z+J/XSXVw7U14lKQaI7ZYFKSC6JjMEiA9LpFpMTaEMsnNrYQNqKRMm5wKJgRn+eVV0qyUncty5aFaqt1mceThBE7hHBy4ghrcQx0awOAJnuEV3qyR9WK9Wx+L1pyVzRzDH1ifP96MkNs=</latexit>

⌘ = ⇡/20
<latexit sha1_base64="BAkyl33aWW6B0O8Gcpcadkr/qeo=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8xd0o6EUIevEYwTwgu4TZSW8yZPbhTG8gLPkOLx4U8erHePNvnCR70MSChqKqm+4uP5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwqeNUcWjwWMaq7TMNUkTQQIES2okCFvoSWv7wbuq3RqC0iKNHHCfghawfiUBwhkbyXEBGb6ibiPOq3S2V7Yo9A10mTk7KJEe9W/pyezFPQ4iQS6Z1x7ET9DKmUHAJk6KbakgYH7I+dAyNWAjay2ZHT+ipUXo0iJWpCOlM/T2RsVDrceibzpDhQC96U/E/r5NicO1lIkpShIjPFwWppBjTaQK0JxRwlGNDGFfC3Er5gCnG0eRUNCE4iy8vk2a14lxUqg+X5dptHkeBHJMTckYcckVq5J7USYNw8kSeySt5s0bWi/VufcxbV6x85oj8gfX5A9uCkNk=</latexit>

1.0
<latexit sha1_base64="gX4OE2tCCD6rtIZEb02M3+ZtMRI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iqoMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB9/1euWK53pzkFXi56QCOeq98le3n7As5gqZpMZ0fC/FYEI1Cib5tNTNDE8pG9EB71iqaMxNMJmfOiVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0XUwESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTSrrn/hVu8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBUzI0r</latexit>

0.5
<latexit sha1_base64="cJMY6+PI9dH/F4Umn17uuiHlFu0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CklV9Fj04rGi/YA2lM120i7dbMLuRiilP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLU8G18bxvZ2V1bX1js7BV3N7Z3dsvHRw2dJIphnWWiES1QqpRcIl1w43AVqqQxqHAZji8nfrNJ1SaJ/LRjFIMYtqXPOKMGis9eO5lt1T2XG8Gskz8nJQhR61b+ur0EpbFKA0TVOu276UmGFNlOBM4KXYyjSllQ9rHtqWSxqiD8ezUCTm1So9EibIlDZmpvyfGNNZ6FIe2M6ZmoBe9qfif185MdB2MuUwzg5LNF0WZICYh079JjytkRowsoUxxeythA6ooMzadog3BX3x5mTQqrn/uVu4vytWbPI4CHMMJnIEPV1CFO6hBHRj04Rle4c0Rzovz7nzMW1ecfOYI/sD5/AFa2o0v</latexit>

0.0
<latexit sha1_base64="aMYv8Y3BAtKy7FIFMMOekUXmm18=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LXjxWtB/QLiWbzrah2eySZIWy9Cd48aCIV3+RN/+NabsHbX2Q8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg1t1++WK/ecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n81Wn5MwqAxLGyj5pyFz93ZHRSOtJFNjKiJqRXvZm4n9eNzXhtZ9xmaQGJVsMClNBTExmd5MBV8iMmFhCmeJ2V8JGVFFmbDolG4K3fPIqadWq3kW1dn9Zqd/kcRThBE7hHDy4gjrcQQOawGAIz/AKb45wXpx352NRWnDynmP4A+fzB1NGjSo=</latexit>

�0.5
<latexit sha1_base64="mUKywcIkM8S7xDkDJP61gmMVSqA=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSRV0WPRi8cK9gPaUDbbTbt0dxN2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZemHCmjed9Oyura+sbm6Wt8vbO7t5+5eCwpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4vsv99hNVmsXy0UwSGgg8lCxiBJtcOvfcq36l6rneDGiZ+AWpQoFGv/LVG8QkFVQawrHWXd9LTJBhZRjhdFrupZommIzxkHYtlVhQHWSzW6fo1CoDFMXKljRopv6eyLDQeiJC2ymwGelFLxf/87qpiW6CjMkkNVSS+aIo5cjEKH8cDZiixPCJJZgoZm9FZIQVJsbGU7Yh+IsvL5NWzfUv3NrDZbV+W8RRgmM4gTPw4RrqcA8NaAKBETzDK7w5wnlx3p2PeeuKU8wcwR84nz/EfY1m</latexit>

�1.0
<latexit sha1_base64="w6eqklF0PLhuH+OKQ1afMkZE2sA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGpgh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWxy6cJ3vUG15rneHGiV+AWpQYHmoPrVH8YkFVQawrHWPd9LTJBhZRjhdFbpp5ommEzwiPYslVhQHWTzW2fozCpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6CjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Eh+Msvr5J23fUv3frDVa1xW8RRhhM4hXPw4RoacA9NaAGBMTzDK7w5wnlx3p2PRWvJKWaO4Q+czx++b41i</latexit>

t/T
<latexit sha1_base64="bahFXlnCZp2SJ0P2WN1zzgr/aQo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe5GQY9BLx4j5gXJEmYns8mQ2dllplcIIZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3cxvPXFtRKzqOE64H9GBEqFgFK30iBf1XrHklt05yCrxMlKCDLVe8avbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8xPnZIzq/RJGGtbCslc/T0xoZEx4yiwnRHFoVn2ZuJ/XifF8MafCJWkyBVbLApTSTAms79JX2jOUI4toUwLeythQ6opQ5tOwYbgLb+8SpqVsndZrjxclaq3WRx5OIFTOAcPrqEK91CDBjAYwDO8wpsjnRfn3flYtOacbOYY/sD5/AHy842T</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>
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Figure 3: (color-online) (a) Subharmonic oscillations for a chain of length L at the Ising point (γ, h) =
(1, 0). (b) Subharmonic oscillations for a chain of length L at (γ, h) = (1/

√
2, 1/
√

2). (c) Subharmonic
oscillations for a chain of length L at (γ, h) = (1/

√
2, 1/
√

2) with a local initial state. (d) Scaling
with the chain length L of the amplitude of the subharmonic oscillations after 10 periods. Parameters:
JT = 10, β−1 = 0, κ(ω) = κ0ω, κ0 = 0.01J .

properties the spectrum of its Floquet propagator. We have, as well, identified which
are the most relevant properties of this object with special emphasis on the asymptotic
subspace and the associated conserved quantities. We have analytically solved the kicked
dynamics of an exemplary set of one and two-qubit open system models and exploit such
analysis to provide key features on the properties and stability of time crystals in open
systems. Finally, we have derived and analyzed the short-range open XY model as a time-
crystal. There has been some discussion around the possibility that only collective models
can exhibit time-crystalline order in open quantum systems, our analysis shows that this
is not the case and we conclude that long-range interactions are not crucial features to
observe time-crystalline behavior. Nonetheless, our findings show that collective jump
operators are crucial in order to have subharmonic oscillations that are more robust to
rotation errors. Intuitively, the collective jump operators help to preserve coherence in
the dissipation process, and the time-crystalline oscillations are usually coherent in the
Hamiltonian eigenbasis. Moreover, at the time of completion of this manuscript, it was
noted in [43] that permutationally invariant systems are, also, robust to disorder. In
Subsec. 6.2 we show that the same idea applies to the open XY time-crystal presented in
this work.

To conclude, in agreement with [26], we believe that a promising direction of investi-
gation is that of non-Markovian environments. There, the backflow of information to the
system may be controlled to achieve subharmonic response.
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A Mathematical properties of L
For completeness, we include here some discussion about the mathematical properties
outlined in Sec. 2 of the main text.

If a particular eigenvalue λµ of L has algebraic multiplicity mµ ≥ 1, the number of
non-trivial solutions of Eq. (5) lies between one and mµ. If there is strictly one solution
|rµ⟫ associated to λµ but mµ > 1, higher rank generalized eigenvalues can be found as
solutions of the recursive equation (L − λµI) |rµ(s)⟫ = |rµ(s− 1)⟫, where |rµ(1)⟫ = |rµ⟫
and s denotes the rank. Note that (L− λµI)k |rµ(s)⟫ = 0 only if k ≥ s.

(i) Spectrum of the Liouvillian:

Consider rµ ∈ Op(H) such that L(rµ) = λµrµ. Then, hermiticity preservation L(r†µ) =
(L(rµ))† guarantees

L(r†µ) = (L(rµ))† = λ∗µr
†
µ, (48)

that is, either the eigenvalues are real or come by conjugate pairs. Note that if rµ = r†µ
λµ ∈ R. The converse is true, at least, when λµ is non-degenerate.

(ii.1) Eigenvectors of different eigenvalue are linearly independent:

Consider the linear combination
∑
µ cµ |rµ⟫ = 0, where |rµ⟫ are eigenvectors of different

eigenvalue of L. If one multiplies the linear combination by the operator
∏
ν 6=µ(L − λνI)

it leads to cµrµ = 0, and therefore the set {|rµ⟫}µ is linearly independent by definition.

(ii.2) Generalized eigenvectors are linearly independent:

Consider the simplified case where there is only one eigenvector |rµ(0)⟫ for the eigenvalue
λµ. Consider the linear combination

∑
k ck |rµ(k)⟫ = 0. Then, by successive applications

of the operator L − λµI we obtain ck = 0 ∀k and then the set {|rµ(k)⟫}k is linearly
independent.

This prove can be extended using similar methods to the complete set of generalized
eigenvectors {|rµ(k)⟫}µ,k of L. Then, the complete set of generalized eigenvectors forms a
basis of the space.

(iii.1) Biorthogonality of left and right eigenvectors:

Consider {|lµ(k)⟫}µ,k and {|rµ(k)⟫}µ,k the set of left and right generalized eigenvectors.
Then,

⟪lµ(1)|(L− λνI)|rν(1)⟫ = 0⇒ (λµ − λν) ⟪lµ(1)|rν(1)⟫ = 0, (49)

and, therefore, eigenvectors of different eigenvalues can be chosen biorthonormal. For a
diagonalizable matrix, the biorthogonal relation can be compactly written as W‡lWr = I.

(iii.2) Normal Jordan form:

Given L, it exists a similarity transformation Wr such that W−1
r LWr = J where J is in

Jordan canonical form such that the columns Wr are the generalized eigenvectors |rµ(s)⟫.
This corresponds to solving the generalized eigenvalue equation LWr = WrJ .

(iv) Time-ordered propagator:
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In the more general case where the Liouvillian L = L(t) depends on time, the evolution
map E(t) is given by the well-known solution

E(t) = T exp
(∫ t

0
L(s)ds

)
, (50)

where T denotes the time-ordering operator, which arises because the Liouvillian matrix
may not commute with itself at different times. Then, the steady-state is, in general, time-
dependent. However, since the trace is preserved, the left-eigenvector is ⟪1| at all times.

(v.1) Existence of the steady-state:

The trace preserving condition for an arbitrary state ρ, together with Eq. (4) lead to:

tr [L(ρ)] = tr
[
(L‡(1))†ρ

]
= 0, (51)

guarantees at least one eigenvalue λ0 = 0. The corresponding eigenvector r0 fulfills that
∂tr0 = 0, and it is often referred to the steady-state. In general, however, the steady-state
may not be unique.

(v.2) Contractivity of the evolution. Convergence to As(H):

We include it here the proof given in [44]. Given an Hermitian operator A = A+ − A−
where A± are positive matrices, and a CPTP map E , it follows that

tr|E(A)| = tr|E(A+)− E(A−)| ≤ tr|E(A+)|+ tr|E(A−)| = tr|A+|+ tr|A−| = tr|A|. (52)

In particular, given ρ, σ ∈ S(H) we see that the trace distance D(E(ρ), E(σ)) ≤ D(ρ, σ),
which provides a convergence towards the asymptotic subspace.

B Proofs of the observations
Here we gather the proofs of the observations in Subsec. 3.2.

Proof of observation 1
It follows from Eq. (10) the form of the Floquet propagator. Notice that

⟪1| EF =
(
exp(L‡T )U†K ⊗UT

K |1⟫
)‡

=
(
exp(L‡T ) |1⟫)

)‡
= ⟪1| , (53)

and therefore ⟪1| EF = ⟪1| has eigenvalue 1. Alternatively, it is a consequence of the fact
that a concatenation of trace preserving maps is also trace preserving.

Proof of observation 2
The characteristic equation is, in general, not invariant under one-sided unitary transfor-
mations, i.e., PE(λ) = det(E − λI) 6= det(E ′ − λI) = PE ′(λ).

Proof of observation 3
It follows from noting that the characteristic equation is invariant under unitary transfor-
mations, i.e., PE(λ) = det(E − λI) = det(E ′′ − λI) = PE ′′(λ).
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Proof of observation 4
By contradiction, if it exists one and only one eigenstate Ψ0 with |ε0| = 1, it corresponds
to a normalizable state with tr[Ψ0] = 1. Given any initial state ρ(0)

lim
n→∞

ρ(nT ) = lim
n→∞

EnF(ρ(0)) = Ψ0, (54)

which proves that, asymptotically, the state has the same periodicity than the Liouvillian,
i.e., ρ(tn + T ) = ρ(tn). The converse implication fails, for instance, if there are two non-
decaying states with the same eigenvalue ε0,1 = ε0,2, one finds a T -periodic response even
though dim As(H) > 1.

Proof of observation 5
Consider the unitary kick UK :=

∑
k |ψk〉〈φk|. Then all the elements of Su fulfill EF(|ψk〉〈ψk′ |) =

|ψk〉〈ψk′ | and are therefore part of As(H) of the map EF. Note that the positivity of E
only allows off-diagonal elements of the form |ψk〉〈ψk′ | in Su if also |ψk〉〈ψk| and |ψk〉〈ψk′ |
belong to Su.

Proof of observation 6
Let us define {Ψµ} a basis of As(H) of E . Consider the Floquet map EF = UK ⊗ U∗KE .
From condition (i) follows EF(Ψµ) = UK(Ψµ). Condition (ii) implies that:

ρ(nT ) =
∑
µ

jµUnAs(Ψµ) + O(e−∆nT ), (55)

where jµ is the associated conserved quantity to Ψµ, and jµ = tr[j†µρ(0)]. Finally, for large
enough m, condition (iii) implies that exists an O such that O(T ) 6= O(0) = O(NT ).

C Generalized susceptibilities and higher order robustness
In the main text we considered the linear susceptibility χ(1). However, higher order mea-
sures of robustness can be obtained as we show this in this section. Consider a general
quantum map E = E0 + ηE1 with η � 1. We aim at finding its spectrum defined via the
equations:

⟪l| E = ⟪l| ε, & E |r⟫ = ε |r⟫ , (56)

for a particular eigenvalue ε. We assume that r, l and ε can be expanded in powers of η

|r⟫ =
∑
k≥0

ηk |rk⟫ , ⟪l| =
∑
k≥0

ηk ⟪lk| , ε =
∑
k≥0

ηkεk. (57)

It follows that Eq. (56) can be written

E0 |r0⟫+
∑
k≥1

ηk (E0 |rk⟫+ E1 |rk−1⟫) =
∑
k≥1

k∑
l=1

ηkεl |rk−l⟫+
∑
k≥0

ηkε0 |rk⟫ , (58)

which leads to the recurrence relation:

(E0 − λ0) |rk⟫ = E1 |rk−1⟫−
k∑
l=1

εl |rk−l⟫ . (59)
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The correction to the eigenvalues can be computed by projecting onto ⟪l0|,

εk = ⟪l0|E1|rk−1⟫−
k−1∑
l=1

εl ⟪l0|rk−l⟫ , (60)

with the relation

εk = 1
k!

∣∣∣∣∣∂kε∂kη

∣∣∣∣∣
η=0

. (61)

Perturbed eigenvectors can be also computed from Eq. (59), however its expression is quite
involved and dependent on the choice of the inverse of the operator E0−λ0 [45] and we do
not include them here.

D Few level systems
Here we include complementary calculations of the few level systems shown in Sec. 4.

Single qubit: dephasing
The kicked protocol in Subsec. 4.1 is not robust to adding a perpendicular Hamiltonian
since the deformation HS(η) = ηX/2 opens a linear gap in the Liouvillian spectrum of
Eq. (19)

{λµ} =
{

0,−κ+
√
κ2 − η2,−κ−

√
κ2 − η2,−2κ

}
≈
{

0,−η2 ,−2κ+ η

2 ,−2κ
}

+ O(η2), (62)

and bistability is lost. Since χ(1) = 1/2 6� 1.

Two qubits: suppression by jump
We now look at the effect of the decay operators within the φ-space. Consider a jump
L(η) =

∑
α |ψα〉〈φα| + η ~n · ~σφ, where ~n is the Bloch vector and ~σφ is the Pauli vector in

the φ subspace (e.g. ~σ3
φ =

∑
α(−)α |φα〉〈φα|). This gives rise to a suppression factor for

the coherences that depends on the particular choice of ~n. In general,

jαβ = |ψα〉〈φβ|+
|η|2

1 + 2|η|2 (~n · ~σφ) |φα〉〈φβ| (~n · ~σφ) + 1 + |η|2

1 + 2|η|2 |φα〉〈φβ| . (63)

For instance, the particular choice of ~n = (0, 0, 1) leads to

jαβ = |ψα〉〈ψβ|+
1 + |η|2(1 + (−)α+β)

1 + 2|η|2 |φα〉〈φβ| , (64)

which indicates that dephasing within the decay space is translated into a coherence sup-
pression of order ∼ |η|−2 within the φ -block.

Two qubits: suppression by hamiltonian
Finally, we look at the effect of having a Hamiltonian that acts independently in the ψ and
φ subspaces. This translates into having residual Hamiltonian evolution in the steady-state.
Consider,

HS = h

2Zψ + h+ δ

2 Zφ, (65)
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and L =
∑
α |ψα〉〈φα|. The conserved quantities now read

jαβ = |ψα〉〈ψβ|+
|φα〉〈φβ|

1− (−)α(1− δαβ)iδ . (66)

Hence, the effect of a coherent evolution within the asymptotic and decay space is to sup-
press the coherences between the φ-block. However, the strength depends on the effective
detuning δ between the two spaces.

E XY chain: Diagonalization procedure
First we note that Hξ can be broken in parity sectors since [P,Hξ] = 0 and P =

∏
r Zr with

possible eigenvalues p = ±1. With the Jordan-Wigner transformation, we map spins into
fermions using:

Zs ↔ 1− 2c†scs & σ+
s ↔ exp

(
iπ
∑
r<s

c†rcr

)
cs. (67)

Note that this transformation does not depend on ξ. After some manipulation and imposing
the appropriate boundary conditions in each parity sector we find:

H±ξ = −J
L∑
r=1

(
c†rcr+1 + γc†rc

†
r+1 − hc

†
rcr + h.c.

)
− JhL. (68)

We now take advantage of the fact that H±ξ are translationally invariant and perform the
Fourier transform

cr = eiπ/4√
L

∑
q∈BZ±

ei
2π
L
qrcq & cq = e−iπ/4√

L

L∑
r=1

e−i
2π
L
qrcr. (69)

where BZ± stands for the Brillouin zone specified by:

BZ+ = {q = m+ 1
2 m ∈ {−L/2, · · · , L/2− 1}} for H+

ξ ,

BZ− = {q = ±m m ∈ {−L/2, · · · , L/2− 1}} for H−ξ . (70)

This brings the Hamiltonian to the explicit block quadratic form

H±ξ = J
∑

q∈BZ±

(
c†q c−q

)(h− cos(2π
L q) −γ sin(2π

L q)
−γ sin(2π

L q) cos(2π
L q)− h

)(
cq
c†−q

)
,

:=
∑

q∈BZ±

(
c†q c−q

)
Hξ,q

(
cq
c†−q

)
. (71)

We can now perform the ξ-dependent Bogoliubov transformation to diagonalize H±ξ . Since
the matrix Hξ,q is a combination of the Pauli matrices in the x and z directions, it can be
diagonalized via a rotation

Rξ,q = exp
(
−iθξ,q2 σy

)
=
(

cos θξ,q2 − sin θξ,q
2

sin θξ,q
2 cos θξ,q2

)
, (72)
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such that H̃ξ,q = Rξ,qHξ,qR
†
ξ,q is diagonal. Setting the off-diagonal terms to zero requires:

θξ,q = tan−1
γ sin

(
2π
N q
)

h− cos
(

2π
N q
) . (73)

Finally, the Hamiltonian takes the expression:

H±ξ = 1
2
∑

q∈BZ±

Eξ,q
(
d†ξ,qdξ,q − dξ,−qd

†
ξ,−q

)
=

∑
q∈BZ±

Eξ,q(d†ξ,qdξ,q − 1/2), (74)

where ± stands for the even and odd parity sectors, dξ,q are the Bogoulibov fermions and
the dispersion is given by:

Eξ,q = Eξ,−q = 2J

√(
h− cos

(2π
L
q

))2
+
(
γ sin

(2π
L
q

))2
. (75)

Since ωξ,q > 0, the ground state of H±ξ corresponds to the vacuum of Bogoulibov fermions
in each parity sector with a small difference. The ground state of the even parity block
corresponds to |+,GS〉 =

⊗
q∈BZ+ |0〉q, where dξ,q |0〉q = 0. In the odd parity sector,

there is always an odd number of fermions, and therefore the ground state is given by
|−,GS〉 = d†ξ,0

⊗
q∈BZ− |0〉q (see [39]).

F XY chain: A sub-manyfold of product ground states
There exists a particular sub-manyfold ξp of the parameter space ξ (within the ordered
phase h < 1) such that the ground space of the system can be analytically found as
product of rotated spin states. This manyfold is often refered as the factorization line.
This sub-manyfold is described by the radius-one circle h2 + γ2 = 1, or equivalently,
ξp = (J,

√
1− h2, h)[39]. The exactly degenerated ground states are found:

|k,GS〉 =
L∏
r=1

(
cos ζ |↑〉r + (−)k sin ζ |↓〉r

)
for k = 0, 1, (76)

where cos2(2ζ) = (1− γ)/(1 + γ). Note that this two states are linearly independent but
not orthogonal. Also, both states are connected via P |k,GS〉 = |k ⊕ 1,GS〉 where ⊕ means
sum modulo two. This allows to define a ground state within each parity sector as

|p,GS〉 ∝ |0,GS〉+ p |1,GS〉 , (77)

such that P |p,GS〉 = p |p,GS〉. The associated dispersion relation is for each of these
ground states is:

Eξp,q = J

∣∣∣∣1− h cos
(2π
L
q

)∣∣∣∣ . (78)

G XY chain: Pseudo-spin representation
We start be rewriting the Hamiltonian of the system summed over only the positive quasi-
momentum part. From Eq. (74), we find

H±ξ =
∑
q>0

Eξ,q
(
d†ξ,qdξ,q − d†ξ,−qdξ,−q

)
+

+ (1∓ 1)
2

(
Eξ,0(d0d

†
0 − d0d

†
0) + Eξ,π(dπd†π − dπd†π)

)
(79)
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where q > 0 = {1/2, · · · , (L− 1)/2}, a total of L/2 values; and q > 0 = {1, · · · , L/2− 1},
a total of L/2 − 1 values, for the even and odd parity sectors respectively. Folding the
BZ into the q > 0 part, the full Fock space for a given quasimomentum q is spanned
by the four states |0〉q, c†q |0〉q, c

†
−q |0〉q, and c†qc

†
−q |0〉q. Within the vanishing total quasi-

momentum subspace, defined by Q =
∑
q qd

†
qdq, the states can be labeled with binary

numbers collected in the vector ~s, such that

|±, ~s〉 =


∏
q>0

(
c†qc
†
−q

)mk |+, vac〉
c†0
∏
q>0

(
c†qc
†
−q

)mk |-,vac〉 , (80)

with the subtlety that the q = −π mode should be unoccupied for the odd parity sector
when L is even. This comes from the fact that the mode −q = q = −π goes into itself
at the borders of the Brillouin zone. If the system is prepared in a state of the subspace
of vanishing total quasi-momentum q, for instance |±,GS〉, a pseudo-spin representation
is possible for each block q. This is because H±ξ only connects the Fock vacuum (of the
physical fermions) |vac〉 with the state c†qc

†
−q |vac〉 for each q. We introduce the notation:

c†qc
†
−q |vac〉q ↔ |↑〉q & |vac〉q ↔ |↓〉q . (81)

Then for any operator O =
∑
q Oq, that acts independently on the different subspaces of

quasi-momentum q, we can decompose it in this basis as:

Oq =
∑

ss′=↑↓

〈
s|Oq|s′

〉
|s〉
〈
s′
∣∣ . (82)

In the second-quantization, the expression of O is given by:

O =
∑
q>0

(
c†q c−q

)(Oq,↑↑ Oq,↑↓
Oq,↓↑ Oq,↓↓

)(
cq
c†−q

)
. (83)

H Detailed derivation of the Master Equation
Our starting point is the system-bath Hamiltonian in Eq. (29). For simplicity of the
calculation, we also restrict ourselves to the zero quasi-momentum subspace. For further
use, we introduce the interaction picture as O(t) = exp(iHSt)O exp(−iHSt). Our starting
point is the Redfield equation in the interaction picture:

˙̃ρ(t) = −trB
∫ ∞

0
ds [HB(t), [HSB(t− s), ρ̃(t)⊗ ρeq]] , (84)

where ρeq ∝ exp(−βHB). Next, we decompose the magnetization operator according to:

Mz =
∑
r

(1− 2c†rcr) =
∑
q

(1− 2c†qcq) =
∑
q

(c†qcq − c−qc
†
−q)

=
∑
q

(
d†q d−q

)(cos(θξ,q) sin(θξ,q)
sin(θξ,q) − cos(θξ,q)

)(
dq
d†−q

)
. (85)

Note that this gives rise to the expression introduced in Eq. (34) of the main text in terms
of the jump operators Lαξ,q. Using this expression in Eq. (84) it follows

˙̃ρ(t) = ε2
∑
q,q′

∑
α,α′

∫ ∞
0

ds
(
Lαξ,q′(t− s)ρ̃(t)Lα†ξ,q(t)− Lα†ξ,q(t)L

α
ξ,q′(t− s)ρ̃(t)

)
C(s) + h.c., (86)
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where C(t−t′) = trB[B(t)B(t′)ρeq]. Note that, by construction Lαξ,q(t) = Lαξ,q(0) exp(iωαξ,qt)
and ω0

ξ,q = 0, ω↑↓ξ,q = ±2Eξ,q and then

˙̃ρ(t) = −ε2
∑
q,q′

∑
α,α′

Γ(ωαξ,q)e
−i(ωαξ,q−ω

α′
ξ,q′ )t

(
Lα†ξ,qL

α′
ξ,q′ ρ̃(t)− Lα

′
ξ,q′ ρ̃(t)Lα†ξ,q

)
+ h.c.. (87)

where we have introduced Γ(ω) =
∫∞
0 dsC(s) exp(iωs). We take the real and imaginary

parts of Γ(ω) as follows:

Γ(ω) = 1
2κ(ω) + iS(ω),

κ(ω) =
∫ ∞

0
dsC(s)eiωs +

∫ ∞
0

C∗(s)e−iωs =
∫ ∞
−∞

dsC(s)eiωs = C(ω),

S(ω) = 1
2i

(∫ ∞
0

dsC(s)eiωs −
∫ ∞

0
dsC∗(s)e−iωs

)
. (88)

Then, we can compute the bath correlation function as:

C(s) =
∑

kk′,µµ′

〈(
gk,µb

†
k,µe

iΩk,µs + g∗k,µbk,µe
−iΩα,µs

) (
gk′,µ′b

†
k′,µ′ + g∗k′,µ′bα′,µ′

)
ρeq

〉
=
∑
k,µ

|gk,µ|2
(
nk(Ωk,µ)eiΩk,µs + (1 + nk(Ωk,µ))e−iΩk,µs

)
=
∑
k

∫ ∞
0

dω

2π Jk(ω)
(
nk(ω)eiωs + (1 + nk(ω))e−iωs

)
, (89)

where we have introduced the spectral density J(ω) = 2π
∑
k |gk|2δ(ω−Ωk) and the bosonic

occupation number n(ω) = (exp(βω)− 1)−1. When the number of the modes of the bath
tends to infinity, the spectral function is usually approximated with a continuous continuous
function of ω. The spectral function J(ω) can be analytically continued towards negative
frequencies as J(−ω) = −J(ω), which allows:

C(s) =
∫ ∞
−∞

dω

2π J(ω)(1 + n(ω))e−iωs, (90)

and reading of C(ω) = J(ω)(1 + nk(ω)). The function S(ω) is given

S(ω) = Im
[∫

R

dω′

2π J(ω′)(n(ω′) + 1)
∫ ∞

0
dsei(ω−ω

′)s
]

= P
∫
R

dω′

2π
J(ω′)(n(ω′) + 1)

ω − ω′
, (91)

and it is responsible for the Lamb shift. From now on, we ignore it which corresponds
to substituting Γ(ω) → 1/2κ(ω) in Eq. (87). Note that, since κ(ω = 0) = 0, the jump
operators L0

ξ,q do not contribute to dissipation at zero temperature. For finite temperature,
they do not contribute either for super-ohmic spectral densities, which we assume to be
our case.

˙̃ρ(t) = −ε
2

2
∑
q,q′

∑
α,α′ 6=0

κ(ωαξ,q)e
−i(ωαξ,q−ω

α′
ξ,q′ )t

(
Lα†ξ,qL

α′
ξ,q′ ρ̃(t)− Lα

′
ξ,q′ ρ̃(t)Lα†ξ,q

)
+ h.c. (92)

The next step consists in using the secular approximation, that selects only those terms
that fulfill the resonant condition ωαξ,q − ωα

′
ξ,q′ = 0. As explained in Sec. 5, two different

situations can arise leading to the equations Eq. (37) and Eq. (38) of the main text.
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I Numerical ME
The ME derived in Sec. (5) gives intuition about the open system dynamics of the XY
chain but is hard to implement numerically. Here, we take a different approach leading to
a more numerically tractable equation. We start from a total system-bath Hamiltonian in
the form H = Hξ +HSB +HB where HSB = Mz ⊗B and Mz =

∑
r Zr. This is brought into

ρ̇ = −i[Hξ, ρ] +
∫ ∞

0
dstrE (HSBρ⊗ ρeq.HSB(−s)− ρ⊗ ρeq.HSB(−s)HSB + h.c.) , (93)

from where we find

ρ̇ = −i[Hξ, ρ] +
∫ ∞

0
ds 〈B(−s)B〉 (MzρMz(−s)− ρMz(−s)Mz) + h.c. (94)

We can now compute the correlation function

〈B(−s)B〉 =
∑
kk′

〈
(gkb†ke

−iωks + g∗kbke
iωks

) (
gk′b

†
k′ + g∗k′bk′)

〉
=
∑
k

|gk|2
(〈

b†kbk
〉
e−iωks +

〈
bkb

†
k

〉
eiωks

)
=
∫
R

dω

2π J(ω)(n(ω) + 1)eiωs. (95)

We introduce the complete basis {|k〉} for the system Hamiltonian, i.e. Hξ |k〉 = Eξ,k |k〉.
Also we define ωkl = Eξ,k − Eξ,l and decompose Mz(−s) =

∑
klmkle

iωkl(−s) |k〉 〈l|. Then,

ρ̇ = −i[Hξ, ρ]+∑
kl

∫
R

dω

2π

∫ ∞
0

dsJ(ω)(n(ω) + 1)ei(ω−ωkl)s (Mzρmkl |k〉 〈l| − ρmkl |k〉 〈l|Mz) + h.c. (96)

The integration over time can be done using Sokhotski–Plemelj theorem which stands that∫∞
0 ds exp(ixs) = πδ(x)− iP(1/x). As often we disregard the principal value term and get
the simple equation

ρ̇ = L(ρ) = −i[Hξ, ρ] + [Mz, ρD] +
[
D†ρ,Mz

]
, (97)

where the operator D = 1/2
∑
kl J(ωkl)(n(ωkl) + 1)mkl |k〉 〈l|.
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