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We investigate minimax estimators for quantum state tomography under general
Bregman divergences. First, generalizing the work of Koyama et al. [Entropy 19, 618
(2017)] for relative entropy, we find that given any estimator for a quantum state,
there always exists a sequence of Bayes estimators that asymptotically perform at
least as well as the given estimator, on any state. Second, we show that there always
exists a sequence of priors for which the corresponding sequence of Bayes estimators is
asymptotically minimax (i.e. it minimizes the worst-case risk). Third, by re-formulating
Holevo’s theorem for the covariant state estimation problem in terms of estimators, we
find that there exists a covariant measurement that is, in fact, minimax (i.e. it minimizes
the worst-case risk). Moreover, we find that a measurement that is covariant only under
a unitary 2-design is also minimax. Lastly, in an attempt to understand the problem
of finding minimax measurements for general state estimation, we study the qubit case
in detail and find that every spherical 2-design is a minimax measurement.

1 Introduction

Quantum state tomography [17 2] refers to the process of determining an unknown quantum state
of a physical system by performing quantum measurements. Any information processing task nec-
essarily involves verifying the output of a quantum channel which mandates the study of quantum
state tomography, apart from the unavoidable theoretical necessity. With recent developments
leading to a transition of quantum computation from theory to practice, the verification of quan-
tum systems and processes is of particular importance.

Given an unknown quantum state with no prior knowledge, it is clear that the measurement
must be informationally complete, i.e. a measurement with outcome statistics sufficient to fully
specify the quantum state [3]. Conventional data-processing techniques such as direct inversion
and mazimum likelihood estimation, thus, implicitly assume that the measurement statistics are
informationally complete.

In direct inversion, given a fixed informationally complete measurement, one identifies the
frequencies of each outcome with the corresponding probabilities. Then, by inverting Born’s rule
one obtains a unique estimator for the density operator that reproduces the measurement statistics;
an estimator is defined as a map on the set of measurement outcomes X, p : X — S(H), where
S(H) is the set of density operators on the underlying Hilbert space H that describes the physical
system. However, this strategy suffers from the drawback that such an estimator might not be a
physical state and would yield negative eigenvalues.

Example 1. Suppose one measures an unknown quantum state in C? along the z, y and z direc-
tions. Assuming that each of the measurements are performed only once, let us suppose that each
of the outcome is ‘up’ Thus, ny =ny =n, =1 and Ny = N, = N, =1, so that p, =n, /N, =1,
etc. Now, an estimator that would yield the same probabilities would be the one with the Bloch
vector: (2py —1,2py, —1,2p, —1) = (1,1,1). This is an invalid quantum state as it lies outside the
Bloch ball, and thus necessarily has negative eigenvalues.
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Reference [4] referred to such a shortcoming of direct inversion and proposed an alternative
that enforces positivity on the estimator, called mazimum likelihood estimation.

A likelihood functional L[p] : S(H) — [0,1] is the probability of observing a data set D given
that the system is in the state p :

Lp] = p(D|p) (1)
The data set D is characterized by the outcome set of the given measurement {FE1, ..., Ex|E; >
0, N, E; = I}. Thus, p(D|p) = [T, (Tx[Eip])™ where n; is the number of times the i-th
outcome is recorded in . Maximum likelihood estimation involves maximizing Equation (1) over
the space of density operators S(#), and thus obtaining as the estimator the state that maximizes
the likelihood functional.

The problem with MLE is that the estimator g/ can be rank-deficient. A rank-deficient
estimator is not good, as it would mean that by performing only finite number of measurements
we are absolutely certain to rule out many possibilities. This kind of certainty must be bogus,
suggesting that there has to be a better estimator. Let us look at Example 1 once again to
illustrate this point.

Example 1 (continued). Given the choice of measurement and the corresponding outcomes, the
likelihood functional is L[p] = (1 + r3)(1 4 ry)(1 + 7.)/63, which needs to be mazimized under
the constraint ||7]| < 1-—that characterizes the physical set of states in C2. This implies that
Ty =Ty=T,= 1/+/3, which corresponds to an estimator that is a pure state.

This shows that state estimators that are unphysical in direct inversion get mapped to the
closest physical states in MLE, that lie on the state space boundary, and are thus rank-deficient.
In fact, it can be shown [5] that if there exists a ppr obtained via direct inversion over a data set
D which is physical, then, it also maximizes the likelihood functional, i.e. pp; = paprpE- Although,
Example 1 is an instance of an extreme case where probabilities are approximated by frequencies
of a single measurement, it suffices to illustrate that in direct inversion as well as MLE, all that one
cares about is to obtain an estimate of the true state that reproduces the observed measurement
statistics, regardless of the fact that in the light of new data the state’s estimate might change
completely. Reference [5] gives a detailed critique of both direct inversion and MLE, proposing
Bayesian Mean Estimation (BME) to be a more plausible estimation technique. Moreover, it has
been shown that such an estimation technique is quantitatively better in reference [6].

Generally speaking, in estimation theory [7], the average measure of closeness of an estimator
to the actual state is defined as the risk,

R(p, p) = Ex|p[L(p, H(X))], (2)

where X is the random variable corresponding to the measurement outcomes and L is a distance-
measure between the true state and the estimator. One way of choosing an optimal estimator is
to look at the average risk—defined as the expectation of risk with respect to a prior distribution
over S(H). Then, by minimizing the average risk over the set of all probability distributions over
S(H), one obtains what is called a Bayes estimator, pp |7, pg. 228]. In fact, it has been shown that
the Bayes estimator is the mean if the loss function is the relative entropy [8], while in reference [9]
the same was proved for a more general class of distance-measures called Bregman divergence (see
Definition 3.3), which generalizes two important distance-measures—relative entropy and Hilbert-
Schmidt distance, but in the classical setting. We provide a proof for the quantum setting in
Appendix A for completion.
Now, the Bayesian mean estimator for a prior distribution 7(p) is given by

pu(®) = [ plolDIpdr, 3)
S(H)
where p(p|D) is the posterior probability density given by the Bayes rule:
p(Dlp)m(p)
p(p|D) = ——~L—=, 4
(oim) = E2 RS (@

and p(D) = |, S(H) dn(p)p(D|p). However, BME can yield nonsensical estimators if one starts with
a bad prior, as the following example illustrates.
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Example 2. Consider a ox measurement on an unknown quantum state p in C2. Suppose there
exists a prior m(p) such that it assigns zero measure to all states in C? but |-)—|. A single
measurement outcome of ‘+’ rules out the outcome ‘—’ and thus annihilates the prior!

In fact, it should be clear from the above example that some priors can be annihilated by a finite
number of (independent) measurements. Thus, in general, one needs a robust [5] prior that cannot
be annihilated in order to prevent rank-deficient estimates. However, the estimator’s knowledge
of the true state can still be jeopardized in the presence of an adversary who provides her with a
wrong prior. Therefore, although BME seems to be the best bet, it remains inherently ambiguous
due to its dependence on the choice of priors. A systematic approach towards deriving optimality
criteria for priors is thus a compelling problem.

The minimaz approach, complementary to BME, seems to be doing just that. In classical
statistics, the problem of estimating probability distributions (analogous to state estimation) has
been studied using the minimaz approach [10-13], that offers an alternative characterization of
optimality of estimators. In the minimax approach, one looks at the space of all possible estimators
defined on X and, for each estimator p, picks the state p for which it has the worst performance or
risk (quantified in terms of a suitably chosen distance-measure between the estimator and the true
state). Then, the minimazx estimator is the one that has the best worst-case risk. Such an estimator
necessarily works for all states p € S(#H). It can be shown [10] that such a minimax estimator is
a Bayes estimator given a particular choice of ‘non-informative’ prior. Thus, the solution to the
minimax problem leads to a natural identification of a prior.

However, as pointed out in reference [5], no such rigorous statements were known for the
quantum analogue of the problem until then. Recently, the authors of reference [14] have studied
the quantum minimax estimation problem in analogy to the classical problem [13], quantifying
the estimator’s risk in terms of relative entropy. To summarize, they find that given an unknown
quantum state p and some estimator p of it, there always exists a sequence of Bayes estimators
that perform at least as well as p in the limiting case. Moreover, they show that there always exists
a class of priors, called latent information priors (although, conventionally, such priors are called
least favourable, and we shall follow the convention!) for which there is a corresponding sequence of
Bayes estimators whose limit is minimaz. Finally, they define a minimax POVM as a POVM that
minimizes the minimax risk, see Definition 4.1, and study the qubit (C?) case in detail, obtaining
the class of the least favourable priors as well as the minimax POVM for C2.

This paper is divided into six sections—we discuss our main results in Section 2, followed by
Section 3 that contains the formalism and Section 4 that contains the proofs in detail. Finally, in
Section 5, we discuss the state estimation problem for C2. In Section 6, we summarize the results
and outline future work.

2 Main Results

Bayesian mean estimation is arguably a more plausible approach towards state estimation as op-
posed to maximum likelihood estimation or direct inversion. However, the performance of BME is
tied to the choice of the prior. A complementary approach towards the state estimation problem—
the minimax approach provides a window to explore all possible classes of priors, enabling one
to narrow down those that are consistent with the requirements of both the Bayesian and the
minimax analysis.

We extend the work done in reference [14] on minimax analysis (as discussed earlier) to a more
general class of distance-measures called the Bregman divergence, see Definition 3.3, that generalizes
both relative entropy and Hilbert-Schmidt distance. We also generalize the minimax POVM for C2
to Hilbert-Schmidt distance, finding that such a minimax POVM is a spherical 2-design. Moreover,
by re-formulating Holevo’s theorem [15, pg. 171] for the covariant state estimation problem in
terms of estimators, we find that a covariant POVM is, infact, minimax with Bregman divergence
as the distance-measure. Let us discuss these results in detail, informally, postponing the formal
statements and proofs to Section 4.

Result 2.1. For any estimator p, there always exists a sequence of Bayes estimators such that the
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limit of the sequence performs at least as well as p, i.e.
R(p,p) = R(p, lim ), ¥p € S(H).

So, for a given quantum state and some estimator, the above result says that one can always
find a sequence of Bayes estimators that asymptotically perform at least as well as the estimator.
That there exists such a sequence of Bayes estimators means that there exists a corresponding
convergent sequence of priors, see Equation (3). However, in general, the Bayes estimator is
uniquely defined only up to the null set of p, comprised of outcomes that have zero probability
under 7. This illustrates that one cannot replace any given estimator by a corresponding Bayes
estimator. However, one can still find a sequence of Bayes estimators that, in the limiting case,
perform at least as well as the given estimator. This is an interesting result as it benchmarks BME
against any given estimation technique. A related question is: “Does there exist a Bayes estimator
that is also minimax?” Well, if one is given a minimax estimator, then Result 2.1 tells us that
there exists a sequence of Bayes estimators that are at least as good as the minimax estimator,
which in turns implies that the limit itself is minimax. In fact, the next result gives us a Bayesian
procedure to arrive at such a minimax estimator.

Result 2.2. There always exists a sequence of priors such that the limit of the sequence maximizes
the average risk of a Bayes estimator,

r(m, ) = / dr(p)R(p. ). (5)
S(H)

and the limit of the respective sequence of Bayes estimators minimizes the worst-case risk, i.e., it
18 mintmax.

We find that the prior that maximizes the average risk of the Bayes estimator—referred to
as the least favourable prior (as it maximizes the minimum possible average risk) is the limit
of a convergent sequence of priors, such that the limit of the corresponding sequence of Bayes
estimators is minimax. Note that the average risk with relative entropy as the loss function is the
average of the maximal accessible information—Holevo information for the ensemble {w(p|x), p}
with respect to the total probability of measurement outcomes. So, maximizing this average Holevo
information of the given ensemble over all possible priors is like asking “What is the prior for which
the posterior yields maximum accessible information for the ensemble {m(p|x), p}?” However, no
such interpretation can be made for general loss functions such as Bregman divergence.

At this point, it must be noted that the underlying measurement in all the analysis done so far
is fixed. Thus, a least favourable prior is inherently tied to the measurement. Any construction
of such a prior necessarily implies that we also need to find a class of measurements for which it
works. Although it is not clear if one would be able to solve this problem in general, one can do
so for at least a subset of the estimation problem—the covariant state estimation problem.

In covariant state estimation, given a fixed state pg, one is interested in estimating the states
pe such that py € {VgpngT} where g € G is a group element acting on the parameter space © with
6 € © and Vj, is the projective unitary representation of the parametric group G. By generalizing
Holevo’s theorem [15, Theorem 3.1] to Bregman divergences, we obtain a least favourable prior.

Lemma 2.1. The uniform measure on the parameter space © is a least favourable prior for
covariant measurements.

A covariant measurement is a measurement that reflects the transformation of the state under
the group action appropriately in the outcome statistics (see Definition 4.2). Now, the question
is: “What is the measurement that minimizes the worst-case risk?” An answer to this question
is closely related to finding the class of measurements for the least favourable priors. The only
additional information that is needed is if such a class of measurements also minimizes the average
risk with respect to the least favourable prior. It turns out that this is indeed the case as far as
covariant estimation is concerned.

Result 2.3. There exists a covariant measurement P. which is minimax for covariant state esti-
mation. Moreover, if there exists a measurement P, which is covariant under a subgroup H of G
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such that {V},| h € H} forms a unitary 2-design, where V), is the projective unitary representation
of the subgroup H, and P. and P, have the same seed", then P, is also minimaz.

It is not so straightforward to generalize these results to the general state estimation problem.
To better understand the situation for the general case, we look at the simplest system of a single
qubit (extending the results of reference [14] to Hilbert-Schmidt distance—details in Section 6. In
particular, we find that every spherical 2-design in C? is a minimax POVM.

3  Formalism

Consider a quantum system S described by a finite-dimensional Hilbert space H with S(#) as the
set of density operators on H. Then, consider a quantum measurement to be an experiment in
which the quantum system S is measured and let X be the corresponding outcome space of the
measurement outcomes. Each possible event of the experiment can be identified with a subset B
C X, the event being ‘the measurement outcome x lies in B’. The probability distribution of the
events is thus defined over a Y-algebra of the measurable subsets B C X. To be in touch with
physical reality, we choose the outcome space to be a Haursdorff space, i.e. a topological space
where for any z1,z2 € X there exist two disjoint open sets X7, Xo C X such that z; € X; and
29 € Xo. This ensures that the 3-algebra is a Borel X-algebra generated by countable intersections,
countable unions and relative complements of open subsets of X. Let P(H) be the set of positive
operators on H.

Definition 3.1 (Quantum measurement). A Positive Operator-Valued Measure (POVM) is a map
P : Y P(H), where X is the X-algebra of all measurable subsets of X. Thus, a POVM associates
an operator P(B) to each B € ¥ satisfying the following:

1. P(B)>0, VBeZY.
2. P(X) =1

3. P( U Bi) =S P(B), where VB;, B; sit. BiNB; =0 .
1=1 1=1

The set of all POVMs on X forms a convex set denoted by P. A POVM is informationally
complete [3] if the operators {P(B)} span L(#), the space of linear operators on H. The mea-
surement statistics of such an IC-POVM is sufficient to determine, uniquely, all possible states
that the quantum system could be in, in the limit when an infinite number of measurements are
performed. Optimization of data-processing deals with the practical aspect of not having infinite
resources and minimizing the corresponding statistical error. Reference [16] reviews the theoretical
development of optimization techniques in quantum tomography based on informationally com-
plete measurements. However, in this paper, we make no assumptions on the POVM. In fact, we
look at an alternative definition for an optimal POVM-—to be discussed later in this section.

The following lemma (see Appendix B for proof) provides a convenient way of representing a
POVM as an operator-valued density.

Lemma 3.1 (Existence of a POVM density). Every P € P admits a density, i.e. for any POVM
P there exists a finite measure p(dx) over X such that u(X) =1 and

P(B) = /B du() M (z), (6)

with M (x) > 0, and Tr{M(z)] = d p—almost everywhere.

The conditional probability of the event ‘the measurement outcome 2’ lies in B given that the
system is in a state p’ is given by Born’s rule as

Prla’ € B| p| = tr P(B)p = /B dpu(z) tr M(2)p, (7)

1See Lemma E.3.
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or, in the differential form as

dp(z|p) = dp(z) tr M (x)p (8)

which will come in handy later. Now that we have defined a quantum measurement, we proceed
with the formulation.

In estimation theory [7], one typically parametrizes the system S by a parameter 6. The data
set of the measurement outcomes is represented by a random wvariable X. Using this data set
one estimates the parameter 6 or more generally pp—the estimand. Succinctly, this involves two
random variables © and X defined as below:

e In the Bayesian model, the quantity 6 that parametrizes the system S is treated as a random
variable ©. This random variable is defined over the parameter space Qo2 and is distributed
according to an a-priori probability distribution g € P(©) (where P(©) is the set of all
probability distributions on ©).

e X is the random variable associated with the outcomes of the measurement performed on
the system S, defined over the sample space X. The outcomes of the measurement are
conditioned on the random variable ©. Thus, X is distributed according to the conditional
probability px (x|6), given by Equation (7).

The parameter space O is chosen to be a compact metric space. The set of all bounded contin-
uous real-valued function on © is denoted by C(©,R). The set of probability distributions P(O)
on O is endowed with a weak topology, which essentially defines the notion of weak convergence.

Definition 3.2. A sequence of probability measures m, € P(©) weak converges to p if for every

feC(O,R),

/fdwn%/fdu, as n — oo. (9)

Then, as © is a compact metric space and P(0O) is endowed with a weak topology, by [17,
Theorem 6.4], it implies that P(©) is also a compact metric space.

The central problem in quantum state estimation is to obtain an estimator of pg. We define
an estimator as the map

p: X S(H). (10)

The value of j(x) is the estimate of pg when the measurement outcome is X = x. We want p(X)
to be close to pg, but §(X) is a random variable. One way of defining a meaningful measure of
closeness is by defining an expectation over the conditional distribution of X, Equation (7). Let
L(peg, p(x)) be the loss function that quantifies the closeness of an estimated state p(x) to the true
state py. We assume two things about L:

1. L(pg, p(x)) > 0, V0 € ©, p, with equality if and only if py = p(z).
2. L(pg,p9) =0, VOeO.

The average measure of closeness of p(X) to pg is defined as the risk function

R(po, p) = Exg[L(po, p(X))]. (11)

One would like to obtain an estimator that minimizes the risk for all values of . Obviously, this
problem does not have a solution, i.e. there does not exist an estimator that uniformly minimizes
the risk for all values of 6 except for the case when py is a constant. Instead, one can look at the
following two quantities that are a good measure of the risk in a global sense:

2However, we will abuse notation and refer to the parameter space as © from now onwards.
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1. Average risk:

r(m, p) = /@dw(@)R(pg,[}), (12)

where 7(6) is an a-priori distribution over the parameter space ©.

2. Worst-case/minimax risk:

inf sup R(p, ). (13)
P 0

The estimator that minimizes the average risk is the Bayes estimator pg [7, pg.228]. In reference
[8] it was shown that the Bayes estimator is the mean if the loss function is the relative entropy

Dipllf(a)), ie.,
po =z [ dn(Ola)pn (14)

where dr(f|x) is the posterior probability distribution obtained via the Bayes rule,

dp(x]0)
dn(f|x) = dm(6),
() = o dn(0)
where pr(B) = [ [o dp(z]0)dm(6). Note that in the continuous case, the likelihood ratio Z(:(If)) is

replaced by the corresponding Radon-Nikodym derivative, which is defined uniquely upto the null
set of pr. In fact, the same was proved [9] for a more general class of distance-measures called
Bregman divergence which is the measure we will use in our analysis, but only in the classical
setting. We provide a proof for the quantum setting in Appendix A for completion. Let us now
define Bregman divergence.

Definition 3.3 (Bregman divergence for density matrices). Let f : [0,1] — R be a strictly convex
continuously-differentiable real-valued function. Then, the Bregman divergence between density
matrices p,o is defined as

Dy(p,0) = tr (f(p) — f(o) = ['(0)(p — 0)).

Bregman divergence generalizes two important classes of distance-measures: the relative en-
tropy obtained by choosing f : z — xlogz and the Hilbert-Schmidt distance (Schatten 2-norm)
obtained by choosing f : z — 22.

Let us now look at a few of its important properties. First, Bregman divergence is invariant
under unitary transformations of its arguments, i.e. D;(UpUT,UcUT) = D¢(p, o). Second, it is not
a metric, as it is neither symmetric nor satisfies the triangle inequality, but by the strict convexity
of f, D¢(p,0) > 0, with equality if and only if p = o. Third, the convexity of f implies that Dy(.,.)
is convex in its first argument; it is jointly convex if f” is operator convex and numerically non-
increasing [18]. Moreover, by generalizing the proof of lower semi-continuity of relative entropy as
in reference [19], we obtain the lower semi-continuity of Bregman divergence (see Appendix C for
the proof).

We are now ready to state and prove the main results of this paper.

4  Proofs

4.1 Bayesian state estimation
Formally, Result 2.1 is stated as the following theorem.

Theorem 4.1. Let p : X — S(H) be an estimator. Then, there exists a convergent sequence of
priors such that the corresponding sequence of Bayes estimators (p5*), converges, with

R(pg, p) > R(ﬁe,nh_{go pB"), Vo € ©. (15)
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Proof. Consider the average distance between the Bayes estimator and a given estimator p for
some prior m € P(©) as the map

g:m e Dl(r /dpw ) D(5% (), p()).

Now, the Bayes estimator is uniquely defined up to the null set of p,. In fact, it is discontinuous
on X, see Appendix D, and the points of discontinuity belong to the null set of p,. So, unless the
null set of p, is empty, the Bayes estimator cannot be defined continuously since there can exist
different sequences that converge to the same prior, but the limit of the corresponding sequences
of Bayes estimators may not coincide on the null set of p,. To deal with the discontinuity of the
Bayes estimator, we consider closed subsets of P(©) with the defining property that every element
of these subsets renders the corresponding Bayes estimator continuous on X'. Then, g is lower semi-
continuous on each closed subset as Bregman divergence is lower-semi continuous (Appendix C).
Thus, there exists a prior 7, in every subset that minimizes it on that subset. So, we look at the
sequence of such priors (7, ), and find that the corresponding sequence of Bayes estimators (p5" )n
converges to a limit that has a risk lower than or equal to that of the given estimator. Let us now
proceed with the proof.
We define the closed subsets of P(0) as

Prum = {%-ﬁ- (1—:L) N‘FE’P(@)}, (16)

where 1 is a measure such that p,(z) > 0, for all € X. The latter condition ensures that the
Bayes estimator for a prior that lies in P, /, is continuous on P, /,,. Then, as a closed subset of a

compact set is compact, there exists a prior 7, € P/, such that D! (ﬂ'n) = 17131f DY ( ). In fact,
TE€EPu/n
as P(O©) is a compact metric space, the sequence of priors (m,), has a convergent subsequence.

Let us denote this subsequence as (7, ). Let T be such that m,, =,
Then, the idea is to use the fact that each 7rm minimizes Dg on the corresponding closed subset
77# /n., tO obtain a suitable condition. To begin with, we define a prior in the neighbourhood of

Observe that
— m+1 +(1- o -)0(60 — 90)) lies in P, /., for any 6y € ©. So, we define a prior

Tma1 € 73# /nms, DY taking a convex sum of it with another element in P/, .-

MNm

7T(0)u< N 7r;n+ (1f "'m )5(000)> +(17u)7r;n+1, (17)
Nm+1 Nm+1

with 0 <« < 1. This is like considering a perturbation in the neighbourhood of 7T;n 41 and noting

that the derivative of DZ; (m) is positive as one approaches w;n 41 as it minimizes Dg () on the set
Pu/nms. - Thus, we have

0< D4 y = 1 [ (o) Dy (2). o)
- [ et u_ODfm;'m'“ e / o, @) 3 AR |
(18)
Letk—— Then,
dps(z) = / dp<m|9><u(kw;n<e>+<1—k>6<9—eo>)+<1—u>7r:n+1<9>>de.
— POy, @)+ (- Bl - dpy (@)
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So, the first term (18) is

’

[ (ko @)+ (1= K)p(elfo) = dp,, (@)D (57 () ).

while the second term, using Lemma E.1, is

= [ oy @ (75(0) ~ 7 () (75) ~ i)

du
u=0
= [ v @ (505 @)~ £ (60) 3095 (0) (19)
x  ml B du B u=0
Let us now calculate the derivative of the Bayes estimator.
d . _d [ dp(z|)
dupB(x) w=0 - du o dpﬂ—(fﬁ) dﬂ-(e) wu=0
d 1
~ /@ B PO
dp(=[0)
po (K () + (1~ K)5(6 — 0)d6 — 1 (9))
:/(—') dpﬂ_/ 4 -
dp(z6)
/ pgdﬂ',/n_i_l((g) d dpﬂ'(‘r) (20)
(C] dp dp(x‘g) w=0

2 du
Wm+1
<dp(®|9) )

Now, the derivative with respect to u in the second term can be calculated by exchanging the order
of differentiation as p(z|@) is independent of u. So, we have

d [ dpx(2) _ d  (dpx(2)

du\ dp(z|0) | dp(z|0) \ du ]|
I @) ety P
~ Vdp(lh) dp(z]6) ~ dp(x[0)

Plugging in (20) we obtain,

/ po (KA, (6) + (1 = K)3(0 — 60)d6 — dr, 1, (6))
= ) dpwz

m+41
dp(z0)

podm,,1(0) [, 4P (7) o dp(alge) P ()
Il . 2(’“dp<xe>+“ O aptale) el )
<dp<?55>>

Now, in the limit m — oo, the coefficient of k£ vanishes in the expression above due to weak
convergence, while the last term of the first integral cancels with the last term of the second
integral. So, we have

= lim (1 k)-22(l)

u=0 m—o0 dpw;n+1 (z)

(000 — 5™ (). (21)

Applying the limit and plugging (21) in (19), we find that the second term in (18) is

= lim dp,

m—oo [y m+1

(@) (£ @) = 7/ (00) ) 1 = 0 S0 (g, = g )

m-+1
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— Im (pk)/Xdp(xwo)tr (f’(ﬁg”“(x)) —f’(ﬁ(:ﬂ)))(peo L )).

m—r o0

Finally, combining both the terms of (18) and applying the limit, we find that

’

= lim [ (kdpy  (2)+ (1= k)dp(elto) — dps  (2)) Dy (5" (2), pl))+
X

m—>00 Tom+1

0< lim

d
f

u=0
(1=1) [ aptatboyes (75 @) = ) (on, = 5 (@)

This implies that

i (1= 8) [ dpy | @)D @) < i (18 [ antelon) e (755 @)~ (0(0))

(05 @) + [ aplalon) s (557 ), (o).

The right-hand side of the inequality above can be rearranged to obtain

m—00 Tm+1 m—00

lim / a,, @)D @) p(@) < tim [ dp(aléo) Dy (pay. @) — Dy (s, 55 ).
X X

> 0, due to non-negativity of Bregman divergence.

This implies that
w}i_l)noo R(p907me+1) < R(p907ﬁ)7 Voo € ©.

But, as Bregman divergence is lower semi-continuous (Appendix C), we have

m+1 ).

R(pg,, lim p ’"“) < lim R(poy, Py

Therefore, we arrive at our result, i.e.

R(pgy, lim py""") < Rlpg,, p), W € ©.

4.2 A Bayesian method for minimax state estimation
Formally, Result 2.2 is stated as the following theorem.

Theorem 4.2. There exists a convergent sequence of priors (my)n such that the limit of the
sequence mazximizes the average risk, Equation (5), of the Bayes estimator. The limit of such a
sequence is referred to as a least favourable prior. Moreover, the sequence of Bayes estimators

ATn

(5" )n converges such that the limit of the sequence is minimaz, i.e
inf sup R(py, p) = sup R(pp, lim pg").
p 0 0 n—00
Proof. Consider the average risk of the Bayes estimator for a prior 7 € P(©) as the map

himesom ) = [ dn(0) | an(elo)Dy (o0 5 @),

Due to the discontinuity of the Bayes estimator, we follow the same regularization arguments as
made earlier and define closed subsets of P(©), Equation (16), such that the Bayes estimator is
continuous on each of these subsets. The map h : 7 — r(m, pF) is then continuous on each of
the subsets. Since these subsets are closed subsets of a compact set they are themselves compact.
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Therefore, h attains a maximum on each of the subsets. Then, denoting the maxima in each subset
4 . . . . /

Pr/nmis 88 Ty, We define a prior as done earlier in Equation (17) as a convex sum of 7, ., and

another element in P/, . . Since the average risk is maximized on P/, ., the derivative of

ATT . . ’ .
r(m, p%) is negative as one approaches 7, 1, i.e.

d

- d
0 > @T(ﬂ_a pB)

= 10 [ ax(0) [ @lo)Ds(on. ()

u=0
[ 47s(0) [ doalt) D1 .5 (2)

u= u=0

/X dp(z|0)Dy (P«% ﬁgﬂ*l (x))+

u=0

Evaluating the derivatives using Lemma E.1, the first term in (22) is

[ oo Dy (v 57 @) = [ dmal6) [ apta0)Dy (o0, (@),
X

while the derivative in the second term of (22) is

d o
- Ds (o, 05 (w))

u=0
’ ’

== 1 ))di B
(oo~ 5 @) PR

N 1 d (AT
— e [ @)~ o) )| ]

So, plugging this in the second term of (22), we have

:d%t tr [f(ﬂe) — f(p5(x)) — F'(PB(x)) (pe — ﬁ%(m))}
d

[ 4ca@) [ dntalo) e [(57 @) = pu) 3.4 5 0)

[/ / dm, 41 (0)dp(z]0) (P ’"“( )—pe)%f’(ﬁ%(x)) u_O]

=tr[ /. (dpﬂ/ @@ - [ dW;n+1(9)dp($|9)ﬂe>if’(ﬁ’é(ﬂﬁ))

Thus, applying the limit m — co we arrive at the following inequality,

u=

m—r 00

0> lim dp(z|00) Dy (po,, P "’“ /dﬂ'm_H /dp z|0) Dy (po, p m“(x)),
X

which implies that

m—r0o0 m—o0 <)

So, we have

’

. m-41 < . ’ m+1
W}E)nOOR(pgo,pB ) < lim A, 1 (0)R(pe, pgp" ™), VO € O.

m—r oo [e)

The lower semi-continuity of Bregman divergence implies that

’ ’

R(peoﬂ hm pB’”Jrl) < lim dﬂ';n+1(9)R(p0’me+1)

m—r o0 &)

P (@) 3B ()

lim dp(x|90)Df(p90,me“( )) < lim d7r;n+1(9)/ dp(z|0) Dy (po, p "’“(x)).
X

O] —0. (23)
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Thus, we have
! !

. AT . 4 AT
sup R(pgy, lim pg™*') < lim [ dm,, 1 (0)R(pg, pg""")-

0o m—o0

But, the other direction of the inequality above is true trivially i.e.

’ ’

sup R(pgy, lim p™t') > lim [ dm,,.1(0)R(pg, o).
90 m— o0 m—0o0 @
Therefore, we obtain
sup R(pg,, lim ,6;’"’“) = lim dﬂ;n+1(9)R(pg,pA;m+l). (24)
00 m—o0 m—o0 @
But,
lim dﬂ;n+1(9>R(p97 pgtt) = lim sup / dn(0)R(pg, p%)-

W/ Mm 41

By Lemma E.2, the limit of the suprema over subsets P, /,, .., can be replaced by a supremum
over the set P(O) since the sequence of subsets P is dense in P(©). Thus, we have

/Mg
lim [ o (0)R(oe, 55) = sup / dr () R(po, 75)
m=oo Jg TeP(©)JO
= sup inf [ dw(0)R(ps, p)- (25)

TeP(O) P JO

Using the minimax theorem for lower semi-continuous and quasi-convex functions [20, Theorem
3.4], we can exchange the infimum and the supremum to obtain

sup iI}f/ dm(0)R(pg, p) = inf sup /dﬂ(G)R(pg,ﬁ):ir}fsupR(pg,ﬁ).
reP(©) P JO P reP(©)JO LS

Thus, by (24) and (25) we have the result

’

inf sup R(p‘97ﬁ> = sup R(p07 lim ﬁg'"“).
) 0 m—00

O

Result 2.1 and Result 2.2 are based on the assumption that the underlying POVM is fixed.
However, in general, the risk depends on the POVM P, i.e. R(pg,p) = Rp(po, p). One way of
defining an optimal POVM could be to minimize the worst-case risk over P, the convex set of all
POVMs. The POVM that minimizes the worst-case risk is called a minimaz POVM.

Definition 4.1 (Minimax POVM). A POVM P* is minimaz if:

inf inf sup Rp(pg, p) = inf sup Rp- (pg, ) (26)
Pe? p ¢ P 0

where pg is the estimand, p: X — S(H) is an estimator with risk Rp(pe, p) which is a function of
the POVM P, and P is the convex set of all POVMs on the measurement outcome space X .

It remains unclear as to how one could obtain a minimax POVM for general state estimation,
but if we restrict ourselves to the case of covariant state estimation the situation simplifies.
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4.3 Covariant state estimation

In the covariant state estimation problem, as discussed in reference [15], one is given a fixed
state pp, and is interested in estimating all the states pg that lie in the orbit {Vpg, VgT}, where
g € G is a parametric group of transformations of the parameter space © and g — V, is a
(continuous) projective unitary representation of G. One can think of this as representing the
following physical scenario. Given that the parameter 6 labels the quantum states of the Hilbert
space H, 6 can be assumed to be describing some aspects of the preparation procedure for the state
po—a transformation g of the parameter ¢y results in the preparation of the state ps = V;pg, VgT
where 6 = gfy. Covariant state estimation thus corresponds to the estimation of the state pg with
the measurement outcome space X being identical to the parameter space ©. Let us first define a
covariant measurement.

Definition 4.2 (Covariant measurement). Let G be a parametric group of transformations of a
set © and g — V, be a (continuous) projective unitary representation of G in a Hilbert space H.
Let M(df) be a positive operator-valued measure defined on the o-algebra A(©) of Borel subsets of
©. Then M(d@) is covariant with respect to the representation g — Vg if

VIM(B)Y, = M(B,)., g€, (27)
for any B € A(O), where By ={6' : 0' = g0, 0 € B}.
If M (df) is covariant, then
tr M(B)pg = tr poV,] M(B)Vy = tr pgM (B,-1).

Thus

Pr[d € B| g6o) = Pr[d € B, 1| 6o],

i.e. a covariant measurement preserves the probability distribution under the transformation of
the state. We refer the reader to reference [15] for a more detailed discussion on covariant mea-
surements.

Before we start building towards the proof of Result 2.3, let us look at some of the properties
of the parametric group G to understand the situation better. First, the group G is chosen to act
transitively on ©. This ensures that the map g — g6y maps G onto the whole ©. Second, G is
assumed to be unimodular which implies that there exists an invariant measure y on G. Third, G
is assumed to be compact which ensures that the measure p < co. The measure p is normalized
as 1(G) = 1. Now, we are interested in an invariant measure v on the Y-algebra A(©) on © such
that

v(B) = v(B,), BeA®),

where By = {¢' : 0' = g0, 0 € B}. If Gy, the stationary subgroup of G, is unimodular then such a
measure v exists and if G is compact then v is finite and can be constructed from p by demanding
that the following relation holds for all integrable functions f on O:

/ F(960)du(g) = / F(6)dv(9). (25)
G ©

We now state Proposition 2.1 from reference [15] as the following lemma that gives a relation
between the two measures.

Lemma 4.1. Let M(df) be a measurement covariant with respect to a projective unitary repre-
sentation g — Vy of the parametric group G acting on ©. For any density operator p € H, and for
any Borel set B € A(©)

[ VooV 2 (B)duts) = v() (29)

Let us pause here to look at an example.
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Example 3. Let us assume that we are interested in estimating all those states in C? that lie on
the Bloch sphere. Thus, the parameter space © is S?. This is a covariant estimation problem with
the parametric group of transformations on S® being SO(3). Its projective unitary representation
is the quotient subgroup SU(2)/U(1). Let us assume that the initial state pg, is |0)X0|. Then, the
elements of SU(2)/U(1) generate all the states on the Bloch sphere that are parametrized by a set
of two parameters: the latitude 6° and azimuth ¢, with the states being identified as |0, $). Note
that an element of SU(2)/U(1) can be written in terms of these as

U cos g —sin ge_w
6 pr— . .
® sin gew cos g

It can be shown [15, Theorem 2.1] (stated as Lemma E.3 for reference) that starting from a positive
operator Py that commutes with all the elements of the stationary subgroup of SU(2)/U(1) such
that it satisfies Equation (38), setting M (0, ¢) = U97¢P0U9T,¢ implies that the measurement defined
with M (0, ¢) as the operator-valued density with respect to the uniform measure on © is covariant.
In this case, Py = 2|0)0| and the operator-valued density is

0 20 0 i 0 _—ig
cos 2 0 . 6 —i cos” 2 cos £ sin Ze
M6 =2| 52 |- -[cos? sinle ] =2 L2 27
(0,9) sin ge“z’ [ 2 2 } cosgsm gew5 sin? 5

It is straightforward to verify that 7~ [ M (6, ¢)sin0dfdp = 1.

Having defined and illustrated the problem of covariant state estimation, we now recall Holevo’s
theorem [15, Theorem 3.1], which states that for every loss function that is invariant under the
group transformation g, the minimax risk as well as the average risk attain their minima at a
covariant measurement. But, the analysis in reference [15] is done for loss functions expressed as
functions of the true parameter and the estimator of the parameter. It can be recast in terms of
the general framework involving estimators that are functions of the parameter, p : © — D(H) by
simply choosing the domain of the loss function to be the set of density matrices S(H) as opposed
to the parameter space ©. We thus state it as the following lemma which is the main ingredient
of the proof of Result 2.3.

Lemma 4.2 (Theorem 3.1, [15]). In the quantum covariant statistical estimation problem, given
an estimator p of the state, the minima of the average risk rp(v, p) with respect to the uniform
Haar measure v on © and the worst case risk supy Rp(pg, p) for all ©—measurements are achieved
on a covariant measurement. Moreover, for any covariant measurement P, we have

re, (v, p) = sup Rp,(po, p) = Rp.(po,p), 0€0O (30)

Note: A covariant measurement is not a unique minimum for either the average or the worst-
case risk.

The above theorem implies that for any measurement P, there exists a covariant measurement
that minimizes the average risk as well as the worst case risk for a fixed estimator p. But, we
know that for a fixed measurement the average risk is minimized by the Bayes estimator pp.
Thus, the Bayes estimator minimizes the average risk for a covariant measurement. However, the
invariance of the loss function implies that the Bayes estimator must be covariant under the group
transformations as shown below.

Lemma 4.3. The Bayes estimator is covariant under the group transformations Vy, i.e.

pB(Bg) = VgﬁB(B)‘/gT’ B € A(©).

N

Proof. Recalling the invariance property of the loss function: L(pg,p(z)) = L(pge,p(gz)) =
L(VypoVf, Vgp(x)V,), let us verify for the case of Bayes estimator. Recalling Equation (14), we
have

Jo dv(0) tr pgP(By)pe

[ (@)t poP(B,)

ﬁB (Bg)

3We apologize for the redundancy, but it is best to stick to conventional symbols.

Accepted in {Yuantum 2019-02-26, click title to verify 14



As we are interested in a covariant measurement P(B,) = VgP(B)VgT, therefore

fe dv(0)pe tr PHVQP(B)V;;T
Jo dv(0) tr peV, P(B)Vy

Jo dv(0)pg tr V, pgV, P(B)
Jo dv(0) tr Vi poV, P(B)

Jo dv(0)po tr py-19P(B)
Jo dv(0) trpg-19P(B)

ﬁB(Bg) =

By the invariance of v and the fact that py = ‘/:qu—leng, we finally obtain
Jo (g1 0)Vypg-10V,) tr py-19P(B)
Jo dr(g=10) tr py-19P(B)

v [ Jo (g™ 0)py—0 tr py1o P(B)
1 Jodv(g10)trpy-19P(B)

ﬁB (Bg)

Vi =V, pp(B)V].

g g

O

Thus, we have established two things about a covariant measurement. First, that the risk of
a covariant measurement is independent of the state py and second, that it minimizes the average
as well as the worst-case risk among all measurements. But, the problem of finding a minimax
POVM is closely tied to obtaining a least favourable prior which in turn is tied to the underlying
measurement, as we discussed in Section 2. The following lemma gives a least favourable prior and
the corresponding measurement in the context of covariant state estimation.

Lemma 2.1. The uniform measure on the parameter space © is a least favourable prior for
covariant measurements.

Proof. As the Bayes estimator p% minimizes the average risk with respect to the prior ,

sup R, (po. ) = sup / dr(0)Rr.(ps, o) > sup / dr(6) Re, (9. p5).
s <) ™ €]

However, by Lemma 4.2, we know that for a covariant measurement the risk is independent of the
state pg, i.e.

sngpc(pe,p?a) = /@ dv(0)Rp.(pe, p5)-

This implies that

[ @Rz (u.is) = s [ an)Re (0. 5.
(S} ™ [C]

The other direction of the above inequality holds trivially, i.e.

/ W (0) R, (0o, ply) < sup / Ar(0)Rr (po, 7).
€] €]

T

Therefore,

/@ d(0) Rp, (9. ply) = sup /@ ar(6) Rr, (9o ).

and so v is a least favourable prior for a covariant measurement P.. O

The only remaining ingredient needed to prove Result 2.3 is the following lemma.
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Lemma 4.4. The Bayes estimator for a covariant measurement P, is

]. !
po(B) = s e [0 PE(B) [ duto)(VimV)) 7). B e A@) (31)
G
Proof. Recalling Equation (14), the Bayes estimator for a covariant measurement P, is

Jo dv(0) trlpg Pe(B)]po
f@ dv(0) tr pgPe(B)

Using Lemma 4.1, the denominator in the above expression is

p5(B) B € A(©).
[ a0y pop.5) =B,
while the numerator is
L/w@wwawme: /@@HW%RwWM
(€] G

- /c:dﬂ(g) tr[VngVgTPC(B)]V;,pngT

tr [HR ® PI(B) / dulg) (Vypo V)" @ (Vgp()VgT)R/} :
G
O

Now that we have a class of measurements and the corresponding least favourable prior, in
order to show that it is minimax (first part of Result 2.3), we have to show that this class of
measurements also minimizes the average risk with respect to such a least favourable prior. Recall
Result 2.3. Formally, the first part of Result 2.3 is stated as the following theorem and the second
part as a corollary to the theorem.

Theorem 4.3. There exists a covariant measurement that is minimaz for covariant state estima-
tion.

Proof. Recalling Definition 4.1 of a minimax POVM and the fact that the Bayes estimator mini-
mizes the average risk, we have

inf inf sup Rp(po, p) = infinfsup/ dm(0)Rp(pe, p)
P g P b 6

P w

v

MW/M@MW%)
P x e

But, as
ﬁu{/<ﬁﬂ9ﬂﬁ%pmpﬁ)zh/(hd9ﬂh%pmp%% € P(O),
C] (€]

™

it implies that the same holds for the uniform Haar measure v as well. Thus,
inf inf sup Rp(pe, p) > inf/ dv(0)Rp(pe, p'5)-
P 5 9 P Jo

Now, we know from Lemma 4.2 that

inf [ Av(O)Re(on.lp) = [ A(O)Rr (oo, ).
P Jo e

where P, is a covariant measurement that minimizes the average risk. Also, by Lemma 2.1, v is a
least favourable prior which means that % is a minimax estimator. Therefore, we have

/ dv(0)Rp.(po, pp) = sup R, (po: P) = inf sup Rp_(po, p).
S
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Thus, we obtain
inf inf sup Rp(pe, p) > inf sup Rp, (pg, p).
P p g )

The other direction of the inequality above holds trivially, i.e.
inf inf sup Rp (p97 ﬁ) <inf sup RPC (p97 ﬁ)
P p g ]

Hence, we have proved that P, is a minimax POVM, i.e.
inf inf sup Rp(pe, p) = inf sup Rp, (pg, p).
P p 9 )

O

As the risk for a covariant measurement is independent of the state py (by Lemma 4.2)
and depends only on the estimator (the Bayes estimator in this case, which is a function of

Jo dulg) (Vgpo\/gT)®2), we have the following corollary.

Corollary 4.3.1. Given a minimaz covariant measurement P., if there exists a measurement P,
which is covariant under a subgroup H of G such that {Vi,| h € H}, where V}, is the projective
unitary representation of the subgroup H, forms a unitary 2-design, i.e.

P(B) =V, P.(B, 1)V, BeA®); heH,
where By-1 = {g710| 0 € B}, and P. and P!, have the same seed, then P, is also minimaz.

In order to understand the above corollary better let us look at what it means for Example 3.

Example 3 (continued). Now, since any state |0,¢) in S* can be generated by elements of
SU(2)/U(1), the following equivalence holds:

1 .
= / 10, 6)(0, 6| sin 00 dp — Us 6 0)OIU}., dUs o,
T Js2 SU(2)/U(1)
where dUy ¢ is the Haar measure on SU(2)/U(1). Infact, the above implies that
1 2 . 2
47/ (16, )0, 6|)* sin 0o dep = (Us.ol0X0|U] )" dUp.-
T Js2? SU(2)/U(1)

Now, the above equivalence along with [21, Theorem 3.8.1] implies that one can construct a unitary
2-design from a quantum 2-design. Thus, the set of unitary matrices that generate the set of
eigenstates of the Pauli matrices 04,0,,0, s a unitary 2-design given as below.

1 0 0 1
UO,O - |:0 1:| aUTI',O - |:1 0:| I
1 /1 -1 1 1 1
Uﬂ'/2,0 = ﬁ l:l 1 :| 7U7r/2,7r = E |:_1 1:| )
1 (1 4 1 11 —i
U7T/2,7T/2 = ﬁ |:Z 1:| 7U7T/2,37r/2 = ﬁ |:'L 1 :| .

The corresponding measurement that is covariant under the above unitary 2-design is then obtained
via Mg ¢ = U97¢P0U9T¢. 1t is straightforward to see that the corresponding Mg 4 are the same as
the Pauli measurements apart from a normalization constant. This measurement is thus minimaz.

Note: In the above example we obtained a minimax POVM—a covariant measurement for the
parameter space S? which describes only pure qubit states. There is no a-priori reason to believe
that the same measurement would also be minimax for estimating an arbitrary state of a qubit.
However, curiously, it happens to be true for a qubit as we will see in the following section.
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5 Example: Minimax measurement for a qubit

We look at the single qubit case as studied in reference [14] wherein the authors obtain such
a minimax POVM with relative entropy as the distance-measure. We generalize their results
to squared-distance ||p — o||? = tr(p — 0)?. However, the proof does not follow the generalized
treatment in terms of Bregman divergence as done in the previous sections.

To begin with, let us write the most general expression for a POVM on C?. Recalling Lemma 3.1,

we can write any POVM, see Definition 3.1, as an operator-valued density, i.e.
P(B) = | uldo)M(o)
B

where B € o(X), M(z) > 0, Tr[M(z)] = 2 and u(X) = 1. Since positive operators can be
expanded in the Pauli basis {I, 0, 0,,0.} with real coefficients, M (Z) = ool + & - &, but the trace
1 condition on M (&) implies g = 1/2. Without loss of generality,

M(Z) = (1+-5).

Thus, the most general form of a POVM element on C? is
P(B) — /@+ﬁaw@y (32)
B

Now that we have obtained the general expression for a POVM on C?, we next evaluate the
Bayes estimator which in turn is needed to evaluate the risk Rp(pg, p%). Recalling that the Bayes

estimator is given as
dp(z[0)
B(r) = dn(0).
pb@) = [ B (o)

Recalling the differential form of Born’s rule (8), and using the Bloch sphere notation of pg,
po = 2(I+0- ), it is a straightforward calculation to obtain

tr M (Z)pp = dp(Z)(1 + 7 - 0). (33)

However, to be able to further simplify the Bayes estimator, we need to impose some restrictions
on the prior 7 defined on the parameter space © (which in this case is R?®). In particular, we choose
a uniform prior 7* supported only on pure states, i.e. 7(6) is zero for all vectors § with [|0]| < 1
but is uniformly distributed on the set of unit vectors with ||f|| = 1. It can be verified that such a
prior has the following two properties :

1. E;«[0;] =0, Vie{z,y,z}
2. ]Eﬂ*[ﬁiﬁj] = %6” VZ,] S {x,y,z}.
By property (1) of the prior 7*, we have

—

pe(B) = [ [ au@(1+7-8)(0)a0 = u(B). (34)

Thus, the Bayes estimator reduces to

1 *
dp,= () ,Oed’/T (0)

dp(x|0)

A
S
- 6 du(z) PedT ( )
dp(x0)

[

rp (T) =
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= = (11 + o 5).
Now, recalling that the risk is a function of the POVM P, i.e.

o (00, %) /w Yt M ()0 Dy (o o7 (7)), (35)

we evaluate the risk for both relative entropy and Hilbert-Schmidt distance below.

Lemma 5.1. The risk for relative entropy and Hilbert-Schmidt distance are given as

. 146 1. 9 log2 -
R?"Pel(p97,03 )= —h( 5 + §log§ - /X (Z) 29 OrzjT, and

7) > 2 S
/m|w2‘/www T35 [ @ S 050},
7,k

Proof. (a) For relative entropy, see [14, pg. 11].
(b) For Hilbert-Schmidt distance, substituting f =

R (po, p ) = ||9||2
respectively.

|Al|? in (35), we get

Daglpo 75 (1)) =t (po — p ().
Thus,
- 1 1+0. 60, —if, 1423 (@-i)/3]]
Dsq(po, p5 (B)) = it {9364_2‘911 1-4, :| N [(x+zy)/3 1—3/3 ]]
- %(9 —z/3 (em—x/3)2+(0y—y/3)2>
1 2 2
= (1P + g7 - 27-4).

This implies that the risk is
B - 1 . - 1, . 2, 5
Ry (o0 05) = 5 [ au@(u+ 2910 + g7l - 37-9).
x
We can write the above using the property of a general POVM on C?, i.e. fX du()Z =0 as

5 | an@a+g [ an@papa-i-3 [ WD) S 5t}

Note: Although in reference [14] it is assumed that the POVM P is rank-1, the above expressions
hold in general for any POVM P, i.e. the vector & in (32) need not be a unit vector. O

R0, ) = 5 {1012 +

Lemma 5.2. For any POVM P, the average risk of the Bayes estimator with respect to the prior
m* satisfies the inequalities:

Ne

* re * 1 1
/@ dm (G)Rpl(pgva ) = 5 lo 5 glog 2,
2

/@ dr* (0) R3S (o, 5 )

97

for relative entropy and Hilbert-Schmidt distance respectively.
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Proof. (a) For relative entropy :
From Lemma 5.1 and the properties of the prior 7* we get

. 1+ 1. 9 log2 .
/@dw (9){—h(2 +§log§— () E 0,0,z jxy
1 9 log2 ~ 0jk
= 510g§ 5 /Xd,u(x) jgk 3 TiTk
1 9

However, since Y, 73 <1, it implies ), E,, [rjz] < 1, and we obtain the required inequality :

[ o OR; 0.5

x 1 9 1
| @R (on. ) = G log 5 — §log2.
o 2°°°2 76

(b) For Hilbert-Schmidt distance :
From Lemma 5.1 and the properties of the prior 7* we get

Lo @REGo.05) = [ ax@3{1017 + 5 [ au@lal® +5 [ au@ape-i-

3 /X du(Z) ]Zk:ﬂjﬂkxj:ck}
. %{1 +;§;E#[r§.] _ %ZE#[@]}
- %{1 _ ;;EM[@]}.

Again, as ) ; 7’32» <1, it implies ) S Eu [7’]2] < 1, and we obtain the required inequality :

1, 1, 4
dr*(0)R12 (pg, p “(1=-=)=-.
| am ORE @005 = 50-3) = 5

O

Lemma 5.3. For any POVM P* that satisfies E,[rir;] = %6”», the average risk of the Bayes
estimator coincides with the worst-case risk:

/@ drw*(0) Rp-(po, py ) = sup Rp-(po, T )-
Proof. (i) (a) For relative entropy : (a) See [14, pg. 11].
(b) For Hilbert-Schmidt distance:

As E,[rir;] = £6;;, it implies > E,[r?] =1, and thus by Lemma 5.2,

4
/dﬂ R (pg. py ) = g
Now, for such a POVM P*, ||#]|? = 1, and the risk, see Lemma 5.1, becomes
. 1/, > 1 2, -
R (popg) = 5 (1007 + 5 = S1012).
w.G0E) = (18P +5 - 214
Clearly,

4 -
rT‘lgL'f(RP* (P%PB ) = ,at 0] = 1.
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This implies that
/@dﬂ*(a)Rp* (po, Py ) = SL;p Rp-(po, p ), for both relative entropy and squared-distance.
O
Lerr12ma 5.4. The uniform Haar measure on S? is a least favourable prior for spherical 2-designs
in C=.

Proof. Firstly, note that a POVM P* with E,[r;r;] = %5”- is a spherical 2-design. (See Defini-

tion F.2 of spherical t-designs. Examples of spherical 2-designs include the SIC-POVM [22] on C?
as well as the POVM defined through the Pauli measurements.) It can be seen from Lemma 5.1
that the risk is a polynomial function of degree 2 in the variables x,y, z. It is straightforward to
see that the average of the typical term z;x; with respect to the Haar measure on S? is 577 Thus,

any POVM with E, [z;z;] = %(L-j is a spherical 2-design. Let us now proceed with the proof of the

lemma. As the Bayes estimator g% minimizes the average risk with respect to the prior m,

sngp*(pmp’[;) = Sup/ dm(0) Rp-(po, p3 ) > sup/ dr(0)Rp-(pe, p5)-
T Jo T Jo

However, we just proved in Lemma 5.3 that
sup Rp-(po,ps) = / dr* (0)Rp+(po: 0T ),
e

— [ ax ORe-(ou.pF) = s [ dr(O)Re- (oo, ).
© ]

s

The other direction of the above inequality holds trivially, i.e.
[ a5 @8- (0.5 ) < 500 [ ax(0) R (o0, 7).
e © Je
— [ ax" O)Re- (0. 55) = sup | dn(O)Re-(pn, ).
e © Je

Thus, 7* is a least favourable prior for a spherical 2-design in C2. O
Theorem 5.1. Any spherical 2-design for C? is a minimaz POVM.
Proof. Recalling Definition F.2 of a minimax POVM and the fact that the Bayes estimator mini-

mizes the average risk, we have:

inf inf sup Rp(pe, p) = infinfsup/ dr(0)Rp(pe, p)
P p 9 P p 1)

P w

> infsup | dn(6)Re(on, )
P T [e)

> inf/ dr* (0)Rp(pe, pg )-
P Jo

Now, Lemma 5.2 and Lemma 5.3 together imply that the average risk with respect to n* is
minimized by the POVM P*| i.e.

inf [ dn* O Re(p0.5) = [ dn" O (00,55 )
P Jo e

Also, by Lemma 5.4, 7* is a least favourable prior which means that p’g is a minimax estimator.
Therefore, we have

/ dn*(0)Rp-(po, T ) = sup Rp- (po, P ) = inf sup Rp- (po: p)-
(C]

Accepted in {Yuantum 2019-02-26, click title to verify 21



Thus, we obtain
inf inf sup Rp(pe, p) > inf sup Rp«(pg, p)-
P p g ]
The other direction of the inequality above holds trivially, i.e.
inf inf sup Rp (p97 ﬁ) <inf sup Rp- (p97 ﬁ)
P p 9 ]
Hence, we have proved that P*, a spherical 2-design is a minimax POVM, i.e.

inf inf sup Rp(pp, p) = inf sup Rp- (py, p)-
P p 9 b0

6 Discussion & Future work

To summarize, we extended the work done in reference [14] on minimax analysis to Bregman
divergences. Moreover, by re-formulating Holevo’s theorem [15, pg. 171] for the covariant state
estimation problem in terms of estimators, we found that a covariant POVM is, in fact, minimax
with Bregman divergence as the distance-measure. In addition to that, we found that it suffices that
a measurement be covariant only under a subgroup H of G such that the unitary representation
of H forms a unitary 2-design for it to be minimax. Finally, in order to understand the problem
of finding a minimax POVM for an arbitrary quantum state, we studied the problem for a qubit
observing that a spherical 2-design defines a minimax POVM for a qubit.

In the covariant state estimation problem, we assume that the underlying group G is compact.
It is natural to ask if these results can be extended to infinite-dimensional systems, or equivalently,
non-compact groups. The natural system that comes to mind when one thinks of an infinite-
dimensional system is the set of coherent states of a Harmonic oscillator. The underlying group
is the translation group 7 acting on the complex plane. The projective unitary representation of
which is the Weyl-Heisenberg translation operator {D(«) | a € C}. Now, the translation group
is non-compact. This means that one cannot define a normalisable measure on the group. Our
derivation of the main result on covariant state estimation, Theorem 4.3, to obtain a minimax
measurement uses a Bayesian approach. Recall that a minimax measurement is the one that
minimizes the worst-case risk of a minimax estimator. Thus, we are interested in the following
expression :

inf inf sup Rp(po, p)-
P p 9

The very first step of the proof involves re-writing the supremum over 6 as a supremum over the
probability distributions on O, i.e.

inf inf sup Rp(pe, p) = inf inf sup/ dn(0)Rp(pe, p)-

P oy P ox Jo
Obviously, we cannot do so in the case of the translation group 7 that acts on the complex plane.
So, our approach will not apply to the most general problem of estimating coherent states generated
by the Weyl-Heisenberg translation operator {D(«) | o € C}. Indeed, a more general theorem
for the case of locally compact groups [23, 24] shows that covariant measurements minimize the
worst-case risk (average risk cannot be defined for non-compact groups). However, the formalism
considered in [23] does not include estimators. It would be interesting to extend the same to our
setting and, moreover, to come up with an appropriate definition of a Bayesian estimator for such
cases.

The next obvious extension of this work is to find minimax POVMs for an arbitrary quantum
state. It would be interesting to see if some kind of a t-design comes out as a solution. However, this
requires a more generalized approach than mere brute-force calculations which become tedious in
higher dimensions. Moreover, one could also generalize this result to arbitrary distance-measures
such as Fidelity and Renyi divergences. The authors of reference [25] have derived the Bayes
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estimator for distance-measures based on Bhattacharya distance. Partial results [26] are known
for fidelity as the distance-measure, but the Bayes estimator remains unknown for a general state
with fidelity as the distance-measure. But, these generalizations are not so straight forward either
and require a different technique.
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A Quantum Bayes estimator for Bregman divergence
Theorem A.1l. If the loss function is Bregman divergence, see Definition 3.3, then
EoExo[Dy(po, p(X)) — Dy(po, p(X))] = 0,

for all states 0 € © and estimators p, where pp is the Bayes estimator, see Equation(3).

Proof.

BiEx0lDy(00:5(X) = Dy ()] = [ an(0) [ an(alo) e [£(om) = 1(5(a))~
F'(p(x))(po = p(x)) = f(po) + f(p5(x)) + F'(p5(2)(ps — p5(x))]
= [ ax(®) | dpal6)tx [7(pm() ~ F(p(a)) ~ £(5()on ~ )+
© X
£ pn () o0 — po(a)]
= [ dpola) e [Fm () - £

>
&
N~—
S—
|
)
~
s
&
N~—
S~—
=
53]
—
&
S—
|
>
—~
B
+

i dpr (@) tr [f'(pp(2))(p5(2) — p5(@))]

=/, dp=(z)Ds(pp(z), p(x)) = 0.

The last inequality follows from the non-negativity of Bregman divergence. O
Corollary A.1.1. For all a-priori probability distributions we(0) over the parameter space Qg,
7”(71’, ﬁ) > 7"(71'7 /33)7

i.e. the Bayes estimator minimizes the average risk for Bregman divergence.

B Proof of Lemma 3.1

We first present the Radon-Nikodym theorem for operator-valued measures [27], without proof, as
stated in [15, pg. 167].

Proposition B.1 (Radon-Nikodym theorem for operator-valued measures). Let (X,X) be a mea-
surable space and let {M(B); B € X} be an additive operator-valued function dominated by a
measure {m(B); B € X} in the sense that

(GIM(B)|)] <m(B)|gll l4]l, Bex,

for all ¢, v € H. Then, there exists an operator-valued function P(.) defined uniquely for m-
almost all x € X (i.e. for all z except for a set of zero m-measure), satisfying |P(x)| < 1 such
that

(GIM (B)w) = /B (G|P@)[g)m(dr), Bes

forall ¢, v € H. If M(B) >0 for all B € X, then P(xz) > 0 for m-almost all x € X.

Lemma 3.1 (Existence of a POVM density). Every P € P admits a density, i.e. for any POVM
P there exists a finite measure u(dx) over X such that p(X) =1 and

P(B) = /B du() M (z), (6)

with M (x) > 0, and Tr{M(z)] = d p—almost everywhere.
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Proof. Define u(B) = tr[P(B)], then

(p|P(B)|¢)y < u(B), V|¢) € H.

By Cauchy-Schwarz inequality,

(I P(B)[¢) < w(B),  V|9), |¢) € H.

Thus, P(B) is dominated by p(B). By the Radon-Nikodym theorem, it admits a density M(x)
defined uniquely p— almost everywhere:

P(B):/B,u(dx)M(aj).

As P(B) > 0, M(x) > 0. Taking trace on both sides of the above equation implies tr[M (z)] = d
p— almost everywhere. O

C Lower semi-continuity of Bregman divergence

Before proving the lower semi-continuity of D, we state the following lemma which will be used
in the proof.

Lemma C.1. The map p — tr f(p) is continuous on Q = [0, 1].

Proof. Consider a sequence of density operators (p,,), that weakly converge to a density operator
p, i.e. tr ppa — trpa for all a € B(H), where H is a finite dimensional Hilbert space. By choosing
[a] = |i)j|, where |i)}(j| is a basis in B(#), we obtain element-wise convergence of p,, to p, which
in turn implies the convergence of the corresponding eigenvalues.

Now, tr f(pn) = E;i(lp")f()\?) where {)\?};Z(lp") are the eigenvalues of p,. But, as f is

continuous on [0,1], f(A}) — f(};), where {/\j};i(lp) are the eigenvalues of p. Thus, the sum
tr f(pn) = Z;i(lp") f(\}) also converges to tr f(p) = Z;i(lp) f(};), and this proves the continuity
of p— tr f(p) on [0,1]. O

Theorem C.1. Bregman divergence Dy(.,.) is lower semi-continuous.

Proof. We generalize the proof of lower semi-continuity of relative entropy as given in reference
[19]. To begin with, we show that there exists a representation of dy in which the argument of
trace does not contain a product of two non-commuting operators. In order to do so, let us define
a quantity DJ’} as

1
Dj(p,0) = 1 tr (AMf(p) + (1= N f(0) = fp+ (1= N)o)),
where A € (0,1). It is straightforward to verify that the map A — )\D;} is concave on the interval
(0,1). Note that %()\D}\)’A:O = Dy. Thus, as the map A — )\D}\ is concave on (0,1), the slope
AL

A
at A = 0 will always be greater than the differences M for all A € (0,1). Assuming that
O.D?c =0, we have

AD} <ADy & D} < Dy, YA€ (0,1).

As ;\in%) D}‘ = Dy, we have
0.

Sup D} (p.0) = Dy(p,0).

Let p, = p and 0, = o be given. Then, by Lemma C.1, the map (p,0) — D;}(p, o) is
continuous. Therefore,

Dy(p,0) = Sng?(p,U)
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— 1 A

= Sl)l\pnh};o D% (pnson)

< liminf sup D}(pn, o)
n—oo )\

= liminf Dg(pn, om).

But, Ds(p, o) < liminf D(p,,0,) defines a lower semi-continuous function. O
n—oo

D Why the Bayes estimator is discontinuous.

For the Bayes estimator to be continuous in the prior, it should hold that for any convergent
sequence (7, )n,

lim 7,

lim p7r () = pp"™ (x), VredX.

n—oo

Below is an example that shows that the above is not true in general.

Example 4. Let us assume that we are doing a o, measurement, thus, X = {0,1}. Now, consider
a sequence of priors (my )y that converges to u(0) = §(6 — 6y) where 6y corresponds to |0X0| and let
each element of the sequence be defined as below:

7a(0) = (1= )50 — o) + 50 1),

with 01 corresponding to |1X1|. Then, the Bayes estimator, see Equation (14), for each element of
the sequence is

S (o 1 p(|00)pa, 1 p(|01)pe,
P (7) < n) (1= £)p(xlbo) + £p(xl6r)  n (1= £)p(xlbo) + p(x|fr)’

which in the limiting case reduces to

lim pi(z) = )
Po, Zf r=1.

n—oo

. {peo if =0,

But, the Bayes estimator for the limit u of the sequence (my,)n s
. Po if =0,
pplz)=4"" o
not defined if x=1.
Since the Bayes estimator for p is not defined at © = 1, we can define it to be
P ok — — 3 ATn —
pplz=1)= lim pp'(z =1).

However, for the Bayes estimator to be continuous in the prior the above should be true for all
sequences of priors that have the same limit point. Let us consider another sequence (un)n that
converges to p with each element defined as below:

1 1
n(0)=(1—=)6(0—6 —46(0—64),
pn(6) = (1= —)8(0 — o) + —3(6 — 6)
where 04 corresponds to |+)+|. Then, the Bayes estimator for p, would be

(L p(l60)s, 1 e,
@) = (= ) T T Gelo) + Tp(al5)  n (= Dhplalf) + Lp(alfs)’

which in the limiting case reduces to

.
lim (@) = 3 T8
n—oo p9+ Zf:E:].

Now, if we again chose to define the Bayes estimator for p at x =1 as lim piy*(x = 1), we would
n—oo

run into a contradiction since lim phy*(x =1) # lim pi(z =1).
n— oo n— oo

The above example establishes that the Bayes estimator does not admit a continuous extension
on the null set (where it is not defined) of the given prior.
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E  Additional lemma(s)

Lemma E.1. Given a self-adjoint operator A parametrized by u, the derivative of a function of
the operator with respect to the parameter at u = ug is given by

o [#(a0)]

Proof. See reference [28]. O

= tr {A/(u)

u=ug

7 (00

U=uog

Lemma E.2. Consider a continuous function F defined on a compact set B and closed subsets
B, C B such that By C Bs... C B. Then, assuming that the sequence (B,), is dense in B, the
following holds:

lim sup F = sup F.

Proof. As By C Bs...B, it implies that

lim sup F <sup F. (36)

Tr—r0o0 B B
Note that B is a compact set and hence
sup F = max F.
B B
Let b := argmaxg F. Then, as the sequence of subsets (B ), is dense in B, it implies that there
exists a sequence (b, ), that converges to b such that b, € B,. Moreover, we know that

sup F > F(by).
Bg

Thus,

lim sup F > lim F(b,).

r—00 B Tr—r00
x

As F is continuous, we get

lim sup F > F( lim b,) = F(b) = sup F. (37)
Equations (36) and (37) imply the result. O

Lemma E.3 ([15], Theorem 2.1). Let Py be a positive operator in the representation space such
that [Py, Vy] = 0 Vg € Go, where Gy is the stationary subgroup of G, and satisfying:

[ Vi iuto) =1 (39)
G
Then setting P(g6y) = VgPoV_qT, we get an operator-valued function of 6 such that:
M(B) = / PO)dv(0), B e A(©) (39)
B

is a covariant measurement with respect to g — V,. Conversely, for any covariant measurement
M(df) there is a unique operator Py satisfying (38) such that M(B) can be expressed as in (39).
Py is referred to as the seed of the covariant measurement.

Accepted in {Yuantum 2019-02-26, click title to verify 27



F  Aside on t-designs

Definition F.1 (Unitary t-design). Consider the set of unitary matrices U(d) on a d-dimensional
Hilbert space H. A wunitary t-design is a finite subset {U;}N., C U(d), such that for all states
p € S(H) the following holds:

N
1
~ U?tp(UJ)@t:/ dUU* p(UT)*",
N ; U(d)

where ‘dU’ is the Haar measure on U(d).

Definition F.2 (Spherical t-design). Consider the unit sphere S*=! in the d-dimensional Euclidean
space R%. A spherical t-design is a finite subset S C S?', such that the average value of a
polynomial f of degree <t on S equals its average on S41:

1
& S = [ s ),

SpnE€S

where ‘ds’ is the Lebesque measure on S¢1.
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